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Introduction



Effective Siegel—Faltings

Does there exist an algorithm to compute the rational points on 
a curve 𝑋 of genus ≥ 2 over ℚ?
• Is such an algorithm practical?
• E.g. can we bound the height of rational points?

Can we bound the number of rational points on curves 𝑋?
• Is such a bound uniform in the genus of 𝑋?



Diophantine approximation

Theorem (Dimitrov—Gao—Habegger, 2021): We have
#𝑋 ℚ ≤ 𝐵(𝑔, 𝑟),

where 𝑟 = rk(𝐽 ℚ ).

Theorem (Evertse, 1984): The number of integer solutions to 
𝑎 + 𝑏 = 𝑐, where 𝑎, 𝑏, 𝑐 are coprime and only contain factors in a 
finite set 𝑆 of primes is at most

6 ⋅ 7ଶ⋅#ௌାଷ.



Abelian Chabauty

Theorem (Chabauty, 1941): If 𝑟 < 𝑔, then 𝑋(ℚ) is finite.

Theorem (Coleman, 1985): If 𝑟 < 𝑔 and 𝑝 > 2𝑔 is a prime of 
good reduction, then

#𝑋 ℚ ≤ #𝑋 𝔽௣ + 2𝑔 − 2.

Theorem (Katz—Rabinoff—Zureick-Brown, 2016): If 𝑟 < 𝑔 − 2, 
then

#𝑋 ℚ ≤ 84𝑔ଶ − 98𝑔 + 28.



Non-abelian Chabauty

Today: an extension of these results beyond the 𝑟 = 𝑔 case.

Theorem (Balakrishnan—Dogra 2019):

Suppose that 𝑟 = 𝑔, 𝜌 > 1, that 𝑋 has everywhere potentially 
good reduction, and 𝑝 ≥ 3 is a prime of good reduction. Then

#𝑋 ℚ ≤ 1 +
௣ିଵ

௣ିଶ ୪୭୥ ௣
16𝑔ଷ + 15𝑔ଶ − 16𝑔 + 10 ⋅ #𝑋(𝔽௣).



Overview of non-abelian 
Chabauty



Idea of non-abelian Chabauty

𝑋/ℚ a smooth projective curve of genus ≥ 2, 𝑏 ∈ 𝑋(ℚ).

𝐺ℚ acts on 𝜋ଵ

ℚ೛
(𝑋ℚഥ ; 𝑏), and 𝜋ଵ

ℚ೛
(𝑋ℚഥ ; 𝑏, 𝑥) for every 𝑥 ∈ 𝑋(ℚ).



Idea of non-abelian Chabauty

For 𝑥 ∈ 𝑋(ℚ௣), 𝐺௣ acts on 𝜋ଵ

ℚ೛
(𝑋ℚഥ೛

; 𝑏, 𝑥).

When does this 𝐺௣-action look like the restriction of a 𝐺ℚ-action?

it does if 𝑥 ∈ 𝑋(ℚ)

by studying when the 
action looks global, we 
hope to study 𝑋(ℚ)



Non-abelian Chabauty square

𝑋 ℚ   
               

  𝑋(ℚ௣)

Sel௎ 𝑋/ℚ   
    ୪୭ୡ೛    

  H௙
ଵ 𝐺௣, 𝑈   moduli space 

of 𝑈-torsors
with 𝐺ℚ-action

moduli space 
of 𝑈-torsors
with 𝐺௣-action

𝑗 𝑥 = 𝜋ଵ

ℚ೛(𝑋ℚഥ ; 𝑏, 𝑥), 
pushed out to 𝑈

𝑗௣ 𝑥 = 𝜋ଵ

ℚ೛(𝑋ℚഥ ೛
; 𝑏, 𝑥), 

pushed out to 𝑈
𝑗௣𝑗

The moduli spaces Sel௎(𝑋/ℚ) and H௙
ଵ(𝐺௣, 𝑈) are 

affine ℚ௣-schemes, and loc௣ is a morphism thereof.



Finiteness via non-abelian Chabauty

Theorem (Kim, 2009):

If dim Sel௎(𝑋/ℚ) < dim H௙
ଵ(𝐺௣, 𝑈), then 𝑋(ℚ) is finite.



Chabauty—Kim functions

𝑋 ℚ   
               

  𝑋(ℚ௣)

Sel௎ 𝑋/ℚ   
    ୪୭ୡ೛    

  H௙
ଵ 𝐺௣, 𝑈   

𝑗௣𝑗

ℚ௣

𝐹

0
𝛼

𝐹: 𝑋 ℚ௣ → ℚ௣ is an analytic function which vanishes on 𝑋(ℚ).
It has finitely many zeroes. We call 𝐹 a Chabauty—Kim function.

dim Sel௎(X/ℚ) < dim H௙
ଵ(𝐺௣, 𝑈)



Summary

Chabauty—Kim theory takes as input a quotient 𝑈 of 𝜋ଵ

ℚ೛
(𝑋ℚഥ ; 𝑏)

and defines a class of Chabauty—Kim functions, which are 
(Coleman-)analytic functions

𝐹: 𝑋 ℚ௣ → ℚ௣

vanishing on 𝑋(ℚ).



Effective non-abelian Chabauty:
abelian and quadratic Chabauty



Ingredients in effective Chabauty—Kim

To make Chabauty—Kim effective, we need to control the 
function 𝐹.

Three steps:
1) Understand the geometry of Selmer schemes and the 

localisation map 𝑙𝑜𝑐௣.
2) Understand the shape of the Chabauty—Kim function

𝐹 = 𝑗௣,௎
∗ (𝛼).

3) Use this to bound the number of zeroes of 𝐹.



Effective Chabauty

Suppose that 𝑟 < 𝑔. We’ll consider the quotient

𝑈 = 𝑈ଵ = 𝜋ଵ

ℚ೛
𝑋ℚഥ ; 𝑏

௔௕
= 𝑉௣𝐽



Effective Chabauty: step (1)

𝑋 ℚ   
               

  𝑋(ℚ௣)

Sel௎భ
𝑋/ℚ   

    ୪୭ୡ೛    
  H௙

ଵ 𝐺௣, 𝑈ଵ   

𝑗௣𝑗

𝐷 ↦ 𝜔 ↦ න 𝜔
஽



Effective Chabauty: step (2)

𝑋 ℚ   
               

  𝑋(ℚ௣)

Sel௎భ
𝑋/ℚ   

    ୪୭ୡ೛    
  H௙

ଵ 𝐺௣, 𝑈ଵ   

𝑗௣𝑗

ℚ௣

𝐹

0
𝛼



Effective Chabauty: step (3)

The Chabauty—Kim function 𝐹 is of the form

𝐹: 𝑥 ↦ න 𝜔
௫

௕

for some non-zero 𝜔 ∈ H଴ 𝑋ℚ೛
, Ω௑

ଵ .

We can assume that 𝜔 is integral. If 𝑝 > 2𝑔, then the number of 
zeroes of 𝐹 on a residue disc is ≤ 1 + vanishing order of 𝜔 mod 𝑝.

⇒ #𝑋 ℚ ≤ # zeroes of 𝐹 ≤ #𝑋 𝔽௣ + 2𝑔 − 2.



Effective quadratic Chabauty

Let 𝜌 = 𝑟𝑘(𝑁𝑆 𝐽 ℚ ). There is a quotient 𝑈 which is an 
extension

1 → ℚ௣ 1 ఘିଵ → 𝑈 → 𝑈ଵ → 1



Effective quadratic Chabauty: step (1)

𝑋 ℚ   
               

  𝑋(ℚ௣)

Sel௎ 𝑋/ℚ   
    ୪୭ୡ೛    

  H௙
ଵ 𝐺௣, 𝑈   

𝑗௣𝑗

first 𝑔 coordinates are linear;
next 𝜌 − 1 coordinates are quadratic

first 𝑔 coordinates are single 
Coleman integrals;
next 𝜌 − 1 coordinates are 
double Coleman integrals



Effective quadratic Chabauty: step (2)

𝑋 ℚ   
               

  𝑋(ℚ௣)

Sel௎ 𝑋/ℚ   
    ୪୭ୡ೛    

  H௙
ଵ 𝐺௣, 𝑈   

𝑗௣𝑗

ℚ௣

𝐹

0
𝛼

𝛼 = 𝑧௚ା௜ − 𝑄௜ 𝑧ଵ, 𝑧ଶ, … , 𝑧௚

for some quadratic function 𝑄௜

𝐹 𝑥 =

  ℎ௣
௓೔(𝑥) − 𝑄௜ න 𝜔ଵ

௫

௕

, න 𝜔ଶ

௫

௕

, … , න 𝜔௚

௫

௕

 

Assume for simplicity that 
𝑟 = 𝑔 and the abelian 
localisation map

ℚ௣ ⊗ 𝐽 ℚ → H଴ 𝐽ℚ೛
, Ω௃

ଵ
∗

is an isomorphism



Effective quadratic Chabauty: step (3)

The new ingredient required to bound the number of zeroes of 
𝐹 is a ``nice’’ differential operator. Let 𝑡 be a non-constant 
rational function on 𝑋 and

𝒟ଵ ∈ ℚ௣ 𝑋 [d/d𝑡]

a differential operator killing 𝜔௝/d𝑡 for all 1 ≤ 𝑗 ≤ 𝑔. Then

𝒟ଵ d𝐹/d𝑡 ∈ ℚ௣(𝑋),
and we can use this differential equation to control the Newton 
polygon / zeroes of 𝐹.



Effective non-abelian Chabauty:
the general case



Weight filtrations

Let 𝑈 be a quotient of 𝜋ଵ

ℚ೛
(𝑋ℚഥ ; 𝑏).

The affine ring of 𝑈 comes with a weight filtration, induced from 
the descending central series on 𝑈. This induces weight 
filtrations on the affine rings of Sel௎(𝑋/ℚ) and H௙

ଵ(𝐺௣, 𝑈). 
Additionally,

loc௣
∗ : 𝒪 H௙

ଵ 𝐺௣, 𝑈 → 𝒪 Sel௎ 𝑋/ℚ

preserves filtrations.



Weight filtrations: example

If 𝑈 = 𝑈ଵ, then

𝒪 Sel௎భ
𝑋/ℚ = 𝑆𝑦𝑚ȉ ℚ௣ ⊗ 𝐽 ℚ

∗

𝒪 H௙
ଵ 𝐺௣, 𝑈ଵ = 𝑆𝑦𝑚ȉ H଴ 𝐽ℚ೛

, Ω௃
ଵ

with the usual filtrations on symmetric algebras.
⇒ loc௣ is linear + constant in each coordinate.



Coleman functions

Definition:
An abstract Coleman function on 𝑋 is a triple (ℰ, 𝑣, 𝜏), where:
• ℰ = (ℰ, ∇) is a unipotent vector bundle with integrable connection 

on 𝑋ℚ೛
.

• 𝑣 ∈ ℰ௕ is a point in the fibre over the basepoint.
• 𝜏: ℰ → 𝒪௑ℚ೛

is a morphism of vector bundles (without filtration!).

Modulo a natural equivalence relation, abstract Coleman functions 
form a ring 𝒪େ୭୪(𝑋).



Coleman functions: evaluation

If 𝑥 ∈ 𝑋(ℚ௣), then for any unipotent vector bundle with 
integrable connection ℰ = (ℰ, ∇), there is parallel transport 
along Frobenius

𝑇௕,௫
∇ : ℰ௕ → ℰ௫.

If 𝐹 = ℰ, 𝑣, 𝜏 ∈ 𝒪஼௢௟(𝑋) is a Coleman function, we define

𝐹 𝑥 ≔ 𝜏(𝑇௕,௫
∇ 𝑣 ).

In this way, 𝐹 defines a function 𝑋 ℚ௣ → ℚ௣.



Coleman functions: example

Suppose that 𝜔 ∈ H଴(𝑋ℚ೛
, Ω௑

ଵ ) is a 1-form. Take

• ℰ = 𝒪௑ℚ೛

⊕ଶ with connection ∇ 𝑓ଵ, 𝑓ଶ = (d𝑓ଵ, d𝑓ଶ − 𝑓ଵ𝜔).

• 𝑣 = (1,0).
• 𝜏 is the second projection.

Then 𝐹 = [ℰ, 𝑣, 𝜏] satisfies d𝐹 = 𝜔. We say that 𝐹 𝑥 = ∫ 𝜔
௫

௕
is the 

Coleman integral of 𝜔.



Coleman functions: weight filtration

𝒪େ୭୪ 𝑋 comes with a weight filtration, where 𝑊௡𝒪େ୭୪(𝑋) is the 
set of Coleman functions of the form [ℰ, 𝑣, 𝜏] with ℰ unipotent of 
class ≤ 𝑛.

Proposition: To the chosen quotient 𝑈 corresponds a subring 
𝒪େ୭୪ 𝑋 ௎ ⊆ 𝒪େ୭୪(𝑋) such that:
1. H௙

ଵ 𝐺௣, 𝑈 = Spec(𝒪େ୭୪ 𝑋 ௎) and
2. the map 𝑗௣: 𝑋 ℚ௣ → H௙

ଵ(𝐺௣, 𝑈) sends a point 𝑥 to the algebra 
functional 𝒪େ୭୪ 𝑋 ௎ → ℚ௣ given by evaluation at 𝑥.



Coleman functions: bounding zeroes

Using an iterated version of the ``nice differential operators’’ 
construction, one can show

Proposition (B., 2023): Suppose that 𝐹 ∈ 𝑊௠𝒪େ୭୪ 𝑋 is a non-
zero Coleman function of weight ≤ 𝑚. Then 𝐹 has at most

𝜅௣ ⋅ 4𝑔 − 2 ௠ ⋅ ෑ
𝑖 + 𝑔 + 1

𝑔 + 1

௠ିଵ

௜ୀଵ

zeroes on each residue disc.



Effective non-abelian Chabauty

Theorem (B., 2023): Suppose that
dim 𝑊௠𝒪 Sel௎ 𝑋/ℚ < dim 𝑊௠𝒪(H௙

ଵ 𝐺௣, 𝑈 )

for some 𝑚. Then

#𝑋 ℚ ≤ 𝜅௣ ⋅ #𝑋 𝔽௣ ⋅ 4𝑔 − 2 ௠ ⋅ ෑ
𝑖 + 𝑔 + 1

𝑔 + 1

௠ିଵ

௜ୀଵ



Effective non-abelian Chabauty: step (1)

𝑋 ℚ   
               

  𝑋(ℚ௣)

Sel௎ 𝑋/ℚ   
    ୪୭ୡ೛    

  H௙
ଵ 𝐺௣, 𝑈   

𝑗௣𝑗

preserves filtrations 
on affine rings

evaluation of 
Coleman functions

has filtration 
on affine ring has filtration 

on affine ring

𝑙𝑜𝑐௣
∗: 𝑊௠𝒪 H௙

ଵ 𝐺௣, 𝑈 → 𝑊௠𝒪 Sel௎ 𝑋/ℚ is not injective
⇒ there exists a non-zero element 𝛼 in the kernel



Effective non-abelian Chabauty: step (2)

𝑋 ℚ   
               

  𝑋(ℚ௣)

Sel௎ 𝑋/ℚ   
    ୪୭ୡ೛    

  H௙
ଵ 𝐺௣, 𝑈   

𝑗௣𝑗

ℚ௣

𝐹

0
𝛼

𝛼 ∈ 𝑊௠𝒪 H௙
ଵ 𝐺௣, 𝑈

𝐹 is a non-zero Coleman 
function of weight ≤ 𝑚



Applications



Conditional bounds

Theorem (B.—Corwin—Leonhardt, 2024): Assume the Tate—
Shafarevich and Bloch—Kato Conjectures. Then

#𝑋 ℚ ≤ 𝜅௣ ⋅ 𝑝 + 1 + 2𝑔 𝑝 ⋅ ෑ 𝑛ℓ

ℓ

⋅ 4𝑔 − 2 ଶమೝశర
⋅ 2𝑔 ଶరೝశళ



𝑆-unit equation

Theorem (B., 2023): The number of integer solutions to
𝑎 + 𝑏 = 𝑐, where 𝑎, 𝑏, 𝑐 are coprime and only contain factors in a 
finite set 𝑆 of primes is at most

8 ⋅ 6#ௌ ⋅ 2ସ#ೄ
.



Future questions

• Are the bounds on zeroes of Coleman functions optimal?

• Can one synthesise the Diophantine approximation and non-
abelian Chabauty techniques to produce stronger bounds on 
rational points?



Thanks for listening!


