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Elliptic curves and their L-functions

Let E/Q be an elliptic curve, say E: y?> = x> 4+ Ax + B with A, B € Z.
For primes p { A(E) := —16(4A3 + 27B2) this equation defines an elliptic curve E/F,.
For all such primes p we have the trace of Frobenius a,(E) = p+ 1 — #E(F,) € Z.

One can also define a,(E) for p|A(E), and then construct the L-function

L(E,s)=]](1—ap +x(p)p">°) " =D ann

P n>1

0 pIN(E)
1 otherwise

where x(p) = { and the conductor N(E) divides A(E).

But in fact the a, for p t A(E) determine L(E,s) (via strong multiplicity one), as well
as the conductor and root number w(E) = 41 which appear in the functional equation

NE,s) = w(E)N(E)'SA(E,2 — s),

where A(s) == 'c(s)L(E,s). The L-function L(E,s) determines the isogeny class of E.



Arithmetic statistics of Frobenius traces of elliptic curves E/Q

Three conjectures from the 1960s and 1970s (the first is now a theorem):
1. Sato—Tate: The sequence x, := a,(E)/./p is equidistributed with respect to the
pushforward of the Haar measure of ST(E) (= SU(2) if E does not have CM).

2. Birch and Swinnerton-Dyer:

im 1 Z ap(E)logp 1

~—r
x—00 log x p 2

p<x
3. Lang—Trotter: For every nonzero t € Z there is a real number Cg ; for which

#{p<x:ap(E)=1t}~ Cg ﬁ

7t *
log x

These conjectures depend only on L(E,s) and generalize to other L-functions.



Example: Elkies-Klagsbrun curve of rank > 29.

al hislq?ram af¥2 + ?l = x3 - 2700618324163092221843465214529745378476805462 1836357954737 385x 5
+55258058551342376475/3669950111819182152106703253507 96083724047 79149413277716173425636721497 for primes p < 210

159 data points in 13 buckets, z1 = 0.025, out of range data has area 0.252

Moments: 1 1.114 1.775 2.579 4.523 7.055 12.986 20.973 39.725 65.587 126.589



Example: Elkies-Klagsbrun curve of rank > 29.

al hislq?ram af¥2 + ?l = x3 - 2700618324163092221843465214529745378476805462 1836357954737 385x 5
+55258058551342376475/3669950111819182152106703253507 96083724047 79149413277716173425636721497 for primes p < 240

41203088782 data points in 202985 buckets

Moments: 1 0.000 1.000 0.000 2.000 0.000 5.000 0.001 14.000 0.002 42.001



How rank effects trace distributions

An early form of the BSD conjecture implies that

1 E)l 1
Ilm Zap( )ng:

——r. 1
x—o0 |og x o< p 2 ( )

Sums of this form (Mestre-Nagao sums) are often used as a tool when searching for
elliptic curves of large rank (which necessarily have large conductor N).! 2

Theorem (Kim-Murty 2023)

If the limit on the LHS of (1) exists then it equals the RHS with r the analytic rank,
and the L-function of E satisfies the Riemann hypothesis.

See Sarnak’s 2007 letter to Mazur.
2See Kazalicki-Vlah for some recent machine-learning work on this topic.


https://arxiv.org/abs/2105.10805
https://publications.ias.edu/sites/default/files/MazurLtrMay08.PDF
https://rdcu.be/df9td
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Murmurations of elliptic curves

In their 2022 preprint Murmurations of elliptic curves (recently published), He, Lee,
Oliver, and Pozdnyakov observed a curious fluctuation in average Frobenius traces of
elliptic curves in a fixed conductor interval when separated by rank.

a_p Lists for 4328 Rank 0 (blue) and 5194 Rank 1 (red) Elliptic Curves with Conductors in [7500, 10000]

Prime Index


https://arxiv.org/abs/2204.10140
https://www.tandfonline.com/doi/epdf/10.1080/10586458.2024.2382361

Murmurations of elliptic curves

Elliptic curve L-functions of conductor N € (M,2M)] for M = 211 212 217 250000.
The x-axis range is [0,2M]. A blue/red or purple dot at (p, 3, or m,) shows the
average of a, or m, := w(E)ap(E) over even/odd or all E/Q with Ng € (M,2M].

a_p averages of 3762/3985 root number +1/-1 elliptic curves E/Q of conductor 2~11 < N <= 212 for p < 2°12

WI(E)*a_p averages of 3762/3985 root number w(E) = +1/-1 elliptic curves E/Q of conductor 2~11 < N <= 2~12 for p < 2~12
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Murmurations of elliptic curves

Elliptic curve L-functions of conductor N € (M,2M)] for M = 211 212 217 250000.
The x-axis range is [0,2M]. A blue/red or purple dot at (p, 3, or m,) shows the
average of a, or m, := w(E)ap(E) over even/odd or all E/Q with Ng € (M,2M)].

a_p averages of 530887/537808 root number +1/-1 elliptic curves E/Q of conductor 250000 < N <= 500000 for p < 500000




Bias cancellation

There is a negative bias in a, that depends on p but is independent of the root
number w(E) and disappears in mp.

WI(E)*a_p averages of 3762/3985 root number w(E) = +1/-1 elliptic curves E/Q of conductor 2~11 < N <= 2~12 for p < 2~12
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W(E)*a_p averages of 3762/3985 root number w(E) = +1/-1 elliptic curves E/Q of conductor 2~11 < N <= 212 for p < 2~12
4
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Bias cancellation

There is a negative bias in 3, that depends on p but is independent of the root
number w(E) and disappears in m,.

W(E)*a_p averages of 504805/511258 root number w(E) = +1/-1 elliptic curves E/Q of conductor 2~18 < N <= 500000 for p < 2~19




Murmurations of elliptic curves over a, (not just ap)

Elliptic curve L-functions of conductor N € (M,2M)] for M = 212 ... 217 250000.
The x-axis range is [0,2M]. Dots at (n, m,) show the average of m, := w(E)an(E)

over all E/Q with Ng € (M,2M].

The color of the dot indicates the number of prime factors of n (with multiplicity).

omega(n) <= 12




Murmurations of elliptic curves over a, (not just ap)

Elliptic curve L-functions of conductor N € (M,2M] for M = 22 ... 217 250000.
The x-axis range is [0,2M]. Dots at (n, m,) show the average of m, := w(E)an(E)

over all E/Q with Ng € (M,2M].

The color of the dot indicates the number of prime factors of n (with multiplicity).

2718 <= N < 2”19, Omega(n) <= 18




Murmurations are an aggregate phenomenon

Moving average line plots of mj, for 8 individual and all E/Q with Ng € (M,2M],
using subintervals of size VM for p < 2M, with M = 217,

147455.b2, , 180222.be2, 196606.b1, 212990.11, 229374.al, 245758.a1, 262143.d1


https://www.lmfdb.org/EllipticCurve/Q/\color {mplsalmon}147455.b2
https://www.lmfdb.org/EllipticCurve/Q/\color {mplskyblue}163839.a1
https://www.lmfdb.org/EllipticCurve/Q/\color {mpldeepskyblue}180222.be2
https://www.lmfdb.org/EllipticCurve/Q/\color {mpltomato}196606.b1
https://www.lmfdb.org/EllipticCurve/Q/\color {mpldodgerblue}212990.l1
https://www.lmfdb.org/EllipticCurve/Q/\color {mplslateblue}229374.a1
https://www.lmfdb.org/EllipticCurve/Q/\color {mplroyalblue}245758.a1
https://www.lmfdb.org/EllipticCurve/Q/\color {mplcrimson}262143.d1

Ordering by height

Elliptic curves with ht(E) := max(4|A[3,27B2) in (M,2M] for M =216, 226
The x-axis range is [0,2M]. A blue/red or purple dot at (p, 3, or m,) shows the
average of a, or m, over even/odd or all E/Q with Ng € (M, 2M].

W(E)*a_p averages of 1838/1844 root number w(E) = +1/-1 elliptic curves E/Q of naive height 216 < ht(E) <= 217 for p < 217




Ordering by height

Elliptic curves with ht(E) := max(4|A[3,27B82) in (M,2M] for M = 216 ... 226,
The x-axis range is [0,2M]. A blue/red or purple dot at (p, 3, or m,) shows the
average of a, or my, over even/odd or all E/Q with Ng € (M,2M].

a_p averages of 631953/630995 root number +1/-1 elliptic curves E/Q of naive height 226 < ht(E) <= 227 for p < 2~27

W(E)*a_p averages of 631953/630995 root number w(E) = +1/-1 elliptic curves E/Q of naive height 226 < ht(E) <= 22




Ordering by j-invariant

Elliptic curves with ht(j(E))'?/® in (M,2M] for M = 21 ... 219
The x-axis range is [0,2M]. A blue/red or purple dot at (p, 3, or m,) shows the
average of a, or m, over even/odd or all E/Q with Ng € (M,2M].

a_p averages of 599/617 root number +1/-1 elliptic curves E/Q with j-height 210 < ht(i(E))"2 <= 211 for p < 2~11

0T o R A o T

W(E)*a_p averages of 599/617 root number w(E) = +1/-1 elliptic curves E/Q with j-height 210 < ht(j(E))~2 <= 2~11 for p < 2~11




Ordering by j-invariant

Elliptic curves with ht(j(E))*?/® in (M,2M] for M = 211 ... 219,
The x-axis range is [0,2M]. A blue/red or purple dot at (p, 3, or m,) shows the
average of a, or my, over even/odd or all E/Q with Ng € (M,2M].

a_p averages of 319109/318795 root number +1/-1 elliptic curves E/Q with j-height 2~19 < ht(j(E))~2 <= 220 for p < 220

W(E)*a_p averages of 319109/318795 root number w(E) = +1/-1 elliptic curves E/Q with j-height 2~19 < ht(j(E))~2 <= 220 for p < 220




Ordering by minimal discriminant

Elliptic curves with minimal discriminant A(E) in (M,2M] for M = 2%6 .. 223,
The x-axis range is [0,2M]. A blue/red or purple dot at (p, 3, or m,) shows the
average of a, or m, over even/odd or all E/Q with Ng € (M,2M].

averages of 4606/4592 root number w(E) = +1/-1 elliptic curves E/Q of minimal discriminant 216 < Delta(E) ~17 for p < 2°17




Ordering by minimal discriminant

Elliptic curves with minimal discriminant A(E) in (M,2M] for M =216 223,
The x-axis range is [0,2M]. A blue/red or purple dot at (p, 3, or mp) shows the
average of a, or m, over even/odd or all E/Q with Ng € (M, 2M].

a_p averages of 264427/265739 root number +1/-1 elliptic curves E/Q of minimal discriminant 223 < Delta(E) ~24forp < 2°24




Ordering by minimal discriminant

Elliptic curves with minimal discriminant A(E) in (M,2M] for M = 2%6 .. 223,
The x-axis range is [0,2M]. A blue/red or purple dot at (p, 3, or m,) shows the
average of a, or m, over even/odd or all E/Q with Ng € (M,2M].

a_p averages of 4606/4592 root number +1/-1 elliptic curves E/Q of minimal discriminant 2~16 < Delta(E) <= 2~17 for p < 217

W(E)*a_p averages of 4606/4592 root number w(E) = +1/-1 elliptic curves E/Q of minimal discriminant 2~16 < Delta(E) 17 forp < 2°17




Ordering by minimal discriminant

Elliptic curves with minimal discriminant A(E) in (M,2M] for M =216 223,
The x-axis range is [0,2M]. A blue/red or purple dot at (p, 3, or mp) shows the
average of a, or m, over even/odd or all E/Q with Ng € (M, 2M].

a_p averages of 264427/265739 root number +1/-1 elliptic curves E/Q of minimal discriminant 223 < Delta(E) ~24forp < 2°24




Ordering by height (redux)

Elliptic curves with ht(E) := max(4|A[3,27B2) in (M,2M] for M =216, 225
The x-axis range is [0,2M]. A blue/red or purple dot at (p, 3, or m,) shows the
average of a, or m, over even/odd or all E/Q with Ng € (M, 2M].

W(E)*a_p averages of 1838/1844 root number w(E) = +1/-1 elliptic curves E/Q of naive height 216 < ht(E) <= 217 for p < 217




Ordering by height (redux)

Elliptic curves with ht(E) := max(4|A[3,27B82%) in (M,2M)] for M =216 ... 2%
The x-axis range is [0,2M]. A blue/red or purple dot at (p, 3, or mp) shows the
average of a, or m, over even/odd or all E/Q with Ng € (M, 2M].

a_p averages of 351546/351348 root number +1/-1 elliptic curves E/Q of naive height 225 < ht(E) <= 226 for p < 2~26

W(E)*a_p averages of 351546/351348 root nu




Local averaging

Rather than averaging a,'s for L-functions with conductor in an interval, we may
instead compute local averages of aj, for each L-function in our family with p/N
varying over some interval, and then average these local averages.

For example, we may divide the interval [0, 1] into n intervals (x, x + 1], with
x=0,2%2 n—1 For each L-function in our family we compute ap for all primes

s nd Y n

p < N, and then for x =0, %, ce ";1 we compute the average oy (E) of ap(E) for
p 1
N S (x,x + ;},

yielding a vector of n real numbers. We then average these vectors over all L-functions
in our family of a given root number or rank, up to an increasing bound X — oco.

With this setup, we do not need to order by conductor, but the order matters.



Local averaging: elliptic curves ordered by conductor

Elliptic curve L-functions of conductor N < M for M = 22,213 217 218 The
x-axis range is [0, 1]. A blue/red (or purple) dot at (x,ay) shows the average &, of
ax(E) (or wp(E)ax(E)) over even/odd rank (or all) E/Q with Ng < M.




Local averaging: elliptic curves ordered by height

Elliptic curves with ht(E) := max(4|A[3,27|BJ?) < M for M =218 ... 227,
The x-axis range is [0,1]. A blue/red (or purple) dot at (x, @x) shows the average ay
of ax(E) (or wp(E)ax(E)) over even/odd rank (or all) E/Q with ht(E) < M.




Local averaging: elliptic curves ordered by conductor vs height
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Murmurations scale

LN W oa

Elliptic curves in the SWDB of conductor N € (M,2M] for M = 212 ... 2%,
The x-axis range is [0,2M]. A blue/red or purple dot at (p, 3, or m,) shows the
average of a, or m, over even/odd or all E/Q with Ng € (M,2M].

w(E)*a_p averages of 6878/7947 root number w(E) = +1/-1 elliptic curves E/Q in the Stein-Watkins database of conductor 2°12 < N <= 2~13 for p < 2~13

W(E)*a_p averages of 6878/7947 root number w(E) = +1/-1 elliptic curves E/Q in the Stein-Watkins database of conductor 212 < N <= 2~13 for p < 2~13

\/ 04 06 / 10



Murmurations scale

Elliptic curves in the SWDB of conductor N € (M,2M] for M = 212 ... 2%
The x-axis range is [0,2M]. A blue/red or purple dot at (p, 3, or m,) shows the
average of a, or mp, over even/odd or all E/Q with Ng € (M,2M].

w(E)*a_p averages of 17630665/17639675 root number w(E) = +1/-1 elliptic curves E/Q in the Stein-Watkins database of conductor 225 < N <= 226 for p < 226

N W oa

3 . e o
Bhetic vl

w(E)*a_p averages of 17630665/17639675 root number w(E) = +1/-1 elliptic curves E/Q in the Stein-Watkins database of conductor 2725 < N <= 226 for p < 226
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Higher moments (w,(E)a,(E) and w,(E)a,(E)*/p

W(E)*a_p averages of 282276/290973 root number w(E) = +1/-1 elliptic curves E/Q of conductor 2°17 < N <= 2~18 for p < 2°18

-4




moments (w,(E)a,(E)°/p?

root number w(E) = +1/-1 elliptic curves E/Q of conductor 250000 < N <=

00000 for p < 500000




Arithmetic L-functions

We call an L-function is analytic if it has the properties every good L-function should:
analytic continuation, functional equation, Euler product, temperedness, central
character; see FPRS18; it is analytically normalized if its central value is at s = 1/2.

An analytically normalized L-function Lay(s) = Y a,n~* is arithmetic if a,n“/? € Ok
for some number field K and w € Z>g. The least such w is the motivic weight.
Its arithmetic normalization L(s) := Lan(s 4+ w/2) has coefficients in Ok and satisfies

A(s) = N*SwA(1 +w — s).
L-functions of abelian varieties have motivic weight w = 1.
L-functions of weight-k holomorphic cuspforms have motivic weight w = k — 1.

We consider Galois-closed families of self-dual arithmetically normalized L-functions.
In any such family the values of a, and m, are integers and w = %1.

When averaging a,'s in motivic weight w > 1 we normalize them via a, — ap/p(w_l)/z.
This ensures that we always have |a,| = O(,/p), as with elliptic curves.


https://www.ams.org/journals/bull/2019-56-02/S0273-0979-2018-01646-7/

Newforms for ['o(/N) of weight kK = 2,4, 6 with rational coefficients.

s IEYa_p averages of 16911772 ook number w(E) = +-1/71 weight 2 newforms for Gamma_O(N) of level 210 < N <= 2~11 and dimension g <= 1 for p < 2*11
st o -. “ = ., ” | - ‘. - : i - L o 10
7: ’ . -o-z o ] E o4, : : 06 : s . : ] . o 1o
-2 ) Lo ) .
—: HEY 512 averages of 857108 ook numer (E) = +1/-1 WEIGE 6 newfomns for Gamima_0()ofevel 277 < N <= 276 and dimension g <= 1 fo p < 200
-2
3




Newforms for ['o(/N) of weight kK = 2,4, 6 with rational coefficients.

W(E)*a_p averages of 16816/18082 root number w(E) = +1/-1 weight 2 newforms for Gamma_O(N) of level 2~13 < N <= 214 and dimension g <=1 for p < 2°14

dimension g <= 1for p < 2712

W(E)*a_plp averages of 1154/1386 root number w(E) = +1/-1 weight 4 newforms for Gamma_0(N) of level 2~11 < N <= 2~12 and




Newforms for [o( /) of weight k = 2,4,6, 8.

20

W(E)*a_p averages of 3111/1479 root number w(E) = +1/-1 weight 2 newforms for Gamma_O(N) of level 28 < N <= 2~9 for p < 210

os . . - 10 15 20
-10
-15
-20
W(E)*a_plp averages of 7803/6014 root number w(E) = +1/-1 weight 4 newforms for Gamma_O(N) of level 2°8 < N <= 2~9 for p < 2~10
20
20
= g = - vy
W(E)*a_plp~3 averages of 17028/15239 root number w(E) = +1/-1 weight 8 newforms for Gamma_O(N) of level 2~8 < N <= 2~9 for p < 2~10
20
: 15 20




Newforms for [o( /) of weight k = 2,4,6, 8.

20
15
10
05

W(E)*a_p averages of 9880381/8965438 root number w(E) = +1/-1 weight 2 newforms for Gamma_O(N) of level 2~14 < N <= 2~15 for p < 2°16

20
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10
05

W(E)*a_plp averages of 28732736/27807834 root number w(E) = +1/-1 weight 4 newforms for Gamma_O(N) of level 214 < N <= 2~15 for p < 216

-05
-10

20

05 ~_ 15

W(E)*a_p/p~2 averages of 47580166/46655263 root number w(E) = +1/-1 weight 6 newforms for Gamma_0(N) of level 2~14 < N <= 2~15 for p < 2°16

W(E)*a_p/p™3 averages of 66427462/65502558 oot number w(E) = +1/-1 weight 8 newforms for Gamma_0(N) of level 2~14 < N <= 2~15 for p < 2°16




Zubrilina’s theorem (click me!)

Definition. Let U, € Z[x] denote the Chebyshev polynomial defined by
Un(cos ) sin® = sin((n + 1)¥). The murmuration density function is

Mi(y) = Di(Ay — (~1)¥BY c(r)\/4y? — 12 Ui 5;) = 7y°0k=2)
1<r2y

A=, (1 Gefn): 8= I, S5 =11, (14 ) D= w7
Theorem [Zubrilina 2023]. Let 3" a,(f)q" denote a weight-k newform for 'g(/N) with
root number w(f). Let X, Y, P — oo with P prime, Y ~ X179, P <« X101 § 6, >0
and 261 < § < 1, and put y := /P/X. Then for every € > 0 we have

S Nep xty] 2o w(F)ap(F)PA=k/2)

SN xv] 2or 1

where ¢’ := max(6/2 — 1, (0 +1)/9 — 81); for 61 < 2/9 we can choose d so ¢’ > 0.

= Mi(y) + O-(X7 ¢ + P71



https://math.mit.edu/~drew/murm/zub.html

Murmurations of elliptic curves with squareroot normalization

Elliptic curve L-functions of conductor N € (M,2M)] for M = 211 212 217 250000.
The x-axis range is [0,2M]. A blue/red or purple dot at (,/p, 3, or M) shows the
average of a, or my, := w(E)ap(E) over even/odd or all E/Q with Ng € (M,2M].

a_p averages of 3762/3985 root number +1/-1 elliptic curves E/Q of conductor 2~11 < N <= 212 for p < 2°12
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W(E)*a_p averages of 3762/3985 root number w(E) = +1/-1 elliptic curves E/Q of conductor 2~11 < N <= 2~12 for p < 2°12
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Murmurations of elliptic curves with squareroot normalization

Elliptic curve L-functions of conductor N € (M,2M)] for M = 211 212 217 250000.
The x-axis range is [0,2M]. A blue/red or purple dot at (,/p, 3, or M) shows the
average of a, or m, := w(E)ap(E) over even/odd or all E/Q with Ng € (M,2M)].

a_p averages of 530887/537808 root number +1/-1 elliptic curves E/Q of conductor 250000 < N <= 500000 for p < 500000

W(E)*a_p averages of 530887/537808 root number w(E) = +1/-1 elliptic curves E/Q of conductor 250000 < N <= 500000 for p < 500000




Trace distributions of genus 2 curves
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L-functions of genus 2 curves over QQ, Sato-Tate group N(SU(2) x SU(2)).

These are primitive L-functions arising from Hilbert or Bianchi modular forms.
Conductor of L(X,s) in (M,2M] for M = 22 ... 219 with x-axis range [0, M/2].

a_p averages of 59/7 root number +1/-1 genus 2 curves X/Q with ST(X) = N(SU(2)xSU(2)) of conductor 212 < N <= 2~13 for p < 2~12
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W(E)*a_p averages of 59/7 root number w(E) = +1/-1 genus 2 curves X/Q with ST(X) = N(SU(2)xSU(2)) of conductor 2~12 < N <= 2~13 for p < 2712

4 . g SR
3 .
2 . . .

01 02 T T o3 L. T~ ... 05 LT T e T e T o
-3
-4



L-functions of genus 2 curves over QQ, Sato-Tate group N(SU(2) x SU(2)).

These are primitive L-functions arising from Hilbert or Bianchi modular forms.
Conductor of L(X,s) in (M,2M] for M = 212 ... 219 with x-axis range [0, M/2].

W(E)*a_p averages of 3326/3748 root number w(E) = +1/-1 genus 2 curves X/Q with ST(X) = N(SU(2)xSU(2)) of conductor 219 < N




L-functions of products of E/Q, Sato-Tate group SU(2) x SU(2).

Conductor of L(X,s) in (M,2M] for M = 22 ... 217 with x-axis range [0, M/2].

a_p averages of 7651/5162 root number +1/-1 products of elliptic curves E/Q with conductor 2712 < N <= 2~13 for p < 2°13
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w(E)*a_p averages of 7651/5162 root number w(E) = +1/-1 products of elliptic curves E/Q with conductor 2412 < N <= 213 for p < 213
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L-functions of products of E/Q, Sato-Tate group SU(2) x SU(2).

Conductor of L(X,s) in (M,2M] for M = 22 ... 217 with x-axis range [0, M/2].

a_p averages of 1092101/1128578 root number +1/-1 products of elliptic curves E/Q with conductor 2°17 < N <= 2~18 for p < 218

W(E)*a_p averages of 1092101/1128578 root number w(E) = +1/-1 products of elliptic curves E/Q with conductor 2~17 < N <= 2~18 for p < 2°18
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L-functions of genus 2 curves over QQ with Sato-Tate group USp(4).

Recently constructed database of more than 6 million genus 2 curves X/Q of conductor
at most 220 includes about 1.7 million isogeny classes with Sato-Tate group USp(4).
Conductor of L(X,s) in (M,2M] for M = 212 ... 219 with x-axis range [0, M/2].

a_p averages of 1514/1313 root number +1/-1 genus 2 curves X/Q of conductor 2°12 < N <= 2~13 forp < 2°12

W(E)*a_p averages of 1514/1313 root number w(E) = +1/-1 genus 2 curves X/Q of conductor 2~12 < N <= 2"13 for p < 212
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Coming soon to the LMFDB.
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L-functions of genus 2 curves over QQ with Sato-Tate group USp(4).

Recently constructed database of more than 6 million genus 2 curves X/Q of conductor
at most 220 includes about 1.7 million isogeny classes with Sato-Tate group USp(4).
Conductor of L(X,s) in (M,2M] for M = 2%2 ... 219 with x-axis range [0, M/2)].

a_p averages of 356315/361507 root number +1/-1 genus 2 curves X/Q of conductor 2~19 < N <= 220 for p < 2°19

1/-1 genus 2 curves X/Q of conductor 2719 < N <= 220 for p < 2°19
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Coming soon to the LMFDB.


https://www.lmfdb.org

L-functions of genus 2 curves over QQ with Sato-Tate group USp(4).

Recently constructed database of more than 6 million genus 2 curves X/Q of conductor
at most 220 includes about 1.7 million isogeny classes with Sato-Tate group USp(4).
Conductor of L(X,s) in (M,2M] for M = 212 ... 219 with x-axis range [0, M/2].

a_p averages of 1514/1313 root number +1/-1 genus 2 curves X/Q of conductor 2°12 < N <= 2~13 forp < 2°12
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W(E)*a_p averages of 1514/1313 root number w(E) = +1/-1 genus 2 curves X/Q of conductor 2~12 < N <= 213 for p < 212
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Coming soon to the LMFDB.
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L-functions of genus 2 curves over QQ with Sato-Tate group USp(4).

Recently constructed database of more than 6 million genus 2 curves X/Q of conductor
at most 220 includes about 1.7 million isogeny classes with Sato-Tate group USp(4).
Conductor of L(X,s) in (M,2M] for M = 2%2 ... 219 with x-axis range [0, M/2)].

a_p averages of 356315/361507 root number +1/-1 genus 2 curves X/Q of conductor 2~19 < N <= 220 for p < 2°19

N W oa

s

W(E)*a_p averages of 356315/361597 root number w(E) = +1/-1 genus 2 curves X/Q of conductor 2°19 < N <= 220 for p < 219
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Coming soon to the LMFDB.
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L-functions of genus 3 curves over Q with Sato-Tate group USp(6).

Recently constructed database of genus 3 curves X/Q of conductor at most 107
includes 59,214 isogeny classes of hyperelliptic curves with ST group USp(6).
Conductor of L(X,s) in (M,2M)] for M = 216 ... 222 with x-axis range [0, M/2].

a_p averages of 368/506 root number +1/-1 genus 3 hyperelliptic curves X/Q with ST(X) = USp(6) of conductor 2°16 < N <= 2~17 forp < 2~14
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W(E)*a_p averages of 368/506 root number w(E) = +1/-1 genus 3 hyperelliptic curves X/Q with ST(X) = USp(6) of conductor 216 < N <= 2~17 for p < 214
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Coming soon to the LMFDB.
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L-functions of genus 3 curves over Q with Sato-Tate group USp(6).

Recently constructed database of genus 3 curves X/Q of conductor at most 107
includes 59,214 isogeny classes of hyperelliptic curves with ST group USp(6).
Conductor of L(X,s) in (M,2M] for M = 2% .. 222 with x-axis range [0, M/2].

a_p averages of 9946/9381 root number +1/-1 genus 3 hyperelliptic curves X/Q with ST(X) = USp(6) of conductor 2~22 < N <= 2~23 for p < 220
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W(E)*a_p averages of 9946/9381 root number w(E) = +1/-1 genus 3 hyperelliptic curves X/Q with ST(X) = USp(6) of conductor 222 < N <= 2~23 for p < 220
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Coming soon to the LMFDB.
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Computing murmurations of elliptic curves

When computing ap(E) for many E/Q we construct a lookup table T[j] = a,(E) for
E:y?=x3+ Ax + B with j(E) = j # 0,1728 and B = [.
Average costs per curve, ignoring O(log log p) factors:

e Naive: O(p)

o Mestre BSGS: O(p'/*log p)

e Schoof: O(log®p), Schoof-Elkies—Atkin: O(log*p)

e CM torsor (isogenies): O(log3p) (GRH), O(log?p) (heuristic).

e CM torsor (GCDs): O(log p) per curve (heuristic).

We are extending the Stein—Watkins database using Elkies' lattice reduction method to
include (conjecturally) all E/Q with |[A(E)| < 10" and N(E)| < 10° (versus 102 and
10 with no claim of completeness).



Computing murmurations of modular forms

The sum of w(f)ap(f) over f € S (N) is equal to the trace of T, o W acting on
Spe¥(N), where the Fricke involution W is defined by W(f) :=f | (§ ')

By massaging a theorem of Popa, one obtains

tr(Tho W, Sk(N)) = =1 3" gi(t2N, n)h*(D, N) — si(N, n)+don(n 5 nk/2=1,

t2N<4n D
D:=t2N2—4nN

We compute h*(D, N) as the product of a multiplicative function and a class number

The class numbers for |D| < 240 have been computed by Jacobson and Mosunov and
can be downloaded from the LMFDB, and can be crammed into a 1.125TB lookup
table. Using a memory mapped file on fast SSD it takes 40s to load.

It then takes less than a minute to compute tr(T, o W, SPeV(N)) for 218 < N < 219
and p < 2% for any reasonably small k (on 256 cores).


https://doi.org/10.1007/s40687-018-0125-5
https://doi.org/10.1090/mcom3050
https://www.lmfdb.org/NumberField/QuadraticImaginaryClassGroups

Computing murmurations of genus 2 and genus 3 curves

The average polynomial time algorithms described in [Harvey-S 2016] and
[Costa-Harvey-S 2022] can readily compute the desired trace sums.

The main challenge is finding curves (and abelian varieties) of small conductor.

The algorithms described in [BSSVY 2016] and [S 2018] enumerate curves by
discriminant, but curves with very large discriminants can have very small conductors.

This is already an issue in genus 1 with the Stein-Watkins database: it misses about
1/4 of the isogeny classes of conductor up to 5 - 10°, despite ranging up to 108, but
the situation is much worse in higher genus.

Curves may have bad reduction at primes of good reduction for the Jacobian (this
happens a lot!). The genus 2 murmurations here use a new dataset of more than six
million curves with conductor below 10° (99% of these are not in the LMFDB yet!).


https://arxiv.org/abs/1410.5222
https://doi.org/10.1007/s40993-022-00397-8
https://doi.org/10.1112/S146115701600019X
https://doi.org/10.2140/obs.2019.2.443

Searching for genus 2 curves

Over the past several years we have conducted several searches for genus 2 curves of
small conductor. Below is CPU histogram from a computation from the largest of

these computations, run on Google's Cloud Platform.
4aM

3M
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We used a total of 4,034,560 Intel/AMD vCPUs in 73 data centers across the globe.



Expanding the LMFDB

We found curves of conductor 657, 760, 775, 903, and 924 not previously known to
occur, and many new genus-2 L-functions of small conductor:

conductor bound 1000 10000 100000 1000000

curves in LMFDB 159 3069 20265 66158

curves found 942 29514 493899 6075571

L-functions in LMFDB 109 2807 19775 65534

L-functions found 201 9534 194612 2559187
Standard divisibility test for p < 210 ~ 2700 clock cycles
Montgomery divisibility test for p < 210 ~ 960 clock cycles
AVX-512FMA divisiblity test for p < 210 ~ 120 clock cycles

AVX-512FMA prime power testing (using mod-p tests) ~ 20 clock cycles



L-functions of genus 2 curves over QQ with Sato-Tate group USp(4).

Before and after genus 2 murmuration plots (top LMFDB, bottom new dataset).

wa_p averages of 427/713 root number w=+1/-1 genus 2 curves over Q with conductor 212 <= N < 2~13 for p < 2°12

01 02 T 03 Y Y S

WI(E)*a_p averages of 1514/1313 root number w(E) = +1/-1 genus 2 curves X/Q of conductor 2712 < N <= 2~13 for p < 2°12
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L-functions of genus 2 curves over QQ with Sato-Tate group USp(4).

Before and after genus 2 murmuration plots (top LMFDB, bottom new dataset).

Ww*a_p averages of 7616/7503 root number w=+1/-1 genus 2 curves over Q with conductor 2°19 <= N < 2°20 for p < 218
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Thank you!

Animations available at https://math.mit.edu/~drew/murmurations.html.


https://math.mit.edu/~drew/murmurations.html

