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Arita’s Classification of Divisors1

Deg Type Gröbner Basis Deg Type Gröbner Basis

0 0 1

5

51

y2 + f4xy + f3x
2 + f2y + f1x+ f0,

1 11
x+ f0 x3 + g4xy + g3x

2 + g2y + g1x+ g0,

y + g0 x2y + h4xy + h3x
2 + h2y + h1x+ h0

2

21
y + f1x+ f0,

52
xy + f3x

2 + f2y + f1x+ f0,

x2 + g1x+ g0 y2 + g3x
2 + g2y + g1x+ g0

22
x+ f0,

53
xy + f3x

2 + f2y + f1x+ f0,

y2 + g2y + g0 x3 + g5y
2 + g3x

2 + g2y + g1x+ g0

3

31

x2 + f2y + f1x+ f0,
54

x2 + f2y + f1x+ f0,

xy + g2y + g1x+ g0, xy2 + g5y
2 + g4xy + g2y + g1x+ g0

y2 + h2y + h1x+ h0

6

61

x3 + f5y
2 + f4xy + f3x

2 + f2y + f1x+ f0,

32
y + f1x+ f0, x2y + g5y

2 + g4xy + g3x
2 + g2y + g1x+ g0,

x3 + g3x
2 + g1x+ g0 xy2 + h5y

2 + h4xy + h3x
2 + h2y + h1x+ h0

33 x+ f0
62

y2 + f4xy + f3x
2 + f2y + f1x+ f0,

4

41

xy + f3x
2 + f2y + f1x+ f0, x3 + g4xy + g3x

2 + g2y + g1x+ g0
y2 + g3x

2 + g2y + g1x+ g0,
63

y2 + f4xy + f3x
2 + f2y + f1x+ f0,

x3 + h3x
2 + h2y + h1x+ h0 x2y + g6x

3 + g4xy + g3x
2 + g2y + g1x+ g0

42
x2 + f1x+ f0,

64
xy + f3x

2 + f2y + f1x+ f0,

xy + g2y + g1x+ g0 x4 + g6x
3 + g5y

2 + g3x
2 + g2y + g1x+ g0

43
x2 + f2y + f1x+ f0, 65 x2 + f2y + f1x+ f0
y2 + g4xy + g2y + g1x+ g0

44 y + f1x+ f0

1Arita, “An Addition Algorithm in Jacobian of C3,4 Curve”.
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Riemann-Roch Spaces

Let D be a divisor and m a monomial in K[C].
Define

Wm
D := L(− ordP∞(m)P∞ −D) = {f ∈ ID | LM(f) ≤ m}.

Given ID and m, it is easy to find a basis for Wm
D .

Given Wm
D , it is easy to find generators for ID (if m is sufficiently large).
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Framework for Addition

Abu Salem/Khuri-Makdisi (2007)2: If D and D′ are disjoint, typical,
reduced divisors:

W x2y
D+D′ W x2y

D W x2y
0

Wx2y
0

Wx2y

D′

kerM ι

M

π

2Abu Salem and Khuri-Makdisi, “Fast Jacobian group operations for C3,4 curves over
a large finite field”.
MacNeil, Jacobson, Scheidler (UofC) C3,4 Arithmetic June 30, 2020 4 / 18



Framework for Addition

Generalization for any distinct reduced divisors D, D′ and monomial m:

Wm
L Wm

D Wm
0

Wm
0

Wm
D′

Wm
G

Wm
D′

kerM ι

M

π imM

where L = lcm(D,D′) and G = gcd(D,D′)

In general D +D′ = L+G. Return

D +D′ ≡ L+G.
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Addition Example

Consider the C3,4 curve C : y3 + x4 + 1 = 0 over F11.
Let D, D′ be the typical divisors

ID = 〈f, g, h〉 ID′ =
〈
f ′, g′, h′

〉
f = x2 + 3y + 7x+ 5 f ′ = x2 + 6y + 3x− 2

g = xy + 2y + 2x+ 9 g′ = xy + 5y + 5x+ 9

h = y2 + 4y + 2x+ 3 h′ = y2 − y − x+ 5.
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Addition Example

W x4

D = Span{f, g, h, xf, xg, xh, x2f}

W x4

D′ = Span{f ′, g′, h′, xf ′, xg′, xh′, x2f ′}

Compute f, g, h, . . . modulo f ′, g′, h′, . . . . E.g.

f = f − f ′

= 8y + 4x+ 7

M =

7 0 9 2 10 5 2
4 8 3 10 2 8 6
8 8 5 2 0 1 7
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Addition Example

Mrref =

1 0 6 0 6 9 2
0 1 7 0 9 8 10
0 0 0 1 6 4 5



kerM =



−6 −6 −9 −2
−7 −9 −8 −10
1 0 0 0
0 −6 −4 −5
0 1 0 0
0 0 1 0
0 0 0 1



IL =

〈 h− 7g − 6f,
xg − 6xf − 9g − 6f,
xh− 4xf − 8g − 9f,
x2f − 5xf − 10g − 2f

〉
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Numeric Addition Example

IL =

〈 h− 7g − 6f,
xg − 6xf − 9g − 6f,
xh− 4xf − 8g − 9f,
x2f − 5xf − 10g − 2f

〉

=

〈 y2 + 4xy + 5x2 + 5y + x− 2,
x2y + 5x3 − 3xy − 2x2 − 3y − 4x− 1,
xy2 − 4x3 − 5xy − 2x2 + y + 3x+ 4,
x4 + 3x2y + 2x3 − 3xy + x2 − 4y − 4x− 1

〉

L is a type 63 divisor.
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Reduction Example

Recall F = y3 + x4 + 1 was the curve polynomial.

IL =

〈
y2 + 4xy + 5x2 + 5y + x− 2,
x2y + 5x3 − 3xy − 2x2 − 3y − 4x− 1

〉
= 〈u, v〉

Generators for L are known to have leading monomials y, x2. Let

f ′′ = y + f ′′1 x+ f ′′0

g′′ = x2 + g′′2y + g′′1x+ g′′0

and solve
f ′′v − g′′u+ g′′2F = 0.
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Reduction Example

Equating coefficients gives a system of equations

f ′′1 = −1
g′′2 = −5f ′′1 + 5 = −1
g′′1 = −4g′′2 − 3 = 1

f ′′0 = 3f ′′1 + 4g′′1 + 5g′′2 + 7 = 3

g′′0 = −5g′′2 − 3 = 2

and

I
L
=
〈
y − x+ 3, x2 − y + x+ 2

〉
=
〈
y − x+ 3, x2 + 5

〉
.
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Addition Formulas

First, compute the matrix M .
The right-most columns can be filled in later if we need them.

M =

 a1 a2 a3 a4 a5 ∗ ∗
a8 a9 a10 a11 a12 ∗ ∗
a15 a16 a17 a18 a19 ∗ ∗



a1 = f0 − f ′0 . . . a4 = −f ′0a8 − g′0a15 . . .

a8 = f1 − f ′1 . . . a11 = a1 − f ′1a8 − g′1a15 . . .

a15 = f2 − f ′2 . . . a18 = −f ′1a8 − g′2a15 . . .

Requires 18M+21A. Strassen’s technique may also be applied.
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Addition Formulas

M →

a1 a2 a3 a4 a5 ∗ ∗
0 b1 b2 b3 b4 ∗ ∗
0 b7 b8 b9 b10 ∗ ∗


→

a1 a2 a3 a4 a5 ∗ ∗
0 b1 b2 b3 b4 ∗ ∗
0 0 c1 c2 c3 ∗ ∗

 =Mref

b1 = a1a9 − a2a8 c1 = b1b8 − b2b7
b2 = a1a10 − a3a8 c2 = b1b9 − b3b7
. . . = . . . . . . = . . .

Requires 22M+11A
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Addition Formulas

Supposing a1, b1 6= 0 and c1 = 0,a1 a2 a3 a4 a5 ∗ ∗
0 b1 b2 b3 b4 ∗ ∗
0 0 0 c2 c3 ∗ ∗

→
1 0 −r0 0 −s0 ∗ ∗
0 1 −r1 0 −s1 ∗ ∗
0 0 0 1 −s2 ∗ ∗

 =Mrref

A = a1b1 s2 = −γc3
B = Ac2 r1 = −βb2
δ = 1/B s1 = −β(b3s2 + b4)

α = δb1c2 r0 = −α(a2r1 + a3)

β = δa1c2 s0 = −α(a2s1 + a4s2 + a5)

γ = δA

Requires 1I+16M+4A
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Additions Formulas

The IL = 〈u, v〉 where

u = h+ r1g + r0f = y2 + u4xy + · · ·+ u0

v = xg + s2xf + s1g + s0f = x2y + v6x
3 + v4xy + · · ·+ v0

u0 = f0r0 + g0r1 + h0 v0 = f0s0 + g0s1

u1 = f1r0 + g1r1 + h1 v1 = f1s0 + g1s1 + f0s2 + g0

u2 = f2r0 + g2r1 + h2 v2 = f2s0 + g2s1

u3 = r0 v3 = s0 + f1s2 + g1

u4 = r1 v4 = s1 + f2s2 + g2

v6 = s2

Requires 6M+7A
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Solving f ′′v − g′′u+ g′′2F = 0

Let f ′′ = y + f ′′1 x+ f ′′0 and g′′ = x2 + g′′2y + g′′1x+ g′′0 . Equating
coefficients in f ′′v − g′′u− g2F = 0 gives the system

(x3y) f1 − u4 + v6 = 0

(x4) f1v6 + g2 − u3 = 0

(xy2) c8g2 − g2u4 − g1 + v4 = 0

(x2y) c7g2 − g2u3 − g1u4 + f1v4 + f0 − u2 + v3 = 0

(y2) c5g2 − g2u2 − g0 + v2 = 0

and 6 more equations.

Total: 1I+70M+61A, after reducing g′′ modulo f ′′.
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Thank You

Sage implementation available at
github.com/emmacneil/c34-curves
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Possible Discussion

How common are C3,4 curves in the wild?

Relative costs of field operations

Future Work (NUCOMP?)
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