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I think the problem, to be quite honest with you, is that

you’ve never actually known what the question is.

—Deep Thought
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A tale of three cubes

(−2 736 111 468 807 040)3 + (−8 778 405 442 862 239)3 + 8866 128 975 287 5283

= − 20483367622797158223817952754905569383153664000

− 676467453392982277424361019810585360331722557919

+ 696950821015779435648178972565490929714876221952

33
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Keeping secrets is hard. . .

At 9:05am GMT on February 27th 2019, a computer in Bristol
found the solution to x3 + y3 + z3 = 33 shown on the previous
slide.

I told several colleagues about it later that day.

Eleven days later, one of them sent me this:

Uh oh.

Andrew Booker 33 and all that



It got worse from there. . .
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Browning!

I protested:

(Yes, there was already a Wikipedia article.)

Tim professed his innocence. Eventually we worked it out:

This was Tim’s web page at the time:

It turns out that this is a good marketing strategy.
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Meanwhile, on
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A number which will live in infamy

Bjorn Poonen, Undecidability in Number Theory,
AMS Notices, March 2008:

“Does the equation x3 + y3 + z3 = 29 have a solution in integers?
Yes: (3, 1, 1), for instance.
How about the equation x3 + y3 + z3 = 30?
Again yes, although this was not known until 1999: the smallest
solution is (−283059965,−2218888517, 2220422932).
And how about x3 + y3 + z3 = 33?
This is an unsolved problem.”
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Popularization
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History

Ryley (1825): x =
(

27x3−y9

3y2(9x2+3xy3+y6)

)3

+
(

−27x3+9xy6+y9

3y2(9x2+3xy3+y6)

)3

+
(

3xy(3x+y3)

9x2+3xy3+y6

)3

Verebrusov (1908): (1 + 6x3)3 + (1− 6x3)3 + (−6x2)3 = 2
Mahler (1936): (9x4)3 + (9x − 9x4)3 + (1− 9x3)3 = 1

Mordell (1953): x3 + y 3 + z3 = 3 other than (1, 1, 1), (4, 4,−5)?

Miller and Woollett (1955): Searched for solutions to x3 + y 3 + z3 = k
for 0 < k ≤ 100 using the EDSAC at Cambridge

Gardiner, Lazarus, and Stein (1964): Found one more k ≤ 100

Heath-Brown (1992): Conjectured solutions exist ∀k 6≡ ±4 (mod 9)
Heath-Brown, Lionen, and te Riele (1993)
Conn and Vaserstein (1994)
Koyama (1994), (1995)
Jagy (1995)
Bremner (1995)
Lukes (1995)
Koyama, Tsuruoka, and Sekigawa (1997)
Elkies (2000)
Bernstein (2001)
Beck, Pine, Tarrant, and Yarbrough Jensen (2007)
Elsenhans and Jahnel (2009)

Huisman (2016): Found all solutions for k < 1000 with max{|x |, |y |, |z |} ≤ 1015

Andrew Booker 33 and all that



Elkies’ algorithm

Elkies (1996) described an algorithm to find all (x , y , z) ∈ Z3 with
max{|x |, |y |, |z |} ≤ B and |x3 + y3 + z3| ≤ B in time O(B logc B).

His observation is that we can rewrite x3 + y3 + z3 = k as(
− x

z

)3
+
(
− y

z

)3
= 1− k

z3 , so (− x
z ,−

y
z ) is a rational point “near”

the Fermat cubic X 3 + Y 3 = 1 (within distance O(B−2)).

To find these points, he breaks [0, 1/ 3
√

2] into � B subintervals of
size � 1

B and computes linear approximations to the curve on each.

If (X ,Y ) = ( xz ,
y
z ) is a point of height O(B) within distance

O(B−2) of one of the line segments, then (x , y , z) lies in a certain
parallelopiped of side lengths O(1), O(B−1), and O(B).
Finally, apply LLL to find the integer points.
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A little algebra

Suppose that x3 + y3 + z3 = k , with |x | ≥ |y | ≥ |z |. Then

k − z3 = x3 + y3 = (x + y)(x2 − xy + y2).

Writing d = |x + y | = |x |+ y sgn x , we have

|k − z3|
d

= x2 − xy + y2 = 3x2 − 3d |x |+ d2,

so that

{x , y} =

{
1

2
sgn(k − z3)

(
d ±

√
4|k − z3| − d3

3d

)}
.

Given a candidate value of z , we can try all d > 0 dividing |k − z3|.
This finds all solutions to x3 + y3 + z3 = k with
min{|x |, |y |, |z |} ≤ B in (heuristic) time O(B1+ε).
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A better algorithm

Factoring might be subexponential, but it’s expensive in practice.

So instead of running through z and solving for d | (k − z3), it’s
better to run through d and solve for z satisfying z3 ≡ k (mod d).
With the Chinese remainder theorem and Hensel’s lemma, this can
be reduced to finding solutions to z3 ≡ k (mod p) for primes p | d .

In the particular case k ≡ 3ε (mod 9) for ε ∈ {±1}, we have
x ≡ y ≡ z ≡ ε (mod 3), and it follows that sgn z = ε

(
d
3

)
.

That leads to the following system:

d
3
√

2− 1
< |z | ≤ B, sgn z = ε

(
d

3

)
, z3 ≡ k (mod d),

3d

(
4ε

(
d

3

)
(z3 − k)− d3

)
= �.

Also, some congruence constraints come for free, e.g.
z ≡ 4

3k(2− d2) + 9(k + d) (mod 18).
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Complexity analysis

Even with the noted optimizations, there are � B logB candidate
pairs (d , z) satisfying the first line of the system.

To get better than O(B logB) running time, we use a time-space
tradeoff: If ∆ = 3d

(
4ε
(
d
3

)
(z3 − k)− d3

)
is a square then(

∆
p

)
∈ {0, 1} for any odd prime p. Setting M =

∏
5≤p≤P p for

some auxiliary parameter P, we can restrict to the residue classes
of z (mod M) satisfying this criterion for all p | M. This comes
with O(M) setup cost, but typically reduces the number of z by a
factor of 2ω(M).

Optimally choosing P � log logB log log logB, we get a total
(heuristic) running time of O

(
B log logB log log logB

)
.

There are many practical issues: 64-bit arithmetic, fast cube roots
mod p, fast sieving for primes, Montgomery multiplication, . . .
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42 is the new 33

Finding a solution to the three cubes problem for 33 left only one
value of k ≤ 100 with no local obstructions and no known
solutions: k = 42. I searched for solutions with
min{|x |, |y |, |z |} ≤ 1016 without success.

Likewise, I found no solutions to Mordell’s question.

Enter Drew Sutherland.

With help from our friends at
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42 is the new 33

Finding a solution to the three cubes problem for 33 left only one
value of k ≤ 100 with no local obstructions and no known
solutions: k = 42. I searched for solutions with
min{|x |, |y |, |z |} ≤ 1016 without success.

Likewise, I found no solutions to Mordell’s question.

Enter Drew Sutherland. With help from our friends at
and half a million volunteers, we found

42 = (−80538738812075974)3 + 804357581458175153 + 126021232973356313

3 = 5699368212219623807203 + (−569936821113563493509)3 + (−472715493453327032)3

165 = (−385495523231271884)3 + 3833449755426394453 + 984225604676228143

906 = (−74924259395610397)3 + 720540896793533783 + 359619796153565033
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Merchandising!
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Merchandising!
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Some features of the new algorithm

CRT enumeration

Cubic reciprocity constraints

Looking for solutions where they’re most likely to be

Drew suggested ditching the big table of arithmetic progressions
mod M and internally representing z as the solution to a bunch of
congruences, working out the CRT on the fly.

This eliminates the time-space tradeoff, improving the memory
footprint, and ends up being faster. It also allows us to consider z
larger than 64 bits, and to optimize the choice of sieving primes.
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Some features of the new algorithm

CRT enumeration

Cubic reciprocity constraints

Looking for solutions where they’re most likely to be

Cassels proved via cubic reciprocity that any solution to
x3 + y3 + z3 = 3 satisfies x ≡ y ≡ z (mod 9).
(This is a global constraint, and is not imposed 3-adically.)

It follows that for a fixed value of d , z is uniquely determined
mod 81 (out of four locally admissible residues).

We extended Cassels’ analysis to all k ≡ ±3 (mod 9). For fixed d
this imposes constraints on z (mod q) for a certain q | 27k .
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Some features of the new algorithm

CRT enumeration

Cubic reciprocity constraints

Looking for solutions where they’re most likely to be

An exhaustive search over all d ≤ ( 3
√

2− 1)B is expensive, because
one ends up testing very few z for most large d . So it’s usually
more efficient to decouple the ranges of d and z .

An extreme example is our solution for k = 3, which has
d/|( 3
√

2− 1)z | < 10−6.

This raises the question of how to choose dmax and zmax to
maximize the likelihood of finding a solution within a given
computing budget. We answered that with a heuristic analysis of
the expected distribution of d/|z |, based on the the real density of
points on the Fermat cubic x3 + y3 + z3 = 0.

Andrew Booker 33 and all that



Some features of the new algorithm

CRT enumeration

Cubic reciprocity constraints

Looking for solutions where they’re most likely to be

Together, these optimizations make the search about 25 times
faster than my original search for 33. With reasonable parameter
choices (and no cherry picking!), the new code can find the
solutions for all k ∈ {3, 33, 42, 165, 795, 906} in under 50
core-years.
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Heath-Brown’s conjecture

Heath-Brown (1992) conjectured that for a fixed cubefree k ≥ 3
with no local obstructions, the number of solutions to

x3 + y3 + z3 = k with max{|x |, |y |, |z |} ≤ B

is asymptotic to ρ logB as B →∞, for a certain explicit number ρ
(depending on k).

As part of our analysis, we computed the expected densities ρ to
high precision, and compared Heath-Brown’s prediction to the
actual solution counts for k < 1000, B ≤ 1015 compiled by
Huisman (2016).
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Heath-Brown’s conjecture
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Future challenges

There are still eight candidate values of k < 1000 with no known
three cube representations:

114, 390, 579, 627, 633, 732, 921, 975

For comparison, Miller and Woollett found representations for all
but nine k < 100 in 1954. It took another 65 years (and Moore’s
Law) to complete their search.

The most direct analogue of Gauss’ Eureka theorem is

k =

(
x

3

)
+

(
y

3

)
+

(
z

3

)
.

A similar algorithm should apply to this equation, except
that instead of z3 ≡ k (mod d), one would have to solve
z3 − z ≡ 6k (mod d).
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Future challenges (continued)

When I shared the news of the 33 discovery with Heath-Brown
(over a pint at the Nettle and Rye in Bristol), he asked
“What about x3 + y3 + 2z3?”

Drew and I found

3676 = (−1040743660046111)3 + 10407428875194253 + 2(10786916701381)3

= 363300275743633 + 162013711253593 + 2(−29663565976595)3

4108 = 103789293614298253 + (−10007234208296573)3 + 2(−3869419050286010)3

5540 = (−9766714092174289)3 + 97066463423560613 + 2(2044177502818754)3

= (−1274248491925945)3 + 10946585394785513 + 2(723458325298043)3

but there are still four numbers below 10,000 with no known
representations:

148, 671, 5468, 7799
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Life, the Universe, and Everything

On February 27th 2019, Tim Browning, Brady Haran and I
were all aged 42.

“On a question of Mordell”, joint with Andrew Sutherland, is
my 42nd paper.

Mordell posed his question on x3 + y3 + z3 = 3 in Cambridge
in 1952.

Douglas Adams was born in Cambridge in 1952.

Very recently, and for the first time in 42 years, The Daily
Mail overtook The Sun to become the highest selling
newspaper in the UK.
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