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Abstract

The relationship between periods of automorphic forms and L-functions has been studied since the times of
Riemann, but remains mysterious. In this talk, I will explain how periods and L-functions arise as quantizations
of certain Hamiltonian spaces, and will propose a conjectural duality between certain Hamiltonian spaces for a
group G, and its Langlands dual group Ǧ, in the context of the geometric Langlands program, recovering known
and conjectural instances of the aforementioned relationship. This is joint work with David Ben-Zvi and Akshay
Venkatesh.
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1 Introduction

‚Riemann:
ş8

0
y

s
2

ř8

n“1 e
´n2πydx “ π´

s
2 Γp s

2
qζpsq, and proof of functional equation based on symmetry of the theta

series:

θpyq “
8
ÿ

n“1

e´πn
2y
“ y´

1
2 θpy´1

q.

‚Iwasawa–Tate reformulation as (xØ
?
y)

ż

kˆzAˆ
χpxq

ÿ

γPkˆ

Φpγxqdˆx ““” Lpχ, sq,

where the critical local calculation is that, for Φv “ 1ov ,
ż

kˆv

χvpxqΦvpxqd
ˆx “ Lvpχv, 0q.

‚Generalized by Godement–Jacquet to Matn under the action of G “ pGLn ˆ GLnq{Gm (set rGs “ GpkqzGpAq),
ϕ P π b π̃ a cusp form,

ż

rGs

ϕpg1, g2q
ÿ

γPMatnpkq

Φpg´1
2 γg1qdpg1, g2q ““” Lpπ,

1´ n

2
q,

where the critical local calculation is that, for Φv “ 1Matpovq,
ż

Matnpkvq

〈ϕ1pgq, ϕ2〉Φvpgqd
ˆg “ Lvpπv,

1´ n

2
q.
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Integrals that use other spaces:
‚Hecke: X “ PGL2, G “ GL1 ˆ PGL2, χb π Q χb ϕ,

ż

rGs

χpaqϕpgq
ÿ

γPXpkq

Φpa´1γgqdpa, gq ““”

ż

rGms

χpaqϕ

ˆ

a
1

˙

dˆa ““” Lpχb π,
1

2
q.

Local integral:
ż

Gpkvq

χvpaq bWϕ,vpgqΦvpa
´1
¨ gqdpa, gq ““” Lpχv b πv,

1

2
q.

Note: Over function fields, ϕ everywhere unramified. There is a canonical choice Φ “
ś

v 1Xpovq. The associated
theta series will be denoted by ΘX ,

ΘXpgq “
ÿ

γPXpkq

Φpγgq P C8prGsq,

where rGs “ GpkqzGpAq.

When X “ HzG, ϕ unramified, up to measures 〈ϕ,ΘX〉rGs “
ş

rHs
ϕphqdh.
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‚Waldspurger: Same as Hecke, but with X “ T zpT ˆ PGL2q, T ãÑ PGL2 a non-split 1-dimensional torus, then

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

rGs

χpaqϕpgq
ÿ

γPXpkq

Φpa´1γgqdpa, gq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

““”

ˇ

ˇ

ˇ

ˇ

ż

rT s

χpaqϕpaqdˆa

ˇ

ˇ

ˇ

ˇ

2

““” Lpχb π,b,
1

2
q.

‚(Gan–)Gross–Prasad: X “ SOnzpSOn ˆ SOn`1q “ HzG,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

rGs

ϕpgq
ÿ

γPXpkq

Φpγgqdg

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

““”

ˇ

ˇ

ˇ

ˇ

ż

rHs

ϕphqdh

ˇ

ˇ

ˇ

ˇ

2

““” Lpπ,b,
1

2
q.

Here the relevant local integral is that of Ichino–Ikeda,
ż

Hpkvq

〈πphqφv, φv〉 dhv.
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[Technicalities:

1. Sum over X vs X‚ — can regularize.

2. Unitary normalization — produces L-values at 1
2

in all examples above.

3. The good choice that makes ““” true varies by example: In Godement–Jacquet case need
ş

rPGLnsdiag
ϕ “ 1. In

Hecke case need Whittaker normalization Wϕp1q “ 1. The two differ by
a

Lpπ,Ad, 1q, i.e.,

if Wφp1q “ 1 then
ş

rGs
|φ|2 “ Lpπ,Ad, 1q,

at least for unramified data (& suitable choice of Haar measures). Morally, the last two examples should have
Whittaker normalization, but this is not always possible (e.g., may need to replace G by a non-quasisplit inner
form); so, we use the unitary normalization and correct by the factor Lpπ,Ad, 1q.

4. Volume factors (OK) and small rational factor 1
|Sϕ|

missing from the Gross–Prasad example.]
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The local factors in general are not known to have a meaningful formula for the period itself; for the (abs. value)
square of the period, we have the Ichino–Ikeda conjecture. Venkatesh realized that it is related to the local Plancherel
formula, so conjecturally,

ÿ

ϕPONpπq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

rGs

ϕpgq
ÿ

γPXpkq

Φpγgqdg

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“? ¨
ź̊

v

〈Φv,Φv〉πv , (1.1)

where

〈Φv,Φv〉L2pXpkvqq
“

ż

Ĝ

〈Φv,Φv〉πv µpπvq

is the local Plancherel formula.

[Actually, over the tempered dual yGX of another group GX; its L-group LGX Ă
LG is the L-group of X.]
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The L-function has completely disappeared! Where is it? By a stupefying calculation, when Φv is “the basic
function of X” (when X is smooth affine: Φv “ 1Xpovq),

〈Φv,Φv〉πv “ LvpπX , ρvq (1.2)

for a distinguished representation ρX : LGX Ñ GLpVXq of the L-group.

Two directions one can go towards:

1. Generalize the above to non-smooth affine varieties X. Then 1Xpoq should be replaced by ICXpoq, and we have
generalizations of (1.2) w. Jonathan Wang.

2. (Today:) Stick to X “smooth, and seek a deeper explanation for (1.1), (1.2).
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It should be mentioned that there are other examples that display the behavior of (1.1), (1.2), without coming
from homogeneous G-spaces, i.e.:

Howe duality (theta correspondence): G “ G1 ˆ G2 ãÑ SppMq a dual pair (ignore metaplectic covers). Weil
representation ω “ b1vωv of SppMqpAq, theta series Θ : ω Ñ C8prGsq — in Schrödinger model: Φ P SpXpAqq, where
X: Lagrangian (not G-stable!),

ΘΦpgq “
ÿ

γPXpkq

pωpgqΦqpγq.

Rallis inner product (RIP) formula, say for G1 “ SO2n, G2 “ Sp2n: π “ τ b θpτq, Φ P ω, then

〈ΘΦ,ΘΦ〉π “
ź

v

〈Φv,Φv〉πv ,

where
〈Φv,Φv〉ωv

“

ż

〈Φv,Φv〉πv µpπvq;

and moreover
〈Φv,Φv〉πv “ Lvpτv,

1

2
q

at almost every place. (Omitting factors that don’t depend on the representation!)
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2 Derived endomorphisms and the Plancherel formula

Now let F “ Fq, F “ Fpptqq Ą o “ Frrtss, and for an affine variety X think of XpF q “ LXpFq, Xpoq “ L`pFq, points
of the loop and the arc space.

We’ll take X “ a smooth, affine, spherical G-variety.
Set ShvpLX{L`Gq denote an appropriate — bounded DG – category of L`G-equivariant “sheaves” on LX —

should be l-adic for translation to functions, but once we abstract from functions one can also take F “ C and work
with D-modules. Let k: coefficient field, characteristic 0.

[Technicalities:

1. X ãÑ V (a vector space),
XpF q “ lim

Ñ
r

Xr, where Xr
“ t´rV poq XXpF q,

and
t´rV poq “ lim

Ð
s

t´rV po{tsq, so Xr
“ lim

Ð
s

Xr
s

and similarly for L`G “ lim
Ð
s

Gs, so we have maps Xr
s {Gs`k`1 Ñ Xr

s {Gs`k. Sheaves are defined by pullback and

pushforward along such maps of bounded, constructible, equivariant complexes of sheaves.

No good theory of t-structures (to the best of my knowledge), but at least for r “ 0, because X is smooth, the
transition maps are smooth, so we have the “basic object” (constant sheaf) kL`X .
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2. Crash course on equivariant derived category, and the case of BGm. Let X be a G-space. If (say, in the
topological setting) we were able to find a contractible cover X̃ f

ÝÑ X, with a free G-action, we would have

ShvpX{Gq “ tpF ,G, αq|F P ShvpXq,G P ShvpX̃{Gq, α : f˚F » π˚Gu.

In the algebraic setting, we approximate this by “n-acyclic covers”, e.g., for BGm “ pt{Gm:

X̃ “ A8 r t0u “ lim
Ñ

An r t0u,

X̃{G “ P8 “ lim
Ñ

Pn,

and ShvpX{Gq “ lim
Ð
H‚pPnq “ krηs, degpηq “ 2.
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3. To “center” the L-functions, we need “metaplectic correction”:

Fact: X Ñ HzG a vector bundle with some fiber S`, withH reductive. For simplicity, assume that detS` extends
uniquely to a character of G, gives GpF q Ñ GmpF q

val
ÝÑ Z, and twist the action of GpF qn by 〈n〉 “ rns

`

n
2

˘

. This
allows for an extension of this definition to include the Weil representation, i.e., when X is not a G-space, but
the Lagrangian fiber of a G-equivariant symplectic induction

M “ S ˆHh˚ T
˚G,

S a symplectic H-vector space, S` Ă S a Lagrangian subspace.
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4. Whittaker-type induction: M could be a “twisted cotangent space”, e.g.,

M “ tdψu ˆn˚ g
˚
ˆ
N G “ T ˚ppN,ψqzGq,

the cotangent space of the Whittaker model. More generally, ψ could be a central character of a Heisenberg
subgroup quotient, and we could induce the associated irreducible representation, e.g.,

Ind
ĂSppW 1q

ĂSppW q˙U
ωψ,

where W is a symplectic space, W 1 “ W ‘ l ‘ l1 is its sum with a 2-dimensional symplectic space, U “ the
unipotent radical of the parabolic stabilizing the isotropic subspace (line) l, and ωψ the oscillator representation
associated to l_ bW . These are the Fourier–Jacobi models.

To see how these fit into the same framework, the relevant space is not the spherical variety X but M , a
coisotropic Hamiltonian G-space, satisfying certain conditions. Coisotropic: FrM sG is Poisson–commutative —
the analog of the spherical condition.

Under certain conditions, there is a unique closed orbit M0 Ă M with nilpotent image under the moment map
M

µ
ÝÑ g˚. An sl2-triple ph, e, fq with f P µpM0q gives rise to a Heisenberg group such as N , U above, with a

central additive character.

]
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Sheaf–function dictionary: In an l-adic setting, the inner product of functions should be obtained as Frobenius
trace of derived homomorphisms (Ext) of sheaves:

Given two l-adic sheaves F ,G on an Fq-variety Y , let f and g_ be the trace functions associated to respectively F and
DG, with D the Verdier dual. Then

ÿ

Y pFqq

fpyqg_pyq “ trpFr,HompF ,Gq_q.

Conjecture 1: There is a representation pρX , VXq of ǦX and an equivalence of k-linear triangulated categories:

ShvpLX{L`Gq “ QC
(
perfpVX{ǦXq,

sending the basic object kL`X to the structure sheaf. [More structures to be added.]

Here, QC
(
perfpVX{ǦXq denotes (a “shearing” — will discuss below) of the triangulated category of (generated by)

perfect complexes of ǦX-equivariant krVXs-modules.
The data pρX , VXq come with an LGX-action when pG,Xq are defined over a finite field, and are those of the

L-value associated to the square of the corresponding period.
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Generalizes:

• Bezrukavnikov–Finkelberg derived Satake: G “ H ˆH, X “ H, ǦX “ Ȟ, VX “ ȟ˚.

ShvpL`HzLH{L`Hq “ QCperfpȟ
˚
r2s{Ȟq.

• Braverman–Finkelberg–Ginzburg–Travkin:
G “ GLn ˆGLn`1, X “ GLn`1, ǦX “ Ǧ, VX “ Hompkn, kn`1q ‘ Hompkn, kn`1q_.

• Trivial period, X “ pt, ShvpLX{L`Gq “ Shvppt{L`Gq “ ShvpBGq “ krt � Ws “ křt˚ � Ws.
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“Corollary” of the conjecture, under a purity assumption: The unramified Plancherel formula, k “ C,〈
1Xpoq, 1Xpoq

〉
“ trpFr,CrVXsǦX q “

ż

Ǧ
compact
X

Lpπ, VXqdπ,

Here and later, Lpπ, VXq denotes the special value of an L-function (or product thereof) at points depending on a
grading — VX is really a ǦˆGm-space, with Gm-action depending on the cohomological grading.

E.g., in the group case, X “ H, ǦX � Ǧ “ ŤH � WH Q χ, dπ “ Lpχ, pȟ{̌tHq
˚, 0q´1, and we get the unramified

Plancherel measure (up to zeta factors depending on our choice of measures)

Lpχ, ȟ˚, 1q

Lpχ, pȟ{̌tHq˚, 0q
.

In the trivial case, X “ pt, we obtain

〈1pt, 1pt〉 “
1

VolGpoq
“

1

#GpFqq
“ Lp̌t˚ �W q, the “motive of G”.
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More structures:
ShvpLX{L`Gq “ QC

(
perfpVX{ǦXq,

Note that the right hand side can also be written as M̌{Ǧ, where M̌ “ VX ˆ
ǦX Ǧ.

Conjecture 2: M̌ has a natural symplectic structure, with moment map M̌ Ñ ǧ˚, and the equivalence of Conjecture
1 is equivariant with respect to the Satake category, i.e., the action of ShvpL`GzLG{L`Gq on the LHS corresponds to
the action of QCperfpǧ

˚r2s{Ǧq on the RHS.

The Poisson structure should follow by considering loop rotations coming from the action of Gm on o. This gives
a deformation ShvGmpL

`GzLG{L`Gq of Gm-equivariant sheaves, living over ShvpBGmq “ kr~s, whose specialization
at ~ “ 0 is the original category. Alternatively: factorization algebras, E2-algebras, ... .
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Example: Tate’s thesis. X “ A1, G “ Gm, first without the “metaplectic correction”. L`G-strata on LX
parametrized by integers, Xn :“ tnXpoq. The basic object F0 “ kX0 “ kL`X , acting by the perverse sheaf ktnGmpoq, we
get Fn “ kXn. Let ShvpL`GzLG{L`Gq “ ReppǦq b ShvpBGmq “ QCperfpBǦq b krηs, with η in degree 2. Ext-groups:

HompFi,Fjq “

$

’

&

’

%

krηs, if i “ j,

kr0s b krηs, if i ă j,

kr´2pi´ jqs b krηs, if i ą j,

with generators x P Hom0
pFi,Fi`1q, y P Hom2

pFi`1,Fiq with xy “ η.
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The category ShvpLX{L`Gq is generated by those objects, and that means that we can identify

ShvpLX{L`Gq
„
ÝÑ QCperfpSpeckrx, ys{Ǧq

with x in degree 0, y in degree 2, and Ǧ “ Gm-action z ¨ px, yq “ pzx, z´1yq, by sending Fi to zi b krx, ys. Indeed,

HomǦ

krx,ys-modpz
i
b krx, ys, zj b krx, ysq “

$

’

&

’

%

krx, ysǦ “ krxys, if i “ j,

kr0s b krxys, if i ă j,

kr´2pi´ jqs b krxys, if i ą j,

Moreover, Speckrx, ys “ T ˚r2sA1 is Hamiltonian with moment map T ˚r2sA1 Ñ ǧ˚ “ Speckrηs given by η “ xy,
under which the above isomorphism becomes ShvpBGq “ krηs-equivariant.
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Conjecture 3: The association M ÞÑ M̌ is involutive, when you switch the roles of G and Ǧ. Here, M “ T ˚X, or a
symplectic space, or some more general “affine coisotropic Hamiltonian space” satisfying certain conditions.

[I’m told that this should reflect a correspondence of “boundary conditions under S-duality for the Kapustin–
Witten 4D–TQFT” (see also Gaiotto–Witten).]

Examples:
attribution/name M or pG,Mq M̌ or pǦ, M̌q attribution/name

Tate pGm, T
˚A1q pGm, T

˚A1q Tate
Godement-Jacquet pGLn ˆGLn, T

˚Mnq T ˚pAn ˆGLn Ǧq Rankin-Selberg
Hecke T ˚pGmzPGL2q pSL2, T

˚A2q normalized Eisenstein series
Gross–Prasad SO2nzSO2n ˆ SO2n`1 pSO2n ˆ Sp2n, stdb stdq θ-correspondence

group ∆HzpH ˆHq ∆1pȞqzpȞ ˆ Ȟq (twisted) group
point GzG pŇ , ψqzǦ Whittaker

Remark: We expect a more general story, where we can drop the “smooth affine” condition on one side and the
“spherical/coisotropic” condition on the other, e.g., this is suggested by the example of toric varieties. Part of our
interest in our conjectures is the possibility of studying non-unique periods; but this has not been our focus for now.

Recipe for building M̌ out of M : Would have to talk about structure of spherical varieties and their associated
Hamiltonian spaces. No time today, see [S.–Jonathan Wang], or my older paper on “Spherical functions on spherical
varieties”.
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3 Global conjecture

There is a whole hierarchy of conjectures, according to the paradigm of TQFT which associates to manifolds of
different dimensions objects of different categorical depth:

Dim “Manifold” pG,Mq-theory P G-theory pǦ, M̌q-theory P Ǧ-theory
3 global field k X-theta series ΘX P C

8pGpkqzGpAqq L-value
2 geometric function field k “ FpCq Period sheaf PX P ShvpBunCGq L-sheaf LX P QCpLocCǦq
2 local field F “ kv FnspXpFqq P ReppGpFqq (...)
1 the unramified closure F̄ ShvpXpF̄ qq P pGpF̄ q-module cat.q QCpLocX̌q P pQCpLocD

˚

Ǧ q-module cat.)
Hence, there is a local conjecture relating the GpF q-category ShvpXpF̄ qq to a QCpLocD

˚

Ǧ q-category associated to
M̌ — although: “spectral quantization” missing!, see below. For Tate’s thesis, this was proven recently by Sam Raskin
and Justin Hilburn.

I will describe the global conjecture (over a curve C over an algebraically closed field F, although you should be
thinking of Frobenius actions when F “ Fq; no ramification). However, I need to know that

M̌ “ T ˚,ψ pS` ˆ
ǦX Ǔ Ǧq

loooooomoooooon

X̌

, a Ǧ-polarization,

and in fact I’ll take pǓ , ψq to be trivial (for simplicity), so M̌ “ T ˚X̌, for an honest Ǧ-space X̌ living over ǦXzǦ.
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By Koszul duality the local conjecture can be rewritten (dropping boundedness of sheaves from now on)

ShvpLX{L`Gq » QC!
pT r´1sX̌{Ǧq,

where T r´1sX̌, the shifted tangent bundle of X̌, is the derived self-intersection of X̌ (the derived fixed-point scheme
of X̌ under the trivial action of Ǧ).

We will globalize it to a matching of objects
PX Ø LX

under the conjectural geometric Langlands duality

ShvpBunGq » QC!
pLocǦq

(meaning of “Shv” and “QC!” interdependent here), expressing the formulas relating theta series and L-functions.
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The “period sheaf” (corresponding to the “X-theta series”) is PX “ π!k, where π : BunXG Ñ BunG.
Here, BunXG is the stack of G-bundles together with a section to X:

BunXG “ MappC,X{Gq Ñ BunG “ MappC,BGq.

The “L-sheaf” (corresponding to the special value of an L-function) is π̌˚ω, where π̌ : LocX̌Ǧ Ñ LocǦ.
Here, LocX̌Ǧ is the derived stack of Ǧ-local systems, together with a flat section to X̌, e.g., in the Betti setting, LocǦ

classifies representations of the étale fundamental group ρ : π1pCq Ñ Ǧ, and the fiber over ρ is the derived invariant
scheme X̌ρ. In the setting of de Rham local systems,

LocX̌Ǧ “ MappCdR, X̌{Ǧq Ñ LocǦ “ MappCdR, BǦq.
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Basic case and numerical conjecture: Assume that a geometric Langlands parameter (Ǧ-local system) ρ only has

isolated (classical) fixed points xi on X̌. Then, the fiber of LocX̌Ǧ Ñ LocǦ over ρ is
ÿ

i

H1
pρ, TxiX̌q.

Given that X̌ is a vector bundle over ǦXzǦ (say with fiber V ), for the existence of fixed points the local system
admits a reduction ρX to ǦX , and we have TxiX̌ “ V ‘ ǧ{ǧX .

Applying the sheaf–function dictionary, suppose that ρ is restriction of a Langlands parameter (denoted by same
letter), and f is the automorphic form associated to the skyscraper sheaf δρ , then (assuming that ρ is a smooth point
of LocǦ)

〈ΘX , f
_〉 “ trpFr,HompLX , δρq_q “ q´pg´1q dimG trpFr,

à

i

^
‚H1

pρ, TxiX̌qq “ q´pg´1qdimG
ÿ

i

Lpρ, TxiX̌q.

(I will ignore the factor q´pg´1qdimG from now on; it has to do with choices of measures I haven’t explained.)
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Examples (a lot of interesting scalars/measures swept under the rug! denoted by «):

1. Whittaker case: X̌ “ pt, so
〈ΘX , f

_〉 « 1.

(Here, ΘX is the Poincaré series, and the pairing computes the Whittaker coefficient of f_.)

2. Group case: X “ H, say semisimple, X̌ “ Ȟ with Chevalley-twisted action of Ǧ “ Ȟ ˆ Ȟ. Hence, for ρ to have
fixed points, it has to be of the form ρ “ τ ˆ τ_.

Assume τ to be geometrically elliptic (= its restriction to the geometric fundamental group does not lie in a
proper Levi). Then, its centralizer Sτ Ă Ȟ is discrete, and corresponds to the (classical) fixed points on Ȟ. Their
tangent space is ȟ, and we get

〈ΘX , f
_〉 « |Sτ |Lpτ, ȟ, 0q.

3. There is a version of the conjecture which doesn’t require polarization, which arises when we consider endo-
morphisms of the period sheaf PX: Normalize the automorphic form f Ø ρ so that 〈f, f〉 “ |Sπ|Lpτ, ǧ, 1q,
then

| 〈ΘX , f〉 |2 «
ÿ

i

Lpρ, TxiM̌q — the Ichino–Ikeda conjecture.
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