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§ I
.

Statements
-

Ela elliptic wire of conductor N

p prime , goodnany for E

Descent exact sequence :

O → Ela) ④ 912ps → Sel pasEla) → U a) Cpg → O

n

H
' (Ga , EIpos)

them (Gross-Zagier, Kobragin ,

Rubin)
Suppose ord⇐ ,

LIE
,
s) = 1

Then
rank
a
Elon) = A and #KEIO ) soo

.

( In particular, corankppselpo Oh ) = 1
. )

tha (after Skinner and W. Zhang)
Supp . p > 2 and Efp] irreducible as a Ga- module .

( i.e., p is non-Eisenstein) .

then

corankgselpo he) -- I ⇒ Orde ,
LIE
,
s) =L

.

(p - converse to GZK )



Three ( after Tether -Skinner-Wan , and W - Zhang) .

Supp . p > 2 and p is non - Eisenstein .

If ord
⇐ ,
LCE, s) = I

then
ondp (VEI ) = ordp (#W Oh) - Tame ) .

ME . Reg E

(p - part of BSD formula )
.

Th¥mA ( C. - Grossi - Lee - Skinner)
Suppose p> 2 and EfpTss = Ifp ④ FpfY)

with 41 Gap ¥1, w .

Then :

( i ) p- converse
to GZK holds for E .

Iii ) ft order. . LIE ,s) =L and

¢ is either { P
- ramified and odd .

P - unramified and even .

⑧

then .

p- part of BSD formula holds for E
.



Corollary .

Under the same hyp .

, we
have

Sel
p
Ela) e Ifp ⇒ orde ,

LIE, s ) = 1.

(so hanky ELO) = I & #U#a) so )

For p=3 , Corollary t Bhargava- Nagsburn - LemkeOliver - Shnidman

→ improved lower bounds on the proportion
of quadratic twists ED with orders , LCE? 4=1 .

Reiman . Allowing p- 2 and 01=11 is work in progress .



§ 2
.

Anti
- ydotomic Iwasawa theory-

K = (auxiliary) imaginary quadratic field s . t .
. Dye- 3 odd
• F N COk

ko = kn anti- ydofomi,
" t

' 94N I 74mL
.

Ah ,

q

B- extension

K

I { tis
Q

Kummer images y Hegner points in c- Elkin ) give

ka e S = him tim Sel pm kn )
← ←

on n m

N := Tpd CD



Pontryagin dual

Conjecture ( Perrin - Riou )
Both S and X := See pastElko
have A - rank I

,
and

charm (Xa-tow ) = darn ko) )?

Note .

This is roughly a A- adic version of

#U K) Cp - Tang Np [Elk) Ep : Kp Xo)?

Common in the Eisenstein and non - Eisenstein cases :

⑤ PR 's conj .

( for suitable K )
⇒ p- converse

to GZK
.

T
sit

.
HEY 1) to .

② PR's conj . =) p - party BSD formula holds
( for when cords

,
LIE, s ) =L .

S
.

f. LIE 'S 1) to&%%:t¥9E¥I ← reason for our⑧ .



③ Can choose k where p splits and use :

Tha ( after Bertolini - Darmoon - Prasanna)
If p splits in K ,

Perrin - Riou's conj . is equivalent
to Iwasawa 's Main Conjecture for Loop :

chara ft ) = (Loop )?

§ 3 . Non - Eisenstein case
-

-

One proves IMC for Lopp by combining :

• Xin Wan : chard# ) c (Loop)
'

in http ] .

. Hsieh : pet Loop ) = O
.

' Howard : chara ( Xa -tow ) o charm Kaos)?

→ all 3 require Elp) Iq, irreducible !



§ 4 . Eisenstein case
#

t

key principle ( after Greenberg -Vatra ) :

Let E = { WIN }

(Lopp )
?

Then

churn# §
a

chara pts ) = ( Losop)
T t( "Yei::*. . remove

"

¥:p:&:
"

.

at all WE E

advantage : better. behaved
wrt congruences

modp .

Theorem B ( CGLS) .

=

Supp . p > 2 and Elp] = Ifp ④ lfpfy )
with flags # I, w .

and K = imag . quadratic field as above

where p splits .

Then It is A-torsion , and charaft ) = (Loop )?



Sketch of proof-
Given 0 # GE A- 2pQTD

me Ax
can write G -

-

n - pm Q ,
where ⑧ 7L> o

Q c- 2pct distinguished
polynomial

deg @ =

Applied to f's .

t
. chain FEE ) = ffs )

→ putts) , if#
E )

.

In our case , we have
E E

FE = Eisg , y (mod p)
.

A

SIGN)
corresp.to E

① If 016g # Hw we show 3 exact req .

o -¥9:*#91ps → *ftp.oo
A

xan¥¥iL
class gps .



⇒ HE is A-torsion with putts ) = O
T

Rubin t Hida & ites) = I#f) titty) .

② Kriz's congruence (Lipp )2= Lf - Lys ( nod ph) .

V
Katz p-adic L

- fhr

⇒ tfopp 40 with pr( Lopsp ) = O
Hida's work a XI Lipp )=t(Lps ) tilly )

.

③ Kolyvagin 's system argument in the p- Eisenstein case :

chara#
s ) o choral Lopsp ) in Afp] .

proby
① t②t③t Rubin 'sTMC fork =) main result .


