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Sato
In 1962 Mikio Sato returned to the University of Tokyo after visiting IAS with an
interest in the following question about the sequence of Frobenius eigenangles ϑp
associated to an elliptic curve E/Q at primes p of good reduction.

How is ϑp distributed on [0, π] as p varies over primes?

The university had recently installed a HIPAC 103 computer, and several young
researchers and students had started “playing” with it, including Kanji Namba.

. . . on a nice summer evening, Sato and some of his colleagues, including
Namba, instead of parting at the Ikebukuro suburban train terminal were drawn
to a roof beer garden on a department store. Then Sato, explaining the beauty
of arithmetic of elliptic curves and modular forms, said to Namba something
like “why not use the new computer for something more worthwhile than
examining the Goldbach conjecture; for example, for collecting data for this
question”.



The sin2 ϑ-law (May 15, 1963 letter from Sato to Namba)



The sin2 ϑ-law

In the letter Sato wrote to Namba in May, 1963 (as translated by Namba in a March
2007 letter to Ralf Schmidt)

. . . according to the figure and table, it is estimated that the angular distribu-
tion of αp is proportional to sin2 ϑ. It could be said that the above hypothesis
is very plausible.

Here αp = √peiϑp and ᾱp = √pe−iϑp are p-Weil numbers with ap = αp + ᾱp.
Sato continued

This fact is, I think, probably, if we spend sufficiently long time and deep
conversation, even under our present knowledge, it would be possible to explain
theoretically, but now, I would like to postpone such heavy brain work, and
instead, collect experimental muscular obtainable data.



The Sato-Tate distribution

Fix an elliptic curve E/Q. For each good prime p the trace of Frobenius

ap := p + 1 − #Ep(Fp)

satisfies |ap| ≤ 2√p. Let xp := −ap/
√p ∈ [−2, 2]. If E does not have CM then

(x2, x3, x5, x7, x11, . . .) should be equidistributed with respect to the measure

2
π

√
4 − x2dx

If we construct a histogram of xp-values for p ≤ B and rescale by π
2 , as B tends to

infinity our histogram should converge to a semicircle of radius 2.

Mikio Sato John Tate























































Sato-Tate trace distributions of genus 2 curves



Murmurations of elliptic curves

In 2022, He, Lee, Oliver, and Pozdnyakov ran a series of machine learning experiments
in an attempt to predict ranks of elliptic curves over Q using Frobenius traces.

Their efforts to predict ranks worked for curves of small conductor, but not in general.
However, they noticed a previously unobserved oscillation in average Frobenius traces
in families of elliptic curves ordered by conductor when separated by rank.

You can read more about their discovery in this 2024 Quanta article.

https://www.quantamagazine.org/elliptic-curve-murmurations-found-with-ai-take-flight-20240305/


Murmurations of elliptic curves

Elliptic curves of conductor N ∈ (2n, 2n+1] for 11 ≤ n ≤ 18. Blue/red/purple dots at
(p, āp or m̄p) are averages of ap or mp := (−1)r ap(E ) over even/odd/all E/Q.
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Murmurations of elliptic curves over an (not just ap)

Elliptic curves of conductor N ∈ (2n, 2n+1] for 11 ≤ n ≤ 18. Dots at (n, m̄n) show the
average of mn := w(E )an(E ) over all E/Q with NE ∈ (M, 2M]. The color of each dot
indicates the number of prime factors of n (with multiplicity).
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Murmurations are an aggregate phenomenon

Moving average line plots of m̄p for 8 individual and all E/Q with NE ∈ (M, 2M],
using subintervals of size

√
M for p ≤ 2M, with M = 217.

147455.b2, 163839.a1, 180222.be2, 196606.b1, 212990.l1, 229374.a1, 245758.a1, 262143.d1

https://www.lmfdb.org/EllipticCurve/Q/\color {mplsalmon}147455.b2
https://www.lmfdb.org/EllipticCurve/Q/\color {mplskyblue}163839.a1
https://www.lmfdb.org/EllipticCurve/Q/\color {mpldeepskyblue}180222.be2
https://www.lmfdb.org/EllipticCurve/Q/\color {mpltomato}196606.b1
https://www.lmfdb.org/EllipticCurve/Q/\color {mpldodgerblue}212990.l1
https://www.lmfdb.org/EllipticCurve/Q/\color {mplslateblue}229374.a1
https://www.lmfdb.org/EllipticCurve/Q/\color {mplroyalblue}245758.a1
https://www.lmfdb.org/EllipticCurve/Q/\color {mplcrimson}262143.d1


Zubrilina’s theorem
Definition. Let Un ∈ Z[x ] denote the Chebyshev polynomial defined by
Un(cos ϑ) sin ϑ = sin((n + 1)ϑ). The murmuration density function is

Mk(y) := Dk
(
Ay − (−1)k/2B

∑
1≤r≤2y

c(r)
√

4y2 − r2 Uk−2( r
2y ) − πy2δk=2

)
,

A :=
∏

p

(
1 + p

(p+1)2(p−1)

)
, B :=

∏
p

p4−2p2−p+1
(p2−1)2 , c(r) :=

∏
p|r

(
1 + p2

p4−2p2−p+1

)
, Dk := 12

(k−1)π
∏

p
(1− 1

p2+p
) .

Theorem (Zubrilina 2023)
Let

∑
an(f )qn denote a weight-k newform for Γ0(N) with root number w(f ). Let

X , Y , P → ∞ with P prime, Y ∼ X 1−δ, P ≪ X 1+δ1 , δ, δ1 > 0 and 2δ1 < δ < 1, and
put y :=

√
P/X. Then for every ε > 0 we have∑□-free
N∈[X ,X+Y ]

∑
f w(f )aP(f )P(1−k/2)∑□-free

N∈[X ,X+Y ]
∑

f 1
= Mk(y) + Oε(X−δ′+ε + P−1)

where δ′ := max(δ/2 − δ1, (δ + 1)/9 − δ1); for δ1 < 2/9 we can choose δ so δ′ > 0.



Zubrilina’s theorem for k = 2, 14, 32 (click here for other k)

https://math.mit.edu/~drew/murm/zub.html
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A murmuration theorem for elliptic curves
Let E(X ) :=

{
y2 = x3 + ax + b : a, b ∈ Z, p4|a ⇒ p6 ∤ b, max(4|a|3, 27b2) ≤ X

}
be the set of isomorphism classes of elliptic curves over Q of naive height at most X .

Theorem (S–Sawin 2025)
For any smooth W : R>0 → R with compact support, the limit

lim
X→∞

1
#E(X )

∑
E∈E(X)

ε(E )
NE

∑
n≥1

W (n/NE )an(E )

exists and is equal to∫ ∞

0
2πW (u)

∞∑
n=1

∏
p|n ℓpνp (n)

√
n

√
uJ1(4π

√
un)du,

with ℓ2ν = t2(ν+2)
1023 , ℓ3ν = · · · , ℓpν = p9−p8

p10−1 tp(ν + 2), where tp(k) = tr(Tp) on Sk(1).
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L-functions of genus 2 curves over Q with Sato-Tate group USp(4).

Before and after genus 2 murmuration plots (top LMFDB, bottom new dataset).
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Thank you!



Temporary page!

LATEX was unable to guess the total number of pages correctly. As there was some
unprocessed data that should have been added to the final page this extra page has
been added to receive it.
If you rerun the document (without altering it) this surplus page will go away, because
LATEX now knows how many pages to expect for this document.


