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Abstract

Given an abelian variety over a number field, its Sato—Tate group is a com-
pact Lie group which conjecturally controls the distribution of Euler factors of the
L-function of the abelian variety. It was previously shown by Fité, Kedlaya, Rot-
ger, and Sutherland that there are 52 groups (up to conjugation) that occur as
Sato—Tate groups of abelian surfaces over number fields; we show here that for
abelian threefolds, there are 410 possible Sato—Tate groups, of which 33 are maxi-
mal with respect to inclusions of finite index. We enumerate candidate groups using
the Hodge-theoretic construction of Sato—Tate groups, the classification of degree-3
finite linear groups by Blichfeldt, Dickson, and Miller, and a careful analysis of
Shimura’s theory of CM types that rules out 23 candidate groups; we cross-check
this using extensive computations in GAP, SAGEMATH, and MAGMA. To show
that these 410 groups all occur, we exhibit explicit examples of abelian threefolds
realizing each of the 33 maximal groups; we also compute moments of the corre-
sponding distributions and numerically confirm that they are consistent with the
statistics of the associated L-functions.
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CHAPTER 1

Introduction

1.1. Sato—Tate groups of abelian varieties

Let A be an abelian variety of dimension g defined over a number field k.
Associated to A is the L-function

L(A,s) = [ ] Ly(Norm(p)~*) "

p

where for each prime ideal p of the ring of integers Oy of k at which A has good
reduction, L,(T') is the reverse characteristic polynomial of Frobenius acting on
the ¢-adic Tate module of A for any prime ¢ coprime to p. The polynomial L,(T)
has integer coefficients and its roots in C all lie on the circle |T'| = Norm(p)~/?; if
one rescales these roots to have norm 1, it is then meaningful to ask whether the
resulting polynomials are equidistributed with respect to some measure.

When A is an elliptic curve, the answer to this question is well-known (although
partially conjectural). For A with complex multiplication, one can show using
Hecke’s theory of Groflencharacters that one of exactly two distributions occurs,
depending on whether or not the field of complex multiplication is contained in
k. By contrast, for A without complex multiplication, the Sato—Tate conjecture
predicts that exactly one distribution occurs, and this is known when k is a totally
real field [HST10], [BL+11] or a CM field [AA+23].

These equidistribution assertions can be made in a somewhat more robust
fashion, which generalizes to A of arbitrary dimension: one can define a certain
compact Lie subgroup of USp(2g) associated to A and a sequence of conjugacy
classes therein whose characteristic polynomials are the normalized L-polynomials,
which are equidistributed for the image of Haar measure. The only dependence
on A is then in the value of this group: for g = 1, it is USp(2) = SU(2) for 4
without complex multiplication, and otherwise is either SO(2) or its normalizer
in SU(2). Following a recipe of Serre [Serl2| (as expanded upon in [BaK15]),
one can give a uniform definition of the group (and the sequence of conjugacy
classes therein) applicable in cases where the Mumford-Tate conjecture is known,
including all cases with g < 3; we call this group the Sato—Tate group of A. One
then conjectures a corresponding equidistribution statement, which can be shown
(as in [Ser68, §I1.A.2]) to follow from the analytic continuation of the L-functions
associated to the various representations of the group; this is the approach taken
in the results for elliptic curves cited above. The equidistribution statement can be
thought of as an analogue of the Chebotaryov density theorem, with the Sato—Tate
group playing the role of the Galois group; this analogy can be built out by defining
a Galois group associated to an arbitrary motive, as in [Ser94].

1
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2 1. INTRODUCTION

Since the Sato—Tate group of a motive is a compact Lie group, one can retain
much (but not all) of the same information by keeping track of the identity compo-
nent and of the group of connected components. The identity component turns out
to be invariant under base extension, and so can be interpreted over Q or even C;
it is closely related to the Mumford—Tate group of A. By contrast, the component
group is not invariant under base extension: it is canonically isomorphic to the Ga-
lois group of a certain extension of the base field, which in many cases (including
all of dimension at most 3) is the endomorphism field of A, defined as the minimum
field of definition of all endomorphisms of the base extension of A to Q.

1.2. Abelian surfaces

While [Ser94] includes a general form of the Sato—Tate conjecture, it sheds very
little light on the set of possible groups or measures that can occur for a particular
class of motives. Building on some initial investigations by Kedlaya and Sutherland
[KS08|KS09], a comprehensive analysis of Sato-Tate groups of abelian surfaces
was undertaken by Fité, Kedlaya, Rotger, and Sutherland [FK+12]. The Sato—
Tate group of an abelian surface is a closed subgroup of USp(4), with equality in
the generic case; the classification of [FK+12| shows that there are 52 conjugacy
classes of groups that can occur in general. If one restricts to abelian surfaces
over Q, then by analogy with the case of elliptic curves (where one cannot have
complex multiplication defined over the base field) one expects to find somewhat
fewer groups, and indeed only 34 of the 52 groups occur over Q. (It is possible to
find a single number field over which all 52 groups occur; see [FG18].)

We note in passing that potential modularity for abelian surfaces over totally
real fields is now known [BC+18], but this is not enough to prove equidistribution
for a generic abelian surface (one with trivial endomorphism ring over Q); one
needs potential modularity also for symmetric powers and other functorial transfers,
which seems to be out of reach at the moment. By contrast, for nongeneric abelian
surfaces equidistribution results are known in many cases due to work of Fité and
Sutherland [F'S14], Johansson [Johl7], and Taylor [Tay20], which together cover
all nongeneric abelian surfaces over Q; see [Tay20, Remark 3.5].

1.3. Abelian threefolds

We turn now from surfaces to threefolds and state our main result, which was
previously announced in [FKS21]. The proof of this theorem occupies most of the
present work, which has no logical dependence on [FKS21].

THEOREM 1.1. The following statements hold:

(a) There are exactly 410 conjugacy classes of closed subgroups of USp(6) that
occur as Sato—Tate groups of abelian threefolds over number fields. This
includes 14 distinct options for the identity component.

(b) Of the groups in @ 33 are mazximal for inclusions of finite index.

A corollary of the analysis is that the component group orders which are max-
imal for divisibility are 192 = 26 x 3, 432 = 2% x 33, and 336 = 2* x 3 x 7. As noted
above, these translate into bounds on the degree of the minimal field of definition
of all endomorphisms defined over Q; these are consistent with the upper bounds
on this degree given by Silverberg [Sil92] and Guralnick and Kedlaya [GK17], the
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1.4. APPLYING THE CLASSIFICATION 3

latter being a sharp bound on the least common multiple of the endomorphism field
degrees in a given dimension.

Compared to the case of abelian surfaces, Theorem [[.1] exhibits two notable
deficiencies whose resolution we leave to future work. One is that we do not perform
an analysis of Galois types as in [FK+12], and so we make no statements about
realizability of particular Sato—Tate groups over particular number fields. The
other is that we do not determine which Sato—Tate groups can be realized by
Jacobians of genus 3 curves over number fields, or even by principally polarized
abelian threefolds; there is some reason to believe that there is a genuine distinction
to be made here, in contrast with what happens for abelian surfaces.

1.4. Applying the classification

We insert here a few words about how to apply the classification to determine
the Sato—Tate group of a given abelian threefold A. For this discussion, we conflate
the Sato—Tate group with its associated distribution; this is harmless in dimension
2, but in dimension 3 this loses a small amount of information (see the discussion
of new phenomena below).

As noted above, the Sato—Tate group controls the distribution of normalized
L-polynomials of A, so one can make an empirical determination of the Sato—Tate
group by compiling data about normalized L-polynomials. For the Jacobians of hy-
perelliptic curves of genus < 3, this is done very effectively by Sutherland’s SMALL-
JAac package [KS08]; this incorporates the technique described in [HS14l[HS16] to
compute the L-polynomials in average polynomial time. Similar approaches apply
in other cases; see [HIMS16] for double covers of pointless conics, [Sut20] for other
cyclic covers of P!, and [CKR20] for hypergeometric motives.

In order to discretize the problem of comparing the observed Sato—Tate distri-
bution of A to the known candidates, we employ the usual device of working with
moment statistics. For the random matrix distribution associated to a linear group
G, these statistics carry an additional representation-theoretic meaning: comput-
ing a moment statistic amounts to computing the average value of some symmetric
polynomial of the eigenvalues of a random matrix from G, and for a polynomial
with integer coefficients this corresponds to taking the multiplicity of the trivial
character in a certain virtual character of G. In particular, this quantity is neces-
sarily an integer; for Sato—Tate groups, even averaging over any one component of
G yields an integer value (see Definition B.12]).

While in principle moments are sufficient to completely distinguish distribu-
tions, for Sato—Tate distributions it is more useful in practice to supplement this
data with some additional measurements of the L-polynomials. In particular, for
disconnected groups it is quite common that certain functions of the eigenvalues
are constant on certain nonidentity components. A familiar example is that of an
elliptic curve with complex multiplication: every prime which is inert in the CM
field gives a Frobenius trace of 0, corresponding to the fact that the trace is iden-
tically 0 on the nonidentity component of the normalizer of SO(2) in SU(2). By
tracking these statistics in addition to moments, one can make a much more rapid
putative determination of the Sato—Tate group than with moments alone.

With the empirical problem well understood, we now turn to the question of
making a rigorous determination of the Sato—Tate group of A. One cannot hope
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4 1. INTRODUCTION

to do this purely from computed L-polynomials except conditionally on the as-
sumption that various motivic L-functions admit analytic continuation, functional
equation, and the Riemann hypothesis, as these are needed to make the error term
effective in the convergence to the Sato—Tate distribution. (see [BFK24/[BuK16]).
Instead, we propose to compute the endomorphism algebra of A over Q, which
together with its Galois action completely determines the Sato—Tate group. (With-
out the Galois action, one only recovers the identity component of the Sato—Tate
group.) A good practical approach to this problem has been introduced by Costa,
Mascot, Sijsling, and Voight [CM+19], building on earlier work of van Wamelen;
see [CS19] for an implementation of this approach.

Finally, note that any a priori knowledge about the structure of A can poten-
tially be fed into the previous calculations. In particular, if A is the Jacobian of a
curve, then the automorphisms of the curve generate a subalgebra of the endomor-
phism algebra of A which restricts the Sato—Tate group to a certain subgroup of
USp(6); see Proposition [[Jl For example, if A is the Jacobian of a Picard curve,
then its Sato—Tate group is contained in the normalizer of U(3) in USp(6).

1.5. New phenomena

We mention some examples of phenomena that appear for abelian threefolds
but not for abelian surfaces.

e In dimension 3, one finds component groups that are not solvable, namely
the simple group of order 168 and its double cover. These appeared pre-
viously in the analysis of Sato—Tate groups of twists of the Klein quartic
[FLS18].

e One also finds for the first time component groups which are too big to
be explained by twisting curves, notably the Hessian group of order 216
(which exceeds the Hurwitz bound of 168 for the order of the automor-
phism group of a genus 3 curve) and its double cover.

e While in dimension 2 it is nearly automatic that every Sato—Tate group
that can be realized occurs for the Jacobian of a curve, this is less clear
in dimension 3. In some cases, there appears to be an obstruction even to
constructing a realization that admits a principal polarization, although
we do not attempt to prove this here.

e On a further related note, for abelian threefolds, we expect (but have
not yet confirmed) that certain Sato-Tate groups can only occur in cases
where the abelian threefold is isogenous to the cube of a particular CM
elliptic curve; in particular, the CM field of this curve must occur within
the endomorphism field of the threefold. The corresponding phenomenon
for abelian surfaces is precluded by the work of Fité and Guitart [FG18|
Theorem 1.6], who exhibit a single number field over which all 52 possible
Sato—Tate groups occur.

e Whereas the 52 Sato—Tate groups of abelian surfaces correspond to 52
distinct distributions of normalized L-polynomials, there is one pair of
Sato—Tate groups of abelian threefolds which give rise to identical distri-
butions of L-polynomials, but are not isomorphic as abstract groups; in
fact, their component groups are not isomorphic (see Proposition [G.10]).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1.7. INGREDIENTS OF THE CLASSIFICATION: LOWER BOUND 5

One might compare this to the phenomenon of nonisomorphic number
fields with the same zeta function [Per77]; see Remark [6.10]

e In dimension 3, the joint coeflicient distribution of the normalized L-
polynomials is not determined by the individual coefficient distributions
of the normalized L-polynomials, as is the case in dimension 2. This was
already reported in [FLS18|.

1.6. Ingredients of the classification: upper bound

The proof of Theorem [I.1] involves an upper bound, to show that every Sato—
Tate group occurs among our 410 candidates, and a lower bound, to show that each
of these candidates can occur. We summarize here the key ingredients in the upper
bound.

e The classification of identity components follows by identifying the con-
nected closed subgroups of USp(6), then comparing these to the classifi-
cation of endomorphism algebras of abelian threefolds over C (§33)).

e For the classification of component groups, we use the “Sato—Tate axioms”
from [FK+12] (§34) to compile a list of candidate extensions of each of
the 14 possible identity components (see Chapter M for all cases except
U(1)3). In the cases where the identity component has dimension at least
2, this is mostly straightforward given the results of [FK+12|. One key
exception is that when the identity component is U(1) x U(1) x U(1),
a direct enumeration of groups yields 33 candidates, but a more refined
analysis of CM types in the sense of Shimura [Shi71] reduces this list to
13 groups. This is comparable to a feature of [FK+12]: there the direct
group-theoretic classification yields 55 groups, of which 8 have identity
component U(1)xU(1)xU(1), but only 5 of the latter survive the matching
of Galois types.

e As one might guess from the case of abelian surfaces, the classification
of component groups is by far the most complicated when the identity
component is the one-dimensional diagonal torus U(1)3 (§5). To make this
classification, we use the description of (and to some extent the notation
for) finite subgroups of PGL3(C) given by Blichfeldt, Dickson, and Miller
IMBD61, Chapter XII]. Since U(1); has index 2 in its normalizer in
USp(6), we must also figure out what double covers arise from a given
subgroup of PGL3(C); this is a rather delicate calculation involving the
normalizers of these groups in PGL3(C).

e In light of the complexity of the argument, we make a number of computer
calculations to verify some key steps. It would be desirable to give a
computer-based verification of the entire classification, but we are not
aware of any software that can handle compact Lie groups at the necessary
level of generality.

1.7. Ingredients of the classification: lower bound

We now summarize the ingredients of the lower bound aspect of Theorem [[11
A complete proof of this direction was already included in the announcement in
[FKS21], but our approach here contains some new features.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6 1. INTRODUCTION

e To show that the candidate Sato—Tate groups all occur, we restrict at-
tention to the 33 maximal groups in the classification. Of these, about
half arise from products of elliptic curves with abelian surfaces, for which
we may rely on the analysis from [FK+12] to obtain examples. Most of
the others have identity component U(1)3 (the diagonal torus in U(1) x
U(1) x U(1)) and can be obtained by twisting the cube of a CM elliptic
curve, using a similar framework as has been used previously for curves
[FS14] and more recently for abelian varieties [GK17].

e We compute moments for the random matrix distribution correspond-
ing to each possible Sato—Tate group, using the Weyl character formula
(Chapter [B). As noted above, there is one pair of groups (neither maxi-
mal) that give rise to identical distributions, so there are only 409 possible
distributions for normalized L-polynomials of an abelian threefold over a
number field.

e For each of the 33 maximal groups, we select an explicit example realiz-
ing this Sato—Tate group (Table I2) and compare the distribution arising
from its L-function to the predicted one (§7.4). This provides an empir-
ical confirmation of the lower bound. In some cases we provide multiple
examples of distinct shapes, such as a product construction and a genus
3 Jacobian.

e We also confirm the matching of examples with Sato—Tate groups rigor-
ously (Chapter ). Here we build upon existing analyses of twists of genus
3 curves with extremal automorphism groups [AC+18|[FLS18|[FS16]
(4710); we also find some novel examples of genus 2 curves whose Jacobians
have quaternionic multiplication (Proposition [[I] and Example BTT]).

1.8. Tables, code, and data

Given the complexity of the classification of Sato—Tate groups of abelian three-
folds, it would be neither practical nor useful to include tables at the same level of
detail as in [FK+12| §6]. We have elected instead to present the relevant data in
several alternate forms.

e Table [ lists the possible identity components of Sato—Tate groups of
abelian threefolds, as they correspond to real geometric endomorphism
algebras, and indicates how many Sato—Tate groups appear in the classifi-
cation for a given identity component. This table also introduces a short-
hand notation by which each identity component is labeled by a letter
called its absolute type; for instance, the generic case USp(6) corresponds
to absolute type A.

e Table [I0 lists, for each possible connected Sato—Tate group of an abelian
threefold, a certain numerical statistic called the 3-diagonal (see Defini-
tion [6.2). For disconnected groups, see instead the LMFDB (see below).

e Table [IT] lists the possible automorphism groups of genus 3 curves and,
for each of these groups, the identity component of the Sato—Tate group
of a generic curve with this automorphism group. These assignments are
verified in Proposition [T.11

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1.9. DESIDERATA IN DIMENSION 3 7

e Table lists, for each of the 33 maximal groups in Theorem [LI](ii),
the identity component and component group, and one or more examples
of abelian threefolds realizing this group as a Sato—Tate group. These
assignments have been verified both empirically by comparison of moment
statistics, and rigorously by analysis of endomorphism algebras; see §7.4]
for the latter. For endomorphism fields, see Table [I31

e We have gathered code referenced in this paper in a GitHub repository
[FKS22]. This code depends on GAP [GAP20], MacMA [Magma), and
SAGEMATH [Sage]; the latter also uses functionality derived from PARI
[Pari]. Components include: presentations of the groups with identity
component U(1)s (Chapter [); consistency checks for the classification of
groups with identity component U(1)s (§513]); computation of moment
statistics and other numerical invariants (Chapter [Al); verification of the
explicit realizations needed for the lower bound aspect of Theorem [T} a)
(Chapter {).

e We have created a web sitel with animated histograms that allow one to
observe the convergence of various moment statistics for an explicit real-
ization of each of the 410 groups in Theorem [[T(a).

e Each of the 410 groups in Theorem [[T(a) has its own home page in the
L-Functions and Modular Forms Database (LMFDB). These pages in-
clude explicit generators, subgroups and supergroups, moment statistics
(including the 3-diagonals), and point densities for each group.

1.9. Desiderata in dimension 3

While the classification of Sato—Tate groups of abelian threefolds can be con-
sidered complete in one sense, there are a few things left to be done in order to
achieve a result that is directly comparable to the classification for abelian surfaces.

e Develop closed-form expressions for the moments of Sato—Tate groups of
abelian threefolds (Remark 610} Remark [G.1T]).

e Determine which Sato—Tate groups occur for abelian threefolds over Q,
or over totally real number fields; this may require an analysis of Galois
types as in [FK412|. In particular, there is a maximal group which we
were able to realize over Q(+/3) but not over Q (Example BZT)).

e Make a finer analysis of polarizations to determine which Sato—Tate groups
occur for principally polarizable abelian threefolds. This may involve com-
bining our existing analysis of polarizations on twists (Remark [715]) with
some arguments in the style of [FG18].

e Determine which Sato—Tate groups occur for Jacobians of genus 3 curves,
or for products of elliptic curves with Jacobians of genus 2 curves, or
for products of elliptic curves with Prym varieties of dimension 2. In
particular, one of our examples involves an abelian surface admitting a
principal polarization which we have not realized as the Jacobian of a
genus 2 curve (Remark [822]).
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1.10. Abelian varieties of higher dimension

With the classification of Sato—Tate groups complete for abelian varieties of
dimension at most 3, it is natural to ask about additional cases, and in particular
abelian fourfolds. Going from threefolds to higher-dimensional abelian varieties
brings several new difficulties.

e In order to get started one needs a classification of identity components, or
equivalently of Mumford-Tate groups. This has been done for dimension
up to 5 by Moonen and Zarhin [MZ99].

e For fourfolds, the number of groups resulting in the classification will run
into the thousands, so some additional automation of the classification
will be required; in particular, when the identity component is a one-
dimensional torus, computing double covers by hand is quite laborious
and prone to errors. Such automation should be possible, but will require
new ideas.

e Starting in dimension 4, the possible components of the real endomor-
phism algebra include matrix algebras not only over R and C, but also
over the quaternions.

e Starting in dimension 4, one encounters cases where the Mumford-Tate
group is not determined solely by endomorphisms; this phenomenon was
first observed by Mumford [Mum69] for simple abelian fourfolds and by
Shioda [Shi81l Example 6.1] for nonsimple abelian fourfolds. A related
issue is that the Mumford—Tate conjecture is not known for arbitrary
fourfolds (see [Zhal4] for discussion of the absolutely simple case). Con-
sequently, one must be careful when passing between the Hodge-theoretic
and Galois-theoretic definitions of the Sato—Tate group of an abelian four-
fold.

e In order to determine the Sato—Tate groups whose identity components
are tori, one must extend the analysis of CM types to higher dimensions,
where new combinatorial possibilities emerge; for instance, in dimension
4 it is possible to have a CM abelian variety over Q whose CM field is
not a cyclic Galois extension of Q (it can also be a Dy-octic). We give
some initial analysis here, but some additional work is needed to extract
a precise answer in any given dimension.

e It is possible that the rationality condition is not sufficient due to phenom-
ena involving Schur indices (i.e., the distinction between a representation
having traces in Q versus being defined over Q), which have not appeared
in dimensions up to 3.

e In sufficiently large dimensions, certain product groups may be obstructed
by the failure of the corresponding endomorphism fields to be linearly dis-
joint. For instance, this may happen because both factors require complex
multiplication by a particular imaginary quadratic field. (That said, the
result of [FG18] suggests that this may not occur in dimension 4.)

e In dimension 4, there is no reason to expect that all Sato-Tate groups
can be realized using Jacobians of curves. (As a reminder, it remains
unclear whether this holds even in dimension 3.) Consequently, some new
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work would be needed in order to compute the L-functions of sufficiently
many abelian fourfolds to have a reasonable chance of finding examples
of all possible groups; reasonably good algorithms and implementations
now exist for general curves [Tuil6l/Tuil8[CT18|, but applying these
to an abelian variety would require relating that variety to a Jacobian in
some fashion that does not inflate the dimension too much (e.g., using the
Prym construction).

e Expanding on the previous point, it is not even clear whether all Sato—
Tate groups of abelian fourfolds can be realized using principally polarized
abelian fourfolds. (Again, this is already unclear in dimension 3.)

It should be noted that it may be feasible to identify the Sato—Tate groups of
individual abelian varieties of a given dimension without a full classification of all
Sato—Tate groups that occur in that dimension, thanks to work of Zywina [Zyw22].

In another direction, one can consider motives of weight greater than 1, al-
though this requires some extra care with the foundations (see [BaK16] for odd
weight and [BaK23]| for even weight). For example, [FKS18] gives a classification
of Sato-Tate groups associated to motives of weight 3 with Hodge vector (1,1,1,1)
(e.g., the symmetric cube of an elliptic curve). A natural next step would be to
consider motives of weight 2 associated to K3 surfaces, starting with those of high
Picard number; this can be viewed as including the case of abelian surfaces via the
Kummer construction of K3 surfaces. See [EJ23| for some work in this direction.

One can also ask similar questions for abelian varieties (or other motives) over
function fields. In this case, the equidistribution problem can be settled using the
known analytic properties of L-functions, as originally observed by Deligne [Del80)
Théoreme 3.5.3]; the combinatorial problem of classifying images of monodromy
representations remains to be settled, but the exact constraints are slightly different
due to the absence of archimedean places. This means that Hodge theory no longer
plays a role, although p-adic Hodge theory continues to do so.
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CHAPTER 2

Conventions

We start by establishing some conventions that we follow throughout the text.

Throughout, we write A to denote an abelian variety of dimension g > 1 over
a number field k. We consistently consider abelian varieties without a preferred
choice of polarization, as the Sato—Tate group does not depend on the choice; but
see J7.2] for some discussion of polarizations in the context of twisting powers of
elliptic curves.

For ¢ a field extension of k (not necessarily a number field), write A, for the base
extension of A from k to £. We commonly use this notation with ¢ being the minimal
field of definition of all endomorphisms of Ag; we call this the endomorphism field
of A and denote it by K.

We write End(A) for the endomorphism ring of A over k; to denote endomor-
phisms of a base extension we indicate this explicitly (so End(A@) is the geometric
endomorphism ring). We write End(A)g and End(A)gr for the tensor products
End(A) ®z Q and End(4) ®z R.

For C' a curve over a field, we write Jac(C) rather than J(C) to denote the
Jacobian of C'. This makes the letter J available for other uses, such as in the
notation for Sato—-Tate groups. We use Aut(C) to denote the automorphism group
of C. We define the reduced automorphism group Aut’(C) as the quotient of Aut(C)
by the hyperelliptic involution if one exists, and as Aut(C) otherwise.

We write C,,D,,A,,S, for the cyclic, dihedral, alternating, and symmetric
groups of respective orders n,2n,n!/2,n! (that is, n is the degree of the standard
permutation representation). In some cases, we will follow the practice of GAP and
MacMA and use the unique (but opaque) compact labels for isomorphism classes
of finite groups from the Small Groups library [BEOO1]; the label for a group G
always has the form (n, i) where n = #G.

We present hyperelliptic curves (of any genus) as affine curves in lowercase
variables (typically y? = P(z)) and plane quartics as projective curves in uppercase
variables (i.e., P(X,Y,Z) = 0). We will exploit this typographic choice in order
to commingle equations of the two types without risk of confusion. In rare cases,
we extend the hyperelliptic convention to other cyclic covers of P!, such as Picard
curves. In curve equations, we sometimes write Py(...) to indicate an unspecified
homogeneous polynomial of degree d over k in the indicated variables.

We write spl(f) for the splitting field of f € Q[z]. Note that f need not be
irreducible; if f = f; f2, we also denote this field by spl(fi, f2).

We will make frequent references into the L-Functions and Modular Forms
Database (LMFDB) [LMFDB]|. We remind the reader to consult the LMFDB for
more details about the computation of data computed therein; see in particular the
following pages for attributions related to the corresponding object types.

11
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12 2. CONVENTIONS

Finite groups:
https://www.lmfdb.org/Groups/Abstract/Source.
Number fields:
https://www.1lmfdb.org/NumberField/Source.

Elliptic curves over Q:
http://www.lmfdb.org/EllipticCurve/Q/Source.

Elliptic curves over other number fields:
https://www.lmfdb.org/EllipticCurve/Source.

Genus 2 curves over Q:
http://www.1lmfdb.org/Genus2Curve/Source.

e Automorphism groups of curves over C:
http://www.lmfdb.org/HigherGenus/C/Aut/Source.

In addition, the LMFDB includes a database of Sato—Tate groups combining
the results of [FK+12] with the classification for abelian threefolds made in this
paper:

https://www.lmfdb.org/SatoTateGroup/.

In most cases, we have formatted labels of Sato—Tate groups of abelian varieties
as hyperlinks to the home pages of these groups. We also format labels of other
objects found in the LMFDB, such as finite groups, elliptic curves over number
fields, and genus 2 curves over Q, as hyperlinks. For number fields themselves,
we omit the hyperlink when the field is represented by adjoining a single algebraic
number (e.g, Q(4)); instead, in the notation spl(f) for f € Q[z] irreducible, if the
number field defined by f (not the splitting field) is found in the LMFDB, then we
format f as a hyperlink to this field.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.lmfdb.org/Groups/Abstract/Source
https://www.lmfdb.org/NumberField/Source
http://www.lmfdb.org/EllipticCurve/Q/Source
https://www.lmfdb.org/EllipticCurve/Source
http://www.lmfdb.org/Genus2Curve/Source
http://www.lmfdb.org/HigherGenus/C/Aut/Source
https://www.lmfdb.org/SatoTateGroup/

CHAPTER 3

Background on Sato—Tate groups

In this chapter, we recall some theoretical results from [FK+12] which therein
provide the basis for the classification of Sato—Tate groups of abelian surfaces, and
herein do likewise for abelian threefolds. We then classify the possible identity
components of Sato-Tate groups of abelian threefolds. See also [Sutl6] for an
overview of this circle of ideas.

3.1. The Mumford—Tate group

We begin by recalling the definition of the Mumford-Tate group of an abelian
variety over the number field k. This construction carries the same information as
the identity component of the Sato—Tate group.

DEFINITION 3.1. Fix an embedding of & into C and a polarization of A and set
V = H'(APP,Q); it carries an alternating pairing 1 induced by the polarization.
Note that while the rational symplectic space (V,1)) depends on the choice of the
polarization, the real symplectic space (V ®g R, ) does not.

Via the description of AF’® as a complex torus, we obtain an R-linear identifi-
cation of V ®g R with the tangent space of Ac at the origin (or equivalently, the
dual of the space of holomorphic differentials on A¢). The Mumford-Tate group
of A, denoted MT(A), is the smallest Q-algebraic subgroup of GL(V') whose base
extension to R contains the scalar action of C* on V ®g R; this group is contained
in the symplectic group GSp(V, ). It follows from Deligne’s theorem on absolute
Hodge cycles (see [DM82]) that the definition of MT(A) does not depend on the
choice of the embedding of k into C; it is also clearly invariant under enlarging k.

DEFINITION 3.2. The Hodge group Hg(A) is the intersection MT(A)NSp(V, ).
The Lefschetz group L(A) is the identity connected component of the centralizer of
End(Az)q in Sp(V, ). There is an obvious inclusion Hg(A4) C L(A).

PROPOSITION 3.3. For g < 3, we have Hg(A) = L(A). (That is, the Mumford—-
Tate group is completely controlled by endomorphisms.)

PRrROOF. See [FK+12| Theorem 2.16] or [BaK15, Theorem 9.4]. O

3.2. Definition of the Sato—Tate group

We continue with the definition of the algebraic Sato-Tate group and Sato—
Tate group of an abelian variety over a number field in terms of /-adic monodromy,
and the statement of the refined Sato—Tate conjecture. This material is taken from
[FK+12| §2.1]; see also [BaK15l, §2], [BaK16].

DEFINITION 3.4. For each 7 € G, define
L(A,7) == {y € Sp(V,¢) : v 'ay = 7(a) for all @ € End(Af)g}-

13
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14 3. BACKGROUND ON SATO-TATE GROUPS

The twisted Lefschetz group TL(A) is the union of L(A, 7) over all 7.

PROPOSITION 3.5. For g < 3, for any prime £, TL(A) ®q Q¢ is the kernel
of the symplectic character on the Zariski closure of the image of pp : G —

GSp(HP}t(sz @5)7 ¢)

PRrROOF. This amounts to the statement that the Mumford—Tate conjecture
holds for A whenever g < 3. See for example [BaK15| Theorem 6.11]. |

DEFINITION 3.6. In light of Proposition [3.3] and Proposition [3.5] for g < 3, we
define the Sato-Tate group ST(A) to be a maximal compact subgroup of TL(A)(C);
we recall from [Kna02 §VII.2] that such subgroups exist, any two are conjugate,
and one example is the intersection TL(A)(C) N U(2g) within GL(HZ (A, Q¢))(C).
For C a curve, we define the Sato—Tate group of C to be that of its Jacobian Jac(C).

LEMMA 3.7. For g < 3, there is a canonical isomorphism ST(A)/ST(A)? —
Gal(K/k) where K is the endomorphism field of A. In particular, this isomorphism
is compatible with base change: for any finite extension k' of k, ST(Ay/) is the
inverse image of the subgroup Gal(k'K/k') C Gal(K/k) in ST(A).

PrOOF. This is again a consequence of [BaK15|, Theorem 6.11]. O

REMARK 3.8. In the definition of the Sato—Tate group, we are implicitly using
the fact that for g < 3, the Mumford-Tate group of A is determined by endomor-
phisms. For general g, it is expected that the role of TL(A) in Proposition B.5] can
be filled by a certain algebraic group over Q, the motivic Sato—Tate group, whose
definition involves algebraic cycles on A x A of all codimensions, not just endomor-
phisms [BaK16]. There is still a canonical surjection ST(A)/ST(A)° — Gal(K/k),
but it is not in general an isomorphism.

3.3. Twisting and the Sato—Tate group

DEFINITION 3.9. For L/k a finite Galois extension and & a 1-cocycle of Gal(L/k)
valued in Aut(Ar), there exists a unique (up to unique isomorphism) abelian variety
Ag over k and an isomorphism 6 : A¢ 1 — Ap such that

& =0700"" (o€ Gal(L/k)).

Moreover, A¢ depends only on the class of £ in the pointed set H'(Gal(L/k),
Aut(Ap)).

DEFINITION 3.10. Set notation as in Definition with L = K (where K is
again the endomorphism field of A). As described in [FS14] Lemma 2.3], there is
an inclusion

TL(A¢) € TL(A) - Aut(Ayz)

in Sp(V,v). (Recall that Aut(Ar) — Sp(V,v) is injective; e.g., over C this is
evident from the complex uniformization.) Taking a maximal compact subgroup
of (TL(A) - Aut(AL))(C) gives the twisting Sato—Tate group of A [FS14l Defini-
tion 2.2]. Achieving this group as a Sato—Tate group of A amounts to solving a
certain Galois embedding problem for the component group of the twisting Sato—
Tate group.
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3.5. ENDOMORPHISM RINGS OF ABELIAN THREEFOLDS 15

REMARK 3.11. If A is equipped with a polarization, then we may similarly
consider twisting by a cocycle £ valued in automorphisms of A; as a polarized
abelian variety, and then A¢ will acquire a polarization with respect to which 6 is
an isomorphism of polarized abelian varieties. In particular, if A is the Jacobian
of the curve C equipped with the corresponding principal polarization, then by the
Torelli theorem, twisting A as a polarized abelian variety corresponds to twisting
C as a curve.

3.4. Axioms for Sato—Tate groups

A key tool used to classify Sato-Tate groups in [FK+12| is a list of neces-
sary conditions called the Sato—Tate azioms. The formulation in [FK+412 Def-
inition 3.1] is applicable to arbitrary motives; we state here a restricted form of
the three original Sato—Tate axioms applicable only to the 1-motives associated
to abelian threefolds. We also add a fourth axiom coming from the fact that the
Sato—Tate group of an abelian threefold is determined by endomorphisms (Propo-

sition B3).
DEFINITION 3.12. For a group G with identity connected component G°, the
Sato—-Tate axioms (for abelian threefolds) are as follows.

(ST1) The group G is a closed subgroup of USp(6). For definiteness, we take
the latter to be defined with respect to the symplectic form given by the

block matrix
(0 I3
= (% %)

unless otherwise specified.

(ST2) (Hodge condition) There exists a homomorphism 6 : U(1) — G° such
that 0(u) has eigenvalues u,u~! each with multiplicity 3; the image of
0 is called a Hodge circle. Moreover, the Hodge circles generate a dense
subgroup of G°.

(ST3) (Rationality condition) For each component H of G and irreducible char-
acter x of GL(C®), the expected value (under the Haar measure) of x(7)
over v € H is an integer. In particular, E[Trace(y, A™C%)" : v € H] € Z
for all integers m,n > 0.

ST4) (Lefschetz condition) The subgroup of USp(6) fixing End(C® G g equal
(
to GO.

PRrROPOSITION 3.13. Let A be an abelian threefold over k. Then G = STy4
satisfies the Sato—Tate axioms.

ProoF. For (ST1), (ST2), (ST3), this is [FK+12| Proposition 3.2] except that
the last condition in (ST2) is not stated therein; that statement is a consequence
of the definition of the Mumford-Tate group [FK+12| Definition 2.11]. For (ST4),
apply Proposition 3.3l O

3.5. Endomorphism rings of abelian threefolds

We next recall the classification of geometric endomorphism rings of abelian
threefolds. For A simple of dimension g < 3, the work of Albert and Shimura leaves
the following possibilities for the Q-algebra of endomorphisms End(Ag)q. (See for
example [Oor87].)
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16 3. BACKGROUND ON SATO-TATE GROUPS

e If g=1: Q (non-CM type), or a quadratic imaginary field (CM type).

o If g = 2: Q (type I(1)), a real quadratic field (type I(2)), an indefinite
division quaternion algebra over Q (type II(1)), or a quartic CM field
(type IV(2,1)).

e If g =3: Q (type I(1)), a totally real cubic field (type I(3)), an imaginary
quadratic field (type IV(1,1)), or a CM field of degree 6 over Q (type
IV(3,1)).

It easily follows that for A of dimension 3, not necessarily simple, there are 14

possibilities for the real endomorphism algebra End(Ax)g, as listed in [Sutl6l §4,
Table 2]:

(A) R, when A is simple of type I(1);
(B) C, when A is simple of type IV(1,1);
(C) R x R, when A is isogenous to the product of an elliptic curve without
CM and a simple abelian surface of type I(1);
(D) C xR, when Ak is isogenous to the product of an elliptic curve with CM
and a simple abelian surface of type I(1);
(E) R x R x R, when either
e A is simple of type 1(3), or
e Ay is isogenous to the product of an elliptic curve without CM and
a simple abelian surface of type I(2), or
e Ay isisogenous to the product of three pairwise nonisogenous elliptic
curves without CM;

(F) C x R x R, when either
e Aj is isogenous to the product of an elliptic curve with CM and two
nonisogenous elliptic curves without CM, or

o Aj is isogenous to the product of an elliptic curve with CM and a
simple abelian surface of type 1(2);
(G) C x C x R, when either
e Aj is isogenous to the product of an elliptic curve without CM and
two nonisogenous elliptic curves with CM, or

e Aj is isogenous to the product of an elliptic curve without CM and

a simple abelian surface of type IV(2,1);
(H) C x C x C, when either

e A is simple of type IV(3,1), or

e Aj is isogenous to the product of an elliptic curve with CM and a
simple abelian surface of type IV(2,1), or

e Ay isisogenous to the product of three pairwise nonisogenous elliptic
curves with CM;

(I) R x Ma(R), when either
e Ay is isogenous to the product of an elliptic curve without CM and
a simple abelian surface of type II(1), or

e Ay is isogenous to the product of an elliptic curve F without CM
and the square of an elliptic curve without CM nonisogenous to F;

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



3.6. CONNECTED SATO-TATE GROUPS OF ABELIAN THREEFOLDS 17

(J) C x Ma(R), when either
e Ay is isogenous to the product of an elliptic curve with CM and the
square of an elliptic curve without CM, or

o Aj is isogenous to the product of an elliptic curve with CM and a
simple abelian surface of type II(1);

(K) R x M3(C), when A is isogenous to the product of an elliptic curve
without CM and the square of an elliptic curve with CM;

(L) C x M3(C), when Ak is isogenous to the product of an elliptic curve E
with CM and the square of an elliptic curve with CM nonisogenous to F;

(M) Mj3(R), when A is isogenous to the cube of an elliptic curve without CM;
(N) M;3(C), when A is isogenous to the cube of an elliptic curve with CM.
The letter used above to refer to End(Ag)g is called the absolute type of A.

3.6. Connected Sato-Tate groups of abelian threefolds

Let G° be a connected group satisfying the Sato-Tate axioms. Its Lie algebra
b is of rank at most 3. The set of Lie algebras of rank at most 3 can easily be
determined from the classification of Dynkin diagrams.

Lie algebras of rank r
tl, 5[2 = 503
ta, tixsly, sloxsly = so4, sl3, sp, = s05, go
fg,ngE[g, t1><5[2><5[27 f1><5[3,t1><5]34,t1><927 5[2><5[2><5[2,
sloxsls, sloxspy,slaxge, sly = s06, 507, 5Pg

w N3

The Lie algebra h comes equipped with a 6-dimensional unitary symplectic
self-dual representation without trivial factors. We leave as an exercise for the
reader to see that this eliminates the Lie algebras sp,, g2, t1Xg2, slaxgo, slaxsls,
506, 507 from the above list (see [FKS21l §3.1] for further details). Together with
an additional argument to rule out the group U(2) (see [FKS18, Rem. 2.3]), this
leaves the 14 possibilities for the group G° listed in the second column of Table
The group G° comes equipped with a 6-dimensional representation, which may be
inferred from the table using the following considerations.

e The groups SU(2), USp(4), USp(6) carry their standard representations.

e Products of groups correspond to direct sums of representations, in which
we interlace coordinates to match up the symplectic forms. That is, a
product G1 x G5 is represented using block matrices

0 0

*
0
* 0
0 =

O % O %

*
0
*

where the blocks labeled * represent an element of Gy and the blocks
labeled * represent an element of G5, and similarly for a threefold prod-
uct. (Beware that other orderings of coordinates can be found in some
presentations constructed in our code, in the computation of moments in
Chapter 6l and in the LMFDB.)
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18 3. BACKGROUND ON SATO-TATE GROUPS

e The groups U(1),U(3) are embedded into SU(2), USp(6) respectively by

the formula A
0
A (O Z) .

e For d =2,3, U(1)4,SU(2)4 refer to the d-fold diagonal representations of
U(1),SU(2); in terms of block matrices, this means that

<A11 A12> N <A11Id A12Id>
Ao Ax Aoly Asola)”

We note in passing that SO(3) and SU(3) (embedded via U(3)) satisfy (ST1),
(ST2), (ST3) but not (ST4); this explains their absence above. Note also that
U(1)2 x SU(2) and U(1) x SU(2), are isomorphic but nonconjugate in USp(6).

By Prop. 2.19], the group ST(A)? uniquely determines the R-algebra

End(Ag)g. As there are 14 possibilities for each, each option for End(Ag)g corre-
sponds to a unique option for ST(A)?, as described in Table [0
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CHAPTER 4

The classification upper bound, part 1

In this chapter and the next, we establish the “upper bound” assertion of
Theorem [[T] by showing that there are at most 410 conjugacy classes of subgroups
of USp(6) that can occur as the Sato—Tate groups of abelian threefolds over number
fields. We organize the discussion in terms of the identity component, making an
analogue in each case of the group-theoretic classification from [FK+12| §3]; the
case where this equals U(1)3 requires more analysis than all of the others combined,
and so is treated separately in Chapter[Bl In addition, when the identity component
contains U(1) x U(1) as a factor, we refine the group-theoretic argument by making
a further analysis of CM types; this adapts a key component of the analysis of
Galois types from [FK+12] §4], which we otherwise do not reproduce.

Along the way, we identify those conjugacy classes of subgroups that are maxi-
mal with respect to inclusions of finite index, which is to say inclusions that preserve
the identity component. We say for short that such conjugacy classes are mazimal.

Throughout this chapter, let G denote a closed subgroup of USp(6) satisfying
the Sato-Tate axioms (Definition B.12); let G° denote the identity connected com-
ponent of G; and let Z and N denote the centralizer and normalizer, respectively,
of G° within USp(6).

4.1. Basic cases

We start with two of the least complicated options for G°. In the case G =
USp(6) (type A), it is clear that G = G°. In the case G° ~ U(3) (type B), we have
Z=U(1)3 C G° and N = G° U JGY. Consequently, N/G° ~ Cs, so G is equal to
either G° or N. In both cases, N is the unique maximal subgroup.

4.2. Split products

We next analyze the cases in which G splits as a product H; x Hy in which H;
and Hs have no common factor; this rules out the cases G° = U(1) x U(1) x U(1)
and G° = SU(2) x SU(2) x SU(2), for which see below. In the remaining cases,
G is a subgroup of G; x G where G; is some group with connected part H; and
the projections G — G; are surjective. Moreover, this splitting corresponds to an
isogeny factorization of A, so we may rely on the classification of Sato—Tate groups
of abelian surfaces made in [FK+12].

As an aid to the reader, we have reproduced in Table [I] and Table 2l some
key data from [FK+412| Table 8] about the Sato—Tate groups of abelian surfaces,
plus some additional information from LMFDB (maximal groups and index-2 sub-
groups). We omit from Table[I] the 3 groups listed in [FK+12| Table 8] which ap-
pear in the group-theoretic classification of [FK+12] but cannot occur for abelian
surfaces.

19
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TABLE 1. Sato-Tate groups G of abelian surfaces with G° #
U(1)2. The symbol * indicates a maximal conjugacy class of sub-
groups of USp(4). For index-2 subgroups, the notation H*" indi-
cates that n subgroups of G (up to conjugacy in G) are conjugate
to H in USp(4).

GO [G: GY) G G/G° | Index-2 subgroups
SU(2)2 1 F1 Cl —
2 FEo Ca Ey
3 E3 Cs —
4 FEy4 Cy Fo
6 Eeg Cs FEs
2 J(E1) Co Ey
4 J(E2) Dy | [Eal[J(Er)*?
6 J(E3) D3 FEs
8 J(Ea)x Da | [Ed[J(E2)I?
12 J(Eg)* Da Eﬁ,J(Eg)XQ
U(1) x U(1) 1 F C1 —
2 F, Ca I3
2 Fup Co F
4 Focx C4 Fab
4 ook Do | [Fal*%Fu
U(1) x SU(2) 1 G1,3 Ci | —
2 N(Gi3)x | C2 |Gi3
SU(Q) X SU(Q) 1 G3’3 Cl —
2 N(G3,3)x Co G3,3
USp(4) 1 USp(4)x C1 —

We start with the cases where we must have G; = H; for one i, in which case
the options come directly from the other factor.
Type C: In the case G° = SU(2) x USp(4), we must have G; = H; for i = 1,2, so
G =G
Type D: In the case G° = U(1) x USp(4), we must have Go = Ha, so G = G x
USp(4) for G1 € {U(1), N(U(1))}.
Type I In the case G° = SU(2) x SU(2)2, we must have G; = Hj, so G =
SU(2) x Gy for some Go in Table [ with G° = SU(2),.

Type K: In the case G = SU(2) xU(1)2, we must have G; = Hy, so G = SU(2) xGs
for some G5 in Table

Type G: In the case G® = U(1) x U(1) x SU(2), take H; = U(1) x U(1) and
Hy; = SU(2); we must have Go = Hs, so G = G1 x SU(2) for some G; in
Table [ with G° = U(1) x U(1).

We next consider cases where Hy = U(1). In such cases, G; € {U(1), N(U(1))}
(taking the normalizer in SU(2)), so for any given G there exists a group Go with
connected part Hy such that either G = U(1) x G2, G = N(U(1)) X Ga, or G is the
fiber product N(U(1)) X ¢, G2 with respect to the unique nontrivial homomorphism
N(U(1)) — Cz and some nontrivial homomorphism Go — Cs. The latter may be
characterized by the group G and the index-2 subgroup G% which is the kernel of
the homomorphism. It is clear that choices of G which are not conjugate in USp(4)
lead to fiber products which are not conjugate in USp(6); however, in cases where
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TABLE 2. Sato-Tate groups G of abelian surfaces with G =
U(1)2. Notation is as in Table [l

[G:GY G G/GY Index-2 subgroups
1 Ch Cy —
2 Co Ca (O
3 Cs Cs —
4 Cy Cy Co
6 Cs Cg Csy
4 Do Do Cof<3
6 D3 D3 Csy
8 D, Dy Cl[Dap<?
12 Dg Dsg Cs,[D3<?
12 T Ay —
24 O S4 T
2 J(CY) c, |
4 J(C2) Do CQ,J(Cl),CQJ
6 J(C3) Cg Cs
8 J(C1a) Cyq x Cg | [C4hJ(C2),/Cy 1
12 J(Cs) Cg x Co Cﬁ,J(C3),CﬁV1
8 J(Dg) D2 XCQ DQ,J(CQ)X3,D2’1X3
12 J(D3) Dg D3l J(C3),/D3 2
16 J(D4)| | Da x Co | [Dah[J(Ca),|J(D2)*2,[Ds 1<%, Da 2
24 J(Dg)x | Dg x Ca | D¢}, J(Ce),|J(D3)}<2,[De 12,[Ds 2
24 J(T) A4 X Cg 1"
48 J(O)x S4 x Co | 1O} J(T)L|O1
2 Ca1 Ca Ch
4 Ca1 Cy Co
6 Ce.,1 Ce C3
4 D21 Do C3l[Ca,1 <2
8 D41 Dy D32}, |C4,1,|D2,1
12 Deg 1 Dg D3, /Cs,1,/D3,2
6 D3 2 D3 Cs
8 Dy o Dy Cal|Da 1)<
12 Dg 2 Ds Ceb|D3 o<
24 O, S4 T

there is a single conjugacy class H that represents n > 2 different index-2 subgroups
of G5 (notated H*™ in Table[M and Table 2]), some extra analysis will be needed to
ensure that we only obtain one conjugacy class of fiber products. It will suffice to
verify that in such cases, there is a group of outer automorphisms induced by the
normalizer in USp(4) acting transitively on each collection of subgroups sharing a
common label.

Type F: In the case G° = U(1) x SU(2) x SU(2), we may take H; = U(1) and
H; = SU(2) x SU(2); then Gy € {SU(2) x SU(2), N(SU(2) x SU(2))}
(taking the normalizer in USp(4)).

Type J: In the case G° = U(1) x SU(2)2, G5 must be one of the groups in Table [
with G° = SU(2)s. Potentially ambiguous fiber products occur when
Go = J(Esy,) for n = 1,2,3 and G} is one of the two copies of J(E,) in
Go; the latter are conjugate to each other via the normalizer of J(FEsa,).
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Type L: In the case G = U(1) x U(1)2, G2 must be one of the groups in Table 2
Potentially ambiguous fiber products occur for

Go =D} D4\|Dgl,|J (D2),J (Da)sJ(Ds)s D215/ Da 25D 25

in these cases, we must check that the normalizer of Gy in USp(4) acts
transitively on the subgroups with a given label.
— For [Ds and |J(Ds), this normalizer is S3. The image of [Ds|in SO(3)
is the group generated by the half-turns about three orthogonal axes;
Ss acts permuting these.

— For D4,|Dgl,|J (D4)hJ(Ds),|D2.1, D4 2,|Ds 2, this normalizer is Cg in-
terchanging the two conjugacy classes of reflections. (Note that in
contrast with Dy, in Dy ;| the subgroup |Csis distinguished from the
others.)

REMARK 4.1. We checked in MAGMA that for each choice of G2, running over
all possible index-2 subgroups G% of G5 gives no new distributions (as measured by
moments; see Chapter[d]) other than the ones listed. This corroborates (but does not
independently confirm) the claim that subgroups with the same label correspond
to conjugate fiber products.

In this analysis, the group G is maximal if and only if G; and G> are both
maximal. To tabulate maximal subgroups, it thus suffices to recall the maximal
subgroups in genus 2; these are indicated with stars in Table [l and Table [2

4.3. Triple products

We next classify the options for G when G° ~ SU(2) x SU(2) x SU(2) (type E).
In this case, N/G® ~ S3; more precisely, IV is generated by G plus the permutation
matrices. The options for G in this case thus correspond to the subgroups of S3 up
to conjugacy, which we may identify with |S1,/S2,/A3,S3. The unique maximal case
is Sg

We now classify the options for G in the case G° ~ U(1) x U(1) x U(1) (type
H). In this case, Z = G° and N/G" is isomorphic to the wreath product CsSs.
Let a, b, ¢ be representatives of the nontrivial cosets in the three factors of N(U(1)),
and set ¢, s correspond to the permutations (12),(123) in Ss.

If A is not simple, then it splits as a product of a CM elliptic curve and a
CM abelian surface; this means that up to conjugation, ST(A) is contained in the
product of a subgroup of (a,b,t) and a subgroup of (¢). By the analysis from
[FK+12| §4.3], the former must be a subgroup of either (a,b) or (at).

To handle the case where A is simple, we recall some facts about abelian va-
rieties with complex multiplication, following [Dod84l §1] and [Kil16, §1] (and
ultimately, [Shi71l §5.5]). For future reference, we temporarily allow A to have
arbitrary dimension.

DEFINITION 4.2. A CM field is a totally imaginary quadratic extension of a
totally real number field. A CM type is a pair (M, ®) consisting of a CM field M
and a section ® of the map grouping the complex embeddings of M into conjugate
pairs.

Given a CM type (M, ®), for any Z-lattice m in M, we may use ® to specify
a complex structure on M ®q R, and thus view (M ®g R)/m as a complex torus.
Changing the choice of m gives rise to an isogenous torus [Shi71l, Proposition 5.13];
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consequently, we may associate a polarization to this torus using the trace pairing
on M, and thus obtain an abelian variety over C with complex multiplication by
some order in M.

DEFINITION 4.3. Given a CM type (M, ®), let L be the Galois closure of M in
C, which is again a CM field. The action of Gal(L/Q) on the complex embeddings
of M by postcomposition acts on the CM types for M. The reflex field of (M, P)
is the fixed field M* of the stabilizer of ® in Gal(L/Q); note that M* is defined as
a subfield of L (and hence of C), whereas M does not come with a distinguished
embedding into L. (There is also a CM type associated to M*, the reflex type,
which we will not discuss here.)

LEMMA 4.4. Fix an embedding of k into C. Let A be a simple polarized abelian
variety of dimension n over k with CM type (M, ®).

(a) The field M* is Galois over kN M*.
(b) The field kM* equals the endomorphism field of A.

(c) The group Gal(kM*/k) is canonically isomorphic to a subgroup of
Aut(M/Q).

PrOOF. For (a), (b), see [Shi71l, Theorem 5.15, Proposition 5.17]. For (c), we
obtain the identification by interpreting (b) as giving a faithful action of Gal(kM*/k)
on End(Ac)g = M. (For L the endomorphism field, it is tautological that Gal(L/k)
acts faithfully on End(Ar)g = End(Ac)g.) O

REMARK 4.5. To trace the effect on Sato—Tate groups of the previous discus-
sion, we identify ST(A)/ST(A)" with a subgroup of C21S,, (for n = dim(A)) using
the embedding of M into End(Ak)r to fix the identification of U(1) x --- x U(1)
with [, ¢ C*. Then the subgroup ST(A)/ST(A)? is contained in Gal(L/(kNM*))
and the composition

ST(A)/ST(A)° — Gal(L/(kN M*)) — Gal(M*/(k N M*)) = Gal(kM* /k)
is the canonical map (see Remark B.g]).

We now specialize back to the case where A is a simple CM abelian threefold.
In this case, by [Dod84! §5.1.1], the sextic field M must be one of the following.

e A cyclic Galois extension of Q. In this case, we must have G/G° C (abe, s)
as this is the unique copy of Cg in Cs 2 S3.

e A compositum of an imaginary quadratic field My and a non-Galois totally
real cubic field M;. In this case, Aut(M/Q) = Gal(My/Q) and so G/G° C
(abe).
e A non-Galois extension of Q whose Galois closure has group Cy ! Ag or
Cg1S3. In this case, Aut(M/Q) is trivial, as then is G/G°.
To summarize, we list the 33 conjugacy classes of subgroups of N/G° (as may
be verified using GAP or MAGMA) in Table[Bl In the table, an underline denotes
a group that is permitted by the previous analysis to occur as a Sato—Tate group

of an abelian threefold. Among the latter, the maximal cases are [(abc, ), |(c, at),
(a, b, c).
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TABLE 3. Conjugacy classes of subgroups of N/G" for G° ~ U(1) x
U(1) x U(1). The underlined groups can be realized by Sato—Tate

groups.

Order | Isom type Groups Total | Realizable
1 C1 (e 1 1
2 Cs {a), [{ab), ((abc), (t), (ct) 5 3
3 Cs i) 1 1
4 Cy {at), (act) 2 2
4 2 (a, b), (a,bec), (ab, be)l - 3

(¢, t), (ab,t), (ab,ct), (abe,t)
6 Cs (abe, s) 1 1
6 Ss (s,t), (abct, s) 2 0
8 Cy x Cy (c, at) 1 1
8 C3 (a,b,c),(ab, c,t) 2 1
a,b,ty, (ab,bc,t),
8 D4 <<a, b, ct>>, <(ab, be, c>t> 4 0
12 D¢ (abe, s, t) 1 0
12 Ay (ab, be, s) 1 0
16 Cy x Dy (a,b,c,t) 1 0
24 C2lAs3 (a,b,¢,s) 1 0
24 Sa (ab, be, s, ty, (ab, be, at, s) 2 0
48 C21Ss (a,b,c,s,t) 1 0
Total 33 13

4.4. The case G° = SU(2)3

We next classify the options for G' assuming that G ~ SU(2)3 (type M). In
this case, Z equals the group O(3) realized as a block matrix with scalar entries,
ZNG® ={£1}, and N = ZG°, so N/G® = SO(3).

At this point, we must make the rationality condition explicit for the first time
in this discussion (though it intervened implicitly in the discussion of products).
Any cyclic subgroup of SO(3) of order n is conjugate to the group generated by

1 0 0
A=10 cos2n/n sin2w/n
0 —sin2r/n cos2w/n
For the representation A2CS, the average of the trace of the coset of G° containing
A equals the trace of A on the GO-fixed subspace of A2C®. The latter equals
(1 + 2cos2m/n)?; this is an integer if and only if n € {1,2,3,4,6}. Since every
subgroup of SO(3) is either cyclic, dihedral, or one of the three exceptional groups
(tetrahedral, octahedral, icosahedral), we obtain component groups isomorphic to

Clv 027 C3a 043 Cﬁa D27 DS,D4; Dﬁa A4; S4~

By realizing these groups over Z, one may see that they satisfy the rationality
condition for all representations of GL(C%). The maximal cases are Dg} S4.
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CHAPTER 5

The classification upper bound, part 2:
The case G = U(1)3

Retaining notation as in Chapter @l we classify (up to conjugation) the sub-
groups G of USp(6) that satisfy the Sato-Tate axioms in the case where G® ~ U(1)3.
The reader familiar with [FK+12| §3] may have anticipated that this is the richest
and most difficult case; indeed, the analysis is very loosely parallel with that of
[FK+12| §3], with the role of the classification of finite subgroups of SU(2) played
instead by the classification of finite subgroups of SU(3) containing 3 by Blich-
feldt, Dickson, and Miller [MBDG61, Chapter XII]. The main technical difficulty is
in filtering candidate groups for the rationality condition.

It will be helpful to record explicit presentations for the groups in question,
both to aid with some aspects of the classification and for the computation of
moments. These presentations are implemented in accompanying SAGEMATH and
MAGMA scripts; note that the SAGEMATH computations depend heavily on GAP,
which ships as a standard component of SAGEMATH.

5.1. Overview

We start with a high-level description of the classification for G° = U(1)3,
whose results are summarized in Table [l

For GY ~ U(1)3, the centralizer and normalizer of G® in USp(6) are respectively
Z ~U(3) and N = Z U JZ; conjugation by J acts on Z via complex conjugation.
We thus have an exact sequence

(5.1) 1= PSUB) = N/G° - Cy — 1

which splits because J? = —1 € G°; we may thus identify N/G° with the semidirect
product PSU(3) xCy via the outerl] action of C, on PSU(3) via complex conjugation.

Let J(SU(3)) be the subgroup of USp(6) generated by SU(3) and J. There is
now a bijection between conjugacy classes of subgroups G of USp(6) with GO ~
U(1)3 satisfying the Sato-Tate axioms and finite subgroups H of J(SU(3)) contain-
ing pg and satisfying a corresponding rationality condition.

Our methodology will be to proceed through the Blichfeldt—Dickson—Miller
(BDM) classification of finite subgroups of SU(3). At each step, we will identify
subgroups satisfying a restricted form of the rationality condition (see §5.2)); this
will yield a finite list of conjugacy classes of subgroups of SU(3). We will then

1A comparison to [FK+12} (3.2)] may be misleading: for n > 3, complex conjugation acts on
PSU(n) as an outer automorphism corresponding to the nontrivial automorphism of the Dynkin
diagram; however, for n = 2, the Dynkin diagram has only one node, and so this automorphism
becomes inner.

25
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26 5. THE CLASSIFICATION UPPER BOUND, PART 2

compute the normalizer of a representative of each of these classes, and use this to
count extensions from SU(3) to J(SU(3)) (see §5.10).

In principle, this yields only an upper bound on the set of conjugacy classes
of groups G satisfying the Sato-Tate axioms with G =2 U(1)s, rather than the
exact value; this is because we do not check that our candidate groups satisfy the
rationality condition (ST3) at its full strength. In practice, we will see that all of
these groups can be realized as Sato—Tate groups (Chapter B, which will imply a
posteriori that they satisfy the full rationality condition. For the same reason, we
do not need to check that the groups we write down satisfy the restricted rationality
condition (although we did verify this using the SAGEMATH and MAGMA scripts);
rather, we only need to check that the groups we have excluded do not satisty (ST3).

TABLE 4. Numbers of finite subgroups of SU(3) x Cy accounted for
at the various stages of the classification. The columns H, J, Js, J,,
count subgroups of SU(3), standard extensions, split nonstandard
extensions, and nonsplit nonstandard extensions; see §5.10] for ex-
planation of how extensions are classified.

Case 8 H | J | Js| Jn | Total
Abelian groups Ba|[22]22]15| 9 68
Extensions of Cs B4| 181812 0 48
Exceptional groups from SU(2) (BBl | 6 | 5 | 4 | O 15
Extensions of As 7171510 19
Extensions of S; BTl 6| 6|0 0 12
Solvable exceptional groups BEl|3]3]|]0]|1 7
Simple exceptional groups 1 1 0 0 2
Total 63 | 62 | 36 | 10 171

To conclude this overview, we record some running notations and general re-
marks.

DEFINITION 5.1. To lighten notation, we use e(z) to denote €*** and D (u, v, w)
to denote the diagonal matrix Diag(e(u), e(v), e(w)).

REMARK 5.2. For a group G occurring as the Sato-Tate group of an abelian
threefold, the main theorem of [GK17] implies that [G : G°] divides 26 x 33 x 7. We
will not use this bound explicitly (as it does not directly apply to groups satisfying
the Sato—Tate axioms but not yet known to be realizable), but we do wish to point
out its consistency with our results.

5.2. The rationality condition

We next specialize the Sato-Tate axiom (ST3) to the representation A2C® of
GL(C®) to obtain a restriction on subgroups of SU(3) x Cy containing ps. As
noted above, this is a priori weaker than the full statement of (ST3), which is
quantified over arbitrary representations of GL(C®); however, it will suffice for the
identification of Sato—Tate groups.

The formulation of (ST3) refers to individual connected components of G, so
it translates into a condition on individual elements of SU(3) x Cg, which depends
only on the conjugacy classes of these elements. For elements in SU(3), we may
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5.2. THE RATIONALITY CONDITION 27

represent any conjugacy class by a 3 x 3 diagonal matrix A; we then want to ensure
that the average over r € [0, 1] of the trace of the block matrix

e(2r)n?A 0 0
0 A A 0
0 0 e(—2r)AZA

is an integer. This average equals Trace(A ® A) = |Trace(A4)|* (the first and third
blocks each average to 0), yielding the following definition.

DEFINITION 5.3. We say that a subgroup H of SU(3) satisfies the restricted
rationality condition, if |Trace(A)|> € Z for all A € H. We impose the restricted

rationality condition on a subgroup of SU(3) x Cqy by imposing it on the intersection
with SU(3).

To make the rationality condition explicit, we identify the conjugacy classes of
elements of SU(3) which can appear in a subgroup satisfying the condition; that
is, we find the diagonal matrices A = Diag(z1, 22, 23) such that 21, 29, 23 are roots
of unity, 212023 = 1, and |21 + 22 + 23|%> € Z. To do this, we first extract from the
literature the solution of a closely related problem.

LEMMA 5.4. Suppose that x,y, z are roots of unity in C such that
(z+2 N+ (y+y N+ (z+27") el

Then at least one of the following holds. (In the following discussion, the equivalence
relation is generated by permutations, inversion of any one term, or negation of all
terms at once.)

(i) All three summands are in Z. In this case, up to equivalence, we have
Ty, 2 € {:I:l, +i, :I:e(%)}.

(ii) Two summands sum to zero but are not in Z. In this case, up to equiva-
lence, we have

x e {+1,+i,+e(3)}, z=—y.

(iii) Ezactly one summand is in Z and the other two do not sum to zero. In
this case, up to equivalence, we have

x e {il’ii’ie(%)}’ (y,2) = (6(%%6(%))

(iv) No summand is in Z and the sum of all three is zero. In this case, up to
equivalence, we have

(Y 2) = (e(3)z, e(3)2).

(v) No summand is in Z and the sum of all three is nonzero. In this case, up
to equivalence, we have

(@,y.2) € {(e(3), e(3), e(3)), (e(F5), e(55), e(35)): (e(55). e(F)- e(35)) }-

PROOF. This can be read off from [CJ76, Theorem 7]. Alternatively, by ap-
pending copies of £1 we obtain a sum of at most 12 roots of unity equal to 0, and
such sums are classified by [PR98| Theorem 3.1] (see also [CMS11], Theorem 4.1.2]
or [KKPR20, Theorem 5.1]). O
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DEFINITION 5.5. Define an equivalence relation on triples of rational numbers
by setting (uy,uz,us) ~ (v1,vs,v3) if the multisets {e(u;)}3_; and {e(v;)}I_, are
Galois conjugate over Q. In other words, there must ex1st a permutation o of
{1,2,3} and a positive integer n coprime to the least common denominator of
U1, Uz, uz such that

Vj — NUg(jy € L (1 =1,2,3).

PROPOSITION 5.6. Let a,b,c be roots of unity in C such that abc = 1. Then
la+b+c|> € Z if and only if either (a + b)(b+ ¢)(c +a) = 0 or (a,b,c) =
(e(u), e(v),e(w)) for some triple (u,v,w) equivalent to one of the following:

1 2 111 111 15 111
(0’0’0)’(0’§’§>’(§’§’§)’(Z’Z’i)’(o’é’é)’(E’%’i)’
124 131 117 1 1 5 1 13 1 51
(?’?’?) <8 8 2> (5 X 5)(555)(561)(555)
1
BT

(5.2) 1 4 16 1 119 1 19 7
’ 18’ 9 217 21 247 6° 24 90’90’ 9 /)"
ProoF. For
a b
xr = — = — 2 = —
b7 y C, a’
we have

la+b+cf =z +a +y+y bz 43
consequently, (z,y, z) must be as described in Lemma[54l Conversely, given z,y, 2
as above, we may solve for a, b, ¢ by writing

y 1/3 P /3 N\ /3
=) ()
x Y z
and choosing cube roots consistently. Enumerating cases of Lemma [5.4] yields the
following.
(i) Each of z,y, z has order dividing 4 or 6, so each of a, b, ¢ has order dividing
12 or 18. Excluding cases where (a + b)(b+ ¢)(c + a) = 0, we obtain the
possibilities

12 111 111 15
=(0,0,0),(0,=,= S —— S 0,-,=
(’U,,’U,’LU) (7 bl )7(7373>7<37373)7(47472>7< 7676)7
111y /117y /1 15y /1138
6’3’2/°\9’9°9/°\12°12’6 )\ 18°18°9 /"~

(ii) Up to equivalence, x = § has order dividing 4 or 6 and z = —y; the latter

forces b € {e(),e(3),e(3)}. This yields the additional cases

oy (L3 (L 18Y (L5 1)y (1119
$ S \8'872)7\1276’4)7\ 1271272 )\ 24’6 24 )"

(iii) In this situation, there is no way to have zyz = 1.

3

(iv) In this situation, we have 2® = y* = 23 = 1 and so no new cases occur.

(v) From the listed options for (z,y, z), we obtain the additional cases

oy (L24) (L 416 (1197
T\ 7))\ 21721721 )7\ 9079079 )

The proposition follows. O
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REMARK 5.7. Proposition [5.0lis a special case of the general problem of finding
solutions in roots of unity to a system of polynomial equations (i.e., the multiplica-
tive Manin-Mumford problem). The approach used in [CJ76] yields an algorithm
for the more general problem, as described by Leroux [Ler12].

Another algorithm has been given by Beukers and Smyth [BS02] in the case of
a single polynomial of two variables, and generalized by Aliev and Smyth [AS08] to
a system. See Remark [5.40] for an explanation of how the Beukers—Smyth algorithm
can be used to confirm Proposition

It might appear that the result of Proposition[5.6 violates [FK+412| Remark 3.3]
by failing to limit (a, b, c) to a finite set. This discrepancy disappears when we im-
pose the rationality condition not on individual group elements, but on entire cyclic
subgroups.

PROPOSITION 5.8. Let a,b,c be roots of unity in C such that abc = 1. Then

la™ + b™ + ¢"|> €Z for all positive integers n. if and only if (a, b, ¢) = (e(u), e(v), e(w))
for some triple (u,v,w) equivalent to one of the following:

000, (0.1, (0 L) (AAD) (022) (A1),

2’2 3'3)'\3°3’3 44)\442

O)l ?) (l 1 2) ( ks l) 12 %) (l 1 ?) (l 3 1) (l 1 Z)
6'6)°\66°3)" )\ T7)\848)\882)\999)"
1 15\ /1 13\ /117 1 51\ /1 18\ /1 75

(E’ﬁ’é) (12 6’ 4> <_2 '3 _2) <12 12’ 2)’<1_8’E’§>’(1_8’1_8’§>’

e () (B (555 (D)

21721721 )\ 2476°24) '\ 24712'24 ) "\ 36797 36

(Each listed triple is lexicographically first in its equivalence class; the list is sorted
first by multiplicative order, and then lexicographically.)

PROOF. We first check that the complete list of triples (u, v, w) for which some
two of u, v, w are equal is

11 111 111
(0,0,0), <0, 57 5) ) <§a ga §> ) (Z, Za 5) )
112 117 1 1 5 1 1 8
6°6°3/°\9°9°9/°\12712°6/°\18°18°9 /)"

Up to equivalence we have (u,v,w) = (l 1 ”—) for some n. Since b=a,c=a

n'n’ n
we have

-2

la+b+c|l=2(a®+a3)+5€Z;
this holds if and only if a® has order dividing 4 or 6. This yields the options
ne{1,2,3,4,6,9,12,18}

and moreover confirms that they all work (because this list is closed under taking
divisors).
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30 5. THE CLASSIFICATION UPPER BOUND, PART 2

We next check that the complete list of triples (u, v, w) for which some two of
u, v, w differ by % modulo Z is

oL LY (o 13y (L1z2zy 115
72727 74747676737874787

117y /1 75y /1 5 13) (1 419
1273712/°\18718’9/)7°\24°12724)°\36°9°36 /) °

We may assume without loss of generality that u and v differ by % modulo Z
and that a has even order; then a generates the group {a, b, ¢), and therefore up to
equivalence we have (u,v,w) = (ﬁ, ”2—;2, "2—21) for some n. Since b = —a,c = —a "2,
we have
a® +b? + | =2(a® +a ) +5 € 2
this holds if and only if a® has order dividing 4 or 6. This yields the options
n€{2,4,6,8,12,18,24,36}

and also confirms that they all work (because this list is closed under taking even
divisors).
We finally check that the complete list of triples (u, v, w) for which no two of

u, v, w differ by 0 or % modulo Z is

1 2 15 111 124
<07 ga g) ) (Oa 6, 6) ) <67 ga 5) ) (?,?, ?) )
131 1 13 1 51 1 4 16 1 1 19
<§’§’§>’(E’E’Z)’(ﬁ’ﬁ’i)’(ﬁ’ﬁ’ﬁ)’(ﬂ’é’ﬂ)'

Note that for each positive integer n, the triple (nu, nv, nw) must either be equiv-
alent to an entry in (5.2 or must have two terms which differ by % modulo Z.
Already for n = 1, this criterion eliminates all cases except the listed ones plus
(55, o2, %); the latter case is eliminated by taking m = 2. The remaining cases
persist for all n (see Remark [B.10] for an easy way to check this). O

COROLLARY 5.9. Let n be a positive integer, and let H be the subgroup of
SU(3) consisting of those diagonal matrices of order dividing n. Then H satisfies
the restricted rationality condition if and only if n € {1,2,3,4,6}.

REMARK 5.10. One way to cross-check (B.3)) is to verify the following statements
about each triple (u,v,w) appearing therein.
(a) Either two of u,v,w differ by %, or (u,v,w) appears in (5.2).
(b) Let n denote the least common denominator of u,v,w. Then for each
prime divisor p of n, the triple (pu,pv,pw) is equivalent to an earlier
triple in (B.3).
This confirms that each triple (u,v,w) in the list defines a triple (a, b, c) with the
desired properties.

5.3. Abelian groups

For the remainder of this chapter, let H denote a finite subgroup of SU(3)
containing p3 that satisfies the restricted rationality condition; we identify the pos-
sibilities for H of various types according to the BDM classification. We start with
abelian groups, which occur in type (A) of the BDM classification. We represent
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5.3. ABELIAN GROUPS 31

these groups as groups of diagonal matrices, which are then stable under complex
conjugation.

DEFINITION 5.11. Following [MBD61, Chapter XII|, we use the symbol ¢ as
a synonym for the number 3; specifically, we write n¢ to refer to the order of a
finite subgroup of SU(3) containing us whose image in PSU(3) has order n. When
including ¢ in a label for such a subgroup, we remove ¢ to indicate the image of
this group in PSU(3) and (by abuse of notation) the resulting Sato—Tate group.

LEMMA 5.12. For H abelian, there exist diagonal matrices g1 and g of orders
m and no, with m|n, such that H is conjugate to

(91,92) = Z/mZ X Z/ndZ
and pg is contained in {gs).

PROOF. Since H is abelian, its elements can be diagonalized simultaneously.
Since it injects into U(1) x U(1), it is generated by just two elements; we can thus
find matrices g1 and go of respective orders m and n¢, with m|n¢, such that H is
equal to

(91,92) =~ Z/mZ X Z/ngZ.

It remains to check that these can be chosen so that us C (go). For this, we may
ignore the prime-to-3 parts of m and n, and thus reduce to the case where m and n

are powers of 3. If m =1, then pu3 C H = (g2) and we are done. If n > 1, then by

Proposition [£.8 we must have g;/g conjugate to D(%7 %, %), and therefore pug C (go).

This leaves only the case (m,n) = (3,1), in which case H is a maximal 3-torsion
subgroup of SU(3); in this case, we may take g2 to be a generator of pz and g; to
be a complementary generator. O

PROPOSITION 5.13. Suppose that H is an abelian group. Then H is conjugate
to exactly one of the 22 groups listed in Table [l

ProoF. In Table[] the cyclic groups are precisely the ones arising from Propo-
sition .8 which contain p3. (The labels A(m,ng). are chosen to preserve the order
from (B3)), but the generators themselves are not preserved; see Remark E15]) In
particular, this implies that any group that appears has order divisible by only the
primes 2,3,7; moreover, since A(1,7¢)|is the only cyclic group that occurs with
order divisible by 7, no noncyclic group with order divisible by 7 can occur.

Any noncyclic group that occurs must have the form Z/mZ x Z/n’'¢Z where
m,n’ are divisible only by the primes 2 and 3. Since there is no entry A(1,9¢),
A(1,16¢), or A(1,24¢) in Table[] neither m nor n’ can be divisible by 9, 16, or 24.

We next note that for

(m,n') €{(2,2),(3,1),(4,4),(6,6)}

the group A(m,n’) can occur in only one way: it must be generated by ps and
the maximal elementary abelian subgroup of the diagonal torus of exponent m. In
particular, this group is stable under the action of S3 on diagonal matrices (see
Remark for more on this point).

We next note that for

(m,n') €{(3,3),(6,6)},
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TABLE 5. Finite abelian subgroups of SU(3) containing p3 and sat-
isfying the restricted rationality condition. Following the notation

in [MBD61], we define ¢ := 3. The group A(m,nd). = (g1, 92)
is isomorphic to Z/mZ x Z/nngZ the generators ¢g; and gs have

orders m and n¢ and us C (ga).
H Presentation Symmetries | Ny
A(1,19) | (D(3,3,3)) Ss Trivial
A(1,29) | (D(3,2,3)) Ca Trivial
A(1,3¢) | (D(3,32,3) Cs Trivial
A(L4¢)1 | (D(%, 5. 2)) Co Trivial
A(L,49)| | (D(3, 15+ 75)) Cz Cz
A(1,69)1 | (D(3, 15, 12)) Ca Trivial
A(1,69)2 | (D(55,2,12)) Trivial Trivial
A(L79) | (D(55, 35+ 31)) Az Az
A(1,80)1] | (D(F, 375 37)) G2 Ca
A(1,80)2| | (D(35 3+ 31)) Cz &
A(1,12¢)] | (D(}, L, %)) Co Cso
A(2,29) | (D(0,4,4),D(2,1,2)) |Ss Ss
A(2,4¢) | (D(3,0,3),D(%, 5. 3)) | C2 Ca
A(2,60) | (D(5.0,4),D(, 11, 40)) | C2
A(3,19) | (D(5,0,%),D(5,%,%)) | Ss Ss
A(3,29) | (D(3.0,2), D2, L, 1) | Ca Cs
A(3,30) | (D(0,%,2),D(. 5. 5) | S s
A(3,49) | (D(0,%,2),D(L, 5, 3)) | C. Cso
A(3,60) | (D(0,%,2),D(}, &, 1) | G2 Cs
A(4,49) | (D(0,3, %), D(55: 73, 3)) | Ss Ss
A(6,20) | (D(£,0,8), D25 8) | Ss s
A(6,60) | (D(0.5,3), D(d5, 15 5)) | Ss Ss

the group A(m,n’) can again occur in only one way: it must be generated by
A(m, (n'/3)¢) and |A(1, 3¢). This group is again stable under the action of Ss.
We next rule out the cases

(m,n') € {(2,8),(2,12), (3,8), (3,12), (6,4)}.
In each case, we do so by identifying the candidate groups, then identify a “witness”
in each group which does not appear in Proposition (.8l

e To achieve (m,n’) = (2,8), we would have to take the group generated by
A(2,2¢) and one of A(1,8¢); or |A(1,8¢)s. We take as witnesses

1 1 1 1 9 2 1 7
D(%,0,3) - D(3, 95, 31) = D(3. 57, 57)-
D(%,0,1)-D(35, 2,30 = D(5, &, &)
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e To achieve (m,n’) = (2,12), we would have to take the group generated
by A(2,2¢) and A(1,12¢). We take as witness
D(3,0,3) - D(5. 55, 58) = D(i%+ 36+ 56)-
e To achieve (m,n’)

3,8), we would have to take the group generated by
(1

= (
A(3,1¢)| and one of A(1,8¢)1 or |A(1,8¢)2l We take as witnesses

D(3,0,%) - D(5. 13, 13) = D(0, 13, 13);
D(3, 5 ) (127254>£):D(Z72547214)
the first witness also rules out the group generated by A(3,1¢) and

A(1,4¢)s.
e To achieve (m, n') = (3,12), we would have to take the group generated
by |A(3,1¢) and A(1,12¢). We take as witness

D(3:0.8)- D335 ) = D3 55 8).

winN

e To achieve (m,n’) = (6,4), we would have to take the group generated by
A(6,2¢) and one of A(1,4¢)q1 or A(1,4¢)s. The latter case is ruled out
above; for the former, we take as witness

D(3:0,8) - D(5: 13, 13) = D(3: 13 1)-
We finally show that in the cases

(m,n') € {(2,4),(2,6),(3,2),(3,4), (3,6)},

at most one group occurs.
e For (m,n’) = (2,4), we would have to take the group generated by |A(2, 2¢)
and one of A(1,4¢)q or A(1,4¢)s. The resulting groups are conjugate be-
cause the group generated by A(2,2¢) and A(1,4¢),| contains a conjugate

of A(]., 4(15)2

e For (m,n') = (2,6), we must take the group generated by A(2,2¢) and
A(L,39).

e For (m,n') = (3,2), we must take the group generated by A(3,1¢) and
A(L,29).

e For (m,n’) = (3,4), we would have to take the group generated by |A(3, 1¢)
and one of A(1,4¢); or |A(1,4¢)s; the latter case is ruled out above.

e For (m,n') = (3,6), we must take the group generated by A(3,3¢) and
A(1,29).
This leaves the options enumerated in Table [Bl O

REMARK 5.14. Recall that we do not need to check that the groups listed in
Table [l satisfy the rationality condition, as this will be confirmed a posteriori by
the realizability of these groups as Sato—Tate groups. If one did want to do this
by hand for the noncyclic groups, it would suffice to do for the maximal noncyclic
groups in the table, namely

A(3,40), A(4,4), A(6,60).

REMARK 5.15. In Table[5 the “Symmetries” column indicates the subgroup of
permutation matrices which normalize the image of the group in PSU(3); this data
is needed for the analysis of the remaining types in the BDM classification. When
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the group is given as Cy, the presentation has been chosen so that the normalizing
transposition is (2 3).

REMARK 5.16. Note that certain pairs of groups in Table Bl give rise to isomor-
phic but non-conjugate pairs or triples of subgroups of PSU(3):
A(1,3) ~ A(3,1), A(1,4)1 ~|A(1,4)4
A(1,6)1 =~ A(1,6)s ~ A(3,2),
A(1,8)1 ~|A(1, 8)a, A(1,12)|~ A(3,4).

Some differences between these groups will appear as we continue the classification.

5.4. Extensions of C,

Type (B) in the BDM classification consists of nonabelian groups contained in
SUB)N(U(1) x U(2)). Note that U(1) x SU(2) surjects onto SU(3) N (U(1) x U(2))
via the map

m: U(1) x SU(2) — SU(3) N (U(1) x U(2)), (u, A) — (u?, u"tA)
with kernel of order 2 generated by {(—1,—1)}; the groups in question thus corre-
spond to finite subgroups of U(1) x SU(2) containing both (=1, —1) and (e(3),1).

For the moment, we focus on groups which are (nonabelian) extensions of Cs
by abelian groups; this amounts to requiring that they have dihedral image in
PSU(2) ~ SO(3). This includes products of cyclic groups with dihedral groups,
but also some nonsplit extensions such as the quaternion group of order 8. The
remaining cases are groups which project to one of the exceptional subgroups of
SU(2); we classify those in §5.51

For &, a € C* of norm 1, let

£ 0 0
(5.4) Reo: =10 0 —a] eSu(3);
0 —fa 0

note that
R, =Diag(¢ %,6¢€),  Rgh=Recan
In particular, if o = @, then Re o = Rg;; this will ensure that any presentation

using this matrix is invariant under complex conjugation. With this in mind, we
set

(5.5) Ty = Ri, Ty = Ro14, Ty = Rie(3/s)-

LEMMA 5.17. Let H be an extension of Co by an abelian group. Then there is
a group H' of order 3|H| in Table Bl with at least Co symmetries such that H is
conjugate to one of:
(i) (H',T1); or
(ii) (H',T3) and then H' contains T3 = D(

0, %, %) or
(iif) (H’,T4) and then H' contains T§ = D(%,1,1

).

ProoF. Write H as an extension of Cy by H'; by Proposition E.13] we may
conjugate H' into one of the forms listed in Table [l in such a way that the action
of Cs is given by interchanging the second and third coordinates. Consequently,
the nontrivial class in Cs is represented by R . for some &, a. The element Réa =
Diag(£72, £, &) must belong to H’, so ¢ must be a root of unity; by replacing Re o
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with B¢, = R, ;a-o),, for asuitable odd integer s, we may ensure that § = e(t/2")

for some h. Since R2 must satisfy the restricted rationality condition, we see from
Proposition that ¢ has order at most 4; hence £ € {1,—1,i}. We may then
rescale a (by conjugating by a matrix of the form Diag(1, 3, 371) for suitable 3) to
ensure that Re o € {T1,T%, T4}, from which the claim follows. |

REMARK 5.18. In case (ii) of Lemma 517} if H' contains an element g of the

form D(2, , %), then it also contains

-1 0 0
ng = 0 0 = N
0 = 0
by conjugating by a suitable matrix in the diagonal torus, we see that (H', gT5) is
conjugate to (H’,T1). By the same token, in case (iii) of LemmalB.17l if H’' contains

an element g of the form D(4, ,*), then (H', gTy) is conjugate to (H',Ty).

PROPOSITION 5.19. Suppose that H is an extension of Co by an abelian group
and is not abelian. Then H is conjugate to exactly one of the 18 groups listed in
Table 6

PRrROOF. Write B(m,ng;t). for the group (A(m,ne)., i), omitting ¢ when it
equals 1. By Lemma [5.17] it suffices to include the following entries.
(i) The group B(m,n¢). for each group A(m,n¢), of Table B with at least
Cy symmetries, excluding

A(l’ 1¢)’ A(la 2¢)v A(]-v 3¢)’ A(la 4¢)17 A(]-’ 6¢)1
which give rise to abelian groups; this exhausts all cases where H is a
semidirect product of an abelian group by Cy. Of these, | B(2,2¢) is con-
jugate to B(1,4¢)s (by writing it as the semidirect product of a cyclic
subgroup by C3) and has thus been omitted; similarly, B(2,6¢) is con-
jugate to B(1,12¢) and has thus been omitted. We also omit B(1,8¢)s
because it will be redundant with (iii). This yields 12 entries.

(ii) The group B(m,ng¢;2), for each group A(m,ne). in (i) containing the
element D(0, 1, 3) but not containing any element of the form D(3, x, %)
(see Remark [5.I8)). This yields 4 entries.

(iii) The group B(m,n¢;4). for each group A(m,ne), listed in (i) containing
D(%,1, 1) but not containing any element of the form D(Z, *, %) (see Re-
mark [(I8]). This yields 2 entries; the group B(2,4¢;4)| is conjugate to
B(1,8¢)s| (with the cyclic subgroup of order 8 being generated by Tj),
justifying the omission of the latter.

The results of this tabulation are shown in Table [0 below. O
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TABLE 6. Finite subgroups of SU(3) containing ps3 that satisfy
the restricted rationality condition which are extensions of C,
by an abelian group. The group B(m,n¢;t), denotes the group
(A(m,nd)s, iy, with t = 1 omitted.

B(1,4¢)2 ~|B(2,2¢) B(3,30) | |B(1,4¢;2)2 | B(2,4¢;4) ~|B(1,8¢)2
B(1,8¢)1 B(3,4¢) | \B(1,12¢;2) | \B(3,4¢;4)

B(1,12¢) ~ B(2,6¢) B(3,69) | B(3,2¢;2)

B(2,4¢) B(4,49)| | |B(3,6¢;2)

B(3,1¢) B(6,2¢)

B(3,2¢) B(6,6¢)

5.5. Exceptional groups from SU(2)

We now finish off type (B) of the BDM classification, which consists of groups
contained in SU(3)N(U(1) x U(2)). In what follows, it will be convenient to identify
SU(2) with the group of unit quaternions via the isomorphism

. . a+bi c+di
a+bi+cj+ dk — (—c—l—di a—bi)'

As in §5.4] we work with the surjection
m: U(1) x SU(2) — SU(3) N (U(1) x U(2)), (u, A) — (u?, u"tA)

and look for finite subgroups H of U(1) x SU(2) containing both (—1,—1) and
(e(%), 1). Any such group whose image in SU(2) is cyclic or dihedral gives rise
to a subgroup H of SU(3) which is either abelian, or an extension of Cy by an
abelian group; these cases have already been accounted for by Proposition [B.13] and
Proposition It thus remains to consider cases where the image in SU(2) is
one of the three exceptional finite subgroups: the binary tetrahedral, octahedral,
and icosahedral groups. We may immediately rule out the case where H projects
to the binary icosahedral group: in any such case, the component group of H has
order divisible by 5, and so H cannot satisfy the restricted rationality condition.

We next consider the case where H projects onto the binary tetrahedral group,
presented as

27 = {£1,+i,+j, +k, 2(£1 +i+j+k)} = G, LA +i+j+ k)

this presentation is invariant under complex conjugation, as are all of the presen-
tations we will derive from it, with one exception; see Proposition (.34 The only
nontrivial cyclic quotient of 27T is

2T/Q ~ C3, @ = {=£1,+i, £j, +k}.
PROPOSITION 5.20. Suppose that H is the image of a finite subgroup H of

U(1) x SU(2) containing (—1,—1) and (e(3),1) which projects to the subgroup 2T
of SU(2). Then H is conjugate to one of

Here B(T,n¢) denotes m(Capp x 2T, while B(T, 1¢; 1) denotes m(Cggp X ¢, 2T) where
the fiber product is via the nontrivial homomorphism Cg — Cs3 and one of the two
nontrivial homomorphisms 2T/Q — Cs.
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PROOF. Let C be the kernel of the map H — 2T, identified with a subgroup
of U(1). Then H in U(1)/C x 2T is the graph of a homomorphism 27" — U(1)/C.
If this homomorphism is trivial, then H = C x 2T. Because (—1,—1) and (e(3),1)

belong to H, the order of C' can be written as 2n¢; the group C projects to the
subgroup of SU(3) generated by D(n%;s’ —ﬁ, —ﬁ) By Proposition 5.8 the latter
satisfies the restricted rationality condition if and only if n € {1,2,3}. For all such
n, the image of C' x 27" in SU(3) satisfies the restricted rationality condition.
Suppose now that 27" — U(1)/C is nontrivial; it must then have image Cs.
Since —1 € @, we must have —1 € C; hence the order of C' must again be of
the form 2n¢. As above, we must have n € {1,2,3}. When n = 1, we see from
above that H satisfies the restricted rationality condition (the two possible groups
of this form are conjugate to each other). In the other two cases, H must contain
an element of the form (u,3(1 4 i+ j + k)) where u € U(1) has order 12¢ (if
n = 2) or 18¢ (if n = 3). The latter case is impossible, as it would imply that
H contains an element of order 9¢ and this is inconsistent with Table Bl As for
the former case, projecting the element in question to H yields a matrix conjugate
in SU(3) to Diag(u®, ue(3),u" e(—%)); the three components of this diagonal
matrix have orders 6¢, 12¢, 12¢, so this matrix does not generate a group conjugate
to A(1,12¢)| (in which the component orders of a generator are 3¢, 12¢,12¢) and
therefore cannot satisfy the restricted rationality condition. ]

We finally consider the case where H projects to the binary octahedral group,
presented as
20 = 2T U2T - (%(ilii));
this presentation is invariant under complex conjugation, as are all of the pre-
sentations we will derive from it. The only nontrivial cyclic quotient of 20 is
20/2T ~ Cs.

PROPOSITION 5.21. Suppose that H is the image of a finite subgroup H of
U(1) x SU(2) containing (—1,—1) and (e(3),1) which projects to the subgroup 20
of SU(2). Then H is conjugate to one of

B(0,19), B(0,29),

where B(O,n¢) denotes the nontrivial fiber product m(Cung X, 20). (Beware that
B(0, 1¢) is not conjugate to a subgroup of B(O,2¢).)

PROOF. Let C be the kernel of the map H — 20, identified with a subgroup
of U(1). Then H in U(1)/C x 20 is the graph of a homomorphism 20 — U(1)/C.
If this homomorphism is trivial, then H = C' x 20; however, already the image of
Cy x 20 fails to satisfy the restricted rationality condition due to the presence of
the matrix D(0, %, %)

If the homomorphism is nontrivial, then it must map 20 to its only nontrivial
cyclic quotient, namely 20 /2T ~ Z/27Z; in particular, we have C x 2T C H, so the
order of n of C must be in {2¢,4¢, 6¢} by Proposition Then H must contain
an element of the form (u, %(1 +1)) where w € U(1) has order 4¢ (if n = 2¢), 8¢

(if n = 4¢), or 12¢ (if n = 6¢). If n = 6¢, then projecting the element in question

to H yields Diag(u?,u~'e(%), u " e(—5)), whose diagonal components have orders

60, 24¢, 24¢; however, there is no cyclic group of order 24¢ satisfying the restricted
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rationality condition. In the other two cases, one does get groups satisfying the
restricted rationality condition. (Il

5.6. Extensions of Aj

Type (C) in the BDM classification consists of semidirect products of abelian
groups, represented as diagonal matrices, with the cyclic group Az, represented as
cyclic permutation matrices. (In particular, we need not consider nonsplit exten-
sions by Ag; this will be apparent from the proof of Lemma [5.22) Let

0 0 1
(5.6) S=11 0 0};
01 0
since this matrix is real, the following presentations are again invariant under com-

plex conjugation.

LEMMA 5.22. Suppose that H is an extension of Az by an abelian group. Then
there exists an abelian group H' of order %|H\ in TableBl with at least A3 symmetries
such that H 1is conjugate to (H',S); in particular, H ~ H' x As.

PRrROOF. By conjugating suitably, we may ensure that H is generated by a
diagonal abelian subgroup H' and a matrix of the form

0 0 C_lﬂ_l
(5.7) Sen=1¢ 0 0
0 w 0
for some (, u € C*. Since
(5.8) S¢,u - Diag(dy, da, d3) - S;, = Diag(ds, dy, da),

the group H’ is invariant under a cyclic permutation of the diagonal elements of its
constituting matrices; we can thus conjugate it into a form appearing in Table
Write S = S<2/3M1/3’<71/3M1/3. Since

S-Se,-St=5,

and conjugation by S preserves H’ (as in [(.8), we see that H is conjugate to
(H', S). O

PROPOSITION 5.23. Suppose that H is the semidirect product of an abelian
group by A3 and is mot abelian. Then H is conjugate to exactly one of the 7
following groups:

C(1,7¢), |C(2,20), C(3,19), (C(3,39), C(4,49), |[C(6,2¢), |C(6,60).
Here C(m,n¢) denotes the group (A(m,ng),S) ~ (Z/mZ x Z/n¢Z) x As.

PROOF. By Lemma [5.22] the given list includes all possibilities; note that the
group C(1,1¢) is abelian and are hence omitted. (By contrast, |C(3,1¢) is not
abelian, but its image in PSU(3) is abelian.) It is automatic that these groups
satisfy the restricted rationality condition because the product of S with any matrix

2

in A(m,n¢) has eigenvalues 1,e(3), e(3). O
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5.7. Extensions of S3

Type (D) in the BDM classification consists of extensions of the symmetric
group S3, represented as scaled permutation matrices, by abelian groups, repre-
sented as diagonal matrices.

Define the matrices S and 77 as in (5.0) and (B.5]), respectively. Since these
matrices have real entries, the following presentations are again invariant under
complex conjugation.

LEMMA 5.24. Suppose that H is an extension of Sz by an abelian group. Then
there exists an abelian group H' of order %|H| in Table Bl with Ss symmetries such
that H is conjugate to (H',S,Ty). In particular, H ~ H' x S;.

PROOF. Asin Lemmal5.22] we may assume that H is conjugate to (H', S, Re¢ ),
where H' is one of the abelian groups of order ¢|H| of Table[] and Ry , is defined
as in (54) for some &, o € C*. Since

R, = Diag(£72,£,9), (S Re¢.o)? = Diag(a, a,a™?),

¢ and « are roots of unity. Moreover, for n the least common multiple of the orders
of £ and «, the S3-symmetry of H’ implies that H’ contains the full n-torsion
subgroup of SU(3). We can thus rescale to force £ = o = 1, yielding the desired
result. O

PROPOSITION 5.25. Suppose that H is an extension of S3 by an abelian group,
but not an extension of Co by an abelian group. Then H is conjugate to one of the
6 following groups:

D(2,29), D(3,1¢), D(3,39), |D(4,4¢), D(6,2¢), \D(6,69).
Here D(m,n¢) denotes the group (A(m,neg),S,T1) ~ (Z/mZ X Z/n¢Z) X S3.
ProoF. By Lemma [B£.24] the given list includes all possibilities. As in the

proof of Proposition [5.23] the restricted rationality condition is automatic in these
cases. (]

5.8. Solvable exceptional subgroups

Types (E), (F), (G) in the BDM classification are exceptional groups whose
images in SU(3)/us have orders 36, 72, 216, respectively; we denote these by
E(36¢), E(72¢),[F(216¢). The group E(216) is the Hessian group.

Define the matrices

1 1 1
(5:9) g1=DO0,5,2), g=—1——u |1 @) @) |, g9=DE23.
WG\ )l

Then F(36¢),|E(72¢), E(216¢)| are the respective groups

(91,92), (91,92, 939295 '), (91,92, 93)-
(The presentations given in [MBDG61], Chapter XII] include the matrix S of (5.6,
but this is unnecessary because S = g5 Loy 92-)

Note that g, = g5 and that the complex conjugate of g392g3—1 belongs to
(91,92, 939295 *): since S € (g1, g2), we can see the latter by writing the conjugate
as

92(939295 )D(3,2,2)
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and observing that D(%, %, %) =g nglS*I. This means that all three of these
presentations are invariant under complex conjugation; these groups also satisfy
the restricted rationality condition.

REMARK 5.26. As an aside, we note that for S¢ , as in (5.7)), the group E(216¢)
contains the subgroup (A(1,1¢), Sc(2/0),e(20)) Which is conjugate to C(3,1¢) in
SU(3) (by Lemma [5.22) but not in F(216¢).

5.9. Simple exceptional groups

The final types (H), (I), (J) in the BDM classification are exceptional groups
whose images in SU(3)/us have orders 60, 360, 168, respectively. These images
are the unique simple groups of these orders: Aj, Ag, and PSL3(IF3) ~ PSLy(F7).
We may immediately rule out the groups of order 60 and 360 because any groups
made from them contain elements of order 5 and thus cannot satisfy the restricted
rationality condition. We denote the group of order 168¢ by |E(168¢); it admits
the presentation
(5.10)

e(7)—e(}) e3)—e(3) ez)—e(3)
(2040500354 (=t et e )
e(7)—e(2) e(z)—e3) e(3)—e3)
Since the latter matrix has real entries, the presentation is invariant under complex
conjugation; it also satisfies the restricted rationality condition. (Note that omitting
D(%7 %, %) yields a group which projects isomorphically onto |F(168).)
5.10. Standard and nonstandard extensions: overview

At this point, we have completed the classification of finite subgroups of SU(3)
containing p3 and satisfying the restricted rationality condition, and it remains to
classify the enlargements of these to subgroups to J(SU(3)). Before embarking on
the specific calculations, we read off some general features of the situation and set
some terminology.

DEFINITION 5.27. Let H be a subgroup of SU(3) which is stable under complex
conjugation. (See Remark[B.3T]for the changes that need to be made to handle more
general H.) Write +H for the group (H,—1). For any subgroup H of J(SU(3))
with H = H N SU(3), we have an exact sequence

(5.11) 1—+H— H—Cy— 1.

One candidate for H is the group (H,.J); we denote it by J(H) and call it the
standard extension by H, and characterize any other H as a nonstandard extension.

Let Ny denote the normalizer of H in SU(3) (which is itself stable under
complex conjugation); then any overgroup of H must have the form (H,Jg) for
some g € U(3) whose image in SU(3) belongs to Ny and satisfies JgJg € £H (so
that [H : H] < 2). This last condition is equivalent to requiring that the image
of g in Ny /H maps to its inverse under complex conjugation; let Iy be the set of
elements of Ny /H with this property.

Conjugation by h € Ny takes Jg to
hY(Jg)h = Jh gh,
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and in particular Ny /H acts on Iy. We thus have a bijection between the set of
extensions of H and the quotient set of Iy by the action of (Ng/H) where h acts

—1
as g — h gh. (It is not necessary to record the conjugation action of J: if g € Ny
represents a class in I, then the actions of J and g~! on this class coincide.)

DEFINITION 5.28. Consider the nonstandard extension defined by the class in
Ip of some g € Ny. We further classify the extension according to the following
criteria.
e A split nonstandard extension, denoted .J,(H), is one where gg = hh for
some h € H. Such an extension is still a semidirect product by Cs, but
via a different action.

e A nonsplit nonstandard extension, denoted J,(H), is one corresponding
to the class in Iy of some g € Ny such that gg # hh for any h € H. Such
an extension is not a semidirect product by Ca.

While this is not clear a priori, it will turn out that every group H we consider
has at most one nonstandard extension of each type. Consequently, the notations
Js(H) and J,(H) will be completely unambiguous.

LEMMA 5.29. Let NY denote the identity component of Ny, which centralizes
H since H is finite. Let Ny := Ny /(N%, H) be the component group of Ny /H.
Then the action of Ny /H on Ig (where h acts as g — E_lgh) induces an action
of Ni; on the set of connected components of I .

PROOF. Note that the action in question has only finitely many orbits: given H
there are finitely many isomorphism classes of groups H as in (EI1I), and each oc-
curs for finitely many conjugacy classes of subgroups of J(SU(3)), by [FK+12|
Remark 3.3]. If we restrict the action from Ny /H to its identity component
(NY%, H)/H, we still have only finitely many orbits (because this subgroup is of
finite index), but now the orbits are connected and closed (because they are images
of a continuous map between compact topological spaces); these orbits must thus
be entire connected components of Ir. This yields the desired result. ]

REMARK 5.30. Suppose that NY is contained in the diagonal torus and cen-
tralizes not only H, but all of Ny (this will only fail for some abelian groups).
Then I is the image of a set of connected components of Ny: if g € Ny, h € N,
then gg = ghgh. As a consequence, the set of connected components of I is in
bijection with the set I}, of elements of Nj; which map to their inverses under
complex conjugation.

The computation of the orbits of If; under the action of Nj; will be further
facilitated by the following general observations. (In this discussion, we do not
differentiate between split and nonsplit nonstandard extensions; we make this dis-
tinction by inspection in each individual case.)

e If N}, is trivial, then H admits no nonstandard extension.

o If Nj; ~ Cy, then I}, = N};, the action of Nj; on I} is trivial, and so H
admits a nonstandard extension.

e Suppose that N}, has a normal subgroup N7; stable under complex con-
jugation, such that N}, /Ny is cyclic of odd prime order. Let I}; be the

set of elements of N}, which map to their inverses under complex conju-
gation; then we have a canonical bijection I, /Ny — I, /Nj; (regardless
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of the action of complex conjugation on NJ;). In particular, if Nj; is of
odd order (e.g., C3), then I}; /Ny is a singleton set and so H admits no
nonstandard extension.

e The set of orbits of N}, acting on I is invariant under twisting the
action of complex conjugation by an element of N; (compare Remark (.37]
below). In particular, if Nj; ~ Ss, then N, has only inner automorphisms,
so by Remark [5.31] the number of extensions does not depend on the action
of complex conjugation on Ny;. For the trivial action, we see that I is the
set of transpositions with the action of N}, by conjugation, so H admits
one nonstandard extension.

REMARK 5.31. Without the assumption that H is stable under complex con-
jugation (but still assuming that NY is contained in the diagonal and centralizes
all of Ng), the analysis of Remark remains valid if we replace J with Jg for
some g € SU(3) for which Jg normalizes H, and define the action of Ny /H on Iy
by replacing complex conjugation with the automorphism induced by Jg (that is,
complex conjugation composed with the ordinary conjugation by g). In particular,
the number of extensions of H depends only on the group Nj; and the element
represented by complex conjugation in the outer automorphism group of Np;; this
observation is useful even if H is stable under complex conjugation, as it saves us
the trouble of having to completely pin down the action of complex conjugation on
Ny,

5.11. Standard and nonstandard extensions: computations

We now recapitulate the classification of finite subgroups H of SU(3) containing
13 and satisfying the restricted rationality condition, determining the standard and
nonstandard extensions in each case.

PROPOSITION 5.32. Of the 23 groups listed in Table Bl, each admits a standard
extension; the 15 groups

A(la 4¢)27 A(la 8¢)17 A(la 8¢)27 A(la 12¢)7 A(Qa 2¢)a A(27 4¢)7 A(Z, 6¢)v

A(3,19), A(3,29), A(3,39), A(3,49), A(3,60), A(4,4¢), |A(6,20), |A(6,60)
admit split nonstandard extensions; and the 9 groups
A(la 2¢)’ A(17 4¢)1) A(17 4¢)2) A(la 6¢)17 A(la 12¢)7
A(2,49), 1A(3,20), |A(3,40), A(3,69)

admit nonsplit nonstandard extensions.

PRrROOF. These groups are all invariant under complex conjugation, and so ad-
mit standard extensions. To identify nonstandard extensions, we cannot apply
Remark because N¥ does not centralize Ny in most cases; we thus make a
direct analysis. To begin with, for H = [A(1,1¢), Ny = N¥% = SU(3) and Iy
consists of all symmetric matrices in SU(3); thus Iy is connected and H admits no
nonstandard extension.

For the groups

H= A(152¢)) A(173¢)7 A(154¢)17 A(156¢)17

we have Ny = N% = SU(3) N (U(1) x U(2)). For any g € Ny, the top-left entry of
gg is 1; consequently, if g € H then gg € {D(0,0,0),D(0,%, 1)} CA(1,2¢) and
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each option accounts for a single connected component of Iy. For H = A(1,3¢),
the second component does not occur because D(0, %, %) ¢ H; consequently, H
admits no nonstandard extension. In the other three cases, Iy contains a second
connected component, so H admits a nonsplit nonstandard extension corresponding

to the class of
0
0

1
(5.12) g=1|0
0 —1

0
1
0
In the remaining cases, N is the diagonal torus, and Ny is generated by N plus
a group of symmetries contained in S3 and isomorphic to Ny /H. Note that the
entire image of Ny in Iy is a single orbit, corresponding to the standard extension;
moreover, the image in Iy of an element of Ny in the coset of an order-3 symmetry
in S3 cannot map to its inverse under complex conjugation. Consequently, if the
group of symmetries is either trivial or equal to Ag, then H admits no nonstandard
extensions; this covers the cases H = A(1,6¢)2,|A(1,7¢). In all other cases, every
nonstandard extension arises from a matrix of the form

—-a 0 O
qg= 0 0 —C y
0 —-b O
where abc = 1; this matrix satisfies
1 0 0
gg= |0 bc O
0 0 ¢b

It follows that the connected components of Iy are in bijection with the quotient of
the group HN{D(0, u, —u) : u € Q} by the image of H under the map D(u,v,w)
D(0,v — w,w — v). In particular, we always get a split nonstandard extension by
taking g to be the matrix Ty of (5.3); in addition, we obtain nonsplit nonstandard
extensions for

H = A(3,29), A(3,40), |A(3,60).
by taking g as in (BI2)), so that u = %, and for

H =A(1,49)2, A(1,120), | A(2,49),

by taking
it 0 0
g=10 0 ],
0 1 0
so that u = . O

4

PROPOSITION 5.33. Of the 18 groups appearing in Table[d, each admits a stan-
dard extension; the 12 groups

B(1,4¢)2, \B(1,1290), B(2,49), |B(3,2¢), B(3,4¢), B(3,69),
B(1,44;2),, [B(1,12¢:2), [B(3,24;2), [B(3,64;2), [B(2,4¢;4), [B(3,4¢;4)

admit split nonstandard extensions; and none admits a nonsplit nonstandard ex-
tension.
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PROOF. These groups are invariant under complex conjugation and admit stan-
dard extensions. For each group H = B(m,n¢;k), in the list, N is the torus
{D(2u, —u, —u) : u € Q}; this torus is the image of U(1) x {1} under 7. Moreover,
Ny is contained in SU(3) N (U(1) x U(2)) and thus centralized by N%; we may
therefore apply Remark

We first treat the exceptional cases

These groups all project to the subgroup (i, k) of SU(2), which has normalizer 20;
it follows that in all three cases, Ny = (N%,20) and N}; ~ S3. By Remark [5.30,
this implies the existence of a split nonstandard extension corresponding to the
class in Iy of D(%,1,3).

In the other cases, every element of Ny normalizes A(m,n¢).. To see this,
note first that when m is divisible by 3, the Sylow 3-subgroup of H is unique and
not central, so Ny normalizes both the Sylow 3-subgroup of H and its centralizer

in H (namely A(m,ng),). In the remaining cases
H =\B(1,4¢)2, B(1,8¢)1 |B(1,12¢), B(4,4¢), B(2,4¢;4),

one may check by direct calculation that A(m,ng), is a characteristic subgroup of
H. (Note that this does not apply to the alternate presentations B(2,2¢).B(2,6¢),
B(1,8¢)2 of the groups B(1,4¢)s, |B(1,12¢), |B(2,4¢;4); this explains our choice
of labels in these cases.)

By the previous paragraph, N is contained in the subgroup of SU(3) generated
by the diagonal torus and the symmetries listed in Table (Note that all cases
where the connected part of the normalizer of A(m,n¢). in SU(3) is larger than
the diagonal torus fail to contribute to Table [G] because the resulting groups are
all abelian.) Moreover, symmetries in Sz but not in Cs fail to normalize T; up to
scalars. It follows that Nj; is generated by the intersection of Ny with the diagonal
torus.

An element g = D(u,v,w) € SU(3) belongs to Ny if and only if H contains

Tj—lgflTjg = D(—u, —w, —v)D(u,v,w) = D(0,v — w,w — v);

moreover, this element is trivial in H if and only if g € N¥. Consequently, N}
is equal to the intersection of H with the torus {D(0,u, —u) : u € Q} modulo the
image of A(m,n¢). under D(u,v,w) — D(0,v — w,w — v).

If A(m,ng¢). has symmetries by Sz, then NJ; is trivial because D(0,u, —u) is
the image of D(—wu,u,0); consequently, the groups

H =|B(3,19), B(3,39¢), B(4,4¢), B(6,2¢), B(6,60)

admit no nonstandard extension. For H = B(1,8¢)1, N}, is trivial because the

image of D(1,%,3) € His D(0,3, 1), which generates the intersection of A(1,84),

with the torus {D(0,u, —u) : u € Q}. Hence H admits no nonstandard extension.
The groups

all contain D(0, §,3) (whose image is D(0, , 1)) but not D(0, ,Z), and N}; ~ Cs

generated by the image of D(i, i, %), hence H admits a split nonstandard extension.

The groups

H =B(3,2¢), B(3,49), B(3,6¢), B(3,2¢;2), B(3,60;2), B(3,4¢;4)
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all contain D(0, %, %) but not D(0, i, %), so Nj; ~ Cq generated by the image of

D(%, 0, %), hence H admits a split nonstandard extension. O
PROPOSITION 5.34. Of the 6 groups listed in Proposition B.201 and Proposi-
tion B.21), all except B(T, 1¢; 1) admit standard extensions; the 4 groups

B(T,1¢), B(T,2¢), B(T,3¢), B(T,1¢;1)

admit split nonstandard extensions; and mone admits a nonsplit nonstandard ex-
tension.

PROOF. As in Proposition 533, N¥ is the image of U(1) x {1} under U(1) x
SU(2) — SU(3) and Ny is contained in SU(3) N (U(1) x U(2)); we may thus apply
Remark

For each of the groups

H =|B(T,1¢). |B(T.24). B(T. 3¢)

listed in Proposition 520, H maps to the subgroup 27 of SU(2), so Ny = (N%, 20)
and Nj; =~ Cy. Consequently, each of these 3 groups admits a split nonstandard
extension corresponding to the class of D(i, i, %) in Iy. By the same token, for
each of the groups
H =\|B(0, 19), |B(0, 2¢9)

listed in Proposition 52Tl H maps to the subgroup 20 of SU(2), so Ny = (NY, 20)
and Ny, is trivial. Consequently, neither of these 2 groups admits a nonstandard
extension.

The case H =|B(T, 1¢; 1)|is anomalous; see Remark below. O

REMARK 5.35. In Proposition 534 the case H = B(T, 1¢;1) requires spe-
cial dispensation because the given presentation of H is not stable under complex
conjugation, so there is no standard extension. (The action of J is nontrivial on
C3 but trivial on 2T/Q, so the two possible fiber products are interchanged by
conjugation.)

That aside, N is the image of U(1) x {1} under the map U(1) x SU(2) —
SU(3) and Ng is contained in SU(3) N (U(1) x U(2)), so Remark [53T] applies with
g= D(i, i, %) However, in this case, the projection of Ny to SU(2) does not hit
the nontrivial coset of T' in O, so Ny, is trivial. Consequently, H admits a unique
extension; since (Jg)? is the identity, we categorize this as a split nonstandard
extension of H.

PROPOSITION 5.36. Of the 7 groups appearing in Proposition [5.23], each admits
a standard extension; the 5 groups

C(2,29), |C(3,30), C(4,49), |C(6,2¢), C(6,6¢)

admit split nonstandard extensions; and none admits a nonsplit nonstandard ex-
tension.

PRrROOF. For each group H = C(m,n¢) in the list, A(m,ne) is centralized only
by the diagonal torus, so the centralizer of H in SU(3) is u3. In particular, N is
trivial, so Remark [5.30 applies with N}, = Ny /H.

To analyze the case H = (C(3,1¢), we first note that H coincides with the
subgroup (g1, 93,5 = g5 'g192) of [E(216¢). By checking that g5 'S¢, = g1 and
gy Sg1 = ¢3S, we see that Ny = E(216¢) and N}, ~ 2T); since 2T/Q ~ Cs, we
may reduce consideration from Nj; to Nj; ~ @ via Remark If we normalize

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.lmfdb.org/SatoTateGroup/B(T,1;1)
https://www.lmfdb.org/SatoTateGroup/B(T,1)
https://www.lmfdb.org/SatoTateGroup/B(T,2)
https://www.lmfdb.org/SatoTateGroup/B(T,3)
https://www.lmfdb.org/SatoTateGroup/B(T,1;1)
https://www.lmfdb.org/SatoTateGroup/B(T,1)
https://www.lmfdb.org/SatoTateGroup/B(T,2)
https://www.lmfdb.org/SatoTateGroup/B(T,3)
https://www.lmfdb.org/SatoTateGroup/B(O,1)
https://www.lmfdb.org/SatoTateGroup/B(O,2)
https://www.lmfdb.org/SatoTateGroup/B(T,1;1)
https://www.lmfdb.org/SatoTateGroup/B(T,1;1)
https://www.lmfdb.org/SatoTateGroup/C(2,2)
https://www.lmfdb.org/SatoTateGroup/C(3,3)
https://www.lmfdb.org/SatoTateGroup/C(4,4)
https://www.lmfdb.org/SatoTateGroup/C(6,2)
https://www.lmfdb.org/SatoTateGroup/C(6,6)
https://www.lmfdb.org/SatoTateGroup/C(3,1)
https://www.lmfdb.org/SatoTateGroup/E(216)
https://www.lmfdb.org/SatoTateGroup/E(216)

46 5. THE CLASSIFICATION UPPER BOUND, PART 2

the latter identification so that go corresponds to i and gszg2gs ! maps to j, then
complex conjugation acts on Nj; by

i— —i, ik, k—j;

hence I, = {1, i} and the action is transitive. (More precisely, j interchanges
+1 with +i while k interchanges +1 with Fi.) We conclude that H admits no
nonstandard extension.

In the remaining cases, A(m,ng¢) is normalized by Np. To see this, note that
in the case H = C(1,7¢), the group |A(1, 7¢) is the unique Sylow 7-subgroup; for
H =\C(3,30¢), we see that |A(3, 1¢)|is the unique index-9 normal subgroup (it being
the inverse image of the center of A(3,1)) and not central, so its centralizer in H
equals A(m,ng); while for

H =\C(2,29),/C(4,49), C(6,20), C(6,60),

the Sylow 2-subgroup of H is unique and not central, so its centralizer in H equals
A(m,ne). Tt follows that Ny is contained in the subgroup of SU(3) generated by
the diagonal torus, S, and Tj.

An element g = D(u,v,w) € SU(3) belongs to Ny if and only if H contains

S tg71Sg = D(—v, —w, —u)D(u,v,w) = D(u —v,v — w,w — u);

note that any element of the diagonal torus can be represented in this fashion.
Moreover, D(u,v,w) + D(u — v,v — w,w — u) defines a homomorphism from
A(m,ng) to itself with kernel (D(%, %, %>), hence N}, consists of a copy of Cs, times
a copy of Cy generated by T} in all cases except H =|C(1,7¢). Per Remark (.30
the factor of C3 may be ignored; consequently, H admits a standard extension in
all of the cases except H = |C(1,7¢). These extensions are all represented by the

class of T} in Iy, and so are split. O

PROPOSITION 5.37. Of the 6 groups appearing in Proposition [5.25], each admits
a standard extension, and none admits a (split or nonsplit) nonstandard extension.

PRrROOF. For each group H = D(m,ng) in the list, A(m,ng) is centralized only
by the diagonal torus, so the centralizer of H in SU(3) is u3. In particular, N is
trivial, so Remark applies with N}, = Ny /H.

For H = D(3,1¢), we again use the presentation of the group |F(216¢) de-
scribed in 5.8 In this case, Ny = E(216¢) and so N, ~ BT/{£1} ~ Ay; since
A, /(Q/{£1}) ~ Cs, we may reduce consideration from N, to Njj ~ Q/{£1} =
{1,i,j, k} via Remark[5.30. With notation as in Proposition [5.36} the action of com-
plex conjugation on N}, fixes i and interchanges j with k; consequently, 17, = {1,i}
and the action on this set is again transitive. It follows that H admits no nonstan-
dard extension.

For the groups

H =\D(2,29),\D(3,30), D(4,49), \D(6, 29), D(6,69),

the unique index-2 subgroup of H is C(m, n¢), so from Proposition [5:36 we see that
Ny normalizes both A(m,n¢) and C(m,n¢), and that Nj; ~ C3. By Remark 530
H admits no nonstandard extension. O

PROPOSITION 5.38. Of the 4 groups
E(360), [E(726), [EQ16), [E(1659)
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each admits a standard extension; none admits a split standard extension; and the
group E(36¢) admits a nonsplit standard extension.

PROOF. For H = E(36¢), E(72¢),/E(216¢), NY is trivial and so Remark
applies with Nj; = Ny /H. For H = E(36¢), Ny = E(72¢) and so Nj; ~ Cy; thus
H admits a nonstandard extension corresponding to gzg2gs ! which turns out to
be nonsplit. For H = |E(72¢), Ny = E(216¢) and so Nj; ~ Cs; consequently, H
admits no nonstandard extension. For H = E(216¢), Ny, is trivial; thus H admits
no nonstandard extension.

For H = E(168¢), NY is trivial (so Remark applies with Nj; = Ny /H)
and Ny = H, so H admits only its standard extension. (Il

5.12. Maximal subgroups

We now go back through the classification to identify maximal subgroups. Re-
call that dropping ¢ from a group label corresponds to passing from SU(3) to
PSU(3). (Note that in the LMFDB, the entry for each Sato—Tate group includes
the maximal subgroups and minimal supergroups of that group with respect to
inclusions of finite index.)

PROPOSITION 5.39. Among the possible component groups of a group satisfying
the Sato—Tate axioms with connected part U(1)s, the mazimal subgroups that occur
are

J(B(3,4;4)), |Js(B(1,12)), [J(B(3,4)), [Js(B(3,4)), J(B(T,3)), Js(B(T,3)),
J(B(O,1)), J(B(0O,2)), J(D(4,4)), |J(D(6,6)), J(E(216)), .J(E(168)).
PROOF. As may be confirmed by a simple SAGEMATH calculation (described in
detail in [FKS22]), in most cases our presentations have been chosen so that there

is an inclusion into one of the listed subgroups, without any conjugation required.
The remaining cases are handled as follows.

e The group B(1,8); is conjugate to a subgroup of |B(O,1) containing
A(1,8);. This induces embeddings

B(1>8)1> J(B(L 8)1)7 JS(A(1>8)1) — J(B(O> 1))

e The group B(3,4;4) is conjugate to a subgroup of B(O, 2). This induces
an embedding

J.(B(3,4;4)) — [J(B(0,2)).

(However, |J(B(3,4;4))| does not embed into |J(B(O,2)); it stands as a
maximal subgroup.)

e The group B(2,4;4)|is conjugate to a subgroup of B(4,4) by Remark 518
This induces embeddings

B(2,4;4), J(B(2,4;4)),|Js(B(2,4;4)) — J(D(4,4)).

e Combining the previous point with the isomorphism B(1,8)s ~ B(2,4;4)
from the proof of Proposition (.19 we obtain embeddings

A(1,8)9LJ(A(1,8)2),|Js(A(1,8)2) — |J(D(4,4)).
(These groups also embed into |J(B(0, 2)).)
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e The group B(3, 6; 2)|is conjugate to a subgroup of |B(6, 6) by Remark [5.18
This induces embeddings

B(3,6;2),J(B(3,6;2)),lJs(B(3,6;2)) < J(D(6,6)).

e The group|B(1,12) is conjugate to a subgroup of|B(6, 6); this follows from
the isomorphism |B(1, 12)|~ B(2, 6) given in the proof of Proposition 519
This induces embeddings

Js(A(1,12)),J(B(1,12)) = |J(D(6,6)).

(However, Js(B(1,12)) does not embed into |J(D(6,6)); it stands as a
maximal subgroup.)

It remains to check that the list of maximal subgroups is irredundant; that is, no
group in the list is conjugate to a subgroup of any other group in the list. This
may be checked by using GAP to identify conjugacy classes of subgroups of each
listed group, then checking that there is not even an abstract isomorphism between
a representative of each class and any other listed group. (This must be done at the
level of subgroups of J(SU(3)), as there are some spurious isomorphisms among the
resulting subgroups of J(PSU(3)); for example, J(B(3,4;4))| and |Js(B(1,12)) are
isomorphic as abstract groups, but J(B(3,4¢;4)) and |Js(B(1,12¢)) are not.) O

5.13. Consistency checks

Given the intricacies of the preceding classification, it is reasonable to ask for
ways to corroborate the result. We conclude this chapter with some discussion of
these; see [FKS22] for relevant code.

REMARK 5.40. Picking up on Remark B.7] we describe an implementation in
SAGEMATH of the algorithm of Beukers and Smyth [BS02|] that verifies Proposi-
tion (See also [KKPR20|, Algorithm 7.5, Theorem 7.6] for a robust general-
ization of this algorithm.)

Suppose that a, b, ¢ are roots of unity such that abc = 1 and |a + b+ c|2 =n
for some integer n. We must then have n € {0,...,9} and f,(a,b) =0 for

fulz,y) = (2%y +ay® + 1)(x + y + 2°y®) — na®y>.
Note that f; factors as (z +y)(z?y + 1)(zy? + 1), so its zeroes correspond precisely
to the cases where (a + b)(b + ¢)(c + a) = 0; we may thus assume hereafter that
n # 1.
Define the set

Sp = {fn(s12°%, 829°) : 81,82 € {£1};e € {1,2}; (51, 82,€) # (1,1,1)}.

By [BS02, Lemma 1], there exist n € {0} U {2,...,9} and g € S, such that
g(a,b) = 0. For each choice of n and g, we performed a resultant computation
to eliminate y; made a similar computation to pick out the roots of the resulting
polynomial in x which are roots of unity; then for each option for z, substituted
back into f,(z,y) and found the roots of the resulting polynomial in y which are
roots of unity.

REMARK 5.41. For each listed subgroup H of SU(3), it is easy to verify the re-
stricted rationality condition directly; we checked this in SAGEMATH. Conversely,
we also checked in SAGEMATH that there are no counterexamples (a, b, ¢) to Propo-
sition 5.6l for which a, b, ¢ generate a group of order dividing 2%, 33, 72, or 23 x 32 x 7.
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REMARK 5.42. Proposition [B.§] implies that every finite cyclic subgroup of
SU(3) containing p3 and satisfying the restricted rationality condition has order
dividing one of 7¢, 8, 12¢. Given only this fact, one can check in SAGEMATH that
Table [Blis complete, and that the lists in Proposition [(£.23] and Proposition are
complete.

REMARK 5.43. To verify that there are no redundancies in the classification, for
each listed subgroup H of SU(3) x Cs, we used GAP to compute the isomorphism
class of the image of H in PSU(3) x Cg; in cases where this does not suffice to sepa-
rate groups, we also computed the isomorphism class of H itself. This computation
separates all groups except for the pairs

{A(1a4¢)17‘4(174¢)2}7 {A(176¢)1’A(176¢)2}’ {A(1’8¢)17A(1a8¢)2}7
and the corresponding pairs of standard extensions. Since these groups are all cyclic,
they are easily distinguished based on their eigenvalues (or by the computation of
moments in Chapter Bl which provides another proof of irredundancy).

REMARK 5.44. Recall that according to Proposition[5.39 there are 12 maximal
groups occurring in the classification. We used GAP to compute the isomorphism
classes of each conjugacy class of subgroups of each of the maximal groups. This
confirms that every listed group is abstractly isomorphic to a subgroup of one of
these groups, and conversely that every subgroup of one of these groups is abstractly
isomorphic to one listed in the classification.
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CHAPTER 6

Statistics on Sato—Tate distributions

Our primary purpose for computing Sato—Tate groups of abelian threefolds is
to use the associated distributions to explain the observed statistical behavior of
their L-polynomials. To this end, we describe some statistics on these distributions
and how we computed them for the groups in the classification. For this discussion,
we work with the longer list of 433 groups rather than the list of 410 specified in
Theorem [[LT} For short, we refer to the groups in this longer list as groups of the
extended classification.

6.1. Group invariants

We first recall the definition of the two sets of invariants that we will primarily
use to distinguish the groups in the extended classification. These are the simplex
of moments and the character norms.

DEFINITION 6.1. Let ay,as,a3 : USp(6) — R be the functions computing the
coefficients of T, T2, T in the characteristic polynomial of an element of USp(6).
For G a closed subgroup of USp(6) and (e1, e2, e3) a triple of nonnegative integers,
let Mc, c,.e,(G) denote the average value of aj'a5?a$® on G, that is, if pue denotes

the Haar measure of GG, then

-MWMNEZL%WP@WW%WWMW)

This number can be interpreted as the multiplicity of the trivial representation
within the representation

((Cﬁ)@el ® (/\2((:6)@62 ® (/\3((:6)(863
of G, and is thus a nonnegative integer.
To convert this infinite collection of integers into a finite computable invariant,
we must choose an appropriate truncation. For m a nonnegative integer, we define

the m-simplex of moments associated to G as the collection of moments M, ¢, ¢, (G)
for all tuples (e, e, e3) with e; + 2e5 + 3e3 < m.

Ordered triples Ay > A2 > A3 > 0 of nonnegative integers (referred to as
partitions from now on) stand in bijection with the highest weights of irreducible
representations of USp(6), and we will freely identify both sets. We will denote
by xx the irreducible character of USp(6) with highest weight associated to the
partition A. Following [Shil6], we make the following definition.

DEFINITION 6.2. For G a closed subgroup of USp(6) and partitions A and p,
let Ny ,(G) denote the average of x» - x, on G, that is

MM®=LmMmMmM-

51
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For m a nonnegative integer, we define the m-orthogonality matriz of characters
associated to G as the collection of averages Ny ,(G) for all subpartitions A, u of
the rectangular partition m > m > m. By the m-diagonal of character norms we
refer to the collection of norms N x(G) for all subpartitions A of m > m > m.

The irreducible characters y can be expressed in terms of the functions aq, as,
as by means of the Brauer-Klimyk formula (see [Shil6l §4]). In Table [l we have
carried out this computation for the first few values of A.

TABLE 7. Some irreducible characters of USp(6) in terms of coef-
ficients of characteristic polynomials.

A XX

(0,0,0) | 1

(]., 0, O) —a

(1,1,0) | az — 1

(1,1,1) —as + ay

(2,0,0) | a? —as

(2,1,0) —aja2 + a1 + as

(2,1,1) | ajaz —a? —as + 1

(2,2,0) | a2 — ajaz — as

(2, 2, 1) —asasz + 2a1a2 — a1

(2,2,2) | a3 — a3 —araz +2as — 1

(3, 0, O) —a? + 2@1&2 — as

(3,1,0) | a?az — a? — ajaz — a3 + 2a

(3,1,1) | a} — a2az — 2a; + asas

(3,2,0) | ataz — a1a3 + azaz — a3

(3,2,1) | —2a%as + 242 + ajasas + ajaz — a3

(3,2,2) | —a%a3 — a1a3 + 4aras + arad — 2a; — azas
(3,3,0) | a?as — 2ajasas + ajaz + a3 — 2a3 + a3

(3,3,1) | —a$ — a%az + 2a1a3 + a1a3 — a3az — azaz + az
(3,3,2) | 2a2as — a2 — 2ajaza3 — ajaz — a3 + 3a3 + aza? — 2as
(3,3,3) | atas — 3a1a3 + 2a1a2 + ara3 + 2a3a3 — 2aza3 — aj + a3

REMARK 6.3. If H C G is an inclusion of groups (not necessarily of finite index),
then for any representation of USp(6), the multiplicity of the trivial representation
within the restriction to G is less than or equal to the multiplicity within the
restriction to H. This means in particular that for any (eq, ea, e3) or (A, 1) we have

M61762,€3 (H) > Mel,ez,eg (G)7 NA,H(H) > N)\,M(G)'

Conversely, if any one of these inequalities fails, then H is not conjugate to a
subgroup of G within USp(6). This can be used, for instance, to give another
consistency check of the group inclusions in Proposition [5.39]

In the next sections we will explain the methods used to compute moments
and character norms for the groups in the extended classification. Although the
character norms can be recovered from the moments, we develop a (more efficient)
method to compute them directly (except for the group N (U(3)); see §6.4)).
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6.2. Averages over connected groups

Let G be one of the 14 connected Sato—Tate groups of the extended classifica-
tion, and let F' be a wvirtual character of GG, that is, a finite C-linear combination
of irreducible characters of G. Although we are primarily interested in the case
where F is the restriction to G either of the character aj'a3?a5® or of an irreducible
character of USp(6), in §6.3] it will become apparent the necessity to describe the
methods of this chapter for general virtual characters.

To compute the average of F' over G we can either use the Weyl integration
formula [Wey39] or the Weyl character formula [FH91) §24] (see 6.4l for a third
approach to this problem).

In order to apply the Weyl integration formula, we may express F' in terms
of the eigenangles 61,605,053 of an element of G. The measures p that we need are
listed below in terms of the eigenangles 6;.

Group | p support
U(1) L a9, 6, € [0,7)
SU(2) | 2sin®6 db, 6, € [0, )
USp(4) | 3 (cosby — cosBz)? sin® 0y sin® 5 df1dbs 01,0 € [0,7)

U(3) 6% Hi<j(1 —cosb; cosb; —sinb; sinb;) db,db2dfs | 01,02,05 € [0, 2m)
USp(6) %(HK].(COS 0; — cos Gj)Q)(Hi sin? ;) d01db2dfs | 61,02,05 € [0, )

In each case we are embedding these groups (or products thereof) into USp(6)
as elements with three conjugate pairs of eigenvalues et ei02 +i0s  In the
case of diagonally embedded groups, some or all of the #; may coincide; in the
case of G = U(1)s, for example, we have 6; = f; = 03 and simply integrate F’
against the measure for U(1). In the more complicated cases, however, computing
the resulting integrals becomes quite burdensome in practice. There is however a
more algorithmic approach to compute these integrals. Let T ~ U(1)" denote a
maximal torus in G, ® the set of roots of the semisimple part of Lie(G), and W the
Weyl group of G. By abuse of notation, we may regard each @ € ® as a function
on U(1)", and therefore there exist integers e;(a) such that a(t) = [], tf"'(a) for
t = (t1,...,t.) € U(1)". The Weyl integration formula establishes that the average

of F over G is
ﬁ/U Ft) [T - at))dt.
- acd
Computing the above integral reduces to computing integrals of the form fU 1) tsdt;,
which are 1 if e = 0 and 0 otherwise.

An alternative way to compute the average of F' on G is by determining, via
the Weyl character formula, the (virtual) multiplicity of the trivial representation
in F. We now explain how to do this concretely, and note that this is the method
that we used in our computations. The virtual character F' gives rise to an element
Fin Cluf!, ... uf'], where r < 3 denotes the rank of G: the coefficient of ], u
in F' computes the multiplicity of the weight (ki,...,k,) in F. For an integer k,
let [u¥]F denote the coefficient of u¥ in the Laurent polynomial F' (as a Laurent
polynomial in the remaining variables).
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Let us start by making three elementary observations.

e Suppose that G = H x U(1)4 for some positive integer d, and that the
variable u, corresponds to the factor U(1)4. Then it is apparent that the
multiplicity of the trivial representation in F' is the multiplicity of the
trivial representation in the virtual character of H associated with [u]F.

e Suppose that G = H x SU(2),4 for some positive integer d, and that the
variable w, corresponds to the factor SU(2),. Using that the irreducible
representations of SU(2) are the symmetric powers Sym™ C? of the stan-
dard representation C? and the weights 0 and 2 occur with the same mul-
tiplicity in Sym™ C? for all m > 0, one sees that the multiplicity of the
trivial representation in F' is the multiplicity of the trivial representation
in the virtual character of H associated with [ul]F — [u2]F.

e Suppose that G = U(3). Put
E = F(uw, vw, v o w) € Clu®!, vt w*l;

then the multiplicity of the trivial representation in F' is the multiplicity
of the trivial representation of the virtual character of SU(3) associated
with [wC]E.

These observations allow us to reduce the problem to determining the mul-
tiplicity of the trivial representation in a virtual character F' of G for some G €
{USp(4),SU(3),USp(6)}. To determine this multiplicity, we apply the theory of
representations of the complex Lie algebras attached to these classical groups. That
is, the multiplicity of the trivial representation is recovered by successively applying
the following steps:

e First identify a highest weight A in F.
e Then subtract from F' the character y, attached to A.

The Weyl character formula provides a way to compute x). Let x be the
clement in Cluf,...,u}] associated with x». Suppose that the variable u; corre-
sponds to the weight w;, and let A; denote the coordinates of A written with respect

to the basis formed by the weights w;. Let u* denote ui‘l -..u and write

D, = Z sign(w)u?®,
weWw

The Weyl character formula expresses x» as the quotient Dyy,/D,, where p is the
half-sum of the positive roots of the Lie algebra of G.

Table [0 in Chapter [ lists the 3-diagonals of character norms for each of the
possible connected Sato-Tate groups G = G° in USp(6).

6.3. Averages over disconnected groups of central type

Let F be a character of USp(2g), and let G be a closed subgroup of USp(2g) (not
necessarily connected). Computing the average of F' over G reduces to computing
the average of F' over every connected component C of G. We will show that this
computation can be carried out using the methods of §6.21 when G is a group of
central type in the extended classification.

Let ¢: USp(2g) — R[T] denote the map that sends  to its reverse characteristic
polynomial det(1 — 4T'). Recall that the image of ¢ consists of real reciprocal

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6.3. AVERAGES OVER DISCONNECTED GROUPS OF CENTRAL TYPE 55

polynomials and that the level sets of ¢ are precisely the conjugacy classes of
USp(2g).

DEFINITION 6.4. Let G be a closed subgroup of USp(2¢g) and let H be a finite
subgroup of G. We will say that G is of central type relative to H if G is generated
by G° and H, and for every h € H the map

o G0 GOh A RiT] @R (y) = det(1 — yAT)

is a class function of G°. In other words, the conjugacy class of gh in USp(2g) is
itself a class function of g € G°.

We say that G is of central type if it is of central type relative to some finite
subgroup of itself. Note that this is a property of G as an embedded group, not an
abstract group; equivalently, it is a property of the representation of G restricted
from the standard representation of USp(2g).

Let G be of central type relative to H, and let h denote an element of H. Let
P" denote the set of characteristic polynomials of elements of GYh. The restriction
of F to GOh factors through P" as

h
Gop e, ph I g
for a certain map F"*. We will denote by ®% the composition F"o®". Tt is a virtual
character of G°. Moreover, the invariance of the Haar measure under translation
immediately implies the following lemma.

LEMMA 6.5. If G is of central type relative to H, then for every h in H the
average of F' over G°h equals the average of ®% over G°.

If G is a group of central type in the extended classification, the above lemma
reduces the computation of the average of F' over a connected component C' to
the problem considered in §6.21 Fortunately, most of the groups in the extended
classification turn out to be of central type. Before considering this question, let
us fix presentations for the groups of absolute type E or F (these do not follow the
conventions given in §3.6, but rather coincide with the presentations given in the
LMFDB). Consider the matrices

10 0 1
=09 a= ()

We fix the symplectic form Diag(.Jz, Ja, J2) and consider the groups SU(2) x SU(2) x
SU(2) and U(1) x SU(2) x SU(2) embedded in USp(6) as 3-diagonal block matrices.
Set

Ih 0 0 0 0 I Jo 0 0
t= 0 0 Ig s S = Ig 0 0 s a = 0 12 0
0 I, 0 0 I, 0 0 0 I

Denote by E, the group generated by x C {s,t} and SU(2) x SU(2) x SU(2). The
groups of absolute type E are

Ev Eta Es; Es,t-

Denote by F, the group generated by x C {a,t} and U(1) x SU(2) x SU(2). The
groups of absolute type F are

Fu Fa7 Ftu Fat7 Fa,t-

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.lmfdb.org/SatoTateGroup/1.6.E.1.1a
https://www.lmfdb.org/SatoTateGroup/1.6.E.2.1a
https://www.lmfdb.org/SatoTateGroup/1.6.E.3.1a
https://www.lmfdb.org/SatoTateGroup/1.6.E.6.1a
https://www.lmfdb.org/SatoTateGroup/1.6.F.1.1a
https://www.lmfdb.org/SatoTateGroup/1.6.F.2.1c
https://www.lmfdb.org/SatoTateGroup/1.6.F.2.1b
https://www.lmfdb.org/SatoTateGroup/1.6.F.2.1a
https://www.lmfdb.org/SatoTateGroup/1.6.F.4.2a

56 6. STATISTICS ON SATO-TATE DISTRIBUTIONS

The following lemma is an immediate consequence of the additivity of charac-
ters with respect to direct sums.

LEMMA 6.6. Let G be a closed subgroup of USp(2g). Suppose that:
(i) G° = GY x GY, where GY is a subgroup of USp(2g;) and g = g1 + ga.
(ii) G is generated by G° and a finite subgroup H of USp(2g1) x USp(2gs).
Let H; be the image of H under the projection onto the factor USp(2g;). If G1 and

Go are of central type relative to Hy and Hs, respectively, then G is of central type
relative to H.

The following lemma is used in the proof of Proposition [G.8

LEMMA 6.7. If G is the Sato—Tate group of an elliptic curve or an abelian
surface and G is not the group [N (SU(2) x SU(2))|, then G is of central type.

PROOF. The three groups arising for ¢ = 1 are either connected or have abelian
identity component, so the claim follows trivially. For g = 2, having ruled out
N(SU(2) x SU(2)), the only nonabelian connected groups that arise as subgroups
of disconnected groups are the groups G® = U(1) x SU(2) and G° = SU(2)3. In
the former case, the lemma follows from Lemma[G.6l As for G° = SU(2),, we recall
from [FK+12| §3.4] that there exists a subgroup

H C (Dia infn infn _imfn _in/n _ 0 Jo
- gle™m e e ,€ ), Js), where Jy 5 0)
such that G is generated by H and G°. Any such H centralizes G° (see [FK+12]
p. 1404]), so for every £,v € GY and h € H we have

(6.1) det(1 — £ '4ERT) = det(1 — £ yhET) = det(1 — yhT),

proving the claim. O

PROPOSITION 6.8. Let G be a group of the extended classification distinct from
(62) N(U(?))), Eta Esu Es,t7 Ft7 Fata Fa,t-
Then G s of central type.

PROOF. The proposition is trivially true when G is connected or GV is abelian.
Taking into account the restrictions on G, this implies that the proposition holds
when the absolute type of G is one of A, B, E, H, L, N. Suppose next that G is
a split product (under the restrictions on G, this covers the cases in which G has
absolute type C, D, F, G, I, J, K, L). In this case, G satisfies the hypotheses
of Lemma for gy = 1 and go = 2. Moreover, by the restrictions on G, if
GY = SU(2) x SU(2), then we may assume that Ho is trivial. The proposition then
immediately follows from Lemma

It remains only to consider the case that G has absolute type M, that is,
G° = SU(2)3. In 44 we have shown that in this case G can be generated by
G and a finite subgroup H centralizing G°. Hence (6.I) holds again, proving the
claim. (]
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6.4. Averages over disconnected groups not of central type

Let F' be a character of USp(6). We now consider the problem of computing
the average of F' over the connected components of the seven groups listed in (6.2).
For the three groups of absolute type F, those for which G = U(1) x SU(2) x SU(2),
this can be computed using data in the row JG35 3 in [FK+12| Table 6].

For the three groups of absolute type E with G° = SU(2) x SU(2) x SU(2),
the computation of the average of F' for the connected component s7ts~7 G follows
again from data in the row JGsz3 of [FK+12| Table 6]. Let us now consider
the connected component sG° (the case of the connected component s?GY being
analogous). We claim that the distribution of det(1 — syT) as y runs over GY with
respect to the Haar measure of G is the same as the distribution of the polynomials

1 — Trace(a)T? + T°,

as a runs over SU(2) with respect to the Haar measure of SU(2). Let ¢ be any
continuous function on the set of polynomials det(1 — syT') for v € G°. If v =
Diag(a, b, c), let us write ug,(a,b,c) for the Haar measure of GY at 4. Then an
elementary calculation gives

/G0 ¢(det(1 — Diag(a, b,c) - s-T)) e, (a, b, c)

— /Go 90( det(1 — acb - TS))MGO (a,b,c).

By the invariance of the Haar measure under translations, the right-hand side of
the above equality is

/ p(det(l —a-T?%))usy (a) = / ¢ (1 — Trace(a)T* + T°) psu2)(a),
SU(2) SU(2)
and the claim follows.

We are left with the group [N(U(3)). Given a character F' of USp(6) and a
closed subgroup G C USp(6), let us denote by mg(F) the multiplicity of the trivial
representation in the restriction of F' to G. Since the Weyl character formula allows
to express F' as a sum of irreducible characters, the problem of computing mg(F)
reduces to the problem of computing mg(x,) for all irreducible characters x, of
USp(6). The next lemma explains how to compute these multiplicities when G is

N(U(3)):
LEMMA 6.9. Let A be the partition a > b > c¢. Then:
(a) myez)(xa) is 1 if a,b,c are all even, and it is 0 otherwise.
(b) my ) (xa) is 1 if a,b,c are even and a +b+c =0 (mod 4), and it is

0 otherwise.

PRrROOF. We check (a) using the branching rule for the inclusion GLs C Spg
of algebraic groups as formulated in [HTWOS5| (2.3.2)] (see also [Kin75]). For
a representation of GL3 indexed by a pair of nonnegative partitions (u™, p7), its
multiplicity in the restriction of x, is given by a sum of Littlewood—Richardson

numbers:
} : v A
C‘qu”u,C%Q(;
8,y
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where 6 and v run over nonnegative partitions. To evaluate mys)(xx) we take
pT = p~ =0, in which case thV =1ify=0and CZ*,W = 0 otherwise. Hence
my(s)(Xa) = 25 0053 the claim now follows by observing that ¢ ,5 = 1 if A = 26
and cg"z s = 0 otherwise.

We now prove (b). We may assume that a, b, ¢ are all even, since otherwise the
statement follows from (a). Recall that the irreducible representation V) of USp(6)
with highest weight A is a subrepresentation of

Sym® (V) @ Sym®~¢(W) @ Sym®(U) C V®(atbte)

where V is the standard representation of USp(6), W is A2V/1, and U is A3V/V.
Let v be an element of V) spanning the line which is fixed under the action of U(3).
On the one hand, this implies that v is an element of weight (0,0,0). On the other
hand, since J normalizes U(3), we see that U(3) fixes Jv and Jv is thus a scalar
multiple of v.

Let vy, ..., vs denote the standard basis of V. Since v € V®(@+0+0) ig of weight
(0,0,0), it is a nonzero linear combination of vectors of the form

a+b+c

w= @ wj,
j=1

where {w;};, as a multiset, contains r copies of v; and vs, s copies of vy and vs,
and ¢ copies of vz and vg, where 2(r + s +t) = a+ b+ c. Let 9; denote v;y3 if
j=1,2,3, and v;_3 if j = 4,5,6. Note that Jv; = —v; for j =1,2,3 and Jv; = 9;
for j = 4,5,6, and therefore

a+b+c
Jw = (=1)"F (K) i
j=1

The fact that Jov is a scalar multiple of v implies that v is a nonzero linear combi-
nation of vectors of the form

a+b+c atb+tc
= @ wy+ ()R R
j=1 j=1
But J acts trivially on « if and only if a + b+ ¢ =0 (mod 4). O

REMARK 6.10. The determination of closed formulas for the moments of the
groups in the extended classification could be approached following the methods
recently introduced by Lee and Oh [LO20]. Let G be a closed subgroup of USp(6)
and let m be a positive integer. Given a subpartition A of the rectangular partition
3 >m.> 3, let A* denote the partition

m—X; >m— Xy, >m— N,

where A\ > A, > )\ denotes the transpose partition of A. Generalizing a formula
of Bump and Gamburd [BGO06], Lee and Oh [LO20], Prop. 3.3] establish

m

(6.3 [ TL et = o) = (un . u)* 3" meae s
G A

j=1
where the sum runs over subpartitions A of the rectangular partition 3 >.7.> 3.
Note that for m = e; + e2 + e3 the moment M., ¢, ,(G) is the coefficient of the
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monomial
ey e1+ez m

w I i IT
j=1 j=ei+l j=eitea+l

in the left-hand side of ([@3]). In dimension 2, Lee and Oh have derived closed
formulas for my (xa~) for each possible Sato—Tate group H of an abelian surface.
The analogous problem in dimension 3 is an interesting question which we only
attempted to solve for U(3) and N(U(3)).

REMARK 6.11. The Weyl character formula admits an extension to discon-
nected compact Lie groups due to Kostant [Kos61l, §7]. It should be possible to
use Kostant’s formula to compute moments of disconnected groups, but we have
not attempted this.

6.5. Point densities

For G a nontrivial connected closed subgroup of USp(6), the distributions asso-
ciated to a1, as, ag are continuous; in particular, no single value occurs with positive
probability. By contrast, if G is disconnected, then it is possible for one or more of
ai,as, a3 to take a constant value on a connected component of G.

LEMMA 6.12. Let G be a group satisfying (ST1), (ST2), and (ST3). Let (i,t)
be a pair in which i € {1,2,3} and t is a real number with the property that the
function a; : G — R is identically equal to the constant functiont on some connected
component C of G. Then

(i,t) € {(1,0)} U {(2,t) : t € {~1,0,1,2,3} } U {(3,0)}.

PROOF. Since G satisfies (ST2), G° contains —1. For i = 1,3, the presence of
—1 in G° implies that the only possible constant value is 0. Now suppose i = 2.
Since G satisfies (ST3), ¢ must be an integer. Choose vy € C so that a1(y) = 0;
such a 7 exists, since if a; is not identically zero on C, then a;(v) < 0 < —a1(y) =
a1(—7) for some v € C, and -y exists by continuity (note —C = C'). We have
—1 < as(v) < 3 by [KS08|, Prop. 4], therefore —1 <t < 3. O

REMARK 6.13. Lemma can be generalized to any closed subgroup of
USp(2g) that satisfies (ST2) and (ST3). The same argument shows that if ag
takes the constant value ¢ on a component, then ¢ is an integer in [2 — g, g] when g
is odd, and in [—g, g] when g is even.

The previous lemma suggests the following definition.

DEFINITION 6.14. Let G be a group of the extended classification. If S is a
string of digits and ¢ is a real number, let 2% € Q denote the proportion of connected
components C' of G with all of the following properties: a; is identically 0 on C' if 1
appears in S, as is identically ¢t on C' if 2 appears in S, and ag is identically 0 on C'
if 3 appears in S. If 2 does not appear in S we omit the superscript t. If 2 does
appear in S, let zg denote the sum of all 2} for all possible values of t. We define
the matriz of point densities associated to G as

1 22 22_1 29 22 22 23

—1 0 1 2 3

Z2(Q) = 21 %12 %12 Rl2 Rl2 Rl2 Rl2
= —1 0 1 2

3
%3 %23 Ro3  R23 k23 R23 %23

-1 0 1 2 3
R13 2123 2123 %123 123 123 123
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6.6. A Magma computation

For each group G in the extended classification, we have implemented MAGMA
code that gives matrix generators for the group of components of G, and using the
methods of the previous sections, computes:

e the 12-simplex of moments of G|

e the 3-diagonal of character norms of Gj

e the matrix of point densities Z(G);

e the averages of a$ over G for i € {1,2,3} and 1 <e < 12;
e the group of connected components of G;

e the lattice of finite index subgroups of G.

This code may be found in the GitHub repository [FKS22]. The output it
produces is included in the LMFDB home page for each of the 410 groups realized
by abelian threefolds.

REMARK 6.15. Each group G of central type in the extended classification is
of central type relative to the finite group H specified in Chapter @ or Blin order to
construct it. For each such GG and specific choice of H, the MAGMA code constructs
the Laurent polynomials

(6.4) ot e Clui?, ... ut,

-
where h runs over H, and F is either af’a5?a5® for ey + 2e3 + 3es < 12, af for
1 <e <12 or Xi for A a subpartition of 3 > 3 > 3. In fact, the explicit
presentations of the finite subgroups H show that the coefficients of &)’} always
belong to the cyclotomic field generated by a primitive root of unity of order 504.
The problem of computing the average of I over G°h is then resolved as explained
in §6.21

Computing moments of the group N (U(3))|is immediate from the Weyl charac-
ter formula for USp(6) and Lemma The remaining groups not of central type
are treated using the results of §6.41

Our MAGMA computation yields the following proposition; see Theorem [6.22]
for a sharper result regarding the 410 groups that arise for abelian threefolds.

PROPOSITION 6.16. The following statements hold:

(a) The 433 groups in the extended classification give rise to 432 distinct 14-
sitmplices of moments (resp. 3-diagonals of character norms).

(b) For the groups
G1=J(C(3,3)), G2 =J5(C(3,3)),

the pushforward measures from Gi,Ga to conjugacy classes in USp(6)
coincide. In particular, we have Me, ¢y i (G1) = M, ey,e5(G2) for all
nonnegative integers ey, es, €3.

PROOF. The statement about the 3-diagonals is direct result of the MAGMA
computation, which also shows that the 433 groups appearing in the classification
give rise to 431 distinct 12-simplices of moments. The two absolute type N groups
J(C(3,3)) and J5(C(3,3)) share the same 12-simplex of moments, and so do the
absolute type L groups Gs = L(J(Ds), J(Cs)) and G4 = L(J(Dg), Dg). The latter
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two groups are respectively the fiber product of N(U(1)) and J(Ds) along |J(Cs),
and the fiber product of N(U(1)) and J(Ds)| along [Dg. By slightly extending
the MAGMA computation, one finds Mg 42(G3) = 98083 and My 4,2(G4) = 98082,
showing that there are at least 432 distinct 14-simplices.

For i = 1,2, let H; be the finite group described in Chapter Bl which generates
G, together with G9. Let S; denote the multiset of triples
(6.5) (@ o ")

a1’ *ag?
as h runs in H;. Since both G and G» are of central type, the multiset S; determines
the pushforward measure from G; to conjugacy classes in USp(6) as discussed in
§6.2] and §6.31 The MAGMA computation verifies that the multisets S; and S
coincide, proving (b), and this completes the proof of (a) and the proposition. O

REMARK 6.17. Let G be a group in the extended classification, and let F be a
character of USp(6). If h and h’ are conjugate in G, then the average of F over G°h
coincides with that over GYh’. This implies that many of the Laurent polynomials
é% of ([64) computed by the MAGMA code coincide. This naturally raises the
problem of studying the 3-diagonals of the connected components of the groups in
the extended classification. By computation, we have observed that there are only
82 distinct 3-diagonals of connected components, while, as observed in the previous
lemma, their appropriate combination gives rise up to 432 distinct 3-diagonals for
entire groups. This discrepancy is particularly remarkable for the groups of absolute
type N, whose connected components give rise to just 19 distinct 3-diagonals.

REMARK 6.18. Data inspection shows that, uniformly over the groups, the size
of the entries of the 3-diagonal of character norms is much smaller than that of
the entries of the 14-simplex of moments (in addition to having just 20 nonzero
entries rather than 81). As already suggested in [Shil6], this makes the 3-diagonal
of character norms a more desirable invariant to identify Sato—Tate groups from
a computational perspective. To illustrate this point, we list in Table [I0 the 3-
diagonals for the connected groups in the extended classification; these values are
all at most 10°, whereas the 14-simplices include values that exceed 102.

REMARK 6.19. Despite inducing the same measures on the set of conjugacy
classes of USp(6) by Proposition [6.16] the groups|J(C(3,3)) and |Js(C(3, 3)), which
are not conjugate inside USp(6), do not even have isomorphic groups of connected
components. Although the group-theoretic mechanism at work is somewhat differ-
ent, this phenomenon is loosely analogous to the phenomenon of Gassmann equiva-
lence, in which nonconjugate subgroups of an ambient group give rise to isomorphic
permutation representations. See [Sut18[Sut21] for a modern survey of this topic
and some recent results.

REMARK 6.20. The computation of the lattice of subgroups of finite index of
a given group relies on Proposition This ensures that any two groups in the
extended classification are uniquely distinguished by the pair formed by the group
of components and the 3-diagonal of character norms. Given G, we compute its set
of maximal subgroups of finite index up to conjugacy and identify each of them by
computing the previous pair of invariants.

REMARK 6.21. In principle, the point densities do not carry any additional
information beyond that of the moments. (In particular, by Proposition [G.I6] the
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point densities cannot be used to separate the groups|J(C(3,3)),J5(C(3,3)).) How-
ever, in practice it is much easier to measure point densities on experimental data
than very high moments, so including them in the statistical profile when matching
L-functions to Sato—Tate groups yields better results.

THEOREM 6.22. The following statements hold:
(a) The2-simplex of moments distinguishes the 14 connected Sato—Tate groups
that arise for abelian threefolds over number fields.
(b) The 3-diagonal of character norms distinguishes the 409 Sato-Tate dis-
tributions that arise for abelian threefolds over number fields. In fact, the
same holds if we replace the 3-diagonal with the list of Nx x(G) for

X € {(3,2,2),(3,3,0),(3,3,1)}.

(c) The isomorphism class of G/G° together with the matriz of point densities
and the 2-diagonal of character norms distinguishes the 410 Sato—Tate
groups G that arise for abelian threefolds over number fields. In fact, the
same holds if we replace the 2-diagonal with the list of Nx x(G) for

X e {(1,1,0),(1,1,1),(2,0,0)}.

Proor. This is verified by computing these invariants for the 14 Sato-Tate
groups that appear in Table [0 and the 410 Sato—Tate groups admitted by Theo-
rem [L.T] using the MAGMA scripts in [FKS22]. O
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CHAPTER 7

Methods for explicit realizations of abelian
threefolds

In preparation for our treatment of the lower bound aspect of Theorem [Tl we
document some strategies for constructing abelian threefolds with particular Sato—
Tate groups. These include consideration of curves with various automorphism
groups and Galois twisting of abelian varieties. We also discuss how to compute
the L-functions of these abelian threefolds, so as to give an empirical corroboration
of the assignment of Sato-Tate groups. Recall that Aut’(C) denotes the reduced
automorphism group of a curve C, as defined in Chapter 2

7.1. Curves with automorphisms

PROPOSITION 7.1. Let C be a curve of genus 3 over Q.
(a) The group Aut'(C) takes one of the values listed in Table [l

(b) For each option for Aut’(C), the models listed give the generic hyperelliptic
or nonhyperelliptic curves realizing that option.

(c) For each option for Aut'(C), the isogeny decomposition of Jac(C) in the
generic case is as listed. Here E,E', E" represent pairwise nonisogenous
elliptic curves; A; represents an abelian variety of dimension i; x[a] with
a € Q denotes an action on * by o; and x[O(6)] denotes an action on *
by a mazimal order in the quaternion algebra of discriminant 6 over Q.

(d) For each option for Aut’(C), the absolute type of a generic curve realizing
that option is as listed.

PrOOF. For (a) and (b), see [Sha06] or [MP22] Table 1] in the hyperelliptic
case and [LR+14] Theorem 3.1] or [Dol12] Theorem 6.5.2] in the nonhyperelliptic
case. (See also [OS20] for an extension of [MP22] to superelliptic curves.)

For (c), we establish here only the lower bound on End(Jac(C))q implied by
Table [T} the upper bound in the generic case will follow from the explicit realiza-
tions given in Chapter 8l Before proceeding, we note that the two entries in the
table with Aut’(C') = Cq correspond to two different values of Aut(C), respectively
C4 and CQ X CQ.

The decomposition into isogeny factors, without regard to endomorphisms, can
be derived using the method of [Pau08]|, as implemented in LMFDB; alternatively,
see |[LL+23| Table 1, Table 2]. This suffices to treat the cases where the isogeny
factors do not have extra endomorphisms, i.e., Aut’(C') € {Cy,Cqy x Cq,S3,D4,S4}
or (Aut’(C), Aut(C)) = (Cz,Cy x Cy). It also suffices in the cases where there is a
single isogeny factor, i.e., Aut’(C) € {C3,Cy7, Co} or (Aut’(C), Aut(C)) = (Cq, Cy).

In cases where all factors with extra automorphisms are elliptic, it is sufficient
to look up the j-invariants of these factors in [LL+23| Table 1, Table 2]. This
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covers the cases
Aut’(C) € {Dg, Ds, (16, 13),/(48, 33),, (96, 64), PSLy(F7)}.

This leaves only the case Aut’(C) = Cg. In this case, the elliptic factor of
Jac(C) inherits an order-3 automorphism from C (see [LL+23| §3]). It thus re-
mains to identify the endomorphisms of A, which may be taken to be the Prym
variety for the quotient by the order-2 automorphism. In this case, As admits an
automorphism of order 3 and a polarization of degree (1,2), so we may appeal to
[BvG16, Proposition 1.1, Theorem 1.2] to see that Ay carries an action of the
quaternion order O(6).

To conclude, note that (d) follows at once from (c). O

We make a few cases more explicit, starting with that of a single extra involution
on a hyperelliptic curve.

LEMMA 7.2. Let P(x) € k[x] be a polynomial of degree 4 such that xP(x) has
no repeated roots. Then the genus 3 curve
C:y* = P(2?)
maps to the curves
Cy :y* = P(x), Cy:y* = zP(x)
of respective genera 1 and 2, and the Prym variety of C — C1 is 2-isogenous to
Jac(Cy).

PROOF. The map C — Cy is (z,y) — (2%,y). The map C — Cy is (z,y) —
(22, zy). For the assertion about the Prym variety, see [RR18], §1]. O

REMARK 7.3. The general form of a plane quartic with an involution defined
over k is
C:Y*'—Py(X,2)Y? + Py(X,Z) =0.
The quotient by the involution is the genus 1 curve
Cl : y2 - P2(£7 1)y—|—P4(x, 1) =0.

A formula for the genus 2 quotient has been given by Ritzenthaler and Romagny
[RR18| (see also [LL+23]). Note that it depends on a factorization of Py(z,1) as
a product of two quadratic polynomials that are either Galois invariant or Galois
conjugates, which in general does not exist over k (when it does not one can work
over the extension defined by the cubic resolvent of Py(z,1)).

One can effectively reverse this construction by gluing curves of genus 1 and 2
along their 2-torsion; see [HSS21].

REMARK 7.4. The general form of a genus 3 hyperelliptic curve over k with
reduced automorphism group Cy x Cy (where all three automorphisms are defined
over k) is

y? = ax® + b + ca* +b2® +a
with the three involutions
(z.y) = (~2,9).,  (@y) = (1Y), (@)= (-59).
The general form of a plane quartic over k with reduced automorphism group

CQ X CQ is
Py(X% Y% Z%) =0

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


http://www.lmfdb.org/Groups/Abstract/16.13
http://www.lmfdb.org/Groups/Abstract/48.33
http://www.lmfdb.org/Groups/Abstract/96.64

7.1. CURVES WITH AUTOMORPHISMS 65

with the three involutions

(X:Y:Z2)» (-X:Y:2)

X:Y:Z2)»(X:-Y:2)
(X:Y:Z)»(X:Y:-2).

A result of Howe, Leprévost, and Poonen [HLP0O, Proposition 14, Proposition 15]

gives a recipe for reconstructing a genus 3 curve with reduced automorphism group

containing Cy x Cy from these quotients (this imposes a matching condition on
2-torsion).

The following is a variant of [Lor18l Example 3.4].

)
)

LEMMA 7.5. Let C be a smooth plane quartic curve over k of the form
X3Z +b0Y3Z +eX?Y?24+dXYZ? +eZ* = 0.
Over L = Q(C3,b"?), C admits the group of automorphisms Sz generated by
S XY :Z = [GX ¢V Z), t:[X:Y:Z]— DY b X Z)
The quotient C1 = CL/(s) has the form
Cy :y? 4 ba® + cay + dey + ey = 0,

and the projection C' — C1 is a degree-3 map defined over k. The associated Prym
variety is 3-isogenous over L to Jac(C2)? where Cy has the form

Cy:2® —3b"°zy + cy® + dy + e = 0.

ProoF. Note that C5 is the quotient of C' by ¢. The equation for Cy can be
derived either by adapting the method of [LL+23] or by changing coordinates on
the model given in [LL+23| Table 2]. O

The following is a variant of entry V of [Lor18| Proposition 2.1].
LEMMA 7.6. Let C be a smooth plane quartic over k of the form
Y'=X%Z +aX?Z® + bXZ°.
Over L = k(i,b'/?), C admits the group of automorphisms Dy given by
ri XY Z) - [X:iY 2 Z], s:[X:Y:Z]—pZ:Y b X
Then the quotient Cr,/(r?) is the genus 1 curve
Cy :y? = z(2® 4+ ax + b),

and the projection C' — C1 is a degree-2 map defined over k. The associated Prym
variety is 2-isogenous over L to Jac(C3)? where Cy is the genus 1 curve

Cy:y(z® + (a—207%)y) = 1.
(Note that Jac(Ca) has CM by Q(4).)

ProoF. This can be treated as a special case of Remark[.4t Cj is the quotient
of C by s. The equation for Cy can be derived as in Lemma a

REMARK 7.7. It is also useful to consider twists of curves with extremal auto-
morphism groups. In lieu of analyzing such cases here, we will draw on prior results

from [AC+18], [FLS18], [FS16].
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7.2. Twisting constructions

In [FKS21| §4.2.5], a number of examples of abelian threefolds with partic-
ular Sato—Tate groups were constructed by twisting abelian varieties which are
Q-isogenous to a power of an elliptic curve with complex multiplication. We make
this construction more explicit so that we can confirm numerically that the re-
sulting L-functions agree with the computed Sato—Tate groups. In these cases,
equidistribution is known unconditionally by an application of Hecke’s theory of
GroBencharacters (see [Joh17), Proposition 16], for example).

Throughout §7.21 let E be an elliptic curve over k¥ with CM by the maximal
order of an imaginary quadratic field M ¢ k of class number 1 and discriminant
—D. Let r be a positive integer.

DEFINITION 7.8. Let pas : Gy — GL,-(Opr) be a continuous representation
for the discrete topology on Oy, with kernel G. By an isogeny twist of E” by pas,
we will mean an abelian variety A, over k of dimension r for which A, admits
an isogeny to E} and the representation of Gy on Hom(Er, A, 1)o = M" is
M-equivalent to pps (meaning isomorphic as M-linear representations).

From this definition, it is not clear whether isogeny twists exist or are unique;
one necessary condition for existence can be described as follows. Let p§, be the
representation obtained from pp; by precomposing with the action of Gal(kM/k)
on Gy and postcomposing with the entrywise action of Gal(kM/k) on GL,.(Oyy).
Then for an isogeny twist to exist, it is necessary that p§, be M-equivalent to py.
The stronger condition that p$, be Opr-equivalent to pas (meaning isomorphic as
Ops-linear representations) is sufficient (see Remark [(10) but not necessary (see
Remark [.T1] and so on).

REMARK 7.9. In Definition [Z.§] the field L is not the endomorphism field of
A, but of E x A,; the endomorphism field of A, is rather the kernel field of the
projectivization of pps (as in [FS14] Remark 4.4]).

On a related note, the isogeny class of an isogeny twist is not in general uniquely
determined by the image of the representation pp; and the extension L/k; the choice
of the isomorphism of Gal(L/kM) with the image of pys also has an effect. However,
pu alone suffices to determine the algebraic Sato-Tate group of A, (as the latter
is generated by diagonal matrices plus the image of pys) and hence the Sato—Tate

group.

In order to construct isogeny twists, it is not enough to have equivalence of
pym with p§, over M. But when we have equivalence over Oy, the situation is
relatively straightforward.

REMARK 7.10. In Definition [.8] take ¥ = Q and suppose that the representa-
tions pys and p§,; are Op-equivalent, not just M-equivalent. We can then express
this isomorphism via some matrix V' € GL,(Oj) (we may omit mention of V' when
it is the identity matrix).

In this case, we can construct an isogeny twist by applying Definition as
follows. We first view pps as a 1-cocycle on Gal(L/M) valued in GL,.(Oyr)) for
the trivial action; this yields an abelian variety A, p over M (the twist of E}, by
par). Then use V to extend pys to a 1-cocycle on Gal(L/Q) valued in GL,(Opy) x
Gal(M/Q) = Aut(E},) by choosing a lift ¢ € Gal(L/Q) of the complex conjugation
¢ € Gal(M/Q) and mapping ¢ to V; this yields an abelian variety A, over Q.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



7.2. TWISTING CONSTRUCTIONS 67

The choice of ¢ does not affect the resulting class in H(Gal(L/Q), Aut(E%,)),
and thus does not affect the isomorphism class of A,. By contrast, the choice of
V' does affect the isomorphism class of A,, although not the resulting Sato-Tate
group (see Remark [T)).

We next consider what happens in some cases where Remark [Z. 10 does not
apply. In these cases, we can replace E? with an isogenous variety so as to replace
p$; with a different integral model.

REMARK 7.11. In Definition [[.8 take r = 2, fix a positive integer m, and
suppose that pjs is valued in the subring

R:{@ Qemumﬂwemm4gEmwM)

Let p§; be the representation obtained from pps by precomposing the action of
Gal(kM/k) on Ggpr and postcomposing with the involution of R given by

—1— 0 m
u—=gag, 9=, o)

Suppose that pas is Op-equivalent to p%;. Then the twist A, a0 of EZ,; by pm
(in the sense of Remark [[.10)) contains a subscheme G isomorphic to Ejypr[m]. If E
admits a cyclic m-isogeny, we can identify its kernel with a subgroup of G and then
quotient A, r70 by this subgroup to obtain an abelian variety A, »s isomorphic to
its conjugate by Gal(kM/k). In this way, we obtain an abelian variety A, over k.

REMARK 7.12. An important case of Remark [ 1] that can be carried out with
kE=Qis M =Q(v/-3), m = 2. In this case, we may take E to be any curve with
j(E) = 0; for definiteness, we take the particular curve y?> = 23 — 1 in applications.

REMARK 7.13. An important case of Remark [[.T1] that cannot be carried out
with k = Q is M = Q(4), m = 3, as there is no elliptic curve E over Q with CM by
M such that E admits a cyclic m-isogeny. (This corresponds via class field theory
to the fact that the quadratic order Z[37] has class number 2 rather than 1.) In this
case, the best we can do is to take k = Q(v/3), in which case we may take F to be
the curve 9.1-ad.

To keep notation somewhat uniform across different twisting constructions, we
only apply this construction in the case where pj; is the restriction of a representa-
tion Gy — GL,-(Opr) whose kernel field is linearly disjoint from k, and write py;
also for the latter representation.

REMARK 7.14. When applying Remark [(.I3] we will obtain an L-function
which “looks like” the L-function of an abelian surface over Q. In particular,
A, will be (2, 2)-isogenous to its Galois conjugate (because[9.1-a3l is 2-isogenous to
its conjugate), but it is unclear whether it can be chosen to be isomorphic to its
Galois conjugate.

It is possible that Sato—Tate groups realized in this manner do occur for K3
surfaces over Q, rather than abelian surfaces: a given K3 surface can sometimes be
realized in multiple ways as the Kummer surface of an abelian surface, using the
criterion of Nikulin [Nik75].

Since twisting is not guaranteed to give a Jacobian or even a principally polar-
izable abelian variety, we include a brief discussion of polarizations of twists.
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REMARK 7.15. Suppose that pas is absolutely irreducible; then A, ps will admit
an invariant polarization which is unique up to rescaling. We may compute this
polarization as follows. Let L be the kernel field of py;. The matrix

> pul9) pulg) € My (M)
geGal(L/kM)

(where * denotes the Hermitian transpose) is positive definite and hence invertible;
let U € M,.(Opr) be a Qsg-scalar multiple (which we choose to be “as primitive
as possible” modulo the next paragraph). Then for ¢ : E* — E” the product
polarization, U o is a polarization on A, s whose type can be read off from the
elementary divisors of U.

In Remark [[.I0, there are no extra constraints on U, and the polarization type
is exactly equal to the sequence of elementary divisors; in particular, the degree
of the polarization equals det(U). By contrast, in Remark and Remark [[T3]),
we must ensure the top-right entry of U is divisible by m so that U o ¢ induces a
polarization on A, ar; the degree of the polarization equals det(U)/m.

REMARK 7.16. In our applications, the polarizations given by Remark [Z.T5] will
have degrees in {1,2,3,6} (see Table[[Z). In particular, we obtain some examples of
abelian surfaces over Q which carry a (1, 6)-polarization, and which we believe (but
have not checked) admit no isogeny defined over Q to an abelian surface carrying
a polarization of lower degree.

7.3. Exhaustive searches

In addition to the explicit constructions described in the next chapter, we
conducted several large scale enumerations of genus 3 curves in an effort to realize
as many Sato—Tate groups as possible using Jacobians of curves defined over Q;
these enumerations were part of a larger project to construct a database of genus
3 curves to be incorporated into the LMFDB. See [Sut19] for a description of the
enumeration of all smooth plane quartics over Q defined by models with integer
coefficients of absolute value at most 9; this amounts to more than 107 curves,
of which only those with absolute discriminant at most 107 (about 80,000 curves)
were retained. Based on an analysis of this dataset we constructed a larger dataset
of about a million curves using a similar enumeration that retained smooth plane
quartics whose discriminants are 7-smooth (divisible only by primes p < 7), or of
absolute value at most 10°.

The motivation for imposing a smoothness constraint is that it substantially
increases the likelihood of finding exceptional Sato—Tate groups. If S denotes the
set of Q-isomorphism classes of smooth plane quartics represented by integral mod-
els with coefficients of absolute value at most 9, the proportion of elements of S
with non-generic Sato—Tate group is much higher in the subset with 7-smooth dis-
criminants than it is in the subset with absolute discriminants bounded by 10°.
Indeed, among the approximately 2.6 million elements of S with absolute discrim-
inant bounded by 10°, more than 98 percent have Sato—Tate group USp(6), while
less than half of the approximately 1.0 million elements of S with 7-smooth minimal
discriminants have Sato—Tate group USp(6).

We also constructed a large database of hyperelliptic curves of genus 3 over Q
using a generalization of the method described in [BS+16] for genus 2 curves. This
dataset includes approximately 4.9 million genus 3 curves defined by an integral
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model of the form y? = f(z) with coefficients of absolute value at most 48 and
7-smooth discriminants.

To analyze the Sato—Tate groups of these curves we first filtered out those
we could easily prove have generic Sato-Tate group USp(6) by computing the re-
ductions modulo ¢ = 2,3, 5 of L-polynomials L,(T) at small primes p. The set of
characteristic polynomials that arise in GSpg(F,) is strictly larger than the sets that
arise in any of its maximal subgroups, and it suffices to collect a subset of character-
istic polynomials that rule out any maximal subgroup. By the Chebotaryov density
theorem, this approach is guaranteed to eventually identify any abelian threefold
A/Q whose mod-¢ Galois image is equal to GSpg(F¢), and on average one expects
this to happen quite quickly: for £ = 2, 3,5 respectively, approximately 8,5, 4 ran-
dom elements of GSpg(F,) suffice, on average, to rule out every maximal subgroup.
In the typical case where A has surjective mod-¢ representation for £ = 2,3,5 one
heuristically expects to be able to prove this for at least one of these £ by comput-
ing L-polynomials L,(T) for just the first three primes p > 5 of good reduction,
on average. It follows from Proposition [[I7] below that an abelian threefold that
has a surjective mod-£ image for any prime ¢ necessarily has large monodromy and
Sato—Tate group USp(6).

PROPOSITION 7.17. Let C/Q be a smooth and projective curve of genus g, and
let A denote its Jacobian. Let pay: Gy — Aut(Ty(A)) ~ GSpy,(Ze) denote the
¢-adic representation attached to A, and let pa, denote the mod £ representation.
If £ # 2g and Spy,(Fe) C pae(Gy), then ST(A) = USp(2g).

PROOF. Let Vy(A) denote Ty(A) ® Q, and let GZ2* denote the Zariski closure
of the image of ¢4,¢ in GL(V;(A)). It will suffice to show that G7* = GSp,, q,, in
which case G7" = GSpQQ,Qe, for every prime . Indeed, if G#** = GSpy, @, then
the inclusions G#* C MT(A)g, € GSp,, o, provided by [Del82, Prop. 6.2] become
equalities. Moreover, by [LP95, Thm. 4.3], if these equalities hold for one prime 2,
then they hold for every prime £'.

Suppose that g = 1. If G%ar C GSp, g,, then A has CM by an order O in
an imaginary quadratic field M, and p4¢(Gpn) C Autp(A[f]) ~ (O/€0)* cannot
contain any index 2 subgroup of Spy(F;) = SLy(F,) for £ > 2.

Suppose that g = 2 and £ = 2. Then C is given by 3?> = f(z), for some
separable polynomial f € Q[z] of degree 6. It is well known that the Galois group
of f coincides with p42(Gg). Therefore, if p42(Gg) contains Sp,(Fa) ~ Sg, then
the Galois group of f must be Sg. In this case, by [Zar10l Theorem 1.1], we have
End(Ag) = Z and therefore G7™ = GSpy g,

Finally, if g > 2 and ¢ > 3 then [Vas04) Theorem 4.1] shows that if Spy, (F¢) C
pa,e(Gg), then pa ¢(Gg) = GSpy,(Z¢), which clearly implies G = GSpy, o,. O

REMARK 7.18. For £ = 2, 3 there are maximal subgroups of GSp,(F,) in which
every characteristic polynomial of GSp,(FF,) arises, but one can use £ = 5,7,11,13.
Similarly, for GSp,(F¢) = GLa(F¢) one should avoid ¢ = 2,3,5,7 and instead use
¢=11,13,17,109.

In principle, it should be possible to extend these criteria to GSp, g(IFZ) for other
pairs (g, £) using an enumeration of the maximal subgroups based on Aschbacher’s
classification theorem [Asc84]. See the tables in [BH+13] for extensive data.
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REMARK 7.19. When A is the Jacobian of a genus g > 3 hyperelliptic curve
y*> = f(x), the image of pa 2 is never all of GSpa, (F2); it is a subgroup isomorphic
to the Galois group Gal(f) of the splitting field of f (the 2-torsion field of A).
This is a proper subgroup because #Sz;42 < #GSpy,(F2) for all ¢ > 3. But
[Zar10, Theorem 1.1] implies that End(Ag) = Z when Gal(f) is A, or S,,, where
n = deg f, a condition that is easy to check. If End(A@) =7 and g is odd, 2, or 6,
we may apply [Ser86] to deduce that ST(A) = USp(2g). This includes all g < 3,
and we applied this criterion to the hyperelliptic genus 3 curves in our data set.

Having filtered out curves that we could easily prove have generic Sato—Tate
group, we attempted to compute the geometric real endomorphism type of the
Jacobian A of each curve using three different software packages, each of which
implements a different heuristic algorithm for computing End(A@)R that is practical
to apply to millions of curves en masse:

(i) The ENDOMORPHISMS software repository [CS19| provides a MAGMA im-
plementation that uses a period matrix calculation to compute a numer-
ical approximation of End(A@)R to a specified precision; the results are
not guaranteed to be correct, but when performed to sufficient precision
almost always are. It is possible to certify the results after the fact as
described in [CM+19], but we did not attempt this.

(ii) The MONODROMY software repository [Zyw21] provides a MAGMA imple-
mentation of the algorithm described in [Zyw22], which uses a given set
of L-polynomials at good primes p < B to compute an upper bound on
the geometric endomorphism algebra End(Ag)g (and a lower bound on
the Mumford—Tate group) that is guaranteed to be correct for sufficiently
large B (but without an effective bound on such a B).

(iii) The CRYSTALLINE_OBSTRUCTION software repository [Cos21] provides a
SAGEMATH implementation of the algorithm described in [CS21], which
uses a p-adic computation at a prime of good reduction to compute upper
bounds on the rank r of the Néron—Severi group of Ag and the dimension d
of the geometric endomorphism algebra End(A@)@; by varying the choice
of p and taking minima one expects to eventually obtain tight bounds. As
shown in [CES19], the pair (r, d) coincides with the 2-simplex of moments
of ST(Ag), which by Theorem determines ST(A)? and End(Ag)g.

We applied these three methods to each curve in stages, increasing the precision
and/or number of primes used in each stage, until all three methods output the
same result. We chose bounds on the precision and number of primes so that
each method took approximately the same time, with computation times roughly
doubling with each stage; the number of curves surviving each stage declined at
a much faster rate (roughly a factor of 8), so that the total time was dominated
by the first stage, where each method spent 5-10 seconds on each curve. No more
than 7 stages were required for any curve. The results are summarized in Table [
below, in which the notation ||f|| denotes the maximum of the absolute values of
the integer coefficients of a polynomial f.

REMARK 7.20. We encountered a small number of genus 3 curves with Sato—
Tate group USp(6) (as proved by the upper bounds on End(A@)Q given by methods
(ii) and (iii) above), that nevertheless appear to have non-surjective mod-¢ Galois
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representations for £ = 2,3,5. One example is the hyperelliptic curve
y? = 428 — 2425 + 452* — 162° — 2522 + 162,

for which the L-polynomials at good primes p < 22* do not imply the surjectivity
of pa, for any of £ =2,3,5. In this example the mod-2 image is isomorphic to the
group |F5| of order 20 (so Remark does not apply), the mod-3 image appears
to be an index 364 subgroup of GSpg(F3), and the mod-5 image appears to be an
index 7812 subgroup of GSpg(Fs).

TABLE 8. Counts of heuristically computed absolute types of
Sato—Tate groups for Jacobians of genus 3 curves over Q with
7-smooth discriminants, including hyperelliptic curves y? = f(z)
with || f]| < 48, quartic curves f(z,y,z) = 0 with ||f|| <9, quartic
covers y* + h(x,2)y? = f(x,y,2) with ||f]],||h] < 64 and Picard
curves y3 = f(z) with ||f|| < 2187.

type | 2-simplex | hyperelliptic | quartic | quartic cover Picard
A (1,1) 4289200 | 451060 - -
B (1,2) 62228 24318 - | 4826346
C (2,2) 456806 | 366475 5779677 -
D (2,3) 35510 26766 314985 -
E (3,3) 36846 90508 2507404 -
F (3,4) 4238 18551 474103 -
G (3,5) 166 962 21668 -
H (3,6) 1382 137 202 7678
I (4,5) 30772 23821 435686 -
J (4,6) 4629 5703 61813 | 578221
K (5,9) 466 12050 175296 -
L (5,10) 1479 642 7311 40937
M (6,9) 116 301 4713 -
N (9,18) 712 623 5643 2598
4922550 | 1021917 9788501 | 5455780

7.4. Explicit computation of L-functions of abelian threefolds

The explicit realization of abelian threefolds A matching each of the Sato—Tate
groups in our classification was facilitated at several stages by the computation of
L-functions. This was done both in the process of searching for specific examples
in large datasets of curves such as those described in the previous section, and
also to empirically corroborate our computations of moments and the matrices of
point densities for each of the 410 Sato—Tate groups. For each of the 33 maximal
Sato—Tate groups whose realizations via explicit abelian threefolds are described
in the next chapter we computed L-polynomials L, (T") for all degree 1 primes of
norm bounded by some B > 230 outside of a small excluded set of primes S. The
set S typically consisted of the primes of bad reduction, but in some cases it was
convenient to exclude a few others; none of the excluded sets contained more than
ten primes, and their exclusion has no impact on the Sato—Tate statistics we are
interested in.
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Once computed this data can then be used to compute Sato—Tate statistics for
the base change of A to any number field K by including each Euler factor with
multiplicity equal to the number of degree 1 primes of K above p (the contribution
from primes of higher degree is both asymptotically and practically negligible).
For each of the 33 abelian threefolds A realizing one of the maximal Sato—Tate
groups, we computed Sato—Tate statistics of the base change of A to every subfield
of its endomorphism field, thus obtaining Sato—Tate statistics for all 410 Sato—
Tate groups (with multiplicity in cases where maximal Sato—Tate groups with the
same identity component have intersection larger than the identity component).
Visualizations of these statistics are available at

https://math.mit.edu/~drew/st3/g3SatoTateDistributions.html

We used a wide range of methods to compute the L-polynomials of L, (T') for an
abelian variety A over Q or a quadratic field at degree 1 primes p with Norm(p) < B
outside a small set of excluded primes that includes all primes of bad reduction.
Several of our explicit realizations of abelian threefolds with maximal Sato—Tate
groups involve products of abelian varieties of dimension 1 or 2, which we exploited
whenever possible.

The various methods we used are summarized below. For purposes of com-
parison we give asymptotic time complexity estimates in terms of p := Norm(p),
which should be understood as averages over p < B where average polynomial-time
algorithms are noted, along with a rough estimate of the total time to compute
L,(T) for all p < B = 23° outside the excluded set using a single core of a modern
CPU (we used a 3.1GHz Intel 19-9960X CPU in our computations). In our actual
computations we had up to 128 cores working in parallel and were able to extend
the computations to B = 232 in most cases.

e For CM elliptic curves E we compute L,(T) = 1 — t,T + pT? at primes
that split in the CM field by solving the norm equation 4p = t? — v2D
with D = disc(End(E@)) using Cornacchia’s algorithm and determining
the Frobenius trace ¢, via [RS10], with ¢, = 0 at inert primes. This
has time complexity (logp)?T°(1) and takes less than a core-minute for
B = 239 using the SMALLJAC library [KS08].

e For non-CM elliptic curves E we compute L,(T) = 1 — t,T + pT? by
computing ¢, = p+ 1 — #E(F,) using the optimized baby-step giant-step
algorithm implemented in SMALLJAC. This has expected time complexity
p/*to(D) which is faster than an (logp)*t°() polynomial-time approach
for B = 230, taking less than ten core-minutes.

e For Jacobians A of genus 2 curves C'/Q that are twists of y*> = 25 — o

or y? = 2% + 1 we compute L,(T) using the algorithm in [FS14] §5.2.1],
which is implemented in SMALLJAC. In the situation where we know the
endomorphism field K of the twist (as is the case in all the examples
we construct), the ambiguities noted in [FS14l §6.2.1] can be efficiently
distinguished by computing Frobenius elements in Gal(L/M), where M
is the CM field of the elliptic curve E/Q whose square is Q-isogenous to
A, and L is the minimal field over which all homomorphisms Eg — Ag
are defined; the triples (M, K, L) are listed in Tables 6 and 7 of [FS14].
This has time complexity (log p)2+0(1) and takes less than a core-minute
for B = 230 using SMALLJAC.
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e For Jacobians of other genus 2 curves C'//Q we use the average polynomial-
time algorithm in [HSI4l[HS16] to compute L,(T) =1+ a1T + axT? +
a1pT?3 + p?T* modulo p, which for p > 64 determines a; € Z, leaving at
most 5 possibilities for as; see [KS08| Prop. 4]. All but one possibility can
be eliminated in (log p)2+°(1) expected time by sampling random points
P € Jac(C)) and testing if L,(1)P = 0 for each value of L,(1) implied by
the choices for as and doing the same on the Jacobian of the quadratic
twist of C,, with a; negated. The average expected time is (logp)*To(!),
and the total time for B = 230 is about a core-day (less if the curve has
rational Weierstrass points, as explained in [HS16, §6.1]).

e For Jacobians of generic Picard curves y> = f(z) over Q we use the
algorithm in [Sut20] to compute L,(T) modulo p and then apply the
algorithm in [AFP21] to lift it to Z[T], which takes negligible time. The
average complexity is (logp)*t°(") and the time for B = 2% is about 8
core-hours.

e For Jacobians of genus 3 hyperelliptic curves y? = f(z) over Q we compute
L,(T) modulo p using the average polynomial time algorithm of [HS14]
HS16]. This leaves O(p”?) possibilities for L,(T) which we distinguish by
performing a baby-step giant-step search along an arithmetic progression
determined by L, (7") modulo p to compute L,(1) and L,(—1) using the
group computations in the Jacobian of the reduction of the curve and its
quadratic twist, which for p > 1640 uniquely determines L,(T) [Sut09,
Lemma 4]; see [KS08|[Sut09] for details of this computation, which is
implemented in SMALLJAC. The average complexity for computing Ly, (T')
modulo p is (log p)*+t°(") and the expected cost of lifting to Z[T] is p*/*+to();
for B = 230 the time spent on lifting is less than 20 percent of the total
time, which is 3 or 4 core-days.

e For Jacobians of genus 3 curves that are degree-2 covers of pointless con-
ics over Q (these admit a hyperelliptic model 32 = f(z) over a quadratic
extension but not over Q), we use the average polynomial-time algorithm
described in [HMS16] to compute L,(T") modulo p, and then lift L,(T)
to Z[T] as above (over F, these curves necessarily admit a hyperelliptic
model). The complexity bounds are the same as in the rationally hyper-
elliptic case but the constant factors are worse. For B = 230 the total
time is one or two core-weeks, of which perhaps a core-day is spent lifting
Ly(T).

e For Jacobians of smooth plane quartic curves over Q we compute L, (1"
modulo p using the average polynomial time algorithm of [CHS23]|, which
has an average complexity of (log p)*t°(!) and takes about two core-weeks
for B = 23°. We did not implement the lifting phase in the generic case
(we can compute trace statistics without this), but in principle it can be
done in p/4t°(1) time using group operations in the Jacobian of the curve
and the corresponding trace zero variety (the kernel of 7 + 1, where 7 is
the Frobenius automorphism) via the addition formulas in [FORO0S].

e For smooth plane quartic curves over Q that are covers of genus 1 curves,
we compute L, (7T") modulo p for both curves, leaving at most five options
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for L,(T) € Z[T), which we can distinguish in (log p)?+°() expected time
using group operations in the Jacobian of the genus 2 curve determined
by [RR18| Proposition 2.1] (which may be defined over a cubic extension
of Q, see Remark [Z.3)). As above, the total time for B = 230 is one or two
core-weeks.

e For Jacobians A of twists of the Fermat and Klein quartics X44+Y*4+24 =
0 and X3Y +Y3Z+ X Z3 = 0, both covers of genus 1 curves, we can com-
pute L, (T") modulo p as above and apply the method described in [FLS18]
to lift L,(T) to Z[T], which takes (logp)?+t°() time. Alternatively (and
more efficiently), we can compute L,(T') using an isogeny twist of E3 by
a 3-dimensional Artin representation pps, where E/Q is an elliptic curve
with CM by M whose cube is Q-isogenous to A. This has complexity
(logp)2+o(1) following the precomputation of py;. Using a MAGMA imple-
mentation of the approach sketched in 7.5 below, it takes a few core-hours
for B = 230; a SMALLJAC implementation would likely reduce this to a
few core-minutes.

e For abelian threefolds that are the restriction of scalars of a CM elliptic
curve defined over a cubic number field we can compute L,(7T') using the
Euler factors of the corresponding Hecke character at the primes above
p in (logp)2+o(1) time; this takes less than a minute for B = 23% using
SMALLJAC.

e For abelian surfaces and threefolds A that are isogeny twists of squares
or cubes of CM elliptic curves over Q or Q(\/g) by Artin representations
pn of dimension 2 or 3 over the CM field M we compute L,(T) using
the Hecke character of the CM elliptic curve and computing Frobenius
elements via the algorithm of [DD13] as described below. This has time
complexity (log p)2+°(1) once a suitable precomputation for pj; has been
completed, but that precomputation may take a long time when the en-
domorphism field of A is large; in the most extreme cases the kernel field
of pys is a degree 1296 extension of M and it takes about 36 hours, but
in most cases only a few minutes (see Remark for how this could
be improved). Using a MAGMA implementation of the approach sketched
in §7.5] below, it takes a few core-hours for B = 230; as noted above, a
SMALLJAC implementation would likely reduce this to a few core-minutes.

REMARK 7.21. All 33 of the maximal Sato—Tate groups can be realized using a
construction that does not involve the Jacobian of a generic smooth plane quartic
or a hyperelliptic cover of a pointless conic; we give at least one such example
for each group in Chapter B It was thus never necessary to apply the algorithms
described above for these cases in order to compute moment statistics with B =
230 although we did perform computations with smaller values of B as a sanity
check and to obtain timing estimates. The most time-consuming computations we
actually performed were for the generic case A, which can be realized by a genus 3
hyperelliptic curve with a rational Weierstrass point; this took less than 3 core-days.

7.5. Computing L-polynomials of isogeny twists

As described in the next chapter, the 12 maximal Sato—Tate groups of type
N can all be realized using abelian varieties that are isogeny twists of the cube
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of a CM elliptic curve. In this section we sketch the method we used to compute
L-polynomials for these realizations.

Let E/k be an elliptic curve with CM by M, and let A be an isogeny twist of E”
by an Artin representation pps: Gal(L/M) — GL,(C) as in Definition [[.8 We may
compute the L-polynomials of A using its interpretation as the base change from
kM to k of the twist of the Artin L-function of py; by one of the Hecke characters
g corresponding to F. For the purpose of computing Sato—Tate distributions,
we can restrict to degree 1 primes of k, since the contribution from other primes
is asymptotically negligible.If p is a degree 1 prime of k£ of good reduction for F
that splits as p = ¢t in kM and is unramified in L, then we may compute the
L-polynomial of A as

Ly(T) = Normyy/q f (Ve (v)T),
where f is the reverse characteristic polynomial of pas(Frobg), with q := N M, by
applying [FS14l Eq. (3-8)].
At degree 1 primes p of k of norm p that are inert in M we have

Ly(T) = 1+ aT? + p*T* if r =2,
P 1 4 aoT? + pasTH + p3TC  if r = 3,

where ay = 7 — 4 + (s + ;)% with s = 2,4,6,8,12 the order of pys(Frob,e,,); see
[F'S14, Prop. 3.3] for » = 2 and see [FLS18| Cor. 2.4] for r = 3.

To compute pps(Frobg) at a degree 1 prime q of M that is unramified in L,
we use the algorithm of Dokchitser and Dokchitser [DD13], which allows one to
determine very efficiently the conjugacy class of Frob, in Gal(L/M) once a suitable
precomputation has been done. Given a monic polynomial f € Oy [x] with splitting
field L and distinct roots r1,...,7q € O, one chooses a set of polynomials h €
Or]z] of degree less than d such that for each conjugacy class C of Gal(L/M), the
polynomials

d

Ton(X) =[] [ X =D _h(ry)a(r)) | € OulX]
ceC j=1

are coprime, and for each prime q of M with residue field F, := Ou;/q that is

unramified in L the conjugacy class C' of Frob, is the unique conjugacy class for

which

(71) FC,h <Trace ([Fjg([w)]) JF, (h(.ﬁt)xq)) =0

holds for all of the polynomials h(z) that have been chosen. Any h for which the
I'c,n(X) are coprime will already distinguish the conjugacy class of Frob, for all
but finitely many q, by [DD13l Thm. 5.3], and it typically takes only a few h to
handle all unramified primes.

The computation of the I'cj, involves explicitly computing the Gal(L/M)-set
{r1,...,7rq} and then trying various h € Ops[z] until a suitable set has been found
(in our implementation we use sparse h € Z[x] with small coefficients). Once this
precomputation has been done and the I'c are fixed, one can very efficiently
compute the conjugacy class of Frob, for any prime q of M using arithmetic oper-
ations that involve only evaluation of the reduction map Oy — F, and arithmetic
operations in F, (which for us is a prime field).
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REMARK 7.22. The cost of precomputing the polynomials I'c;, is dominated
by the time to explicitly compute the roots of a polynomial f € Op[z] in its
splitting field L/M. This can be quite expensive when [L : M] is large (in our
most extreme case [L : M| = 648 and it takes about 24 hours). This cost can be
dramatically reduced by computing the roots in a suitable p-adic field, together with
the Gal(L/M )-action, which is efficiently implemented in MAGMA. This requires
recognizing the polynomials I'c,, € Op[z] as polynomials whose coefficients have
been embedded in this p-adic field. It is in principle feasible to do this efficiently
using a p-adic LLL computation with explicit height bounds, but we did not attempt
this.

We mention here an additional precomputation that can substantially improve
the efficiency of computing (7I)) in the cases of relevance to us here, where the
groups Gal(L/M) of interest are not all that much larger than the degree d of f
and most of the conjugacy classes have fewer than d elements. In this situation,
it is advantageous to avoid computing the cycle type of Frob, and to avoid all
of the matrix operations suggested in [DD13| §5.9], which lead to an asymptotic
complexity dominated by the cost of O(dloggq) multiplications of d x d matrices
over [F,; this has a bit complexity of O(d“*!log gM(log q)), where w is the exponent
of matrix multiplication and M(n) is the cost of multiplying n-bit integers. The
values of d and log ¢ of interest to us are less than 50, and in this range the time
to compute pps(Frobg) will be proportional to d*(log q)3.

Let Ay € ngd be the companion matrix of f, so f(Ay) =0, and let 7q: Op —
Owum/q = Fy4 be the reduction map. For any n > 0 we have

Trace zy1s) . (2") = Trace(mq(Af)") = mq(Trace(AY)).

Gy /Fa
If we precompute the vector
vy = [1,T1race(Af),Tmce(A?c)7 . .,Trace(A‘;_l)] €0y,

we can then compute (1)) by computing the coeflicient vector of h(z)x? mod f(z)
in IFfl] and plugging the dot product of this vector with the reduction of vf to Fg into
the reduction of I'c , () to . Assuming the cost of applying the reduction map =,
is O(M(logq)), the asymptotic complexity of this approach is O(loggM(dlogq) +
eM(logq)), where e = [L : M]. Using naive multiplication, the time to compute
pa(Frobg) will be proportional to d?(log ¢)® + e(log q).

All of the examples considered in the next chapter have e < 4d?, in which case
we save a factor of d? over the approach above, which is a significant improvement.
In practice it takes substantially less time to compute pp(Frobg) in our examples
than it does to compute the cycle type of Frob, in the usual way (by computing
ged(x?" — x, f(x)) for n < d/2), which is the first step of the approach in [DD13]
§5.9]. But we should note that this will not be true in the generic case where e is
exponentially larger than d.

A MAGMA implementation of this algorithm can be found in our GitHub repos-
itory [FKS22], along with scripts that compute L-polynomials at degree 1 primes
for all of the examples that involve isogeny twists.
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CHAPTER 8

The lower bound via explicit realizations

We now establish the “lower bound” assertion of Theorem [[1] by establishing
that among the 410 groups described in Chapters [ and [ the 33 maximal groups
all occur as the Sato—Tate groups of certain abelian threefolds. This was done in a
somewhat abstract fashion in [FKS21] by systematic use of twisting constructions;
here, we exhibit explicit examples which may be verified both theoretically (by
a rigorous computation of the endomorphism algebra and its Galois action) and
empirically (by computing the L-series as described in Section [(4] and comparing
the resulting distribution to the theoretical prediction given by Section [G]).

8.1. Overview of techniques

The examples we will be using are summarized in Table In the notation,
we use the following elliptic curves defined over Q:

Ey:y?=a—z+1
Ei:y? =23 — 288z — 1872
E_g:y2=a2%-1

E g yt=2—z (E_an: y? =23

— nx)

E_ iy +ay=a3—a?—20—1

E g:y*=a+2> -3z +1.
Note that Fy and E; do not have CM, whereas for D < 0, Ep and Ep , have
CM by the imaginary quadratic order of discriminant D. We also use the curve
E_ 415 gy3 over Q(\/g), which is a model of the curve [9.1-a3l used in Remark [7.13]

The techniques used are listed below, in our order of preference. Here k denotes

the field of definition (equal to @ unless specified) and d denotes the minimum
(known) polarization degree for the resulting abelian threefold.

e The product of three elliptic curves over Q.

e The Weil restriction of an elliptic curve C 3 defined over the cubic number
field Ly = Q[a]/(a® — a® + a — 2). The extension L3/Q is not Galois; in
the analysis we use L}/Q to denote its Galois closure and aq, g, a3 for
the conjugates of « in Lf.

e The product of an elliptic curve and the Jacobian of a curve Cs of genus
2.

e The Jacobian of a curve C3 of genus 3 (preferably hyperelliptic). When
one of the previous constructions has been used but a Jacobian is also
available, we list both.

s
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e The product of an elliptic curve with an abelian surface of the form
Prym(C5/C4) = ker(Jac(C5) — Jac(Ch)), where 7 : C5 — C is a degree-
2 morphism from a genus 3 curve to a genus 1 curve. In this case, d = 2.

e The product of an elliptic curve with an abelian surface Ap obtained as
an isogeny twist of E% as described in Remark [[I0 In this case, d is
given by Remark [7.15]

e The product of an elliptic curve with an abelian surface Apj,, obtained as
an isogeny twist of E%, as described in Remark [[12lor Remark [[.T3] (taking
k = Q(V/3) in the latter case). In this case, d is given by Remark
(We add subscripts a and b to distinguish cases.)

e An abelian threefold constructed by twisting as in Remark [ 10l In this
case, d is given by Remark [(.15]

In all cases that do not involve isogeny twists, one may use the approach of
[CM+19], as implemented in [CS19], to verify that the Sato-Tate group is as
claimed; however, in all cases we give more direct (if less systematic) verifications.
See [FKS22] for code to perform some steps in these verifications.

REMARK 8.1. The twisting constructions follow the approach described in
[FKS21|, using group-theoretic considerations to formulate some Galois embed-
ding problems. Unlike in [FKS21], where these embedding problems are (mostly)
solved uniformly using the invariant rings of complex reflection groups, here we take
a more ad hoc approach in order to produce “small” explicit examples. It would
be desirable to find more explicit varieties realizing these Sato—Tate groups; how-
ever, the computed values of d suggest obstructions to realizing certain cases using
Jacobians or Pryms of double covers. (To promote these to genuine obstructions,
one would need to make a more exhaustive analysis in the style of [FG18]| to show
that no other twisting constructions are possible.)

For the constructions involving twists of abelian surfaces, it might be preferable
to work with the associated Kummer surfaces, which are singular K3 surfaces where
more of the polarization-preserving automorphisms can be seen directly. These can
be described as elliptic fibrations via a construction of Inose (see [Sch07, Propo-
sition 4.1], for example, or see [KumO8, Theorem 11] for a more general result
covering arbitrary genus 2 curves). However, it may be possible to find other mod-
els that make the symmetries more easily visible.

8.2. Examples: types A to M

We remind the reader that the curves Cy 3, C2, Cs used in the following exam-
ples are listed in Table

ExAMPLE 8.2. The unique maximal group of type A occurs as the Sato—Tate
group of Jac(C3) where C3 is a hyperelliptic curve whose Jacobian has trivial geo-
metric endomorphism ring, by a theorem of Zarhin [Zar00, Theorem 2.1].

ExAMPLE 8.3. The unique maximal group of type B occurs as the Sato—Tate
group of Jac(C3) where Cs is a hyperelliptic curve whose Jacobian has geometric
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endomorphism ring Z[i]. To confirm this, we checK] that the mod-7 Galois repre-
sentation has image equal to the subgroup of GSp(6,F;) generated by GU(3,F2)
and its centralizer; this then implies that the 7-adic Galois representation has image
containing U(3,Z72) (see [Vas04], Theorem 2.2.5], for example). For p = 3 we have
L,(T)=T%+6T*+47T%+6 (mod 7); a short MAGMA computation shows that no
maximal subgroup of G contains elements with this characteristic polynomial.

This group also occurs as the Sato—Tate group of the Jacobian of a Picard curve
whose Jacobian has geometric endomorphism ring Z[(3]. For example, we may take
the curve y® = 2 + x + 1; since lspl(z* +  + 1) has Galois group S, we may apply
[Zar18| Theorem 1.3] to compute the endomorphism ring. We will verify later that
this curve also has large mod-2 Galois image (see Example B37]).

ExaMPLE 8.4. The unique maximal group of type C occurs as the Sato—Tate
group of Fy x Jac(Cy) where C5 occurs in [FK+412] Table 11] as an example whose
Jacobian has Sato—Tate group USp(4). Table also includes an example of a
Jacobian which can be explained using Lemma [[.2} the genus 2 quotient is the
curve [709.a.709.1]in the LMFDB.

The unique maximal group of type D occurs as the Sato—Tate group of F_3 x
Jac(Cs). Table [[2] also includes an example of a Jacobian which can be explained
using Lemma [Z.2} the genus 2 quotient is the curve [836352.a.836352.1] in the
LMFDB.

ExAMPLE 8.5. The unique maximal group of type E occurs as the Sato—Tate
group of Resy,, /g C1,3; note that 23 splits completely in L3 and the Frobenius traces
of C,3 at the primes of L3 above 23 are not all equal up to sign, so C 3 cannot be a
Q-curve. (Another way to confirm that C 3 is not a Q-curve is to use the algorithm
described in [CN21l §5].) Table [[2 also includes an example of a Jacobian. The
curve C3 has the form

Y= (z—1)(22° + 1)((1 +2)° — 2).
Over Q(2"?), C5 acquires the nonhyperelliptic involution

(z,y) = <_I+41/3 ) >

2Y3x + 17 (2Y3x + 1)4
Hence over L = Q((3,2"/?), the reduced automorphism group of C3 becomes Cy x Ca,
and the quotients by the three involutions are conjugate over L. We may recover
the j-invariant of one of these quotients by computing that the map

—x 443

23 41

carries the Weierstrass points 1, =272, —27Y/3¢3, —23¢2 to 2'/%, 00, 273(1 4 (3),
27'/3(1 4 ¢2); we find that this quotient does not have CM.

T +— x+

EXAMPLE 8.6. The unique maximal group of type F occurs as the Sato—Tate
group of the product E_g x Jac(Cy) where Cs occurs in [FK+412| Table 11] as
an example whose Jacobian has Sato-Tate group |N(G3 3); the endomorphism field
of E_g x Jac(Cy) is Q(v/—=2,i) = Q((s). Table [ also includes an example of a

n a previous version of this paper this analysis followed [Upt09], but the description of the
Galois image there is missing some scalars and so some arguments therein need to be reworked.
We thank Pip Goodman for bringing this point to our attention.
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Jacobian with endomorphism field Q((s) which can be explained using Lemma [7.2}
the genus 1 quotient has Jacobian with CM by Q(1/—2), while the genus 2 quotient
becomes isomorphic over Q(v/2) to

Y= (1+V2)® + (-1 + V22t + (-1 - V2)2® + (1 - V2).
The quotient of this curve by the nonhyperelliptic involution (z,y) — (—z,y) is

the elliptic curve 512.1-h2|in the LMFDB, which does not have CM and is not a
Q-curve.

ExaMPLE 8.7. The maximal group of type G with component group C4 oc-
curs as the Sato-Tate group of Ey x Jac(Cy) where Cy: y?> = 2% + 1 occurs in
[FK+12| Table 11] as an example whose Jacobian has Sato—Tate group [F,. and
endomorphism field Q(¢5). Table [[2 also includes an example of a Jacobian with
endomorphism field Q(¢s) which can be explained using Lemma [[2} the genus 2
quotient is isomorphic to Cs.

EXAMPLE 8.8. The maximal group of type G with component group Cs X
Cy occurs as the Sato—Tate group of Ey x E_4 x E_g, which has endomorphism
field Q(i,v2) = Q(Cg). Table also includes an example of a Jacobian with
endomorphism field Q(¢s) which can be explained using Lemma [T.2} the genus 2
quotient is isomorphic to

2y? = 2% + 2t — 322 + 1.

The quotient by the involution (x,y) — (—z,y) has CM by Q(v/—2) and the quo-
tient by the involution (x,y) — (—z, —y) has CM by Q(4).

ExAMPLE 8.9. The maximal group of type H with component group Cg oc-
curs as the Sato—Tate group of Jac(Cs), where C3 is a hyperelliptic curve with
endomorphism field Q(({7).

The maximal group of type H with component group Cs x C4 occurs as the
Sato—Tate group of F_3 x Jac(Cy) where C5 is as in Example B7 note that the
endomorphism field of Jac(Cy) does not contain Q(v/—3). Table [[2 also includes
an example of a Jacobian which can be explained using Lemma [[.2} the genus 1
quotient has CM by /=2, while the genus 2 quotient appears in [vW99, Table 1]
as an example whose Jacobian has CM by the number field spl(z* + 422 + 2).

The maximal group of type H with component group Cy x Cy x Cg occurs as
the Sato—Tate group of E_3 x E_4 x E_g. Table[I2] also includes an example of a
Jacobian (shown to us by Everett Howe) which can be explained using Remark [T}
it is isogenous to a product of certain twists of E_3, F_4, E_g.

ExAMPLE 8.10. The maximal group of type I with component group D4 occurs
as the Sato—Tate group of Fy x Jac(Cs) where Cs occurs in [FK+12| Table 11] as
an example whose Jacobian has Sato—Tate group J(F4) and endomorphism field
Q(i,27%). Per [Car01l, Proposicié 8.2.1] or [GSO01], §5.3], the Q-isogeny factors of
Jac(C2) have j-invariants which are not in Q. Table [[2] also includes an example
of a Jacobian which can be explained using Lemma [T.2} the genus 2 curve is again
Cs.

Similarly, the maximal group of type J with component group C, x D4 occurs
as the Sato-Tate group of E_3z x Jac(Cs). Table [[2 also includes an example of
a Jacobian which can be explained using Lemma the genus 1 quotient has
CM by Q(i), while MAGMA confirms that the genus 2 quotient acquires an action
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of Dy over the field spl(z* — 622 + 3). The endomorphism field of the Jacobian is
spl(z* — 622 + 3)(i) = spl(z® + 30z* +9).

ExAMPLE 8.11. The maximal group of type I with component group Dg occurs
as the Sato-Tate group of Ey x Jac(Cz) where Cs occurs in [FK+12| Table 11] as
an example whose Jacobian has Sato—Tate group J(Fs) and endomorphism field
Q(v/—3,(—2)7¢). Table [ also includes an example of a Jacobian which can be
explained using Lemma [Z.2} over the field Q[a]/(a® — 202 + a — 16/27), Jac(Cs)
admits a Richelot isogeny to its quadratic twist by «. Hence the endomorphism field
contains spl(z® —2z* +22 —16/27) = spl(2® — 42” + 1); the results of [FK+12] will
now force the Sato—Tate group to be | J(Fg) once we check that Jac(Cy) cannot have
CM in some imaginary quadratic field M. If this were the case, then M would be
unramified away from the primes of bad reduction of Jac(C3), which in this case are
2 and 3; this implies M C Q((24). Also, from the proof of [F'S14] Corollary 3.12],
the Frobenius trace of Jac(Cs) at every prime that is inert in M would be 0;
by checking this condition for p = 5,13,17, we rule out all possibilities except
M = Q(i). Finally, note that the L-polynomial for each prime that is split in
M would factor nontrivially over M; this does not occur for p = 5. (See also
Remark below.)

Similarly, the maximal group of type J with component group Cs x Dg occurs
as the Sato-Tate group of E_; x Jac(Cs). Table [[2] also includes an example of
a Jacobian which can be partially explained using Remark [[-3} writing C3 in the
form

2Y* +Y2(4X? — 622) +4X* +6X*Z + X 7% + 32% =0,

we see that the genus 1 quotient has CM by Q(¢), while the Prym is 2-isogenous to
the Jacobian of a curve C% defined over Q[a]/(a® — a? — 2a — 6). Using MAGMA
to compute a Richelot isogeny, we check that Jac(Cs) is (2,2)-isogenous to the
Jacobian of

Cy : y? = 5625 — 1442° 4 122* + 162> + 902% + 60z + 9
= (222 — 4x — 1)(282% — 1623 — 1222 — 24z — 9).

By computing Igusa invariants, we see that Co and C are isomorphic over Q, but
MAGMA confirms that they are not isomorphic over spl(z® — 2% — 2x — 6). As in
the previous paragraph, we can now verify that Jac(Cs) has Sato—Tate group J(Es)
by checking that Jac(Cs) cannot have CM in some imaginary quadratic field M. In
this example, Jac(Cy) has good reduction away from 2, 3, 7, and so M C Q((16s)-
By checking the nonvanishing of Frobenius traces for p = 5,11, 31,53, we rule out
all possibilities except M = Q(v/—6); we rule out that case by checking that the
L-polynomial for p = 5 does not factor nontrivially over Q(v/—6).

To compute the endomorphism field of Jac(Cs), note that the field of defini-
tion of the Weierstrass points of Cy is an (Cy X Sy)-extension L of Q over which
the Weierstrass points of C) are also defined; therefore Cy and C) must be iso-
morphic over L. The only Dg-subextension of L is spl(z3 — 22 — 22 — 6)(v/—6) =
spl(a® + 7o* + 722 — 63), which must then be the endomorphism field of Jac(Cy).
Hence the endomorphism field of Jac(Cs) is

spl(2® + 7x* + 72? — 63)(i)
= spl(2'? + 10210 + 1772% 4 2442° 4 1722* + 9622 + 36).
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REMARK 8.12. More generally, the family of genus 2 curves
Cy:y? = 2° + 8* + ta® + 1622 — 4.

has the property that for generic ¢, the endomorphism field L; of Jac(C}) is the
splitting field of 2 —2x* + 22 +64/(t2 —432) and End(Jac(Cy)y,) is an index-2 order
of the quaternion algebra over Q of discriminant 6; that is, Jac(C}) is the universal
family of quaternionic abelian surfaces over some genus 0 Shimura curve (compare
[BGO8|). Namely, as pointed out to us by Noam Elkies, this can be confirmed by
applying [KumO8| Theorem 11] to compute the associated elliptic K3 surface with
fibers of type F; and Eg at 0 and oo, respectively.

ExaMPLE 8.13. The maximal group of type K with component group Cs x Dg
occurs as the Sato-Tate group of Ey x Jac(Cy) where Cy occurs in [FK+12| Ta-
ble 11] as an example whose Jacobian has Sato—Tate group |J(Dg) and endomor-
phism field

Q(Caa)[]/(a® + 3 — 2) = spl(a!? — 4a® + 828 — 43 + 1).
The maximal group of type L with component group Cy x Cy x Dg occurs as the
Sato-Tate group of E_7 x Jac(Cy) with endomorphism field spl(z?** — 66028 +
121342'2 — 6602° + 1).
Table 2] also includes an example of a Jacobian for the maximal group of type
K with component group Cs x Dg, which can be explained using Remark [[.3} over
Qla)/(a® — 3ac — 4), the Prym of C3 — C becomes isogenous to Jac(Cs) for

Cy:y? = 2° + 82 + 1622 — 4z
(this is the degenerate specialization ¢ = 0 of the family from Remark B12). The
latter acquires endomorphisms by Cq x Cy over Q((s), and the isogeny factors have
CM by Q(v/—6) (compare [BGO8|, Proposition 3.7]). The endomorphism field of
Jac(Cs3) is
spl(z® — 32 — 4)(¢s, vV—6) = spl(z!? — 426 + 1).

EXAMPLE 8.14. The maximal group of type K with component group Cs x Sy
occurs as the Sato-Tate group of Ey x Jac(Cy) where Cy occurs in [FK+12| Ta-
ble 11] as an example whose Jacobian has Sato—Tate group J(O)|and endomorphism
field spl(x® + 42* — 22). Similarly, the maximal group of type L with component
group Co x Cg X Sy occurs as the Sato—Tate group of F_3 x Jac(Cy) with endomor-
phism field spl(x!? — 928 — 382% — 9z + 1).

Table also includes an example of a Jacobian; to analyze this example, let
oy, a, a3 be the roots of the polynomial 23 4 2z + 1 in a splitting field L. Over L,
we may change the model to

Y =X3Z+a;X?Z22 +0;X2°,  (aj, bj) = (—4 =303, 207 — 3o +4).
Using Lemma [T.6] we deduce that the endomorphism field of Jac(Cs) is
K = Q(i,v/=59, a1, b/, b2, b/*) = spl(a® — 42* — 59).

ExaMpPLE 8.15. The maximal group of type M with component group Dg oc-
curs as the Sato—Tate group of Ey x Jac(Cy) where Cy occurs in [FK+12] Table 11]
as an example whose Jacobian has Sato—Tate group |J(Fs5) with endomorphism
field Q(¢3,2"%). We analyze this example following [FKS21], §4.2.4]. Over Q(27?),
Cy becomes isomorphic to 2y% = 225 + 23 + 2, whose quotient by the involution
(x,y) = (1/,y/x®) may be identified with the curve C; : 2y = (2+2) (223 —6x+1)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.lmfdb.org/SatoTateGroup/J(D_6)
https://www.lmfdb.org/NumberField/12.0.8916100448256.1
https://www.lmfdb.org/NumberField/12.4.6499837226778624.22
https://www.lmfdb.org/SatoTateGroup/J(O)
https://www.lmfdb.org/NumberField/6.2.2725888.2
https://www.lmfdb.org/NumberField/6.2.13144256.4
https://www.lmfdb.org/SatoTateGroup/J(E_3)
https://www.lmfdb.org/NumberField/6.0.34992.1

8.3. EXAMPLES: TYPE N 83

via the map (z,y) — (z + 1/z,y(z + 1)/2?). Since Jac(C}) is the quadratic twist
of Ey over Q(i), the endomorphism field of E; x Jac(Cs) is (Q(Cia,27?).

Table [[2] also includes an example of a Jacobian; using Lemma [7.5] we see that
all three quotients have j-invariant —216 and the endomorphism field is Q((32, 2"/ 3).

EXAMPLE 8.16. The maximal group of type M with component group S4 occurs
as the Sato-Tate group of Resy, /g C1,3. The endomorphism field is

Li[\/a1/ag, \/az/as] = spl(z* — 42 — 8z — 3).

Table includes an example of a Jacobian with endomorphism field equal to
spl(z? — 223 — 62 + 3); it is a reduced model of the twist of y? = 2% + 142 + 1
listed in [AC+18|, Table 4, row 11].

8.3. Examples: type N

In the following examples, we sometimes define a matrix V' to specify an iso-
morphism of pps with p§, (see Remark[[.I0); we also write U for the matrix defining
an invariant polarization (see Remark [TT5]).

EXAMPLE 8.17. Let M = Q(¢3). The maximal group J,(B(1,12))| of type N
with component group (48, 15)| occurs as the Sato-Tate group of E_3 x A_3jg4
obtained as in Remark for a representation pps: Gy — GL2(O)y) with image
isomorphic to (24, 10), generated by

¢z 0 -1 =2 -1 0 . (2 2
(0@,’01’11 with =1y 4)-
(Note that U must have its top-right entry divisible by 2 as per Remark [[.T5l) To
exhibit an explicit example, we must find a Galois extension L/Q with
Gal(L/Q) ~ Dy x Sg ~ <48, 15>,
Gal(L/M) ~ Dy x C3 ~|(24,10).
We may obtain such an extension by taking the compositum of two Galois exten-
sions L1/Q, L2/Q containing M with
Gal(Ll/(@) ~ DS, Gal(Ll/M) ~ D4,
Gal(Lg/Q) >~ Sg, Gal(Lg/M) ~ Cg.

These constraints may be satisfied by taking

Ly = spl(z® — 122° + 122% — 5222 — 3),

Ly = spl(z® — 2),

L = LyLy = spl(a** + 488x'® + 6338422 — 58722° + 1372),

K = L% = spl(z* — 42% — 3).
There are 16 representations pps with kernel field L and image pp(Gar) as above,
comprising two complex conjugate M-equivalence classes. Of these, 8 are Oy;-
equivalent (in fact equal) to pf\} as required by Remark [.TTl These p,; realize both
M-equivalence classes and give rise to (1,2)-polarized abelian surfaces A_3jg), over
Q with Sato—Tate group D41 and endomorphism field K with Gal(K/Q) ~ Dy;
they are distinguished by their L-polynomials at 13. In both cases the product

E_3 x A_3p), is an abelian threefold over Q with Sato-Tate group |Js(B(1,12))
and endomorphism field L.
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REMARK 8.18. In Example BI7 based on the polarization type, we expect
that the abelian surface can be realized (up to a quadratic twist) as the Prym of a
degree 2 morphism from a genus 3 curve to a genus 1 curve, all defined over Q.

EXAMPLE 8.19. Let M =Q(i) and k=Q(+/3). The maximal group|.J(B(3,4;4))
of type N with component group (48, 15) occurs as the Sato-Tate group of
E74,12—8\/§ X A_4fsla

obtained as in Remark [[T3] for a representation pps: Gy — GLo(Oyy) with image
isomorphic to (24, 1), generated by

i 0\ (—1—i -3\ (1 3\ 6  3-3i
(0 z>< i 1+i>’<—1 —2> WlthU<3+3z‘ 6 )

(Note that U must have its top-right entry divisible by 3 as per Remark [.15l) To
exhibit an explicit example, we must find a Galois extension L/Q not containing k
with
Gal(L/Q) ~ D4 x Ss, Gal(L/M) ~ C3 % Cs.
We obtain such an extension as in [FKS21] §4.2.5] by taking the compositum L of
two Galois extensions Ly /Q, L2/Q such that
Gal(Ll/Q) >~ Dg, Gal(Ll/(Ll N Lg)) ~ D47 Gal(Ll/M) ~ Cg,
Gal(LQ/Q) ~ Sg, Gal(Lg/(Ll N Lg)) ~ Cg.

We take

Ly = spl(z® — 72t + 28),

Lo = spl(a® — 2% + 22 — 3),

K = LyM = spl(a® + 2% + 222 — 7),

L=1LL,.
There are 24 representations pp; with kernel field L and image par(Gpr) as above,
comprising two M-equivalence classes. Of these, 8 are Ops-equivalent (in fact
equal) to pﬁ;[ as required by Remark [Tl These pys realize both M-equivalence
classes and give rise to (1,6)-polarized abelian surfaces A_y4j3), over k with Sato-
Tate group Dg 1 and endomorphism field kK with Gal(kK/k) ~ D¢ =~ (12,4);
they are distinguished by their L-polynomials at 13. In both cases the prod-

uct B, 1y g3 X A_43)a 1s an abelian threefold over k with Sato—Tate group
J(B(3,4;4))|and endomorphism field kL.

EXAMPLE 8.20. The maximal group |J(B(3,4)) of type N with component
group (48, 38)|occurs as the Sato—Tate group of Jac(Cs) where Cj is the hyperelliptic
curve

y* = (2% 4 22 — 1)(2® — 32 — 3z — 3)(2® + 32 + 2).
Over Q(v/2), this curve becomes isomorphic to
Chy? = (4—3V2)x" + (44 3V2)z.

Applying [FS16] Lemma 5.6] to the latter, we deduce that the endomorphism field
of Jac(C3) is given by

L=Q((WV?2,i,(=1—v2)7? (=3)*) = spl(z"® — 32% + 2427 — 48).
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This is a Galois extension with Galois group (48, 38) ~ S3 x D4. Moreover, the
isogeny factors of Jac(C3) all have CM by Q(¢), and the Galois group of L over
Q(4) is (24,5). The only option for the Sato—Tate group consistent with these
observations is J(B(3,4)).

This example can also be realized as a product of the form E_4 o X A_4,,
obtained as in Remark with M = Q(i), for a representation ppr: Gpr —
GL2(Oyps) with image isomorphic to (24, 5), generated by

(00000 D) wev=(2 7))

There are 24 representations pps with kernel field L and image pp(Gar) as above,
comprising two M-equivalence classes. All 24 are Ojs-equivalent (in fact equal) to
p5s- These pps realize both M-equivalence classes and give rise to (1, 3)-polarized
abelian surfaces A_4, over Q with Sato—Tate group D¢ ;| and endomorphism field
K = spl(a® — 32° — 6) with Galois group Dg =~ (12,4); they are distinguished by
their L-polynomials at 29:

1 — 207 — 15872 — 5807 + 8417,

14 20T — 15872 + 5807 + 841T*.
In both cases the product F_4 2 X A_4, is an abelian threefold over Q with Sato—
Tate group |J(B(3,4))| and endomorphism field L; for the abelian surface A_4,

with the second L-polynomial listed above, the product E_4 2 x A_4, is isogenous

to Jac(Cs).

EXAMPLE 8.21. Let M = Q(i) and k = Q(v/3). The maximal group |.J,(B(3, 4))
of type N with component group (48, 41) occurs as the Sato-Tate group of

E_y19_5y3 % A

obtained as in Remark [[ T3] for a representation pys: Gy — GLo(O)y) with image
isomorphic to (24, 5), generated by

(2 (5 2) (5 5) wn= (55).

(Note that U must have its top-right entry divisible by 3 as per Remark [[.T5l) To
exhibit an explicit example, we must find a Galois extension L/Q not containing k
with

Gal(L/Q) ~[(48,41),  Gal(L/M) ~[(24,5)]

We obtain such an extension by taking the compositum of two Galois extensions
L1/Q, Lo/Q such that

Gal(Ll/Q) ~ <167 13>7 Gal(Ll/M) ~ CQ X C47
Gal(Ll/(Ll n Lg)) ~ <8, 4>,
Gal(Lg/Q) ~ Ss, Gal(Lg/(Ll N Lg)) ~ Cs.
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We take
Ly = spl(z® — 8x* + 25),
Ly = spl(a?® — 2 + 5z + 15),
K = LoM = spl(z® — 22° + 22* + 42° + 92* — 30z + 50),
L = Ly Ly = spl(x®* — 20822° 4 1243426 — 16187222
+ 7664812 — 51904002 4- 10240000).

There are 24 representations py; with kernel field L and image par(Gar) as above,
comprising two M-equivalence classes. Of these, 8 are Ojs-equivalent (in fact equal)
to pf\:[ as required by Remark [[.T1l These pjs realize both M-equivalence classes
and give rise to principally polarized abelian surfaces A_43), over k with Sato—
Tate group |J(Ds3)| and endomorphism field kK with Gal(kK/k) ~ Dg ~ [(12,4);
they are distinguished by their L-polynomials at 13. In both cases the product
E_ 415 gy3xA 43 is an abelian threefold over k with Sato-Tate group ./, (B(3,4))
and endomorphism field kL.

REMARK 8.22. In Example B2l since A_,[3), carries an indecomposable prin-
cipal polarization, it must occur as the Jacobian of a genus 2 curve over k. At this
time, we have not attempted to identify this curve explicitly.

EXAMPLE 8.23. The maximal group J(B(O,1)) of type N with component
group (96, 193)| occurs as the Sato-Tate group of E_g x Jac(Cs) where Cy is as in
Example B4} the abelian surface Jac(Cs) has Sato-Tate group |J(O) and endo-
morphism field K = spl(a® + 42* — 22). From [FS14, Table 4, Table 6], we see
that the endomorphism field of F_g x Jac(Cs) is

L = spl(2'® — 4422 — 3082 — 9902® — 193625 — 26622 4 91962 + 20449),

which has the desired Galois group (96, 193)| and contains K as a subfield of index 2.

This example can also be interpreted (up to isogeny) as a product of the form
E_g x A_g obtained as in Remark with M = Q(v/—2), for a representation
py: Gy — GLo(O)y) with image isomorphic to the Shephard—Todd group Gia ~

(48, 29), generated by
-1 0 -1 -1
1—-v-2 1)’ 1 0

A R )

There are 48 representations py; with kernel field L and image par(Gpr) as above,
comprising two M-equivalence classes. Of these, 8 are Ojs-equivalent to p§, (via V).
These pjs realize both M-equivalence classes and give rise to principally polarized
abelian surfaces A_g over Q with Sato—Tate group |J(O) and endomorphism field K
with Galois group Sy x Cy ~|(48, 48); they are distinguished by their L-polynomials
at 17:

with

1— 8T + 32T% — 13672 + 2897,
1+ 8T + 3272 + 1367 + 289T*.
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The abelian surface A_g with the second L-polynomial listed above is isogenous to
Jac(Cs). In both cases the product E_g x A_g is an abelian threefold over Q with
Sato—Tate group J(B(O,1)) and endomorphism field L.

EXAMPLE 8.24. Let M = Q({3). The maximal group |J4(B(T,3)) of type N
with component group (144, 125)| occurs as the Sato-Tate group of E_3 x A_3
obtained as in Remark for a representation pps: Gy — GL2(O)y) with image
isomorphic to (72, 25), generated by

GG 0\ [0 —1\ [1+¢ -1
0 &)\t o)\ 0o —¢

B 3 1+2¢ (01
U<—1—2<;3 3 3>’ V(l 0)'

To exhibit an explicit example, we must find a Galois extension L/Q with
Gal(L/Q) ~(144,125), Gal(L/M) ~|(72,25).
We obtain such an extension by taking the compositum of two Galois extensions
L,/Q, Ly/Q such that
Gal(L1/Q) ~ GL(2,3), Gal(L1/Q(¢3)) ~ SL(2,3),
Gal(L2/Q) ~S3, Gal(La/M) ~ Cs.

with

We take
Ly = spl(z® — 62* + 422 — 3),
Ly = spl(a® — 2),
L = LiLo,
K = L% = spl(z* — 22° — 6z + 3).

There are 144 representations py; with kernel field L and image ppr(Gar) as above,
comprising six M-equivalence classes. Of these, 24 are Oys-equivalent to p§, (via
V). These pjs realize all six M-equivalence classes and give rise to (1, 6)-polarized
abelian surfaces A_3 over Q with Sato—Tate group |O;| and endomorphism field
K with Galois group PGL(2,3) ~ Sy ~ (24,12); they are distinguished by their
L-polynomials at 7 and 13. In every case the product E_3 x A_3 is an abelian
threefold over Q with Sato-Tate group |J4(B(T,3)) and endomorphism field L.

REMARK 8.25. In Example [8.24] we may also take L to be the 3-division field
of any elliptic curve over Q with surjective mod-3 Galois representation (e.g., curve
24.af in the LMFDB).

REMARK 8.26. The abelian threefold in Example B24]is 2-isogenous to another
threefold admitting an indecomposable polarization of type (1,1, 3).

EXAMPLE 8.27. Let M = Q((3). The maximal group J(B(T,3)) of type N
with component group (144, 127) occurs as the Sato-Tate group of E_3 x A_gjg
obtained as in Remark [[.T2] for a representation pys: Gy — GLo(O)y) with image
isomorphic to (72, 25), generated by

G 0 -1 -2 1+¢ 2 . (3 2-22
(5 a) (0 0) (0% %) mmo=(a g 7).
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(Note that U must have its top-right entry divisible by 2 as per Remark [.15l) To
exhibit an explicit example, we must find a Galois extension L/Q with

Gal(L/Q) ~[(144,127),  Gal(L/M) ~[(72, 25).

We obtain such an extension as in [FKS21l §4.2.5] by taking the compositum of
Galois extensions L;/Q and Ly/Q satisfying

Gal(L1/Q) ~|(48,33), Gal(L1/M) ~ SL(2,3),
Gal(L2/Q) ~S3, Gal(La/M) ~Cs
We may take
Ly = spl(z'® — 182" + 10120 + 992° — 10982° + 3043z* — 7382* + 81),
Ly = spl(a® — 3),
K = L9 = spl(z® — 325 + 102* — 152 — 4122 + 48z + 27),
L=1LL,.

There are 144 representations py; with kernel field L and image par(Gpr) as above,
comprising six M-equivalence classes. Of these, 16 are Op-equivalent (in fact
equal) to pf\}, as required by Remark These pj; realize two M-equivalence
classes and give rise to (1,3)-polarized abelian surfaces A_sjo);, over Q with Sato-
Tate group J(T') and endomorphism field K with Galois group Ay x Co ~|(24,13);
they are distinguished by their L-polynomials at 7. In both cases the product
E_3 x A_3[9) is an abelian threefold over Q with Sato-Tate group J(B(T},3)) and
endomorphlsm field L.

EXAMPLE 8.28. The maximal group J(B(0,2)) of type N with component
group [(192,988)| occurs as the Sato—Tate group of F_; x Prym(C5/C1), where
C3: Y4 =X*4+2X2%72 + XZ3 is as in Example 814l and O} is its quotient by the
involution (X : Y : Z) — (X : =Y : Z). To analyze this example, define a;,a;,b;
as in Example BT4l so that Cjg(a,) admits the model Y* = X*Z + a;X?2% +
b; X Z3. The endomorphism field L of E_; x Prym(C5/C}) is the minimal number
field for which Hom(E_4 1, Prym(Cs/C1) 1) = Hom(E_4 ¢, Prym(Cs/Ch)c); using
Lemma [[.6 we identify L with the Galois closure of Q(¢;, \/_], (a; — 2\/_ 1)
For the field K = spl(2® — 42 — 59) with Gal(K/Q) ~ (48, 48)|from Examplem
we obtain

L=K((a1 —2y/b1)"") = spl(a®* — 4026 + 4302'% — 2402° + 3442* — 59),

with Gal(L/Q) ~[(192, 988).

This example can also be realized as a product of the form E_4 x A_4,where
A_4p is an abelian surface isogenous to Prym(C3/C1) obtained as in Remark [Z10]
with M = Q(3), for a representation pps: Gpr — GL2(O)r) with image isomorphic
to the Shephard—-Todd group Gs ~|(96,67), generated by

() 6)
(2T ()

There are 96 representations pys with kernel field L and image pp(Gar) as above,
comprising four M-equivalence classes. Of these, 16 are Ops-equivalent to p§, (via

with

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


http://www.lmfdb.org/Groups/Abstract/144.127
http://www.lmfdb.org/Groups/Abstract/72.25
http://www.lmfdb.org/Groups/Abstract/48.33
https://www.lmfdb.org/NumberField/16.0.12630731694101401542561.1
https://www.lmfdb.org/NumberField/3.1.243.1
https://www.lmfdb.org/NumberField/6.4.4162464003.1
https://www.lmfdb.org/SatoTateGroup/J(T)
http://www.lmfdb.org/Groups/Abstract/24.13
https://www.lmfdb.org/SatoTateGroup/J(B(T,3))
https://www.lmfdb.org/SatoTateGroup/J(B(O,2))
http://www.lmfdb.org/Groups/Abstract/192.988
https://www.lmfdb.org/NumberField/6.2.13144256.4
http://www.lmfdb.org/Groups/Abstract/48.48
http://www.lmfdb.org/Groups/Abstract/192.988
http://www.lmfdb.org/Groups/Abstract/96.67

8.3. EXAMPLES: TYPE N 89

V). These py; realize all four M-equivalence classes and give rise to (1, 2)-polarized
abelian surfaces A_y;, over Q with Sato—Tate group |J(O) and endomorphism field
K; they are distinguished by their L-polynomials at 61:

1 — 22T + 24272 — 134273 + 372174,
1+ 22T 4 24272 + 132473 4 37217,
1— 2T 4 272 — 12273 + 37217T*,
1+ 27 4 272 — 12273 + 372172,

The abelian surface A_4, with the last of these L-polynomials is isogenous to
Prym(C5/C4), and in every case the product F_4 x A_y is an abelian threefold
over Q with Sato-Tate group J(B(0,2)) and endomorphism field L.

REMARK 8.29. Note that Example contradicts [FG18| Table 6], which
asserts that |J(O) cannot occur as the Sato-Tate group of an abelian surface with
complex multiplication by Q(4). In fact this is an omission in the table; it corre-
sponds to a similar omission in [FG18l, Proposition 3.5(iv)], which fails to account
for the fact that the binary octahedral group has a faithful 2-dimensional represen-
tation with traces in Q(¢). None of this affects the other results of [FG18].

EXAMPLE 8.30. The maximal group J(D(4,4)) of type N with component
group (192, 956) occurs as the Sato-Tate group of Res Cy 3, where C1 3: y? = 2°—ax
and « is a root of the cubic polynomial f(x) = 23 — 22 + 2 — 2. The endomorphism

field is
K =Q(v-1, (ozl/ozg)l/“, (ag/a3)1/4) =spl(z'? 4+ 2% + 20t + 4),

where aq, @, ag are the three roots of f(x).

Table [[2] also includes an example of a Jacobian; this is a twist of the Fermat
quartic listed in [FLS18| Table 4, row 59] with endomorphism field spl(x'? + 324 —
1).

This example can also be realized as an isogeny twist of E3,, obtained as in
Remark [T.I0] with M = Q(i), for a representation ppr: Gpr — GL3(Opy) with
image isomorphic to the wreath product p4 ! S ~ (384, 5557), generated by

010 010 1 0 0
00 1|,{1 0 0),]0 1 O
1 00 0 0 1 0 0 1
The kernel field of pys is

L=Q(=T,a{" af* o) = spl(a'? = a® + 2 - 2),

with Galois group (768, 1088009); the endomorphism field K is the kernel field of
the projective representation with Galois group (192, 956).

There are 768 representations py; with kernel field L and image pp(Gar) as
above, comprising eight M-equivalence classes. Of these, 192 are O);-equivalent
(in fact equal) to pG;. These pps realize all eight M-equivalence classes and give rise
to abelian threefolds defined over Q that are twists of E3, with Sato-Tate group
J(D(4,4))| and endomorphism field K. These abelian threefolds are isogenous to
the abelian threefolds Res C~'1,3 that arise for the eight twists C~'1’3: y? =23 — @ of
0173 with

ac{a, —a, &, —a?, 83%a, —83%a, 83%a*, —83%a3},
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which are distinguished by their L-polynomials at 5 and 29.

ExXAMPLE 8.31. The maximal group J(FE(168)) of type N with component
group (336, 208) occurs as the Sato-Tate group of Jac(C3) where Cj is a twist of
the Klein quartic, taken from [FLS18 Table 5, row 14], with endomorphism field
K =spl(z® + 427 + 212 + 182 +9).

This example can also be realized as an isogeny twist of E3. obtained as in
Remark with M = Q((3), for a representation ppr: Gy — GL3(Op) with
image isomorphic to [(168,42), generated by the matrices

2 2 2
0 -1 *1%\/?7 , 1 0 0 )
0 0 1 =T -1
with S S
—1+V=7 —34+/—7
2 2 2 01 0
U= |=5T 2 YT V=|10 0
—3—2ﬁ 3—\2ﬁ 3 0 0 -1

This group is an index-2 subgroup of the Shephard—Todd group Gag4.

There are 336 representations pys with kernel field K and image ppr(Gar) as
above, comprising two M-equivalence classes. Of these, 12 are Oy-equivalent to p§,
(via V). These pps realize both M-equivalence classes and give rise to principally
polarized abelian threefolds over Q that are twists of E3, with Sato-Tate group
J(E(168))| and endomorphism field K. These twists are distinguished by their
L-polynomials at 11:

1— 5T —3T? 4+ 5773 — 337* — 6057° + 13317°°,
1+ 97T + 5372 + 21173 + 5837 + 108975 + 13317°.

The twist corresponding to the second L-polynomial listed above is isogenous to

Jac(Cs).

EXAMPLE 8.32. The maximal group J(D(6,6)) of type N with component
group [(432,523)| occurs as the Sato-Tate group of Res Cy 3, where C; 3: y? = 23—«
with a a root of the cubic polynomial f(z) = 23 — 22 + x — 2. The endomorphism

field is
K = Q((a1/a2)"°, (az/a3) )
= spl(2® + 230 4+ 2722 — 422" + 2822 — 38425 + 4096).
This example can also be realized as an isogeny twist of E3 4 obtained as in Re-

mark [[ 10 with M = Q((3) for a representation pps: Gpr — GL3(Oj) with image
isomorphic to the wreath product pg Sz ~|(1296, 1827), generated by

010 01 0 G 0 0
00 1,10 0}, [o0 0
100 00 1 0 1

The kernel field of pys is the degree-2592 field
L=Q(oy" 05" o) = spl(a'® — 2'? + 25 — 2)

whose Galois group is the transitive group [18T396; K is the kernel field of the
projective representation, with Galois group (432, 523).

1
0
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There are 2592 representations pps with kernel field L and image pp(Gar) as
above, comprising twelve M-equivalence classes. Of these, 288 are O);-equivalent
(in fact equal) to p§;. These pys realize all twelve M-equivalence classes and give
rise to abelian threefolds over Q that are twists of E®, with Sato-Tate group
J(D(6,6)) and endomorphism field K. These abelian threefolds are isogenous to
the abelian threefolds Res C} 3 that arise for the 12 twists Cy 3: y*> = 2® — & of Cy 3
with

a € {a,2%x,2%, 3°83%, 2233833, 2133833,
o®,2a° 2%, 3383305, 223383%0°, 213%8330°1,
which are distinguished by their L-polynomials at 13.

REMARK 8.33. Similarly, the group |J(D(3,3)) occurs as the Sato—Tate group
of the Weil restriction of the elliptic curve y?> = 23 — o® from L3 to Q. The
base extensions of this abelian threefold to the fields Q(1/—83) and Q(1/249) have
Sato-Tate groups J(C(3,3)) and J(C(3,3)) which have nonisomorphic component
groups, but give rise to identical distributions (see Proposition [6.10)).

EXAMPLE 8.34. Let M = Q(¢3). The maximal group J(E(216)) of type N
with component group (432, 734) occurs as the Sato-Tate group of E?; obtained
as in Remark [T0, for a representation p whose restriction to Gg(c,) has image
equal to the Shephard—Todd group Gss, generated by

1.¢G 0\ /G 0 0\ /10 ¢
0 ¢2 0],1¢ 1 0f,{0 1 0],
0 0 1 GG 0 1 0 0 ¢
with
3 G-1 ¢-1 1 0 0
U=|¢G-1 2 1 , V=1 -1 0
CG3—1 1 2 1 0 -1

(The invariant polarization is of type (1,1,3).) To exhibit an explicit example,
following a suggestion of Noam Elkies, we construct p by identifying Gos x Cs
with U(3,2) x Gal(F4/F2) and considering the 2-torsion Galois representation of a
generic Picard curve over Q.

We verify that the 2-adic Galois representation for the Jacobian of the Picard
curve C : y3 = 2* + x + 1 used in Example has maximal mod-2 Galois im-
age. Note that the 64 theta characteristics form a principal homogeneous space
for Jac(C')[2]. The 28 odd theta characteristics correspond to the bitangents of C'
for a Picard curve, the line at infinity is a distinguished bitangent, so we have a
Galois action on the other 27. We compute this action by following a suggestion
from [PSV11l §2]. The bitangents are the lines y = ax + b for which we have an
equality of polynomials in z:

(ax +b)> — (z* + 2+ 1) = —(2® + k1 + Ko)?
for suitable values of k1, ko. By comparing the coefficients of 2% and 2, we see that
K1 = —%a?’, Ko = —%a6 + %aQb.
Equating the remaining coefficients yields two additional equations:

a® 4+ 12a°b + 24ab® — 8 = a'? + 24a®b + 144a*b? + 640> — 64 = 0.
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Eliminating b yields an equation in A = %a‘g:

A® + 168A°% + 1080 A4° — 63643 + 864A% — 4324 + 8 = 0.

This polynomial in A has Galois group (432, 734), which is the projective image we
seek. Substituting for a yields a polynomial f(a) with Galois group (1296, 2891) ~
Ga5 X Ca. The kernel field L of p is the splitting field of f(a), and the splitting field
K of f(A) is the kernel field of the projective representation.

There are 1296 representations pps with kernel field L and image as above,
comprising 6 M-equivalence classes. Of these, 36 are Ojs-equivalent (via V') to
p5s- These pps realize all six M-equivalence classes and give rise to (1, 3)-polarized
abelian threefolds over Q that are isogeny twists of E2, with Sato-Tate group
J(E(216))| and endomorphism field K. They are distinguished by their L-poly-
nomials at 19:

1+T —7T? — 2673 — 133T* + 3617 + 68597°°,

1+ T+ 8T? — 1173 4+ 152T* + 3617° + 68597°°,

1+ 7T —7T? — 18273 — 133T* + 2527T° + 68597,
1+ 7T + 56T + 25973 + 1064T* + 2527T° + 68597,
1 — 8T + 8T + 8873 + 152T* — 2888T° + 68597,

1 — 8T + 5672 — 2962 + 1064T* — 2888T° 4 68597,

The twist giving rise to the last L-polynomial listed above corresponds to the rep-
resentation p defined by the Galois action on the bitangents of C.

8.4. Numerical consistency check

For each of the 33 abelian varieties with maximal Sato—Tate groups described
above we used the methods in §7.4] to compute L-polynomials for primes of norm
up to B = 23Y (and in most cases up to B = 23?), and computed moment statistics
and point densities over every subfield of the corresponding endomorphism field
that we compared to the corresponding values predicted by the Sato—Tate group
derived in Chapter [l These moment statistics and code that compares them to
their predicted values is available in our GitHub repository [FKS22]. Of the 745
sets of statistics computed (covering all 410 Sato—Tate groups, some multiple times),
in all but one case they match the predicted values to within one percent; the sole
exception matches to within 1.3 percent.
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CHAPTER 9

Tables

TABLE 9. Real endomorphism algebras and connected parts of
Sato—Tate groups of abelian threefolds. The column “Moduli” in-
dicates the maximum dimension of a family whose (very) generic
member has this form. Extensions satisfying the Sato—Tate ax-
ioms are enumerated in Chapter @ (types A—M) and Chapter {0l
(type N); realizable extensions are enumerated in Chapter

Type | End(Ak)r ST(A)°
A R USp(6)
B C U(3)
C R xR SU(2) x USp(4)
D CxR U(1) x USp(4)
E RxR xR [SU(2) x SU(2) x SU(2)
F CxRxR | U(1) xSU(2) x SU(2)
G CxCxR | [U1) xU(1) x SU(2)
H |CxCxC U(1) x U(1) x U(1)
I | RxMy(R) SU(2) x SU(2)2
J C x Mz(R) U(1) x SU(2)2
K | R xM;(C) SU(2) x U(1),
L | CxMy(C) U(1) x U(1)2
M Ms(R) SU(2)s
N Ms;(C) U(1)s
Type | dim ST(A)° | Moduli | Extensions | Realizable
A 21 6 1 1
B 9 1 2 2
C 13 4 1 1
D 11 3 2 2
E 9 3 4 4
F 7 2 5 5
G 5 1 8 5
H 3 0 33 13
1 6 2 10 10
J 4 1 31 31
K 3 1 32 32
L 2 0 122 122
M 3 1 11 11
N 1 0 171 171
Total 433 410
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TABLE 10. 3-diagonals of character norms for connected Sato—
Tate groups G in USp(6).

A ABCD E F G H 1I J K L M N
(00011111 1 1 1 1 1 1 1 1 1 1
(1,o,0)| 1 2 2 3 3 4 ) 6 5 6 9 10 9 18
(1,1,00( 1 3 3 4 7 9 12 16 14 18 26 34 34 82
(L1,1) | 1 4 2 3 4 6 9 14 9 14 19 30 26 74
(2,0,00| 1 4 3 6 6 10 17 27 15 23 43 61 45 153
(2,1,0) | 1 8 613 22 44 84 152 76 140 240 416 320 1280
(2,1,1) | 1 9 511 19 39 78 154 70 140 228 444 334 1450
(2,2,0)| 1 9 610 27 47 96 204 96 186 304 636 486 2250
(2,2,1) | 112 6 13 30 66 149 342 133 302 485 1122 810 4194
(2,2,2)| 110 3 6 10 22 52 132 44 110 170 446 300 1740
(3,0,0)| 1 6 410 10 20 45 92 35 68 147 264 164 848
(3,1,0) | 1 17 927 45 121 313 741 235 571 1099 2435 1539 9027
(3,1,1) | 122 824 45 124 333 852 251 656 1187 2924 1836 11376
(3,2,0) | 126 12 34 88 244 689 1886 535 1450 2603 6898 4325 28550
(3,2,1) | 1 40 16 50 140 420 1240 3600 940 2752 4768 13696 8448 59136
(3,2,2) | 124 824 57 174 537 1686 399 1262 2123 6734 4023 30654
(3,3,0) | 119 10 20 77 179 537 1695 449 1269 2205 6859 4191 31515
(3,3,1) | 1 40 12 34 118 358 1177 3956 887 2880 4909 16500 9680 78320
(3,3,2) | 130 927 78 258 894 3210 642 2288 3824 14000 7920 69696
(3,3,3) | 120 410 20 62 221 862 155 590 965 3906 2101 20350
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TABLE 11. Reduced automorphism groups of curves of genus 3. In
the models, a, b, c are generic constants, P, is a generic polynomial
of total degree n, and Cyc is the sum over the cyclic permutations
of X, Y, Z. The stars denote isolated points in moduli. The column
Jac(C) represents the isogeny decomposition of the Jacobian. See
Proposition [Z1] for further discussion.

Aut’(C) Hyperelliptic Plane quartic Jac(C) Type
Ci PS(IZ?) P4(X,Y,Z) A3 A
Cs xP3(x?) None Asli] B
Cs Py(x?) Y*+Y?P(X,Z) + Pu(X, Z) E x As C
Cs None Y37 + Pu(X, Z) Az[G] B

Ca x Cy | 2*Po(2® +272) P(X%Y? 7% ExE x E" E
Cs None Y3Z + P (X?,Z?) E[¢] x A2]06)] | J
Cr z7 — 1x None As|(7] H
Co None Y3Z + X'+ XZ3 As[Co] H

3 3
S P () aXZY)g fz;(i}/fzzzt cZ* BB I
4 2y 2
oo | men | SGIEET | e
De [ None E[i]? N
Ds 8 — 1x None E[V=2]* x E'[{] L

(16,13) None Y4+ Py(X?,Z%) E[i]* x E' K
S4 % — 14zt + 1% Cyc(X*) + cCyc(X2Y?) E3 M

(48,33) None Y+ XPZ + Z%% E[i]* x E'[¢s] L

(96, 64) None Cyc(X*)x E[i)? N

PSL,(F7) None Cyc(X3Y)* E [”Tﬁ] ’ N
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TABLE 12. Explicit realizations of maximal Sato—Tate groups of
abelian threefolds, over Q unless marked x. See §8.1] for notation.

Type D Realization d Curve (C1 3, C3, C3) Ex.
A (1,1) Jac(Cg) 1 y2=z2' —x 41
B (2,1) Jac(C3g) 1 y2 =27 +32% + 423 + 22 &3
c (1,1) Eg x Jac(Cg) 1 y2=2%—z4+1 [oe]

Jac(Cg) 1 y2 =428 — 722 4 4
D (2, 1) E_g x Jac(Cg) 1 v2=2% —z+1 [
Jac(C3) 1 y2 =28 — 26 — 324 + 22 —1
E (6, 1) Res Cq 3 1 v2=a23—z+a 303
Jac(C3) 1 v2 =227 + 420 — 724 4 423 — 4z 41
F (4,2) E_g x Jac(Cg) 1 y2 =20 425 2 -1
Jac(C3) 1 y2 = 8 + 220 + 424 + 422 + 4
G [C%) Eg X Jac(Cg) 1 y2 =% 41 [iwi]
Jac(C3) 1 y2 =28 — 526 + 102% — 1022 + 5
el (4, 2) BEogX E_4 X E_g 1 none
Jac(C3) 1 y2 = 28 + 426 — 224 —+ 422 +1
H (6,2) Jac(C3) 1 y2=al —1
H (8, 2) E_3 x Jac(Cyp) 1 y2 =25 +1
Jac(C3) 1 y2 = 28 — 826 4 202% — 1622 4 2
(8,5) E_3x E_yx E_g 1 none
Jac(C3) 1 3x4 4 2v4 1624 —6x2v2 +6x222 — 12v222
1 (8, 3) Eg x Jac(Cg) 1 y2 = 2% + 23 + 22 [S-T0)
Jac(C3) 1 y2 =28 424 42
1 (12, 4) Eg x Jac(Cg) 1 y2 =26 423 — 2
Jac(C3) 1 y2 = 28 + 820 + 1824 + 1622 — 4
J (16, 11) E_3 x Jac(Cg) 1 y2 =2 + 23 4 22 510
Jac(Cg) 1 y2 8 4 246 4 422 — 4
J (24, 14) E_4 x Jac(Cyp) 1 =28 4+ 23 -2 [
Jac(C3) 1 2v4 +ax2y2 _6v2z2 y6x3z + x2z3 + 324
K (24, 14) Eg x Jac(Cg) 1 v2 = 20 4+ 32 4 1023 — 1522 + 150 — 6 ERE)
Jac(Cg) 1 x4 —8x2v?2 4 2av? 4 24xXY22 — 12x23 — 924
K (48, 48) Eq x Jac(Cg) 1 y2 =20 — 524 41023 — 522 4 22 — 1 BI1a
Jac(C3) 1 x4 —yv4 4 2x222 4 x2z3
L (48,51) E_7 x Jac(Cg) 1 y2 = 2% + 325 + 1023 — 1522 + 152 — 6
L (96, 226) E_g x Jac(Cg) 1 y2 =20 — 52t 41023 — 522 + 20 — 1 EI1a
M (12, 4) Eq X Jac(Cyp) 1 y2 =20 + 23 +4 £
Jac(C3) 1 X327 4+4y3z +3x2y2 - z4
M (24,12) Res C1 3 1 ay? =23 —z+1
Jac(C3g) 1] y2 = 28 + 227 — 1425 — 4924 — 4223 — 1422 4 22+ 6
N (48, 15) B_3 X A_3[3]q 2 none
Nx | [(48,35)] |B_, 15 g 5%XA_a[z]a |6 none
N (48, 38) Jac(C3) 1|y2 = 28— 27— 726 — 725 — 3524 — 3523 — 21224+ 3z + 6
E_j 490 XA_44 3 none
N« | [(48,41) _412—svEXA_a@p ! none
N | [(96, 193} E_g x Jac(Cg) 1 y2 =20 — 52t 41023 — 522 4+ 20 — 1
E_gx A_g 1 none
N |[(144,125) E_g XA_g 6 none
N (144, 127) E_3 XA*S[Z]E) 3 none
N |[(192,988)]| E_4 xPrym(C3/C1) |2 x4 —y4 4 2x222 4 x23
E_4 X A_yp 2 none
N [(192,956) Res Cq 3 1 v2 =23 — az [0}
twist(E‘E4) 1 none
4ax4 4 120x3Y + 36x3Z + 60X2YZ + 9x222 —
Jac(C3) 1 5 3 2 s
200XY3 + xz3 — 150v% — 15v22
N |[(336, 208) twist (B3 ) 1 none [
Jac(C3) 1] 2Xx3(Zz—-v)+3(X2-v2)z242x(23-v3)+av3z+yz3
N |[(432,523) Res Cq 3 1 v2 =23 —a P
twist(E:ig) 1 none
N |[(432,734) twist(E3 5) 3 none B34
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TABLE 13. Endomorphism fields of the abelian threefolds listed
in Table In cases where the threefold is defined over k #
Q (Examples and B21]), we give an extension of Q linearly
disjoint from k whose compositum with k£ is the endomorphism

field.

Type 1D Endomorphism field(s) Ex.
A (1,1) Q
B (2, 1) Q(i)
C (1,1) Q
D (2,1) Q(¢s)
E (6,1) spl(z® — 2)
F (4,2) Q(¢s) R0l
G (4,1) Q(¢s) B
G (4,2) Q(¢s) B3
H (6,2) Q(¢r)
H (8,2) Q(¢15), Q(¢16)

H (8,5) Q(C24)
1 (8,3) spl(z? — 2) R.10
I (12, 4) spl(z® 4+ 2), spl(z® —42° +1) BI1
J | [(16,11) spl(z® — 2z* + 4), spl(z® + 30z* + 9) R.10
J | [(24,14) spl(z'? + 32® + 27z* 4 9), R.1T]

spl(z'? + 10210 + 1772% + 24425 + 1722* 4 9622 + 36)

K | [(24,14) spl(z'? — 42% + 82° — 42° + 1), spl(z'? — 42° + 1) R.13]
K | [(48,48) spl(z® 4+ 4z* — 22), spl(z® — 4z* — 59) BI4
L | [(48,51) spl(z2* — 660218 + 1213422 — 6602° + 1) RT3l
L |[(96,226) spl(z1? — 928 — 3825 — 9z* + 1) B1d
M | [(12,4) spl(z® — 22°% + 2) R.15)
M | [(24,12) spl(z? — 2z° — 62 + 3) R.10]
N | [(48,15) spl(z24 + 488218 4 63384212 — 587225 4+ 1372) R 17
N | [(48,15) spl(z2* — 119229 4 36262'% + 4414922 4 1015228 — 932962 + 21952)

N | [(48,38) spl(z!? — 32% 4 242* — 48) 201
N | [(48,41)] |spl(z?* — 20822° + 124342 — 161872212 4 76648125~ 5190400z* + 10240000)
N |[(96,193)]| spl(z'6 — 4422 — 30820 — 990z® — 193625 — 2662z* + 91962 + 20449) |B23
N [[(144,125) spl(z?* + 12212 4 282°% — 12) R
N [[(144,127)]| spl(z'® — 1822 + 1012° 4 992% — 1098z° + 3043z* — 73822 + 81,2 — 3)
N |[(192,988) spl(z2* — 4021 + 430212 — 24028 + 3442* — 59) R2%]
N [(192,956) spl(z!? 4+ 28 + 22* + 4), spl(z!? 4 3z* — 1) R.30)
N |(336, 208) spl(z® 4+ 427 + 212* + 18z + 9) R3]
N |[(432,523) spl(z36 + 230 4 2224 — 4228 + 28412 — 3844% + 4096) R3]
N |[(432,734) spl(z® + 1682° 4 10802° — 6362> + 86422 — 4322 + 8) B34
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