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ABSTRACT. We analyze the distribution of unitarized L-polynomials Ly (T)
(as p varies) obtained from a hyperelliptic curve of genus g < 3 defined over
Q. In the generic case, we find experimental agreement with a predicted cor-
respondence (based on the Katz-Sarnak random matrix model) between the
distributions of L,(T) and of characteristic polynomials of random matrices
in the compact Lie group USp(2g). We then formulate an analogue of the
Sato-Tate conjecture for curves of genus 2, in which the generic distribution is
augmented by 22 exceptional distributions, each corresponding to a compact
subgroup of USp(4). In every case, we exhibit a curve closely matching the
proposed distribution, and can find no curves unaccounted for by our classifi-
cation.

1. Introduction

For C a smooth projective curve of genus g defined over Q and each prime
p where C has good reduction, we consider the polynomial L,(T"), the numerator
of the zeta function Z(C/F,;T). This polynomial is intimately related to many
arithmetic properties of the curve, appearing in the Euler product of the L-series

L(C,s) =[] Lue*) ",

the characteristic polynomial of the Frobenius endomorphism,
Xp(T) = T*L,(T),
and the order of the group of F,-rational points on the Jacobian of C,
#J(C/Fp) = Lp(1)~

In genus 1, C'is an elliptic curve, and L,(T) = pT? — a,T + 1 is determined
by the trace of Frobenius, a,. The distribution of a, as p varies has been and
remains a subject of considerable interest, forming the basis of several well known
conjectures, including those of Lang-Trotter [36] and Sato-Tate [52]. Considerable

progress has been made on these questions, particularly the latter, much of it quite
recently [4, 5, 6, 21, 38].
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In genus 2, C' is a hyperelliptic curve, and the study of L,(T) may be viewed
as a natural generalization of these questions (we also consider hyperelliptic curves
of genus 3). Our first objective is to understand the shape of the distribution of
L,(T), which leads us to focus primarily on Sato-Tate type questions.

The random matrix model developed by Katz and Sarnak provides a ready gen-
eralization of the Sato-Tate conjecture to higher genera. They show (see Theorems
10.1.18.3 and 10.8.2 in [27]) that over a universal family of hyperelliptic curves of
genus g, the distribution of unitarized L-polynomials, L,(T) = L,(p~'/?T), corre-
sponds to the distribution of characteristic polynomials x(7') in the compact Lie
group USp(2¢g) (the group of 2g x 2g complex matrices that are both unitary and
symplectic). By also considering infinite compact subgroups of USp(2g), we are
able to frame a generalization of the Sato-Tate conjecture applicable to any smooth
curve defined over Q.

To test this conjecture, we rely on a collection of highly efficient algorithms
to compute L,(T), described by the authors in [28]. The performance of these
algorithms has improved dramatically in recent years (due largely to an interest
in cryptographic applications [13]). For a hyperelliptic curve, it is now entirely
practical to compute L,(T) for all p < N (where the curve has good reduction),
with IV on the order of 10® in genus 2 and more than 107 in genus 3. Alternatively,
for much smaller N (less than 10*) one can perform similar computations with 1010
curves or more.

We characterize the otherwise overwhelming abundance of data with moment
statistics. If {x},} is a set of unitarized values derived from L,(T), say @, = a,//P,
we compute the first several terms of the sequence

(1) m(x,), m(xf)), m(xf)), e

where m(x’;) denotes the mean of x’; over p. Under the conjecture, the moment
statistics converge, term by term, to the moment sequence

(2) E[X], E[X?, E[X?], ...,

where the corresponding random variable X is derived from the characteristic poly-
nomial x(7') of a random matrix A, say X = tr(A). In all the cases of interest to
us, the moments E[X™] exist and determine the distribution of X. Furthermore,
they are integers. The distributions we encounter can typically be distinguished
by the first eight terms of (2). It will be convenient to begin our sequences with
E[X%] = 1.

To apply this approach we must determine these moment sequences explicitly.
This is an interesting problem in its own right, with applications to representation
theory and combinatorics. The particular cases we consider include the elemen-
tary and Newton symmetric functions (power sums) of the eigenvalues of a random
matrix in USp(2g). We derive explicit formulae for the corresponding moment gen-
erating functions. Our results intersect other work in this area, most notably that
of Grabiner and Magyar [18], and also Eric Rains [42]. We take a somewhat differ-
ent approach, relying on the Haar measure to encode the combinatorial structure
of the group.

With moment sequences for USp(2¢) in hand, we then survey the distributions
of L,(T). The case g = 1 is easily described, and we do so here. The polynomial
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L,(T) =p+aiT + 1 is determined by the coefficient a; = —a,/,/p, and there are
two distributions of a; that arise.

For elliptic curves without complex multiplication, the moment statistics of a;
converge to the corresponding moment sequence in USp(2):

1,0, 1,0 2 0,5 0, 14, 0, 42, ...

whose (2n)th term is the nth Catalan number. Convergence follows from the Sato-
Tate conjecture, which for curves with multiplicative reduction at some prime (al-
most all curves) is now proven, thanks to the work of Clozel, Harris, Shepherd-
Barron, and Taylor [9, 21, 53] (see Mazur [38] for an overview). Testing at least
one example of every curve with conductor less than 107 (including all the curves
in Cremona’s tables [11, 50]) revealed no apparent exceptions among curves with
purely additive reduction.

For elliptic curves with complex multiplication, the moment statistics of a;
converge instead to the sequence:

1, 0, 1, 0, 3, 0, 10, 0, 35, 0, 126, ...

whose (2n)th term is (2:) /2 for n > 0. This is the moment sequence of a compact
subgroup of USp(2), specifically, the normalizer of SO(2) in SU(2) = USp(2). The
elements with nonzero traces have uniformly distributed eigenvalue angles, and for
elliptic curves with complex multiplication, convergence follows from a theorem of
Deuring [12] and known equidistribution results for Hecke characters [35, Ch. XV].
The only other infinite compact subgroup of U Sp(2) (up to conjugacy) is SO(2), and
its moment sequence does not appear to correspond to the moment statistics of any
elliptic curve (such a curve would necessarily contradict the Sato-Tate conjecture).

The main purpose of the present work is to undertake a similar study in genus
2. We also lay some groundwork for genus 3, but consider only the case of a
typical hyperelliptic curve. Already in genus 2 we find a much richer set of possible
distributions.

For the typical hyperelliptic curve in genus 2 (resp. 3), when computed for
suitably large N, the moment statistics closely match the corresponding moment
sequences in USp(4) (resp. USp(6)), as predicted. In genus 2 we can make a
stronger statement. In a family of one million curves with randomly chosen coef-
ficients, every single one appeared to have the EP(T) distribution of characteristic
polynomials in USp(4). Under reasonable assumptions, we can reject alternative
distributions with a high level of statistical confidence.

To find exceptional distributions in genus 2 we must cast our net wider, search-
ing very large families of curves with constrained coefficient values, as well as ex-
amples taken from the literature. Such a search yielded over 30,000 nonisomorphic
exceptional curves, but among these we find only 22 clearly distinct distributions,
each with integer moments (Table 11, p. 29). For each of these distributions we
are able to identify a specific compact subgroup H of USp(4) with a matching
distribution of characteristic polynomials (Table 13, p. 34). The method we use to
construct these subgroups is quite explicit, and a converse statement is very nearly
true. Of the subgroups we can construct, only two do not correspond to a distri-
bution we have found; we can rule out one of these and suspect the other can be
ruled out also (§ 7.2). We believe we have accounted for all possible L-polynomial
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2. Some Motivating Examples

We work throughout with smooth, projective, geometrically irreducible alge-
braic curves defined over Q. Recall that for a curve C' with good reduction at p,
the zeta function Z(C/F,;T) is defined by the formal power series

Z(C/F,;T) = exp (Z N T* /k) ,
k=1

where N, counts the (projective) points on C over F . From the seminal work of
Emil Artin [3], we know that Z(C/F,;T) is a rational function of the form

Ly(T)
(1-T)(1—pT)’
where the monic polynomial L,(T") € Z[T] has degree 2g (g is the genus of C') and
constant coefficient 1.

By the Riemann hypothesis for curves (proven by Weil [56]), the roots of L, (T)
lie on a circle of radius p~!/2 about the origin of the complex plane. To study the
distribution of L,(T") as p varies, we use the unitarized polynomial

Ly(T) = Ly(p~"/?T),

which has roots on the unit circle. As L,(T) is a real polynomial of even degree
with L,(0) = 1, these roots occur in conjugate pairs. We may write

Ly(T)=T% +a; 7?9 + apT* 2 + -+ aT?* + a, T + 1.

Since L,(T) has unitary roots, we know that

) il < ().

and ask how a; is distributed within this interval as p varies.

The next three pages show the distribution of a; for arbitrarily chosen curves
of genus 1, 2, and 3 and various values of N. The coefficient a; is the negative sum
of the roots of L,(T'), and may be written as a; = —a,/,/p, where a,, is the trace
of Frobenius.

Each graph represents a histogram of nearly m(N) samples (one for each prime
where C has good reduction) placed into approximately +/7(/N) buckets which
partition the interval [—2g,2¢g] determined by (3). The horizontal axis spans this
interval, and the vertical axis has been suitably scaled, with the height of the
uniform distribution, 1/(4g), indicated by a dotted line.

Z2(C/kp;T) =
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N = 212 N = 915

N =2%

N =2* N =27

N =2% N =2%

Distribution of a; = —a,/\/p for p < N with good reduction.

y? = 23 + 3141592 + 271828.
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N = 212 N = 9l4

N =2'¢ N =2'®

N =2% N =2%

N =2* N =2%

Distribution of a; = —a,/\/p for p < N with good reduction.

y? = 2 + 31415923 + 271828122 4 1644934 + 57721566.

Licensed to AMS.



HYPERELLIPTIC CURVES, L-POLYNOMIALS, AND RANDOM MATRICES 125

N:211

N:213

N =2

N =2%

N =2%

N =2%

Distribution of a1 = —ap/\/f) for p < N with good reduction.
y? =27 + 31415925 + 271828z 4 164493423 + 577215662% + 16180342 + 141021.
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The familiar semicircular shape in genus 1 is the Sato-Tate distribution. The
examples in higher genera also appear to converge to distinct distributions. Pro-
vided the curve is “typical” (a notion we will define momentarily) this distribution
is the same for every curve of a given genus. Even in atypical cases, there is (em-
pirically) a small distinct set of distributions that arise for a given genus. In genus
1, only one exceptional distribution for a; is known, exhibited by all curves with
complex multiplication:

Fig. 1: Distribution of a; for y* = 2® — 15z + 22.

The central spike has area 1/2 (asymptotically), arising from the fact that a
curve with CM-field Q[v/D] has a, = 0 precisely when D is a not a quadratic
residue in F, [12].

In higher genera, a richer set of exceptional distributions arises. Below is an
example for a genus 2 curve whose Jacobian splits as the product of two elliptic
curves (one with complex multiplication). Histograms for several other exceptional
genus 2 distributions are provided in Appendix II.

Fig. 2: Distribution of a; for y* = z°® + 20z* — 262> + 202% + z.

3. A Generalized Sato-Tate Conjecture

We wish to give a conjectural basis for these distributions, both in the typical
and atypical cases. The formulation presented here follows the model developed by
Katz and Sarnak [27] and relies heavily on additional detail provided by Nicholas
Katz [26], whom we gratefully acknowledge. Most of the statements below readily
generalize to abelian varieties, but we restrict ourselves to curves defined over Q.

We begin with the Sato-Tate conjecture, which may be stated as follows:

CONJECTURE 1 (Sato-Tate). For an elliptic curve without complex multiplica-
tion, the distribution of the roots €' and e~ of L,(T) for p < N converges (as

Leensedoavs. [N — 00) to the distribution given by the measure p = 2 sin? 8df over 6 € [0, 7].
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As noted earlier, this has been proven for elliptic curves with multiplicative
reduction at some prime [21]. Using a; = —2cos 0, one finds that

1 T
Prla; < z| = %/ V4 —t2dt,
-2

giving the familiar semicircular distribution.

An equivalent formulation of Conjecture 1 is that the distribution of L,(T)
corresponds to the distribution of the characteristic polynomial of a random ma-
trix in USp(2). More generally, the Haar measure on USp(2g) provides a natural
distribution of unitary symplectic polynomials of degree 2g: the eigenvalues of a
unitary matrix lie on the unit circle and the symplectic condition ensures that they
occur in conjugate pairs (giving a polynomial with real coefficients). Conversely,
each unitary symplectic polynomial corresponds to a conjugacy class of matrices in
USp(2g).

Let the eigenvalues of a random matrix in USp(2g) be e, ... e with
0; € [0, 7]. The joint probability density function on (1,...,60,) given by the Haar
measure on USp(2g) is

2
(4) w(USp(29)) = % (H (2cos6; — 2cos Gk)) H <72r sin? ejd0j> ,
i<k J
as shown by Weyl [57, Thm. 7.8B, p. 218] (also see [27, 5.0.4, p. 107]). For g = 1,

we obtain the Sato-Tate distribution above.

In view of the atypical examples in the previous section, we cannot expect
every curve to achieve the distribution given by u(USp(2¢g)). One might impose a
restriction comparable to that of Sato-Tate by requiring that Endc(J(C)) = Z, i.e.
that the Jacobian have minimal endomorphism ring. While necessary, it is not clear
that this restriction is sufficient in general. A stronger condition uses the (-adic
representation of Gal(Q/Q) induced by the Galois action on the Tate module 7,(C')
(the inverse limit of the ¢£"™-torsion subgroups of J(C')). Specifically, we require that
the image of the representation

pe: Gal(Q/Q) — Aut(T,(C)) = GL(2g, Zy)

be Zariski dense in GSp(2g,Z¢) C GL(2g,7Z,). We know from results of Serre ([46,
Sec. 7, Thm 3] and [44, p. 104]) that if this is achieved for any ¢, then it holds for
all ¢, and we say such a curve has large Galois image.

Each of the conditions below suffices for C' to have large Galois image.
(1) C is a genus g curve with g odd, 2, or 6, and Endc(J(C)) = Z (Serre
[46, 45]). This does not hold in genus 4 (Mumford [40]).
(2) C is a hyperelliptic curve y?> = f(z) with f(x) of degree n > 5 and the
Galois group of f(x) is isomorphic to S, or A4, (Zarhin [58]).
(3) Cis a genus g curve with good reduction outside of a set of primes S and
the mod ¢ reduction of the image of py is equal to GSp(2g, Z/{Z) for some
¢ > c(g,S) (Faltings [14], Serre [46, 44]).
Condition 3 was suggested to us by Katz. The constant ¢(g, S) depends only on
g and S. From Faltings [14, Thm. 5], we know that for a given g and S, there are
only finitely many nonisomorphic Jacobians of genus g curves with good reduction
outside of S. Each such curve has large Galois image if and only if for all £ > ¢
Licensed 0 ams, b€ mod ¢ image of py is GSp(2¢g,7Z/lZ), for some constant c¢. By the results of
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Serre cited above, it suffices to find one such ¢, and taking the maximum of ¢ over
the finite set of Jacobians gives the desired ¢(g,S). At present, effective bounds
on ¢(g,S) are known only in genus 1 [10, 32]. Even without effective bounds,
Condition 3 gives an easily computable heuristic that is useful in practice.?

We now consider the situation for a curve which does not have large Galois
image. The simplest case is an elliptic curve with complex multiplication. For such
a curve the distribution of a; clearly does not match the distribution of traces in
USp(2) (see Fig. 1 above). In particular, the density of primes for which a; =
—ap/+/p = 0 is one half. There is, however, a compact subgroup of USp(2) which
gives the correct distribution. Consider the subgroup

cos  sinf icosf  isinf
= {(—sin& cos@) ’ (isin@ —z'cosG) o€ [0’27T]} '

H contains SO(2) as a subgroup of index 2 (it is in fact the normalizer of SO(2) in
USp(2)). The elements of H not in SO(2) all have zero traces, giving the desired
density of 1/2. The Haar measure on SO(2) gives uniformly distributed eigenvalue
angles, matching the distribution of nonzero traces for elliptic curves with complex
multiplication. Note that H is disconnected. This is a common (but not universal)
feature among the subgroups we wish to consider.

For an elliptic curve with complex multiplication, the mod ¢ Galois image lies
in the normalizer of a Cartan subgroup (see Lang [34, Thm 3.2]). For sufficiently
large ¢, one finds that is in fact equal to the normalizer of a Cartan subgroup. There
is then a correspondence with the subgroup H above, which is the normalizer of
the Cartan subgroup SO(2) in SU(2) = USp(2).

In general, we anticipate a relationship between the f-adic Galois image of a
curve C, call it Gy (a subgroup of GSp(2¢g,Z)), and a compact subgroup H of
USp(2g) whose distribution of characteristic polynomials matches the distribution
of unitarized L-polynomials L,(T) of C. One can (conjecturally) describe this
relationship, albeit in a nonexplicit manner. Briefly, one takes the Zariski closure
of Gy through a series of embeddings:

GSp(29,Zy) — GSp(29, Qe) — GSp(29,Q,) — GSp(2g,C).

The last step is justified by the fact that Q, and C are algebraically closed fields
containing Q of equal cardinality, hence isomorphic, and we choose a particular
embedding of Q, in C. One then takes the intersection with Sp(2g), obtaining a
reductive group over C. After dividing by ,/p, the image of each Frobenius element
lies in this intersection, as a diagonalizable matrix with unitary eigenvalues. We
now consider a maximal compact subgroup of the intersection, H, lying in USp(2g).
Each unitarized Frobenius element is conjugate to some element of H (unique up
to conjugacy in H) whose characteristic polynomial is L, (7). When G is Zariski
dense in GSp(2g,7Zy), we obtain H = USp(2¢), but in general, H is some compact
subgroup of USp(2g).

There is an analogous construction involving the Mumford-Tate group MT(A)
of an abelian variety A, which contains Gy. The result is the Hodge group Hg(A),
corresponding to our subgroup H above. For simple abelian varieties of low dimen-
sion (up to genus 5) the possibilities for Hg(A) have been classified by Moonen and

2A fourth condition has recently been proven by Hall [20]. In the same paper, Kowalski proves
Licensed o ams, that almost all hyperelliptic curves have large Galois image.
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Zarhin [39].*> For genus 2 curves we consider the classification of H in Section 7,
and give what we believe to be a complete list of the possibilities (most of these do
not correspond to simple Jacobians). We note here that curves with nonisomorphic
Hodge groups may have identical L-polynomial distributions, so the notions are not
equivalent.

We can now state the conjecture.

CONJECTURE 2 (Generalized Sato-Tate). For a curve C' of genus g, the dis-
tribution of L,(T) converges to the distribution of characteristic polynomials x(T)
in an infinite compact subgroup H C USp(2g). Equality holds if and only if C has
large Galois image.

We say that the subgroup H represents the L-polynomial distribution of C.

4. Moment Sequences Attached to L-polynomials

Let Po(N) denote the set of primes p < N for which the curve C has good
reduction. We may compute L,(T) for all p € Pc(N), and if 2 is a quantity derived
from L,(T) (e.g., the coefficients aj or some function of the ay), we consider the
mean value m(z") over p € Po(N) as an approximation of the nth moment E[X"]
of a corresponding random variable X. Under Conjecture 2, we assume there is a
compact subgroup H C USp(2g) which represents the L-polynomial distribution
of C'. If X is a real random variable defined as a polynomial of the eigenvalues of
an element of H, it clearly has bounded support under the Haar measure on H
(the eigenvalues lie on the unit circle). Therefore its moments all exist. Further,
one may determine absolute bounds on X depending only on g, which we regard
as fixed. Carleman’s condition [31, p. 126] then implies that the moment sequence
for X uniquely determines its distribution. We summarize this argument with the
following proposition.

PROPOSITION 1. Under Conjecture 2, let H be a compact subgroup of USp(2g)
which represents the L-polynomial distribution of a curve C. Let x, be a real-valued
polynomial of the roots of L,(T), and let the random variable X be the corresponding
polynomial of the eigenvalues of a random matrix in H. Then the moments of X
exist and determine the distribution of X. For all nonnegative integers n, the mean
value of zj; over p € Pc(N) converges to E[X"] as N — oo.

We now consider random variables X that are symmetric functions (polynomi-
als) of the eigenvalues, with integer coefficients. In this case, it is easy to see that
the moments of X must be integers.

PROPOSITION 2. Let V' be a vector space of finite dimension over C. Let the
random variable X be a symmetric polynomial with integer coefficients over the
eigenvalues of a random matriz in a compact group G C GL(V), distributed with
Haar measure. Then E[X™] € Z for all nonnegative integers n.

PROOF. The sum of the eigenvalues, e;, is the trace of the standard repre-
sentation V' of G, and Ele;] = [, tr(A)dA counts the multiplicity of the trivial
representation in V', an integer. Similarly, the kth symmetric function ey is the
trace of the kth exterior power A*V, hence E[e;] must be an integer. The product
of the traces of two representations is the trace of their tensor product, hence E[e}!]

3We thank David Zywina for bringing this to our attention.
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is an integer, as are the moments of any product of elementary symmetric func-
tions. Linearity of expectation implies that Z-linear combinations of products of
elementary symmetric functions also have integer moments, and every symmetric
polynomial with integer coefficients may be expressed in this way. O

Proposition 2 is quite useful in practice, particularly when H is unknown. We
can “determine” E[X"] for small n by computing the mean of x, up to a suitable
bound N. The value obtained is purely heuristic of course, depending both on
Conjecture 2 and an assumption about the rate of convergence. Nevertheless, the
consistency of the results so obtained are quite compelling.

For most curves (those with large Galois image) we expect H = USp(2g), and
we may compute the distribution of X using the measure u defined in (4).

4.1. Moment Generating Functions in USp(2g). Let x(T) = Y. a,T*
be the characteristic polynomial of a random matrix in USp(2g) with eigenvalues
et . e Up toasign (—1)F, the a are the elementary symmetric functions
of the eigenvalues. We also define

Sp = Z(e’”ei + e~k = ZQcos ko,
J J
the kth power sums of the eigenvalues (Newton symmetric functions).
We wish to compute the (integer) sequence M[X] = (1, E[X], E[X?],...), where
X is ay, or s,. We first consider s;, (including a; = —s1).* We have

(5) Misi](n) = E[s}] = /V (32 2c0sk0,) s,

where V' = [0,7]9 denotes the volume of integration. If we expand (5) using the
formula for p in (4), we need only consider univariate integrals of the form

(6) Cit(n) = % /;(2 cos kB)" (2 cos 0)™ (2 sin” §)df.

We regard C}™ as a sequence indexed by n € Z* (in fact, an integer sequence),
and define the exponential generating function (egf) of C}* by

m - m zn
Ci'(z) = ch (n)ﬁ
n=0 '

Similarly, M|sg], the egf of M[sg], is the moment generating function of s;. We
will compute C}"* in terms of sequences B,,, defined by®

(7) B,(n) = (é‘)

where the binomial coefficient is zero when (n + v)/2 is not an integer in the
interval [0,n]. With this understanding, we allow v to take arbitrary values, with
B, identically zero for v ¢ Z. Letting B, (z) = Yo" B, (n)Z;, we find that

oo
Z2n+u

(8) B,(2)=17,(22) = 7;) P L for v € Z.

4The other aj, are addressed in Section 4.4 (for g < 3).
5B, (n) counts paths of length n from 0 to v on the real line using step set {£1}.
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The function Z,(z) is a hyperbolic Bessel function (of the first kind, of order v)
[49, Ch. 49-50]. Hyperbolic Bessel functions are defined for nonintegral values of v
(and are not identically zero), so the condition v € Z in (8) should be duly noted.

We can now state a concise formula for M|sg].

THEOREM 1. Let s denote the kth power sum of the eigenvalues of a random
element of USp(2g). The moment generating function of sy is

) Misi] = det (€;7777)

where C}'(z) is given by

m m
(10) = (j ) (B2j—m)/k = Baj—m+2)/1)5
J
with B, defined as above.

We postpone the proof until Section 4.2.

The determinantal formula in Theorem 1 contains some redundancy (e.g., when
g = 3 the term CLC?C} appears twice), but we find the simple form of Theorem 1
well suited to both hand and machine computation. For example, when g = 2 and
k =1 we have

Ms1] = C{CT — CiC] = (By — B2)(Bo — Ba) — (B — Bs)*.
From (15) of Section 4.3, we obtain the identity®
(11) M[s1](2n) = c(n)e(n +2) — c(n + 1),

where c(n) is the nth Catalan number. The odd moments are zero and the even
moments form sequence A005700 in the On-line Encyclopedia of Integer Sequences
(OEIS) [47]. A complete list of the sequences M[s;] and g < 3 can be found in
Section 4.3.

The sequence A005700 = (1, 1, 3, 14, 84, 594, ...) is well known. It counts
lattice paths of length 2n in Z2 with step set {(41,0),(0,£1)} that return to
the origin and are constrained by x; > x5 > 0. In general, the sequence Ms]
counts returning lattice paths in Z9 which remain in the region x1 > ... > x4 >
0. This follows from a general result of Grabiner and Magyar’ which relates the
decomposition of tensor powers of certain Lie group representations to lattice paths
in a chamber of the associated Weyl group [18]: as in the proof of Proposition (2),
interpret F[s}] as the multiplicity of the trivial representation in V®" where V is
the standard representation of USp(2g), then apply Theorem 2 of [18].

For the group USp(2¢g) and k = 1, our results intersect those of [18], where
an equivalent determinantal formula is obtained by counting lattice paths in the
Weyl chamber of the corresponding Lie algebra. By contrast, we compute M|sy]
directly from the measure pu(USp(2g)), using only elementary methods. The Haar
measure, via the Weyl integration formula, effectively encodes the relevant combi-
natorial content. Particularly when k& > 1, this is simpler than a combinatorial or

6The similarity of cYc?—cict and ¢(n)c(n+2)—c(n+1)? is somewhat misleading, both expressions

involve Catalan numbers, but the terms do not correspond.

"As explained to us by Arun Ram, this equality may be interpreted in terms of crystal bases,
Licensed 1o avs, Which leads directly to analogues for groups other than USp(2g).
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representation-theoretic approach. More generally, Haar measure, and moment se-
quences in particular, can provide convenient access to the combinatorial structure
of compact groups.

Determinantal formulas of the type above arise in many combinatorial questions
related to lattice paths and Young tableaux (see [16, 8] for examples). One might
ask what the moment sequences for s; count when k > 1. For g = 2, some answers
may be found in the OEIS (see links in Table 2).

Before proving Theorem 1, we note the following corollary.

COROLLARY 1. For all k > 2g, the random wvariables sy, are identically dis-
tributed with moment generating function M|si] = (Bg)9.

PrOOF. From (9) of Theorem 1, M([s] is a polynomial expression in C;* with
m < 2g—2. From (10), it follows that C}* = (mr%)BO (m/2 ) Bo for all k > m+2,
since B, is zero for nonintegral v. Thus M[si| is an integer multiple of B, and
M(si] must be equal to B, since M[s;](0) = 1 = By(0).8 O

The distribution of s given by Corollary 1 corresponds to the trace of a random
matrix under a uniform distribution of 61, ..., 0,. This is a special case of a general
phenomenon first noticed by Eric Rains, who has proven similar results for all the
compact classical groups [41, 42]. The sudden transition to a fixed distribution is
quite startling when first encountered; one might naively expect the distribution of
sk to gradually converge as k — oco. There is, however, an elementary explanation
(see the proof of Lemma 3 below).

4.2. Proof of Theorem 1. We rearrange the integral for M[s;|(n) = E[s}!]
to obtain a determinantal expression in C}*. Lemma 3 then evaluates C}*(n).

PROOF OF THEOREM 1. Let w; = 2coskf; for 1 < j < g. Then s = > w;
and the integral for M([si](n) in (5) becomes

(12) Misn) = [ (Zw) u=Ym [ TTupn

where V' = [0, 7] is the volume of integration, y is the Haar measure on USp(2g)
defined in (4), v ranges over vectors of g nonnegative integers, and n, = (vl " )
seeesVg

Now let z; = 2cosf; and y; = 2sin”§; so that (4) becomes
1
p=—= 16— =) [ (v;a6;)
oG j

By Lemma 1, we may write this as

(13) b= s - det (a5057%) [0y

g!
J

where o ranges over permutations of {1,...,g}. From the definition of C}*(n) in

(6) we have CJ"(n) = 1 fo whaly;d;, for any j. Combining (12) and (13),

va ngg( CiHIT2( ) Zn”;ifg( Citi2( J))

8In fact, for k > 2g, factoring out By from M(s,] leaves the Hankel determinant of the sequence
Licensed toAMS.C(O)’ 07 C(l), 07 6(2)’ ) which is 1 (see [1])
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In terms of egfs (by Lemma 2), we then have the desired expression

M(sy] = det (c;jj*?) :

gxg

Applying Lemma 3 to evaluate the integral C}*(n) completes the proof. O

Lemmas (1) and (2) are elementary facts; lacking a ready reference, we provide
short proofs.

LeEMMA 1. Ifry, ..., ry are indeterminates in a commutative ring, then
ri—T det( e 2)
[10s=r* =2 det (#
i<k
where o ranges over permutations of {1,...,g}.

Proor. Recall that [];_; (r;—ry) is the Vandermonde determinant [29, p. 71].

Define r = [T, r?(j) for any function «: {1,...,g} — Z™T, and for a permutation
olet ro = (1501, To(g)). Then J[; 4 (rj — r1,)? is given by

(det <Tg_1))2 = (Z sgn(m)r™ > Z sgn(m)sgn(¢)r =2

—ngn (r)r 71'((;5 Htid—2 ngn (r™ ) ¢~ ) +id—2
¢

_Zngn ¢+‘d 2 Zdet( :(r]j 2)

and the lemma is proven. O
LEMMA 2. For1<1i,j<m, let A;; € C[[z]]. Then

[n] det (Aij)= ) (nl,..n.,nm> det ([n ] Aiz),

M1y m

where [n]F denotes the coefficient of 2" /n! in F € C[[2]].

ProoOF. For any Fi,...,F, € C[[z]] we have
n
allz=- % (") s
- T v )

It follows that

[n] det (A;;) = > sgn(o) Z[n] HAJ@ J
D sen(o)d > ( >H[nj]«40(i>7j

LS PR (%)

-3 (m,..’?,nm)sss,,« M),

N1 yeeey

as desired. O

Licensed to AMS. Lemma 3 computes the integral C}*.
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LEMMA 3. Define Cf*(n) = L [7(2cos k@)™ (2 cos 0)™(2sin® 0)d0, for positive

o

integers k and nonnegative integers m and n, and let B,(n) = (u%.). Then
2
m m
Ci'(n) = Z j (B2j—my/k(n) = Bj—m2)/x(n))
J
for all nonnegative integers n.
PRrROOF. We may write C}"(n) as
1/, . NI om ) )
;/ (esz +efzk0) (610 +6720) (1 o (6219 +€7210) /2) do.
0

In terms of 6(t) = £ [7 ¢'?df, one finds that C}"(n) is equal to

ZT:Z (:) (T)é(k‘@r —n)+2j —m)
_ ;ZZ <:f> <7)5(k(2nr)+2jm+2)
B %Z; (’;) (’;f‘)m@n—r) +2j—m—2).

As C}'(n) is a real number, we need only consider the real parts of the sums above.
For real ¢, the real part of §(t) is nonzero only when ¢ = 0, in which case it is 1.
Hence, in Iverson notation, R(5(¢)) = [t = 0] holds for all + € R.”

The real parts of the second two sums are equal, since we may replace j with
m — j and r with n — r in the last sum and then apply [t = 0] = [t = 0].
Interchanging the order of summation we obtain

2.2 (T) (Z)([k(%—n)%j—m:o] — [k(2n—r) +2) —m+2=0]).
We ilOW note that

£ ()orei= () o

for all nonnegative integers n and arbitrary v. Thus we have
m m
Cy'(n) = Z (j ) (Bim—24)/k(n) = Bim—2;-2)/k(n)).
J
Applying the identity B, = B_, completes the proof. O

4.3. Explicit Computation of M]s;] in USp(2g), for g < 3. For g < 3,
Theorem 1 gives:
g=1: M][s;] = C};
9=2: M(sy] = CRC} — CyCy;
g=3: Mls] = CYCICE+2CLCECE — CRCRCE — ClCLCt — CRCECE.

We will compute these moment sequences explicitly.

9The function [P] is 1 when the boolean predicate P is true and 0 otherwise, see [30].
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K\m| 0 1 2 3 4 5 6
1 ¢ | bc | b | D¢ | D¢ | D DSC
2 A 0 c 0o |[MD+2c| o |[(D+2)%
3 B |-p| B | -D| B+C | -D | B+4C
4 B 0 A 0 24 0 1A +C
5 B 0 B | -p 2B —3D 5B
6 B 0 B 0 A+B 0 1A+ B
7 B 0 B 0 2B —D 5B
8 B 0 B 0 2B 0 58— D
9 B 0 B 0 2B 0 5B

TABLE 1. Exponential Generating Functions C;*.

For convenience, define

A=DBy— B A126930=(1, -1, 2, -3, 6, -10, 20, -35, 70, -126, ...),
B =B, A126869=(1, 0, 2, 0, 6, 0, 20, 0, 70, 0, 252, ...),

C =By — By A126120=(1, 0, 1, 0,2, 0, 5, 0, 14, 0, 42, ...),

D =D A138364=(0, 1, 0, 3, 0, 10, 0, 35, 0, 126, 0, ... ),

and let A, B,C, and D denote the corresponding egfs.

LEMMA 4. Let D denote the derivative operator.

1. Cpr = D™C.

2. Cyr = (D 4 2)(m=2)/2¢, for even m > 0.

3. Cr =0, for m odd and k even.

4. ¢ =C(m)B, fork=m+1>1 ork>m+2.

PROOF. Recall from (10) of Theorem 1 that

m m
=3 ( j ) (Bi2j—m)/h = Blaj-m+2)/k).
J
By Pascal’s identity, we have

(14) DB, =8B,11+ B,-1.

The proofs of statements 1 and 2 are then straightforward inductions on m. State-
ments 3 and 4 follow immediately from Lemma 3. O

Applying Lemmas 3 and 4, we compute Table 1. From Table 1 and (9) of
Theorem 1 we obtain a closed form for M[s;] in terms of A, B,C, and D. To deter-
mine M(sg](n) we must compute linear combinations of multinomial convolutions
of various Bj. This is reasonably efficient for small values of g and n, however we
Licensed 0 ams, €A1 Speed up the process significantly with the following lemma.
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LEMMA 5. Let B, (z) = Y02 B,(n)z"/n!, where B,(n) = (@) Then

B.(2)By(z) = Z Baer(n)Ba*b(n)jL_’:
n=0 ’

for all a,b € Z.

PROOF. The coefficient of 2" /n! on both sides of the equality count lattice
paths from (0,0) to (a,b) in Z? with step set {(%£1,0), (0, £1)}. This is immediate
for the LHS. A simple bijective proof for the RHS appears in [19]. (]

In genus 2, Lemma 5 gives us a closed form for M[s;](n) in terms of binomial
coefficients (or Catalan numbers). For example, from

Ms1] = CC} — CiCi = (By — Ba)(Bo — Ba) — (By — B3)?,
we obtain
M[s1] = Bf — B — B3 + ByBs — BoBa + 2By By — By B
= (By — B2)(2(By — By) + By — Bg) — (B — By)*.
This may be expressed more compactly as
(15) Mlsi](n) = C(n)C(n+2)— C(n+4).

Here C(2n) = ¢(n) is the nth Catalan number, giving the identity (11) noted
earlier. Similar formulas for the other M|[s;] in genus 2 are listed in Table 2. In
higher genera we do not obtain a closed form, but computation is considerably
faster with Lemma 5; in genus 4 we use O(n) multiplications to compute M [s;](n),
rather than O(n?).

By Corollary 1, the sequences for k > 2g are all the same, so it suffices to
consider k < 2g+1. For even k < 2¢g we find that E[s;] = —1, hence we also consider
M(s), + 1] = M[s{], the sequence of central moments. These may be obtained by
computing the binomial convolution of M|s] with the sequence (1,1,1,...). In
genus 1 we obtain

Mls§] = (1,0, 1,1, 3, 6, 15, 36, 91, 232, 603, 1585, ...) A005043,
and in genus 2 we find

Mls§] = (1,0, 2, 1, 11, 16, 95, 232, 1085, 3460, 14820 ...) A138351,

M[sf] = (1,0, 3, 1, 21, 26, 215, 493, 2821, 9040, 43695, ...) A138354.

4.4. Explicit Computation of M[a;] in USp(2g) for g < 3. To complete
our study of moment sequences, we now consider the coefficients ay, of the character-
istic polynomial x(7T') of a random matrix in USp(2g). We have already addressed
ap = —s1. For k > 1, the Newton identities allow us to express aj in terms of sy,
..., Sk, however this does not allow us to easily compute M|[ay] from the sequences
M(s;] (the covariance among the s; is nonzero). Instead, we note that by writing

(16) D) = TT(( = )T = %)) = T](T2 ~ 2¢086,T + 1),

J J
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g k Misg](n) = E[s}] OEIS
1 1 C(n)
1,0,1,0,2,0,5,0, 14, 0, 42, 0, 132, 0, 429, . .. A126120
2 A(n)
1,-1, 2, -3, 6, -10, 20, -35, 70, -126, 252, -462, 924, A126930
3 B(n)
,0,2,0,6, 0, 20, 0, 70, 0, 252, 0, 924, 0, 3432, A126869
2 1 O( )C(n+4) — C(n + 2)?
,0,1,0, 3,0, 14, 0, 84, 0, 594, 0, 4719, 0, 40898, A138349
2 C'( )D(n+1) — D(n)C(n+1)
1,-1, 3, -6, 20, -50, 175, -490, 1764, -5292, 19404, . . . A138350
3 B(n)C(n)
1,0, 2,0, 12, 0, 100, 0, 980, 0, 10584, 0, 121968, A000888*
4 B(n)* - D(n)*
1,-1, 4, -9, 36, -100, 400, -1225, 4900, -15876, 63504, ... A018224*
5 B(n)?
1,0, 4, 0, 36, 0, 400, 0, 4900, 0, 63504, 0, 853776, . .. A002894*
TABLE 2. Moment Sequences M|sy] for g < 2.
X M[X](n) = E[X"] OEIS
sp 1,0,1,0, 3,0, 15, 0, 104, 0, 909, 0, 9449, 0, 112398, ... A138540
sy 1,-1,3,-7, 24, -75, 285, -1036, 4242, -16926, 73206, . .. A138541
s§ 1,0,2,0,11, 1, 95, 36, 1099, 982, 15792, 25070,. .. A138542
s3 1,0,3,0,26 0,345, 0, 5754, 0, 110586, 0, 2341548 ... A138543
si 1,-1,4,-9, 42, -130, 660, -2415, 12810, -51786, 281736, ... A138544
SI 1,0, 3, 1, 27, 26, 385, 708, 7231, 20296, 164277, ... A138545
ss 1,0, 40,42, 0,660, 0, 12810, 0, 281736, 0, 6727644, ...  A138546
s¢ 1,-1,6,-15, 90, -310, 1860, -7455, 44730, -195426, ... A138547
st 1,0,5, 1,63, 46, 1135, 1800, 25431, 66232, 666387, ... A138548
s7 1,0, 6,0,90,0, 1860, 0, 44730, 0, 1172556, . .. A002896

TABLE 3. Moment Sequences M|sy] and M|s3,] for g = 3.7

*The OEIS sequence differs slightly.
f The notation X denotes the random variable X + 1.
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each a; may be expressed as a polynomial in 2cosfy,...,2cosf,. It follows that
we may compute M[ax] in terms of the sequences C7* already considered. The
following proposition addresses the cases that arise for g < 3.

PROPOSITION 3. Let C(n) = By(n)—Ba(n) as above and let ay be the coefficient
of T* in x(T), the characteristic polynomial of a random matriz in USp(2g). For
g =2 we have

(17) El(as —2)"] = C(n)C(n+2) — C(n+ 1),
and if g = 3 then

(18) El(az —3)"] = Z <n1 s n3> gSgC’(n—nj+z+j—2).
ni,n2,n3 ’ ’

Also for g = 3 we have

ny __ n n—m ) . -
@) = 5 ()T g i)
ni,n2,n3,m

PRrOOF. In genus 2, equation (16) gives as — 2 = (2cosf;)(2cosby) and we
have

(20) El(az —2)"] = /O7r /(:(2 cosf1)"(2cosb2)" .

By Lemma 3, we note that

(21) C(n+m)=Cl"(n)= l/ (2 cos )" (2 cos )™ (2sin” 0)df.
T Jo
Expanding (20) and applying (21) yields (17). In genus 3 we write
as — 3 =(2cosby)(2cosbz) + (2cosb1)(2cosb3) + (2cosbz)(2cosbs),

and apply Lemma 1 to write the expanded integral for E[(az—3)"] in determinantal
form to obtain (18) (we omit the details). For (19), note that

az = (2cos61)(2cosb2)(2cosbs) + 2(2cosy + 2cosbhy + 2cosb3),

and proceed similarly. O

Taking the binomial convolution of M|as — g] with the sequence (1,g,¢2,...)

gives the moment sequence for ay in genus g. One finds that Elas] = 1, hence
we also consider the sequence of central moments, Mas — 1]. Table 4 gives the
complete set of moment sequences for ay in genus g < 3, including a; = —s;.

5. Moment Statistics of Hyperelliptic Curves

Having computed moment sequences attached to characteristic polynomials of
random matrices in USp(2¢g), we now consider the corresponding moment statistics
of a hyperelliptic curve. Under Conjecture 2, the latter should converge to the
former, provided the curve has large Galois image. Tables 5-7 list moment statistics
of a hyperelliptic curves known to have large Galois image.

These tables were constructed by computing L, (7)) to determine sample values
of ay, and sy, for each p (the ay are the coefficients, the s are derived via the Newton
identities). Central moment statistics of X = ar — Flay| and X = s, — E[sy] were

Licensed to ams, t11€1L computed by averaging X over all p < N where the curve has good reduction.
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X  M[X](n) = E[X"] OEIS
ar 1,0,1,0,2,0,5,0,14, 0, 42, 0, 132, ... A126120
2  a; 1,0,1,0,3,0,14, 0, 84, 0, 594, 0, 4719, ... A138349
as  1,1,2, 4,10, 27, 82, 268, 940, 3476, 13448, ...  A138356
a; 1,0,1,0,3,1,15, 15, 105, 190, 945, 2410,.. . A095922
3 a 1,0,1,0,3, 0,15, 0, 104, 0, 909, 0, 9449, ... A138540
as  1,1,2, 5, 16, 62, 282, 1459, 8375, 52323 ... A138549
a; 1,0,1,1,5,16, 75, 366, 2016, 11936, 75678, ... A138550
as  1,0,2,0,23,0,684, 0, 34760, 0, 2493096, ...  A138551

TABLE 4. Moment Sequences M [ay] and May,;] for g < 3.7

fThe notation X~ denotes the random variable X — 1.

The values of Efay] and E[s;] are as determined in the previous two sections, 0 for
k odd or k > 2g and +1 otherwise.

Using central moments, we find the moment statistic M; (the mean of x) very
close to zero (|M;| < 0.001), so we list only Ma, ..., Mo for each x. Beneath each
row the corresponding moments for USp(2g) are listed. Note that the value of N
is not the same in each table (we are able to use larger N in lower genus), and the
number of sample points is approximately 7(NN) ~ N/log N.

Tables 8 and 9 show the progression of the moment statistics in genus 2 and 3
as IV increases, giving a rough indication of the rate of convergence and the degree
of uncertainty in the higher moments.

The agreement between the moment statistics listed in Tables 5-7 and the mo-
ment sequences computed in Sections 4.3-4.4 is consistent with Conjecture 2. In-
deed, on the basis of these results we can quite confidently reject certain alternative
hypotheses.

As an example, consider the fourth moment of a; in genus 2. The value
M,y = 3.004 represents the average of 3,957,807 data points (=~ 7(22%)). A uni-
form distribution on a; would imply the mean value of aj is greater than 50. The
probability of then observing M, = 3.004 over a sample of nearly four million data
points is astronomically small. A uniform distribution on the eigenvalue angles gives
a mean of 36 yielding a similarly improbable event. In fact, let us suppose only
that a] has a distribution with integer mean not equal to 3. We can then bound
the standard deviation by 256 (since a§ < 256%) and apply a Z-test to obtain an

Licensed 10 avs, €VENt probability less than one in a trillion.
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X My Ms My Ms Ms My My My Mo
a; 1.000 0.000 2.000 0.000 5.000 0.001 14.000 0.002 42.000
1 0 2 0 5 0 14 0 42
sy 1.000 1.000 3.000 6.000 15.001 36.003 91.010 232.03 603.11
1 1 3 6 15 36 91 232 603
s3 2.000 0.000 6.000 0.000 20.000 0.000 69.998 0.000 252.00
2 0 6 0 20 0 70 0 252
s4 2.000 0.000 6.000 0.000 20.000 0.000 70.001 -0.001 252.00
2 0 6 0 20 0 70 0 252
TABLE 5. Central moment statistics of aj, and s, in genus 1, N = 23°,
y? = & + 314159z + 271828
X Moy M3 My Ms Ms My My My Mg
a; 1.001 -0.001 3.004 -0.006 14.014 -0.031 84.041 -0.178 594.02
1 0 3 0 14 0 84 0 594
a, 1.001 0.000 3.003 0.997 15.013 14.964 105.10 190.00 947.38
1 0 3 1 15 15 105 190 945
8; 2.001 1.002 11.014 16.044 95.247 232.90 1089.3 3476.4 14891
2 1 11 16 95 232 1085 3460 14820
sz 2.002 0.001 12.014 -0.001 100.14 -0.147 981.54 -2.850 10603
2 0 12 0 100 0 980 0 10584
sy 3.004 1.010 21.049 26.150 215.66 500.32 2830.6 9075.6 43836
3 1 21 26 215 493 2821 9040 43695
s5 3.996 -0.015 35.958 -0.211 399.62 -3.152 4897.2 -47.602 63492
4 0 36 0 400 0 4900 0 63504
s¢  3.999 -0.002 35.983 -0.023 399.81 -0.490 4898.0 -9.460 63487
4 0 36 0 400 0 4900 0 63504

TABLE 6. Central moment statistics of a; and si in genus 2, N

y? = 2° + 3141592° + 27182827 + 1644934z + 57721566.

= 2%,
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X Mo M3 My Ms Mg M- My My My
a;  0.999 -0.007 2995 -0.046 14.968 -0.343 103.76 -2.723 906.67
1 0 3 0 15 0 104 0 909
a; 0999 0996 4.992 15982 75.049 366.87 2023.7 11990 75992
1 1 5 16 75 366 2016 11936 75678
az 1.996 -0.034 22.940 -0.950 684.23 -22.334 34938 2360.8 2512126
2 0 23 0 684 0 34760 0 2493096
S;r 2.000 0.001 10.998 0.969 94.977 35.182 1099.5 966.05 15812
2 0 11 1 95 36 1099 982 15792
sz 2,996 0.008 25953 0.129 344.64 2.935 5759.4 73.138 111003
3 0 26 0 345 0 5754 0 110586
SI 3.002  0.980 27.023 25.574 384.80 697.45 7207.4 20004 163235
3 1 27 26 385 708 7231 20296 164277
ss 3.995 -0.036 41.906 -0.719 658.28 -16.625 12776 -428.23 281027
4 0 42 0 660 0 12810 0 281736
sé" 5.001 0.968 63.005 45.334 1134.1 1782.0 25376 65650 663829
5 1 63 46 1135 1800 25431 66232 666387
sy 6.000 0.002 90.015 0.356 1860.6 13.010 44746 380.75 1172844
6 0 90 0 1860 0 44730 0 1172556

TABLE 7. Central moment statistics of a; and s in genus 3, N = 225,

y? = 27 + 3141592° + 271828z + 16449342° + 577215665 + 1618034z + 141021.
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N M, M, M; M, M; Mg M- Mg
211 _0.071 1.031 -0.276  3.167 -2.295 15.250 -21.145  97.499
212 _0.036 1.112 -0.087 3.565 -0.475 17.251 -4.539 105.082
213 _0.067 1.085 -0.249  3.407 -1.567 16.537 -12.893 103.344
214 _0.046  1.029 -0.232  3.181 -1.529 15.795 -13.309 104.558
215 _0.044 1.031 -0.121  3.256 -0.428 16.325 -2.396 107.173
216 _0.025 1.022 -0.069 3.143 -0.251 15.251 -1.673  96.837
217 .0.016 1.011 -0.041  3.079 -0.204 14.594 -1.717 88.871
218 _0.009 1.002 -0.022  3.041 -0.138 14.441 -1.456 88.636
219 _0.002 1.003 -0.013 3.031 -0.108 14.259 -1.023  86.288
220 0.001 0998 0.001 3.003 -0.041 14.126 -0.687 85.815
221 _0.000 1.003 -0.002 3.016 -0.045 14.088 -0.577  84.746
222 0.002 1.002 0.009 3.013 0.037 14.058 0.101 84.166
223 0.001 1.001  0.002 3.006 0.001 13.999 -0.103 83.715
224 0.000 1.001  0.001  3.002 0.008 13.964 0.036 83.346
225 0.000 1.000 -0.000 2.995 -0.010 13.950 -0.120  83.500
226 0.000 1.001 -0.001 3.004 -0.006 14.014 -0.031 84.041
TABLE 8. Convergence of moment statistics for a; in genus 2 as N increases.

y? = 2° + 3141592° + 27182827 + 1644934z + 57721566.

N M, M, M M, M; Mg M Mg
21 0.033  0.942 0.204 2611 1.313 11.365 9.198  62.068
212 0.009 0.921 0.092 2447 0.649 10.149 4.617 52.838
213 0.015 0.961 0.075 2676 0.535 11.971  4.345  69.641
214 _0.011  0.983 -0.060 2.893 -0.245 14.316 0.704  99.690
215 _0.005 1.011 -0.018 3.134 -0.067 16.286  0.836 116.675
216 .0.017 1.007 -0.054 3.154 -0.105 16.813  2.952 127.212
217 .0.006  0.993 -0.024  3.027 -0.041 15.431  1.622 109.717
218 _0.005 0.996 -0.026 3.006 -0.110 15.196  0.239 106.901
219 .0.001  0.999 -0.013 2985 -0.087 14.793 -0.418 101.662
220 0.000 0989 -0.007 2934 -0.072 14.440 -0.759  98.109
221 0.003  0.997 0.003 2979 -0.017 14.796 -0.562 101.690
222 0.002 0.999 0.005 3.003 0.038 15.098 0.446 105.733
224 0.000 1.001 0.001 3.015 -0.005 15.138 -0.102 105.418
224 0.000 0.999 -0.004 2990 -0.043 14.916 -0.397 103.271
225 0.000 0.999 -0.007 2.995 -0.046 14.968 -0.343 103.755

TABLE 9. Convergence of moment statistics for a; in genus 3 as N increases.

y? = 2" + 3141592° + 271828z* + 16449342° + 577215664 + 16180342 + 141021.
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# N % AM, AM, AMs; AMy; AM; AMgs AM; AMg

106 216 50 0.008 0.012 0.031 0.072 0.204 0.563 1.685 5.104
90 0.020 0.029 0.076 0.177 0.497 1.371 4.120 12.397
99 0.032 0.045 0.120 0.277 0.781 2.156 6.512 19.633

104 220 50 0.002 0.003 0.009 0.020 0.057 0.159 0.470 1.433
90 0.006 0.008 0.021 0.049 0.138 0.384 1.154  3.485
99  0.009 0.013 0.033 0.078 0.214 0.604 1.801 5.432

102 224 50 0.001 0.001 0.002 0.005 0.017 0.044 0.138 0.424
90 0.002 0.002 0.006 0.013 0.035 0.101 0.277 0.933
99 0.002 0.003 0.008 0.019 0.054 0.165 0.543 1.519

TABLE 10. Moment deviations for families of random genus 2 curves.

After perusing the data in Tables 5-9, several questions come to mind:

(1) What is the rate of convergence as N increases?
(2) Are these results representative of typical curves?
(3) Can we distinguish exceptional distributions that may arise?

Question 1 has been considered in genus 1 (but not, to our knowledge, in
higher genera). For an elliptic curve without complex multiplication, the conjec-
tured discrepancy between the observed distribution and the Sato-Tate prediction
is O(N~'/2) (see Conjecture 1 of [2] or Conjecture 2.2 of [38]). This conjecture
implies that the generalized Riemann Hypothesis then holds for the L-series of the
curve [2, Theorem 2]. We will not attempt to address this question here, other
than noting that the figures listed in Tables 8 and 9 are not inconsistent with a
convergence rate of O(N~1/2).

5.1. Random Families of Genus 2 Curves. We can say more about Ques-
tions 2 and 3, at least in genus 2. To address Question 2 we tested over a million
randomly generated curves of the form

y2 =%+ f4m4 + f3m3 + fzﬂUQ + fiz + fo,

with the integer coefficients f, ..., f5 obtained from a uniform distribution on the
interval [—203 + 1,203 — 1].

Table 10 describes the distribution of moment statistics for a; over three sets of
computations: one million curves with N = 26, ten thousand curves with N = 220,
and one hundred curves with N = 224, The rows list bounds on the deviation from
the moment sequence for a; in USp(2g) that apply to m% of the curves, with
m equal to 50, 90, or 99. One sees close agreement with the predicted moment
statistics, with AM,, decreasing as N increases. The maximum deviation in My
observed for any curve was 0.56 with N = 216,

We also looked for exceptional distributions among the outliers, considering
the possibility that one or more curves in our random sample might not have large
Galois image. From our initial family of one million random curves we selected one
thousand curves whose moment statistics showed the greatest deviation from the
predicted values. We recomputed the a; moment statistics of these curves, with

Loensed 0.aus, the bound N increased from 216 to 220, In each and every case, we saw convergence
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toward the moment sequence for a; in USp(4),
(A138349) Mla] =1, 0, 1, 0, 3, 0, 14, 0, 84, 0, 594, ...,

as predicted by Conjecture 2 for curves with large Galois image. An additional test
of one hundred of the most deviant curves from within this group with N = 224
yielded further convergence, with AM, < 1 for all n < 8. This is strong evidence
that all the curves in our original random sample had large Galois image; every
exceptional distribution we have found for a; in genus 2 has AMg > 200.

One may ask whether convergence of the a; moment statistics to Mla;] is
enough to guarantee that the L-polynomial distribution of the curve is represented
by USp(2g), since we have not examined the distribution of ay. If we assume the
distribution of L,(T) is given by some infinite compact subgroup of USp(4) (as in
Conjecture 2), then it suffices to consider a;. In fact, under this assumption, much
more is true: if the fourth moment statistic of a; converges to 3, then the distri-
bution of L,(T) converges to the distribution of x(7') in USp(4). This remarkable
phenomenon is a consequence of Larsen’s alternative [37, 25].

5.2. Larsen’s Alternative. To apply Larsen’s alternative we need to briefly
introduce a representation theoretic definition of “moment” which will turn out to
be equivalent to the usual statistical moment in the case of interest to us. Here we
parallel the presentation in [25, Section 1.1], but assume G to be compact rather
than reductive. Let V' be a complex vector space of dimension at least two and
G C GL(V) a compact group. Define

(22) M, (G, V) = dime(VE* @ V)Y,

and set My, (G,V) = M, ,,(G,V). Let x(A) = tr(A) denote the character of V as
a G-module (the standard representation of G)). We then have

Mon(G, V) = /

X(A)"x(A)"dA = / ()24 A.
G G

We now specialize to the case V = C?9 and suppose G C USp(2g). Then

M, (G, V) = / (tr(A))*"dA = E[(tr(A))?"] = Mla](2n),
a

where a1 = —tr(A) and M[a1](n) = E[a}] as usual. We can now state Larsen’s

alternative as it applies to our present situation.

THEOREM 2 (Larsen’s Alternative). Let V' a complex vector space of even
dimension greater than 2 and suppose G is a compact subgroup of USp(V). If
M4 (G, V) = 3, then either G is finite or G = USp(V).

This is directly analogous to Part 3 of Theorem 1.1.6 in [25], and the proof is
the same.

COROLLARY 2. Let C be a curve of genus g > 1. Under Conjecture 2, the
distribution of L,(T) converges to the distribution of x(T') in USp(2g) if and only
if the fourth moment statistic of ay converges to 3.

The corollary provides a wonderfully effective way for us to distinguish curves
Licensed 10 s, With exceptional L, (T") distributions.
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6. Exceptional L,(T) Distributions in Genus 2

While we were unable to find any exceptional L,(T) distributions among ran-
dom genus 2 curves with large coeflicients, if one restricts the size of the coefficients
such cases are readily found. We tested every curve of the form y? = f(z), with
f(z) a monic polynomial of degree 5 with coefficients in the interval [—64, 64], more
than 23° curves. As not every hyperelliptic curve of genus 2 can be put in this
form, we also included curves with f(z) of degree 6 (not necessarily monic) and
coefficients in the interval [—16,16]. With such a large set of curves to test, we
necessarily used a much smaller value of N, approximately 2'2. We computed the
moment statistics of a; using parallel point-counting techniques described in [28]
to process 32 curves at once.

To identify exceptional curves, we applied a heuristic filter to bound the devia-
tion of the fourth and sixth moment statistics from the USp(2g) values M[a;](4) = 3
and Ma,](6) = 14. By Larsen’s alternative, it suffices only to consider the fourth
moment, however we found the sixth moment also useful as a distinguishing metric:
the smallest sixth moment observed among any of the exceptional distributions was
35, compared to 14 in the typical case. A combination of the two moments proved
to be most effective.

Searching for a small subset of exceptional curves in a large family using a
statistical test necessarily generates many false positives: nonexceptional curves
which happen to deviate significantly from the USp(2g) distribution for p < N.
The filter criteria were tuned to limit this, at the risk of introducing more false
negatives (unnoticed exceptional curves). After filtering the entire family with
N = 2'2, the remaining curves were filtered again with N = 2!¢ to remove false
positives. Finally, we restricted the resulting list to curves with distinct Igusa
invariants [24], leaving a set of some 30,000 nonisomorphic curves with (apparently)
exceptional distributions.

One additional criterion used to distinguish distributions was the ratio z(C, N)
of zero traces, that is, the proportion of primes p for which a, = 0, among p < N
where C has good reduction. For a typical curve, z2(C,N) — 0 as N — oo, but for
many exceptional distributions, z(c, N') converges to a nonzero rational number. In
most cases where this arises, one can readily compute

(23) lim z(C,N) = z(C),

N—o0

using the Hasse-Witt matrix. This is described in detail in [51], and the following
is a typical example. One can show that the curve y*> = 2% + 2 has a, = 0 unless p
is of the form p = 6n + 1, in which case

(24) ap = (3n> 2"(2"+1) mod p.
n

It follows that for p = 6n + 1 we have a, = 0 if and only if 2" = —1 mod p.
The integer 2" = 2(P~1/6 is necessarily a sixth root of unity mod p, and exactly
one of these is congruent to -1. By the Cebotarev density theorem, this occurs for
a set of density 1/6 among primes of the form p = 6n + 1. Combine this with the
Licensed 10 aws, 1aCt that a, = 0 when p is not of this form and we obtain z(C) = 7/12.
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Under Conjecture 2, one can show that for any curve C' (of arbitrary genus),
z(C) must exist and is a rational number, however we need not assume this here.'®
For each nonzero z(C) in Table 11, we have identified a specific curve exhibit-
ing the distribution for which one can show of limy_.. 2(C,N) = z(C). Typi-
cally, the Hasse-Witt matrix gives a lower bound on liminfy_, . 2(C, N), and by
computing G[¢], the mod ¢ image of the Galois representation in GSp(2g, Z/¢z),
one obtains the density of nonzero traces mod ¢, establishing an upper bound on
limsupy_, ., 2(¢, N). It is generally not difficult to find an ¢ for which these two
bounds are equal (the Cebotarev density theorem is invoked on both sides of the
argument).

After sorting the sequences of moment statistics and considering the values
of z(C) among our set of more than 30,000 exceptional curves, we were able to
identify only 22 distributions that were clearly distinct (within the precision of
our computations). We also tested a wide range of genus 2 curves taken from the
literature [7, 15, 17, 22, 23, 33, 43, 48, 54, 55|, most with coefficient values
outside the range of our search family. In every case the a; moment statistics
appeared to match one of our previously identified distributions. Conversely, several
of the distributions found in our search did not arise among the curves we tested
from the literature.

Table 11 lists the 23 distinct distributions for a; we found for genus two curves,
including the typical case, which is listed first. The value of z(C') and the first
six moments of a; suffice to distinguish every distribution we have found. We
also list the eighth moment statistic, which, while not accurate to the nearest
integer, is almost certainly within one percent of the “true” value. We list only
the moment statistics of a;. Histograms of the first twelve aq distributions can be
found in Appendix II. Additional a; histograms, along with moment statistics and
histograms for as and sj are available at http://math.mit.edu/~drew/.

The third distribution in Table 11 went unnoticed in our initial analysis (we
later found several examples that had been misclassified) and is not a curve taken
from the literature. We constructed the curve

() y? =2 +202* — 2623 + 202 + =

to have a split Jacobian, isogenous to the product of the elliptic curve
(E1) y? =23 — 11z + 14,

which has complex multiplication, and the elliptic curve

(E9) y? = 2% + 42? — 4o,

which does not. For every p where C has good reduction, the trace of Frobenius
is simply the sum of the traces of F; and F5. As F; and E5 are not isogenous
(over C), we expect their a; distributions to be uncorrelated.!! It follows that the
moment sequence of a; for the curve C is simply the binomial convolution of the
moment sequences of a; for the curves F; and F,. Thus we expect the moment

10p compact subgroup of USp(2¢g) has a finite number of connected components. The density of

zero trace elements must be zero or one on each component.

HThe genus 1 traces may be correlated in a way that does not impact a1 = —ap//p, e.g., both
Licensed to ams, CUrves might have the property that p mod 3 determines a, mod 3.
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# =2(C) My My Ms Ms  f(z)
1 0 1 3 14 84 P +ax+1
2 0 2 10 70 588 2% — 22t 4 a2% 422 —4
3 0 2 11 90 888 2 +20x* — 2623 +202% + 2
4 0 2 12 110 1203*  2®+4at +323 -2 -2
5 0 4 32 320 3581*  2®+ Tx® 4 3222 + 452 + 50
6 1/6 2 12 100 979* 2% — 523 — b5 —x
7 1/4 2 12 100 1008* = 2®+ 2z +222 -z
8 1/4 2 12 110 1257% 2® —dat — 223 — 42’ o
9 1/2 1 35 293* x® — 22t + 1123 + 42% + 4
10 1/2 1 55 601*  2® —2z% —32% + 227 + 8w
11 1/2 2 16 160 1789* 2+ 2P 4w
12 1/2 2 18 220 3005*  2® — 3z + 1923 + 422 + 562 — 12
13 1/2 4 48 640 8949* 2041
14 7/12 1 6 50  489*  2® —dat — 323 —Tx? — 22 -3
15 7/12 2 18 200 2446* 2042
16 5/8 1 6 50 502 2+ 2%+ 2
17 5/8 2 18 200 2515%  a° —10z* + 5022 — 252
18 3/4 1 80  894* x5 —22% —x
19  3/4 1 100 1222*  2® -1
20 3/4 1 110 1501*  112®+ 1123 —4
21 3/4 2 24 320 4474 2 +x
22 13/16 1 9 100 1254*  2°+ 3w
23 7/8 1 12 160 2237*  2°+ 2z

TABLE 11. Moments of a; for genus 2 curves y? = f(x) with N = 226.

Column z(C) is the density of zero traces (a, values). The starred values indicate un-
certainty in the eighth moment statistic. In each case, if Ty = limy_ o Mg, we estimate
that —0.005 < 1 — Msg/Ts < 0.01 with very high probability (the larger uncertainty on the
positive side is primarily due to an observed excess of zero traces for small values of N,
we expect Mg < Ts in most cases). See Table 13 for predicted values of Ts and T1o.

statistics of a; for C' to converge to
(A138552%) 1, 0, 2, 0, 11, 0, 90, 0, 889, 0, 9723, ...,

which is the binomial convolution of the sequences (1,0,1,0, 3,0,10,0,35,...) and
(1,0,1,0,2,0,5,0,14,...) mentioned in the introduction. These are the a; moment
sequences of elliptic curves with and without complex multiplication. In terms of
moment generating functions, we simply have

Mclar] = Mg, [a1] Mg, [a1].
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Provided the covariance between the aq distributions of F; and FEs is zero,
one can prove the a; moment statistics of C' converge to the sequence above using
known results for genus 1 curves (note that E; has complex multiplication and Es
has multiplicative reduction at p = 107).

Many of the distributions in Table 11 can be obtained from genus 1 moment
sequences by constructing an appropriate genus 2 curve with split Jacobian, as
shown in the next section. It is important to note that a curve whose Jacobian
is simple (not split over Q) may still have an L-polynomial distribution matching
that of a split Jacobian. Distribution #2, for example, corresponds to a Jacobian
which splits as the product of two nonisogenous elliptic curves without complex
multiplication. This distribution also arises for some genus 2 curves with simple
Jacobians, including

V=a® ot 43 42?2+ 1.
This is a modular genus 2 curve which appears as Cigs 4 in [17], along with many
similar examples.

We speculate that simple Jacobians with Distribution #2 are all of type I(2)
in the classification of Moonen and Zarhin [39], corresponding to Jacobians whose
endomorphism ring is isomorphic to the ring of integers in a real quadratic extension
of Q. A similar phenomenon occurs with Distribution #11, which arises for split
Jacobians that are isogenous to the product of an elliptic curve and its twist, but
also for simple Jacobians of type II(1) in the Moonen-Zarhin classification (these
are QM-curves, see [22] for examples). The remaining two types of simple genus
2 Jacobians in the Moonen-Zarhin classification are type I(1), which is the typical
case (Jacobians with endomorphism ring Z), and type IV(2,1), which occurs for
curves with complex multiplication over a quartic CM field (with no imaginary
quadratic subfield). These correspond to Distributions #1 and #19 respectively
(examples of the latter can be found in [54]). The remaining distributions appear
to arise only for curves with split Jacobians.

7. Representation of Genus 2 Distributions in USp(4)

Conjecture 2 implies that each distribution in Table 11 is represented by the
distribution of characteristic polynomials in some infinite compact subgroup H of
USp(4). In this section we will exhibit such an H for each distribution. We do
not claim that each H we give is the “correct” subgroup for every curve with the
corresponding distribution, in the sense of corresponding to the Galois image Gy,
as discussed in Section 3.12 Rather, for each H we show that its density of zero
traces and moment sequence are compatible with the corresponding data in Table
11. In most cases we also have evidence that suggests H is the correct subgroup
for the particular corresponding curve listed in Table 11 (see Section 7.1).

For all but two cases we will construct H using two subgroups of USp(2) that
represent distributions of genus 1 curves: G; = USp(2) for an elliptic curve without
complex multiplication, and G2 = N(SO(2)), the normalizer of SO(2) in SU(2), for
an elliptic curve with complex multiplication. We will construct each H C USp(4)
from G and/or G4 explicitly as a group of matrices, however the motivation behind
these constructions are split Jacobians.

12Indeed7 a single H for each distribution would not suffice. As noted above, two curves may
Licensed 10 ams, Share the same Ly (T') distribution for different reasons.
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The most obvious cases correspond to the product of two nonisogenous elliptic
curves, and we have the groups G; x G1, G1 X G, and Ga x G2 as groups of block
diagonal 2 x 2 matrices in USp(4). These correspond to Distributions #2, #3,
and #8 in Table 11, and their moment sequences are easily computed via binomial
convolutions of the appropriate genus 1 moment sequences (the example of the
previous section corresponds to G x Ga).

To obtain additional distributions, we also consider the product of two isoge-
nous elliptic curves. We may, for example, pair an elliptic curve with an isomorphic
copy of itself, or with one of its twists.'® For two isomorphic curves, the correspond-
ing subgroup H; contains block diagonal matrices of the form

£

where A is an element of G; (i = 1 or 2). To pair a curve with its twist we also
include block diagonal matrices with A and —A on the diagonal to obtain the
subgroup H, .

We now generalize this idea. Let G = G (resp. G2) be a compact subgroup
of USp(2), and let G* be the subgroup of U(2) obtained by extending G by scalars
and taking the subgroup of elements whose determinants are kth roots of unity (for
some positive integer k). For A € G*, let A denote the complex conjugate of A and
define the block diagonal matrix

()

The matrix B is clearly unitary, and one easily verifies that it is also symplectic,
hence B € USp(4). The set of all such B forms our subgroup H. As a topological
group, H has k (resp. 2k) connected components, each a closed set consisting of
elements with A having a fixed determinant, thus H is compact. The identity
component is isomorphic to USp(2) (resp. SO(2)), embedded diagonally.

We may write A € G* as A = w/ Ay with Ag € G C USp(2), w a primitive 2kth
root unity, and 1 < 7 < k. We then have

tr(B) = tr(A) + tr(A) = witr(Ag) + w7tr(Ay) = (w + w™)tr(Ay),
since tr(Ag) = tr(Ag) for any Ay € USp(2). It follows that

(25) Ex|(tr(B

?r\r—~

k
3w+ | Bel(n(ao)”

where E¢ [X] denotes the expectation of a random variable X over the Haar measure
on G.

The term (w? +w ™7 )"Eg|[(tr(Ap))"] corresponds to the nth moment of the trace
distribution on a component of H. These moments will all be integers precisely
when k € {1,2,3,4,6} (they are zero for n odd). In fact, these are the only values
of k for which H plausibly represents the distribution of L,(T) for a genus 2 curve
defined over QQ, as we now argue.

13See [7, Ch. 14] and [33] for explicit methods of constructing such curves.
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H k=1 k=2 k=3 k=4 k=6
HY 5 11 4 7 6
J(HF) 11 17 10 16 14
HY 13 21 12 18 15
J(HY) 21 23 20 22 *

TABLE 12. Distributions matching HF or J(HF).

Consider an L-polynomial L,(T') for which L,(T) = L,(p~/?T) is the charac-
teristic polynomial of some B € H. We may factor L,(T') as

(26) Ly(T) = (x(p)pT? — oT + 1)(X(p)pT* — T + 1),

where « € Z[(], with ¢ a primitive kth root of unity, and x(p) is a kth root of unity
equal to the determinant of A in the component of H containing B. For the elliptic
curve we have in mind as a factor of the Jacobian, x(p)p is the determinant of its
Frobenius element and « is the trace. Since L,(T") has integer coefficients, ov must
lie in a quadratic extension of Q, giving k € {1,2,3,4,6}.

For each of these k we can easily compute closed forms for the parenthesized
expression in (25). Assuming n > 0 is even, we obtain

2, 2m/2, (2" 42)/3, (2424, (2" +2-3V2% +2)/6,

for k = 1,2,3,4,6, respectively. Since Eg[(tr(Ag))"] is zero for odd values of n,
these expressions may be used in (25) for all positive n. For even values of k, the
density z(H) of zero traces in H is 1/k (resp. 1/2 + 1/k), and z(H) is zero (resp.
1/2) for k odd.

For any of the subgroups H constructed as above, we may also consider the
group J(H) generated by H and the block diagonal matrix

(o T
(27) J_<_I O).

The group J(H) contains H as a subgroup of index 2, with the nonidentity coset
having all zero traces. For n > 0, the nth moment of the trace distribution in J(H)
is simply half that of H, and 2(J(H)) = (2(H) + 1)/2.

For i = 1or 2 and k € {1,2,3,4,6}, let HF denote the group H constructed
using G; and k. By also considering J(HY), we can construct a total of 20 groups, 18
of which have distinct eigenvalue distributions. With the sole exception of J(HS),
each of these matches one of the distributions in Table 11 to a proximity well within
the accuracy of our computational methods. Note that H} = H;, and the group
H? has the same eigenvalue distribution as H; (but is not conjugate).

We may also consider J(G; x G1), which corresponds to Distribution #9. This
construction does not readily apply to G; X Gy (in fact J(G1 x Ga) = J(G1 %
G1)). The group J(Gy x G2) does give a new distribution (it is the normalizer
of SO(2) x SO(2) in USp(4)), but it does not correspond to any we have found.
However, the group J(G2 X G2) contains a subgroup K not equal to Go X G5 which
matches Distribution #19. The group K has identity component SO(2) x SO(2)

Licensed 0. ams, 11 @ cyclic component group, of order 4 (this determines K).
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Of all the groups we have constructed, only K does not correspond, in some
fashion, to a split Jacobian. As noted above, Distribution #19 arises for curves
with simple Jacobians and complex multiplication over a quartic C'M field, and in
fact all nineteen such curves documented by van Wamelen have this distribution
[54, 55]. The only remaining group to consider is USp(4) itself, which of course
gives Distribution #1.

Table 13 gives a complete list of the subgroups of USp(4) we have identified,
one for each distribution in Table 11, and also entries for J(HS) and J(G2 x Gag).
These last two distributions appear to be spurious; see § 7.2.

7.1. Supporting Evidence. Aside from closely matching the trace distri-
butions we have found, there is additional data that supports our choice of the
subgroups H appearing in Table 13. First, we find that these H not only match
the distribution of the a; coefficient in L,(T), they also appear to give the correct
distribution of ay. We should note that for the three curves in Table 11 where f(x)
has degree 6, the available methods for computing L,(T") are much less efficient, so
we did not attempt this verification in these three cases.'

More significantly, the disconnected groups in Table 13 also appear to give the
correct distribution of a; (and as for f(z) of degree 5) on each of their components.
If we partition the components of H according to their distributions of characteristic
polynomials, for a given curve we can typically find a partitioning of primes into
sets of corresponding density with matching L,(T) distributions.

Taking Distribution #10 as an example, we have H = J(H;) in Table 13 and
the corresponding curve in Table 11 is given by

y? = fz) =2° — 22" — 32° + 22° 4+ 82 = (2 — 2)(2” — 3w — 4).

The cubic g(z) = 2% — 3x — 4 has Galois group S3. The set of primes P; for
which g(z) splits into three factors in Fp[z] has density 1/6, and corresponds to the
identity component of J(H3}).'> The set of primes P, where g(x) splits into two
factors has density 1/2, and corresponds to the nonidentity coset of H} in J(H?),
containing three components with identical eigenvalue distributions. The remaining
set of primes P; for which g(x) is irreducible has density 1/3 and corresponds to
the set of elements of H$ for which the determinant of the block diagonal matrix
A is not 1 (this includes two of the six components of J(H7)). Table 14 lists the
moment statistics for a; and as, restricted to the sets Py, P, and Ps, with values
for the corresponding subset of J(H3) beneath.

A similar analysis can be applied to the other disconnected groups in Table 13,
however the definition of the sets P; varies. For Distribution #11 the group H; has
two components, and for the curve y? = f(z) = 2°+23 = z the correct partitioning
of primes simply depends on the value of p modulo 4, not on how f(x) splits in
F,[z] (in fact, the set of primes where f(x) splits intersects both partitions). In
other cases both a modular constraint and a splitting condition may apply. In
general there is some partitioning of primes which corresponds to a partitioning of
the components of H, and the corresponding distributions appear to agree.

In addition to verifying the distribution of EP(T) over sets of primes, for each
group corresponding to a split Jacobian, one can also check whether L,(T") admits

MThe a; coefficient can be computed reasonably efficiently in the degree 6 case by counting points
on C' in [Fp, but the group law on the Jacobian is much slower.
15We thank Dan Bump for suggesting this approach.
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# H d c(H) =zH) M, My Mg Mg M,
1 USp(4) 10 1 0 1 3 14 84 594
2 GixGy 6 1 0 2 10 70 588 5544
3 GixGy 4 2 0 2 11 90 889 9723
4 H} 3 3 0 2 12 110 1204 14364
5 H, 31 0 4 32 320 3584 43008
6 HY 3 6 1/6 2 12 100 980 10584
7 H{ 3 4 1/4 2 12 100 1008 11424
8 GoxGy 2 4 1/4 2 12 110 1260 16002
9 JGixG) 6 2 1/2 1 35 294 2772
10 J(H?) 3 6 1/2 1 55 602 7182
11 Hy 32 1/2 2 16 160 1792 21504
12 H3 1 6 1/2 2 18 220 3010 43092
13 H, 12 1/2 4 48 640 8960 129024
14 J(HY) 312 7/12 1 6 50 490 5292
15 HS 1 12 7/12 2 18 200 2450 31752
16 J(H} 3 8 5/8 1 6 50 504 5712
17 Hj 1 5/8 2 18 200 2520 34272
18 J(Hy) 3 4 3/4 1 8 80 896 10752
19 K 2 4 3/4 1 100 1225 15876
20  J(HS3) 112 3/4 1 9 110 1505 21546
21 Hy 1 4 3/4 2 24 320 4480 64512
22 J(HY) 1 16 13/16 1 9 100 1260 17136
23 J(H;) 18 7/8 1 12 160 2240 32256
* J(GexGy) 28 5/8 1 6 55 630 8001
* J(HS) 1 24 19/24 1 9 100 1225 15876

TaBLE 13. Candidate subgroups of USp(4).

Row numbers correspond to the distributions in Table 11. Column d lists the real dimen-
sion of H, and ¢(H) counts its components. The column z(H) gives the density of zero
traces, and M,, = Eg[(tr(B))"] for a random B € H. The last two rows are not known to
match the L-polynomial distribution of a genus 2 curve.

a factorization of the expected type. For the product groups we expect L,(T') to
factor into two quadratics with coefficients in Z. For the groups HF we expect a
factorization of the form given in (26), and a similar form applies to H; .'% For
each curve in Table 11 with f(z) of degree 5 corresponding to such a group, we

16Ag previously noted, there are curves with simple Jacobians matching distributions #2 and #11
Licensed to ams. for which this would not apply, but they don’t appear in Table 11.
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Set X M1 M2 M3 M4 M5 M6 M7 Mg
P a1 0.000 1.001 -0.002 2.002 -0.007 5.005 -0.027 14.01
0 1 0 2 0 5 0 14

as 0.001 1.001 1.001 3.002 6.005 15.01 36.03 91.10

0 1 1 3 6 15 36 91

Py ay 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0 0 0 0 0 0 0 0

as 1.000 2.010 3.001 6.003 10.00 20.01 35.02 70.05

1 2 3 6 10 20 35 70

Ps ai -0.002 3.999 -0.045 31.95 -0.590 319.3 -7.69 3574
0 4 0 32 0 320 0 3584

as 2,999 9.995 36.97 149.8 652.7 3005 14404 71160

3 10 37 150 654 3012 14445 71398

TABLE 14. Component distributions of a; and as for curve #10.

verified the existence of the expected factorization for primes p < 10%. For groups
with multiple components, we partitioned the primes appropriately (note that for
groups of the form J(H) we do not expect a factorization for primes corresponding
to components with off-diagonal elements).

The final piece of evidence we present is much less precise, and of an entirely
different nature. By computing the group structure of the Jacobian and determining
the rank of its -Sylow subgroup for many p, one can estimate the size of the mod
¢ Galois image G[¢] in GSp(2g,7Z/¢Z). The primes for which the ¢-Sylow subgroup
has rank 2g correspond to the identity element in G[¢]. The group GSp(2g,Z/(Z)
has size O(¢'!), and this corresponds to the real dimension of USp(2g) which is 10
(the reduction in dimension arises from unitarization). For all but the first group
in Table 13. the real dimension is at most 6. We should expect correspondingly
small G[¢], at most O(£7) in size. By computing

_ log(#G[l1]) — log(#G[t2])
- log ¢1 — log 5

(28) d

for various ¢; # f5 we obtain a general estimate for #G[{] = O(¢¢). The value
d — 1 is then an estimate of the real dimension of H. This is necessarily a rather
crude approximation, and one must take care to avoid exceptional values of £. We
performed this computation for each exceptional curve in Table 11 where f(z) has
degree 5 for p < N = 22* and ¢ ranging from 3 to 19. The results agreed with the
corresponding dimensions in Table 11 to within +1.

7.2. Nonexistence Arguments. We wish to thank Jean-Pierre Serre (pri-
vate communication) for suggesting the following argument to rule out the case
H = J(G2 x G32). Let E be the endomorphism algebra of the Jacobian of the curve

over Q. Then £ ® Q must be a commutative Q-algebra of rank 4; more precisely, it
Licensed to aws, IUSE be either K ®g K’ for some nonisomorphic imaginary quadratic fields K, K’,
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or a quartic CM-field. (We cannot have K = K’ or else H would be forced to have
dimension 1 rather than 2.) In either case, Aut(E ® Q) has at most 4 elements, so
the elements of H are defined over a field of degree at most 4 over Q. However,
J(G2 x G3) has 8 connected components, so this is impossible.

We do not yet have an analogous argument to rule out H = J(HS). However,
Serre suggests that it should be possible to give such an argument based on the
following data: the algebra E' ® Q must be a (possibly split) quaternion algebra
over a quadratic field, and the image of Galois in Aut(F ® Q) must have order 24.

8. Conclusion

Based on the results presented in Section 6, we now state a more explicit form
of Conjecture 2 for genus 2 curves.

CONJECTURE 3. Let C be a genus 2 curve. The distribution of L,(T) over
p < N converges (as N — o0) to the distribution of x(T') in one of the first 23
subgroups of USp(4) listed in Table 13. For almost all curves, this group is USp(4).

It would be interesting to carry out a similar analysis in genus 3, but it is not
immediately clear from the genus 2 results how many exceptional distributions one
should expect. An exhaustive search of the type undertaken in genus 2 may not be
computationally feasible in genus 3.

We end by once again thanking Nicholas Katz for his invaluable support through-
out this project, and David Vogan for several helpful conversations. We also thank
Zeev Rudnick for his feedback on an early draft of this paper, and Jean-Pierre Serre
for his remarks in § 7.2.
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9. Appendix I - Distributions of s

This appendix is a gallery of distributions of s; for hyperelliptic curves of
genus 1, 2, and 3 with large Galois image. The sj, are the kth power sums (Newton
symmetric function) of the roots of the unitarized L-polynomial L,(T") defined in
Section 2.

Each figure represents a histogram of approximately 7 (N) values derived from
EP(T) for p < N where the curve has good reduction. The horizontal axis ranges
from f(zkg) to (Zkg), divided into approximately /m(NN) buckets. The vertical axis
is scaled to fit the data, with the height of the uniform distribution indicated by a
dotted line.

9.1. Genus 1. N = 2%; ¢2 = 23 + 3141592 + 271828.

Licensed to AMS.
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9.2. Genus 2. N = 2%6;
y? = x® + 31415923 + 27182822 + 1644934z + 57721566.

Licensed to AMS.



HYPERELLIPTIC CURVES, L-POLYNOMIALS, AND RANDOM MATRICES 157

9.3. Genus 3. N = 2%,
y? = 27 + 3141592° + 271828z* 4 164493423 4 5772156622 + 16180342 + 141021.
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10. Appendix II - Distributions of a; in Genus 2

This appendix contains a; histograms for each of the first 12 curves listed in
Table 11, computed with N = 226, The approximate area of the central spike is
given by z(C') in Table 11, corresponding to primes for which a, = 0. The secondary
spikes at a; = £2 appearing in distributions #8 and #12 have approximately zero
area.

Licensed to AMS.
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