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Comrades ! Are you also struggling with computing
endless chains of N-isogenies between elliptic curves ?

.and in [

CSIDH !

0







..'

B Are you also fed up with sampling random F,-rational points and
| multiplying by #E(F,)/N, before applying Vélu, at each step ?







Observation: for each N > 2 there exist concrete radical formulas

N
X1 (611» Az, A3,04,A6, X0, Y0, \/P(ab a,,as,ay,Ag, Xo,Yo) )

Y1 (a1; a3, a3, a4, Ae, X9, Yo, N\/P(al» a, az, ay, g, Xo,Yo)
such that for whatever cyclic N-isogeny we computed using Vélu
Ey: y* + a;xy + asy = x3 + a,x* + a,x + a, Py = (x9,Y0)
¢

E
Ev="py — E2="Ypy

these produce a point P; = (x4,y,) € E; extending ¢ to a cyclic N*-isogeny.



Proof 1:

» Forgetful map between modular curves

X1(N) = {(Ey, Py, P)}

|

X1(N) — {(EO»PO)}

is a simple radical extension (analysis of Galois groups).

Proof 2 (in progress, but more explicit):
» Conjectural formula that will be discussed in next week’s workshop.

» Leads to concrete formula for p in terms of well-known modular units.



Example: for N = 5, assume w.l.o.g. that we are in Tate normal form:
Ey: y* + (1 — b)xy — by = x3 — bx?, P, = (0,0).
Then Vélu produces
Ei: y* 4+ (1 — b)xy — by = x3 — bx* — (5b3 + 10b% — 5b)x
—(b®> + 10b* — 5b3 + 15b% — b).
We can take
x1= (5 + ¥ +2¥b-2)b+5Vb —3¥b +2¥b - Vb
yi=&b —¥b-Up2+ B —10¥6 +13Vb—10b
+53b —3¥b + b .

Putting (E4, P1) back into Tate normal form yields recursive formulas.



If our field contains all N*! roots of unity, then: N options for ¥/p. This gives
generators for all cyclic subgroups of E; that extend ¢ to a cyclic N*-isogeny.

Over F, with gcd(q — 1, N) = 1 there is a unique choice for §/p, which can be
computed by mere exponentiation:

» costs = ; log(q)
» scalar multiplication costs = 11 log(q)

Leads to speed-up factor of up to 50 for chains of N-isogenies (decays with N).

Speeds up CSIDH-512 by about 18%.



