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OVERVIEW

Let X be a nice (smooth projective geometrically integral) curve of genus g over a field k.
When k is a finite field IF, the curve X has an associated zeta function

— #X(qu) rl| _ LX(T)

where the L-polynomial Ly € Z[T] has the form
Ly(T)=q¢T*# +q* 'a,T* "'+ +qa, , T +a, T +a, ;TS " +---+a,T+1

and roots a, ..., a,, that satisfy |a;| = ¢/~
When k is a number field K, the curve X has an associated L-function

Ly(s) =] JLx, (oI,
p

where p ranges over the primes of K (nonzero prime ideals of 6;) and X, denotes the reduction
of X to the residue field F,, := 0 /. For all but finitely many primes p (the good primes), X, is a
nice curve of genus g and the polynomial LXP(T) is the numerator of the zeta function Z Xp(T)‘
Under the widely believed assumption that Ly (s) satisfies the functional equation required by
the Langlands correspondence, the polynomials LXF(T) at bad p can be explicitly computed
given sufficiently many pr(T) at good p, so we shall restrict our attntion to good primes.
The zeta functions Z,(T) and the L-functions Ly(T) are canonical invariants of the isogeny
class of the Jacobian of X, an abelian variety of dimension g, and the subject of some of the
most important theorems and conjectures in arithmetic geometry, including generalizations of
the modularity theorem, the Sato-Tate conjecture, and the conjecture of Birch and Swinnerton-
Dyer. The goal of this lecture series is to describe some explicit methods for computing them.

COURSE OUTLINE

Lecture 1. Introduction. (slides)

Zeta functions and L-functions of curves and their Jacobians
Strong multiplicity one

Mumford representation

Cantor’s algorithm


http://math.mit.edu/~drew/BristolLecture1.pdf

Lecture 2. Generic and /-adic algorithms. (slides)

Mestre’s approach

Birthday paradox algorithms
Schoof’s algorithm
Generalizations to higher genus

Lecture 3. An average polynomial-time algorithm for elliptic curves. (slides)

The Hasse invariant

Linear recurences

A p/2+°M._time algorithm

An average polynomial-time algorithm

Lecture 4. An average polynomial-time algorithm for arithmetic schemes. (slides)

Reduction to hypersurfaces in affine tori
The trace formula

Recursion formulas

Complexity analysis

EXERCISES

Exercises for Lecture 1. Let X /F, be a nice curve of genus g with zeta function

B N\ _ L(T)
Z(T) := exp(z " T )_ (1-T)1—qT)’

r=1

where N, := #X(F ).

€3]

(2)

(3)

Prove that L(T) = p8T* + p¥'aq,T*7' +---q, T +---a,T + 1 is completely deter-
mined by the integers N, := #X(FF,.) for 1 < r < g and work out explicit formulas for
a,...,a, and N, in terms of Ny, ...N, for g < 3.

Prove that # Jac(X)(F,) = Lx(1), and more generally, that
# Jac(X)(F,r) = l_[ L(e%™in/m,
n=1

Show that if X is a hyperelliptic curve and X is a non-isomorphic quadratic twist then
# Jac(X)(IF,2) = # Jac(X)(F, ) # Jac(X )(F,) (assume p # 2 if you wish). Then show that
for g < 3 and all sufficiently large p the zeta function Z(T) is completely determined
by the integers # Jac(X)(F,) and # Jac(X )(F,).

Assume X is defined by y? = f(x) with f monic, square-free, of degree 2g+1 (p # 2).
Show that the 2-torsion field of Jac(X) is the splitting field of f(x) and prove that

# Jac(X)(F,)[2] =2"",

where n is the number of irreducible factors of f in F,[x]. From this, conclude that
Jac(X)(F,)[2] ~ (Z/2Z)*%.


http://math.mit.edu/~drew/BristolLecture2.pdf
http://math.mit.edu/~drew/BristolLecture3.pdf
http://math.mit.edu/~drew/BristolLecture4.pdf
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Day 3.
Day 4.

Assume X is an elliptic curve y? = f(x) with f a monic cubic, and O := (0 : 1 : 0).
If we identify points P € X(IF,) with divisor classes [P — O] in Jac(X)(F,) (this is the
isomorphism induced by the Abel-Jacobi map), then Cantor’s algorithm reduces to the
usual group law on X (three points on a line sum to O). Work this out explicitly for the
case of adding two distinct reduced divisors (corresponding to distinct points on X).

Assume X has genus 2. Show that (1) and (2) imply
N, +N?
2
Give a bijective combinatorial proof of this formula in the case that X has a rational
Weierstrass point by using the Mumford representation for Jac(X) to express the LHS

in terms of the RHS. Which divisors counted by the first term on the RHS are being
removed by the second term on the RHS to obtain the LHS?

# Jac(X)(F,) = —p.

Modify the Sage implementation of Schoof’s algorithm presented in lecture (click here)
to compute the order of the Frobenius action on End(E[£]). Give an explicit example of
isogenous elliptic curves E; and E, over a finite field for which E;(F,)[5] ~ E,(F,)[5]
(as abelian groups), but the Frobenius actions on E;[5] and E,[ 5] have different orders.

Modify the Sage implementation of Schoof’s algorithm presented in lecture (click here)
to use Elkies optimization, that is, use precomputed modular polynomials (available
here) to determine which primes are Elkies primes and for these primes compute the
Elkies kernel polynomial using [9, Alg. 28, p. 555].

Mestre’s approach to computing # Jac(X)(IF,) for elliptic curves X /FF, relies on the fact
that for all sufficiently large primes p at least one of A(Jac(X)(F,)) or A(Jac(X )(F,))

has a unique multiple in the Hasse-Weil interval (here X denotes the quadratic twist).
Prove that this approach is doomed to fail in genus 2 by showing that for every prime p
there is a genus 2 curve X /FF, such that neither A(Jac(X)(F,)) nor A(Jac(X )(F,)) has
a unique multiple in the Hasse-Weil interval [(,/p —1)%, (/P + 1)*].

Let G be a finite abelian group with exponent A(G). Show that for uniformly distributed
independent random elements a, 3 € G we have

Prob[lem(|al, |B]) = A(G)] > % =0.607927...
T

Free day! But feel free to do any of the problems from days 1 and 2.

The file ZetaPlaneCurvesProblem.m contains the skeleton of the code that was demon-

strated in lecture. Your task is to fill in missing bodies of the functions mat, pts, and zeta:

The function mat computes the matrix M, mod p°® for the hypersurface in the affine
torus T2 defined by f; you can do this naively by directly applying the definition of M;.
The function pts uses mat to evaluate the trace formula to compute #X(F,-) mod p*
by first viewing f as defining a hypersurface in an affine torus, and then adding missing
points (using the provided function MissingPoints) to get the correct count for the
nice curve X /IF, defined by f(x,y,2z) = 0.


https://cocalc.com/share/c83a1052-f91e-43a3-bc61-c1549d7e3b59/SchoofsAlgorithm.sagews?viewer=share
https://cocalc.com/share/c83a1052-f91e-43a3-bc61-c1549d7e3b59/SchoofsAlgorithm.sagews?viewer=share
https://math.mit.edu/~drew/ClassicalModPolys.html
http://math.mit.edu/~drew/ZetaPlaneCurvesProblem.m

e The function zeta uses pts to compute the L-polynomial of X using the point counts
computed by pts. Use the provided function TracesToLPolynomial to convert the
list of integers p + 1 — #X(FF,,) for 1 < r < g to the corresponding L-polynomial.

Once you have implemented your function, test it on the provided polynomials f; and f, at
small good primes p > 1+e/r (you can compare your results with the provided functions Pts
and Zeta). Then compute the L-polynomials of the plane quintic curve defined by f; at primes
p=17,...,29 (or as far as you can go).

For reference the running times for p = 7,11,13,17,19, 23,29 using the code I showed in
lecture are 13, 35, 38,88,124,174,357 seconds on my laptop (but your mileage may vary).
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