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Abstract. In this introductory talk, we briefly make an overview of the paper (ideas and
steps appearing in reverse order of that of the paper), starting with converse theorems and
the Heegner point main conjecture (recapping in more detail what I did in my number theory
seminar talk). We will go the formulation of the Heegner point (GL2) main conjecture in the
supersingular CM case, and how it reduces to a Rubin-type (GL1) main conjecture in the
CM case. Then I will go over the steps involved in proving the Rubin-type main conjecture.

1. Overview

1.1. The Goal: Supersingular CM Converse Theorem. Let ralg(E/Q) = rankZE(Q),
ran(E/Q) = ords=1L(E/Q, s). Let Selp∞(E/Q) = lim−→n

Selpn(E/Q), and Sp∞(E/Q) =

lim←−n Selpn(E/Q). Recall the work of Gross-Zagier and Kolyvagin implies: for r = 0, 1

ran(E/Q) = r =⇒ #X(E/Q) <∞, ralg(E/Q) = ran(E/Q) = r =⇒ corankZpSelp∞(E/Q) = r.

However, RHS is much easier than LHS, so want “converse theorems” of the form

(1) corankZpSelp∞(E/Q) = r =⇒ ran(E/Q) = r.

The main goal is to prove this in the supersingular CM case, at least when p is ramified in
K. To do this, we will prove a Λ-adic version of the Gross-Zagier formula for #X[p∞], in
the ran(E/K) = 1 case (equivalently, when a relevant Heegner point PK is non-torsion)

(2) #X(E/K)[p∞] =

(
[Sp∞(E/K) : ZpPK ]

uKcE · error

)2

,

where “error” is the p-part of some Tamagawa factors.

Theorem 1.1. Suppose E/Q has CM by K, and suppose p is inert or ramified in K. Then
the r = 0 part of (1) holds. If p is ramified in K, then the r = 1 part of (1) holds.

The idea to prove this is to study Heegner points over a suitable imaginary quadratic
field K, and in corank 1 situation show their non-triviality. The most natural choice for
K is the CM field itself; using other fields tends to produce only partial results (many
Tamagawa factors, which make Heegner points highly p-divisible and so hard to study with
congruences).

1.2. YZZ-Heegner points. In this case, the classical Heegner hypothesis is not satisfied,
so we consider a YZZ point (see [6, Chapter 1]): recall the quaternionic Shimura curves
XU , U ⊂ B×f open compacts. The CM subscheme of the “perfectoid” Shimura curve X =

lim←−U XU is XK× , which is acted on the right by B×f (XK× is defined with respect to any

embedding K ⊂ B, to view the action of A×K,f as a Heche action), where χ is a O×K-valued
finite order character such that, letting g = θλ/χ,
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(1) ε(g, χ) = −1 (easy, choose splitting conditions on χ),
(2) wg · χ|A×Q = 1 (follows trivially from definition of g),

(3) L(λ∗(χ/χ)∗, 1) 6= 0 (using a theorem of Rohrlich [3])
(4) (λ/χ)|O×Kp = 1 (implies εp(g, χ) = εp(λ)εp((λ/χ)∗χ) = εp(λ)2 = +1): this uses the

fact that by the main theorem of complex multiplication, λ|O×Kp ⊂ O
×
K (see Rubin’s

AWS notes [4, Theorem 5.11]),

where λ is the type (1, 0) CM character attached to E. Henceforth fix P ∈ XK× , and fix
πg ∈ Homξ(X,Ag)⊗Q corresponding to g, and define

Pn = P (g, χ)n =

∫
Gal(K/K−n )

πg(P
τ )⊗χ(τ)dτ ∈ Ag,χ(K−n )⊗Q, Ag,χ = Ag⊗χ = A⊗OKOK(χ),

We have the factorizations

(3) L(g × χ, s) = L(λ, s)L(λ∗(χ/χ∗), s), ρg|Gal(K) ⊗ χ ∼= λ⊕ λ∗(χ/χ∗),
and so since L(E, s) = L(λ, s), E appears as a direct factor of Ag,χ in the isogeny category
(Faltings’s isogeny theorem), and ords=1L(g × χ, s) = ords=1L(E/Q, s). Hence we can still
produce rational points on E by projecting Pn to E. In fact, the YZZ formula implies that
ords=1L(g × χ, s) = 1 iff P0 6= 0, and so ran(E/Q) = 1 iff P0 6= 0.

Remark 1.2. Note that g is a modular form of weight 2, and of central character χ−1|A×Q .

Note we had to choose χ satisfying (3) using the theorem of Rohrlich on nonvanishing of
anticyclotomic twists of central L-values of elliptic curves. For CM elliptic curves, this
theorem is ineffective (since the proof uses Siegel-Roth).

1.3. Λ−-families of YZZ points. Let Γ = Gal(K∞/K) ∼= Z2
p, where K∞/K is the unique

Z2
p-extension of K, and let Γ− = Gal(K−∞/K) ∼= Zp where K−∞/K is the anticyclotomic

Zp-extension.
If follows (at least morally) from the work of Cornut-Vatsal [1] (“Mazur’s conjecture”)

that
Pn 6= 0 ∀n� 0.

So if the collection {Pn} has enough structure, that is one can relate the Pn ∈ Ag,χ(K−n ) to
P0 ∈ Ag,χ(K), we can hope to use information about the Pn to get information about P0.
A natural map Ag,χ(K−n ) → Ag,χ(K−n−1) is trace. However, letting ψ = λ/χ, g = θψ, and p
denote the prime of K above p, we have that the ap(g) = ψ(p) ∈ OKp , and

(4) trK−n /K−n−1
(Pn) = [ψ(p)]g(Pn−1),

so the Pn are not trace-compatible. In other words, we can view Pn ∈ Ag,χ(Kπ2n) (K ⊂
Kπ2n ⊂ K∞ the (Z/pn)2-sublayer of the unique Z2

p-extension K∞/K), and noting that K−n ⊂
Kπ2n , Kn 6⊂ Kπ2n−1 , (4) implies that trKπ2n/Kπ2n−1 (Pn) = trK−n /K−n−1

(Pn) = [ψ(p)]g(Pn−1) ∈
Ag,χ(Kπ2n−2), i.e. the trace skips the odd π2n−1 layer.

Recall by Lubin-Tate theory that Gal(Kp(Âg[π
∞])/Kp) ∼= O×Kp ∼= ∆ × Γ, where ∆ is a

finite abelian group and Γ ∼= OKp . Let ε = b 1
(p−1)ordp(p)

c+1 (here, ε is defined so that pεOKp is

the domain of convergence for the p-adic exponential). Let fn = [πn+ε]g/[π
n−1+ε]g, where we

view [x]g as a power series in a Lubin-Tate parameter on one factor of Âg: fact Âg ∼= Fψ⊕Fψ∗
splits into a direct sum of two formal OKp-modules corresponding to ρg = ψ ⊕ ψ∗, whose
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OKp-modules are related by complex conjugation, and we are slightly abusing notation by
letting [·]g be the OKp-module structure on Fψ.

Let ωn,+ =
∏

1≤i≤2n even fi, and ωn,− =
∏

1≤i≤2n odd fi. Letting γ ∈ Γ be a topological
OKp-generator (OKpγ = Γ), we map the polynomials to Λ = ZpJΓK by X 7→ γ− 1. Then (4)
implies ωn,−(Pn) = 0, and so we can find some cohomology class Pn,+ with ωn,+Pn,+ = Pn.
Then we have

coresK−n /K−n−1
(Pn,+) = Pn−1,+,

and our Λ− = ZpJΓ−K-adic Heegner class is z+ = lim←−coresn,n−1
Pn,+. This class no longer lies

in the Kummer local condition, but lies in some “+ local condition” defined by odd trace
skips as above.

1.4. Heegner Point Main Conjecture (HPMC). Let’s briefly (and somewhat impre-
cisely) describe the +-local condition: let Kp,∞ =

⋃
nKn,p, π be a local uniformizer of Kp,

and Kπn,p ⊂ Kp(Âg[π
n+ε]) be the subextension with Gal(Kπn,p/Kp) ∼= OK/πn. We define

H1
+(Kp,∞, Ag,χ[p∞])

= {P ∈ Ag,χ(Kn,p)⊗Qp/Zp, n ∈ Z≥0 : TrKπ2m/Kπ2m−1 (P ) ∈ Ag,χ(Km−1,p)⊗Qp/Zp ∀0 ≤ m ≤ n}.

We let H1
+(Kp,∞, TpAg,χ) be the orthogonal complement under the Tate local duality pairing

of H1
+(Kp,∞, Ag,χ[p∞]). We use the latter local condition at p to define a Λ−-adic Selmer

group S+(g, χ), and the former the define the pontryagin dual of X+(g, χ). Classically the
index of Heegner points in Selmer groups gives information on the p-part of X (see (2)),
and we have the following Λ−-adic version of this.

Theorem 1.3 (Heegner point main conjecture).

(5) charΛ−[1/p](X+(g, χ)[1/p]tors) = charΛ−[1/p]

(
S+(g, χ)[1/p]

Λ−[1/p]z+

)2

.

Remark 1.4. In the ordinary setting, +-local conditions are not needed, and this type of
Heegner point main conjecture was originally formulated by Perrin-Riou.

1.5. GL2-explicit reciprocity law. One can define an injective map,

Log+ : S+(g, χ)[1/p]
locp−−→ H1

+(K,Tg,χ ⊗ Λ−[1/p])→ Λ−[1/p]

such that Log+(z+) = Lp(g × χ), a p-adic Rankin-Selberg L-function, which interpolates
certain square roots of Rankin-Selberg central values. This is proven using a p-adic Wald-
spurger formula for Lp(g×χ) on finite-order characters, and an explicit formula due to Wiles
for the local Kummer pairing for Kp,∞ (sometimes called the Wiles explicit reciprocity law).
More on this later (we will review the Wiles reciprocity law in the near future).

Remark 1.5. One proves, using the work of Rohrlich on non-vanishing of anticyclotomic
twists of central L-values and the interpolation property for Lp(g × χ), that Lp(g × χ) 6= 0,
and so by the above explicit reciprocity law we get z+ 6= 0. This implies the Cornut-Vatsal
type of result Pn 6= 0 ∀n� 0.
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1.6. HPMC implies r = 1 Converse Theorem. Let I− be the augmentation ideal of
Λ−. To get from (5) to the r = 1 part of Theorem 1.1 involves something called a “control
theorem”, which produces a surjective map

(6) X+(g, χ)/I−X+(g, χ) � (Selp∞(g, χ))∨

where the RHS is the Pontryagin dual (M∨ = Hom(M,Qp/Zp)) of the divisible Selmer group
Selp∞(g, χ) = lim−→n

Selpn(g, χ), as well as an injective map

(7) S+(g, χ)/I−S+(g, χ) ↪→ Sp∞(g, χ)

where the RHS is the compact Selmer group Sp∞(g, χ) = lim←−n Selpn(g, χ). Since L(ψ∗χ, 1) 6=
0, one can show that #Selp∞(ψχ∗) <∞ using the RMC. Thus, if corankZpSelp∞(E) = 1, we
have corankZpSelp∞(g, χ) = 1, which by (6) implies that rankZpX+(g, χ)/I−X+(g, χ) = 1, i.e.
X+(g, χ)/I−X+(g, χ) is not Zp-torsion. By (5), this implies that z+ has nontrivial image in
S+(g, χ)[1/p]/I−S+(g, χ)[1/p], and so by (7) we have that z+ (mod I−) = P0 has nontrivial
image in Sp∞(g, χ)[1/p], and hence P0 6= 0, which as before implies ran(E/Q) = 1.

2. Rubin-type Main Conjecture (RMC) implies Heegner Point Main
Conjecture (HPMC)

We prove (5) by reducing to a smaller, GL1-main conjecture, which itself can be attacked
using class field theory and special global units called elliptic units : these come from values
at CM points of Siegel modular functions (i.e. theta series). From (3),

charΛ−[1/p](X+(λ)tors)charΛ−[1/p](X+((λ/χ)∗χ))
RMC,Wiles reciprocity law, global duality

= (Lp(λ)−Lp((λ/χ)∗χ)−)

interpolation property at anticyclotomic weight 1, finite order
= (Lp(g × χ)2)

Log+(z+)=Lp(g×χ)
= charΛ−[1/p](S+(g, χ)[1/p])2.

What is X+? These will turn out to be Λ-adic Selmer groups with local condition at p
defined by the Kernel of a “log-Coleman map”, and which map the Λ-module of elliptic
units to p-adic Hecke L-functions, and so satisfy a Rubin-type main conjecture (RMC).

3. Rubin-type Main Conjecture

3.1. Some notation for this section. Now assume no splitting conditions on p in K. Fix
Q ⊂ Q ⊂ Qp. Let p be the prime of K ⊂ Q fixed by this embedding. Let Ω = ZpJGK,Λ =
ZpJΓK be associated with the ray class tower Gal(K(fp∞)/K) ∼= ∆ × Γ, Γ ∼= Zhp (h = 1 if p
splits in K, h = 2 if p is ramified in K), where (f, p) = 1 (an “auxiliary conductor”). Denote
the p-adic completion of a number field L ⊂ Q in Cp under the above embeddings by Lp.

3.2. Class field theory for K(fp∞). From CFT we have a “fundamental exact sequence”

(8) 0→ (E/C)→ U/C rec−→ X → Y → 0,

where C denotes the Ω-module of universal norms of elliptic units, and C ⊂ U denotes the
closure of C in U . Let pn denote the unique prime of K(fpn) above p. Here

E = lim←−
Nm

(1 + pnOK(fpn))
×

denotes the Ω-module of universal norms of principal global units in K(fp∞),

U = lim←−
Nm

(1 + pn(OK(fpn),p ⊗ Zp))×,
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denotes the Ω-module of universal norms of principal semilocal units in K(fp∞), and E ⊂ U
denotes the closure of E in U . When p splits, all the terms in (8) are Ω-torsion, and Rubin
proved (under mild assumptions) that:

Theorem 3.1 (Rubin’s main conjecture for imaginary quadratic fields). Assume p splits in

K, and assume p - #∆. Then for each χ ∈ ∆̂,

charΛ(Xχ) = charΛ((U/C)χ).

Rubin’s proof uses the machinery of Euler systems to prove:

Theorem 3.2 (Rubin, Elliptic units main conjecture). Under the same assumptions as in
the previous theorem,

charΛ(Yχ) = charΛ((E/C)χ).

When p does not split in K, the first and fourth nonzero terms of (8) are Ω-torsion, but
the middle terms of (8) are have Ω-rank 1, so there is no obvious main conjecture (involving
characteristic ideals).

3.3. Coleman maps. We need to find some natural Ω-torsion quotient of U/C and X, so we
need to find natural rank 1 Ω-subspaces of these modules. But somehow a quotient U/(U ′, C)
should have determinant (or characteristic ideal) equal to a p-adic L-function. Let us first
how this comes about in the classical p split in K case.

3.4. Measure-making (log-Coleman) in p split (height h = 1) case. Recap In the p
split (height h = 1, see Section 3.1) case, this was quantified by Coleman (with details filled
in by de Shalit, see [5, Chapter 1]) by a Coleman map

Theorem 3.3. Let W = W (Fp), ΩW = Ω⊗̂W , and given any Ω-module M , let M = M⊗̂W .
There is a ΩW -pseudoisomorphism

µ : UW → ΩW

with µ(C) = (Lp), where Lp is a Katz p-adic L-function.

The idea of the proof of the above theorem is this. Assume wf = 1, so Gal(K(fp∞)/K(p∞)) ∼=
Z×p . We interpret Ω as measures on Gal(K(fp∞)) ∼= ∆× Γ ∼= ∆0 × Z×p , where measures are
W -valued linear functionals on the boolean algebra of open sets of the underlying group.
Since step functions are dense in continuous functions, we can also view these as functionals
on continuous functions. We can construct measures on Z×p explicitly from a power series,
as there is a natural identification of R-valued measures (R any complete Zp-modules) on
Zp and RJT K (given by the Mahler basis

(
x
n

)
on Zp):

µ 7→
∫
Zp

(1 + T )xdµ(x) =
∞∑
n=0

µ

((
x

n

))
T n,

and similarly since
(
x1
n1

)(
x2
n2

)
· · ·
(
xr
nr

)
is a Mahler basis on Zrp, there is a natural identification

of R-valued measures on Zrp and RJT1, . . . , TrK given by

µ 7→
∫
Zrp

(1 + T1)x1 · · · (1 + Tr)
xrdµ(x) =

∞∑
n1,...,nr=0

µ

((
x1

n1

)(
x2

n2

)
· · ·
(
xr
nr

))
T n1

1 · · ·T nrr .
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Remark 3.4 (Slogan: “Ĝm is the model space for measures on Zp”). We recognize that
(1 +T )x = [x]Ĝm(T ) + 1, where [·]Ĝm is multiplication on the formal torus (a height 1 Lubin-
Tate group). So the coordinate T in the power series we use to construct our measure is the

coordinate on Ĝm (resp. Ĝr
m), and so Ĝm (resp. Ĝr

m) is the right “model space” to produce
measures on Zp (resp. Zrp).

To construct power series on Zp (and eventually Z×p ), we use the machinery of Cole-
man power series. Let F be a height h = 1 relative Lubin-Tate group for K(f)p/Kp (we
will define this in the next lecture, but think of this as a generalization of Lubin-Tate
groups), and so we have an identification Gal(K(fp∞)/K(f)) ∼= Gal(K(fp∞)p/K(f)p) =
Gal(K(f)p(F [p∞])/K(f)p) ∼= Z×p , and let

U loc = lim←−
Nm

O×K(f)p(F [pn]).

Coleman proved there is an (almost canonical) isomorphism

U loc⊗̂W ∼−→ Γ(F ⊗W )×,N=1

where Γ(F ) denotes the coordinate ring of F (viewed as a formal group), and N = 1 is a
certain ”norm operator”. By Lubin-Tate theory, we have a (non-canonical) isomorphism of

formal groups F ⊗W ∼= Ĝm ⊗W , so we get a map

U loc⊗̂W ∼−→ Γ(F ⊗W )×,N=1 ∼−→ Γ(Ĝm ⊗W )×,N=1.

But the target is still not quite Γ(Ĝm) (where measures on Zp come from), so we apply a
“p-stabilized logarithm map”

l̃og =∼ ◦ log : Γ(Ĝm ⊗W )×,N=1 → Γ(Ĝm ⊗W )tr=0,

where log is just defined by the usual power series, and ∼ is another operator (which is
needed to kill p-denominators arising from log), and tr is a “trace operator”. It turns out
the tr = 0 condition exactly cuts out measures µ on Zp supported on Z×p (i.e. µ(pZp) = 0),
and so finally we get a map to W -valued measures on Z×p

U loc → Λ(Z×p ,W ).

Translating by ∆0, one can extend this to a map

µ : UW → Λ(∆0 × Γ,W ) = Λ(Gal(K(fp∞)/K),W ).

Remark 3.5. Fixing a Lubin-Tate parameter X on F , we then get an isomorphism Γ(F ) ∼=
OK(f)pJXK, which is where the name “Coleman power series” comes from.

3.5. The GL1 explicit reciprocity law in the h = 1 case. One can show the following
equality in ΩW :

µ(C⊗̂W ) = (Lp),

where the RHS is a Katz p-adic L-function. This involves a calculation showing that the
Coleman power series of elliptic units is a Siegel modular function (theta series), and the
logarithm of this is related to Eisenstein series. Hence the kth-moment of µ(C) are related
to values of a weight k Eisenstein series at a CM point, and hence to Hecke L-values. This
reciprocity law implies det(UW/CW )−1 = (Lp), and so the h = 1 RMC implies det(XW )−1 =
det(UW/CW )−1 = (Lp).
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3.6. Measure-making (log-Coleman) map in the p inert/ramified (height h = 2)
case. When p is inert or ramified in K, we are in the height h = 2 setting. In this case, we
again want to create measures on Gal(K(fp∞)/K) ∼= ∆0 × O×Kp , and so measures on OKp
(supported on O×Kp). We may view OKp ∼= Z2

p. Using the “slogan” of Remark 3.4, we want to

somehow map things to Ĝm (or Ĝ2
m). Our height 2 Lubin-Tate formal OKp-module F does

not clearly map to Ĝm. This is where we use p-adic Hodge theory. By the p-adic comparison
theorem for F [p∞], we get an inclusion

Ω1
F [p∞]/OOK(f)p

⊂ HomOK(F [p∞], µp∞ ⊗Zp B)Gal(OK(f)p )

where OK ⊂ B ⊂ B+
dR is some p-adically bounded ring. Fix ω ∈ Ω1

F [p∞]/OOK(f)p

, we then get

an associated Gal(OK(f)p)-invariant, OK-equivariant inclusion

iω : F [p∞] ↪→ µp∞ ⊗B.
Denote the image by G, iω : F ∼= G. Fixing an orientation (1, ζp, ζp2 , . . .), and hence a

Fontaine 2πi, one can show that i∗ω
dQ
Q

= Ωpω for some Ωp ∈ B, and moreover we have an

isomorphism of OK-modules

F ∼= G ∼= µp∞ ⊗OKΩp
∼= Ĝm ⊗OKp .

But if we choose OKp
∼= Z2

p, this is isomorphic as a formal group to Ĝ2
m. So we can hope

to construct measures as in Remark 3.4. The point is that the RHS inherits (from F ) the
structure of a 1-dimensional Lubin-Tate formal OKp-module. So even though it seems like
we only get one coordinate (from F ) with which to create a measure, the OKp-action can be
used to recover the information of two coordinates. In other words, the parameter X on F
and the OKp-action give rise to a measure on O×Kp , and we get a map

U loc ⊗OK(f)p → Λ(O×Kp ,OK(f)p),

which again (using the action of ∆0) can be extended to

µ : U ⊗OK(f)p → Λ(∆0 ×O×Kp ,OK(f)p) = Λ(Gal(K(fp∞)/K),OK(f)p).

But this time, this map has a kernel!

Theorem 3.6. There is a map

µ : U ⊗OOK(f)p
→ ΩOK(f)p

with µ((C)) = (Lp), and kernel U ′, which induces a pseudoisomorphism of torsion Ω-modules

(9) µ : (U ⊗OOK(f)p
)/(U ′, C ⊗ OOK(f)p

)→ ΩOK(f)p
/(Lp).

3.7. The GL1 explicit reciprocity law in the h = 2 case. Again, one can use the
computation of Coleman power series for elliptic units, values of Eisenstein series at CM
points, and hence L-values, to show that

(Lp) := µ(C) ⊂ ΩW

has a generator Lp which interpolates Hecke L-values for characters of weight (−k, 0) and
finite order twists. Hence this gives a construction of a new 2-variable Katz-type p-adic
L-function, which is actually a measure!
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3.8. Formulation of RMC. Now we let X ′ := rec(U ′), and we finally get an exact sequence
of torsion Ω-modules

0→ (E/C)⊗OOK(f)p
→ (U⊗OOK(f)p

)/(U ′, C⊗OOK(f)p
)

rec−→ (X⊗OOK(f)p
)/X ′ → Y⊗OOK(f)p

→ 0.

Theorem 3.7 (RMC).

detΩ[1/p](((XOOK(f)p
)/X ′)⊗Qp)

−1 = detΩ[1/p]((UOOK(f)p
/(U ′, COOK(f)p

))⊗Qp)
−1 = (Lp).

Remark 3.8. The above theorem is true over Ω when wf = 1. in The subspace X ′ is a
priori mysterious, but we will see later that it is closely related to the +-local condition used
in defining S+(g, χ).

3.9. Elliptic units main conjecture, and proof of RMC. We still need to control the
Ω-structure of the end terms. We want to avoid decomposing into Λ-eigenspaces for some
applications, i.e. allow p|#∆. To this end one appeals to a result of Johnson-Leung-Kings
([2, Section 5]) on the “equivariant” main conjecture, involving determinants.

Theorem 3.9. Let Y + denote the cyclotomic quotient of Y . Suppose µ(Y +) = 0. Then

detΩ((E/C)⊗OOK(f)p
) = detΩ(Y ⊗OOK(f)p

).

In the generic case when wf = 1, one can show that µ(Y +) = 0 by showing that µ(L+
p ) = 0

for the cyclotomic specialization, using explicit calculations with Coleman power series of
elliptic units in the coordinate Q, and following the argument of Sinnott. One can then
deduce the same conclusion over Ω[1/p] for wf 6= 1 using the norm/restriction functoriality
of class field theory.

Using Theorem 3.9 and additivity of determinants in exact sequences, we deduce Theorem
3.7.

3.10. RMC implies r = 0 Converse Theorem. One gets rank 0 converse from RMC by
twisting by λ and relating specializations of the LHS to the usual Selmer group Selp∞(E/Q):

Selrel
p∞(E/Q)⊗OOK(f)p

= Hom(X ⊗OOK(f)p
,OK(f)p/OOK(f)p

(λ))Gal(K),

Selp∞(E/Q)⊗OOK(f)p

Wiles reciprocity law
⊃ Hom(X ⊗OOK(f)p

/X ′,OK(f)p/OOK(f)p
(λ))Gal(K).

Up to finite multiple, the RHS has order equal to, by the RMC, #OOK(f)p
/(L(λ−1, 0)), and

L(λ−1, 0) = L((λ∗)−1, 0) = L(λ, 1) = L(E/Q, 1).
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