The size of infinite-dimensional representations
David A. Vogan, Jr.
2-355, Department of Mathematics
MIT, Cambridge, MA 02139
This paper is offered in honor and in fond remembrance
of Professor Bertram Kostant

March 16, 2017
Abstract
An infinite-dimensional representation π of a real reductive Lie group
G can often be thought of as a function space on some manifold X. Although X is not uniquely defined by π, there are “geometric invariants”
of π, first introduced by Roger Howe in the 1970s, related to the geometry
of X. These invariants are easy to define but difficult to compute. I will
describe some of the invariants, and recent progress toward computing
them.
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Introduction

One of the most basic questions we ask about any mathematical object is how
big is it? In the case of finite sets, we ask how many elements. In the case of
an enormous variety of infinite sets, we ask about dimension: for vector spaces,
manifolds, rings, algebraic varieties. . .
When we use a group G to study almost any kind of mathematics, a fundamental tool is the collection of representations of G: homomorphisms
π : G → GL(V )

(1.1)

from G to the group of invertible linear transformations of a vector space V . A
nice example to keep in mind is
K = SO(3) = rotations of R3
V (λ) = {f ∈ C ∞ (S 2 ) | ∆f = λf },

(1.2)

the λ-eigenspace of the Laplacian on the two-sphere. Because the Laplacian is
elliptic and the sphere is compact, this is a finite-dimensional space; in fact
(
2k + 1, λ = −k(k + 1) (k ∈ N)
dim V (λ) =
0
λ 6= −k(k + 1).
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It’s also true that V (−k(k + 1)) is an irreducible representation of K, and that
every irreducible representation is of this form. This is a beautiful result, with
lots of applications in mathematics and physics. The applications arise in part
because any nice function on the sphere can be written as an (infinite) linear
combination of these eigenfunctions.
For a slightly different example, let
A = R2 = translations of R2
∂f
= µi f }.
E(µ1 , µ2 ) = {f ∈ C ∞ (R2 ) |
∂xi

(1.3)

Then
E(µ) = C · eµ1 x1 +µ2 x2 ,

dim E(µ) = 1.

Again these eigenspaces are all irreducible representations of A; their importance
arises in part from the possibility of expressing arbitrary nice functions on the
plane as (continuous) linear combinations of these eigenfunctions.
An important special feature of the first example is that K is compact; and
of the second, that A is abelian. If G is neither compact nor abelian, then
interesting representations of G are typically infinite-dimensional. Here is an
example. Consider
G = SO(2, 1)
= determinant one linear maps preserving Q(x) = x21 + x22 − x23 ,
X = hyperboloid of two sheets = {x ∈ R3 | Q(x) = −1}

(1.4)

I(τ ) = {f ∈ C ∞ (X) | ∆f = τ f };
here ∆ is the Laplace operator for the G-invariant Riemannian metric on X.
The map x 7→ −x exchanges the two connected components of X and commutes
with the action of G and ∆; so
I(τ ) = I(τ )even ⊕ I(τ )odd ;

(1.5)

these two spaces are identified by restriction to a single component of X.
The Laplace operator ∆ is still elliptic, which guarantees that the functions
in I(τ ) are real analytic; but X is noncompact, so there is no reason for I(τ )
to be finite-dimensional. Indeed I(τ ) is infinite-dimensional for every τ . For
τ = 0, I(0)even has an obvious one-dimensional G-invariant subspace consisting
of the constant functions. Not quite so obviously, the three-dimensional space
of (restrictions to X of) linear functions is a G-invariant subspace of I(2)odd .
For every nonnegative integer k, there is a (2k + 1)-dimensional G-invariant
subspace
J2k+1 ⊂ I(k 2 + k)(k mod 2)
(1.6)
consisting of the restrictions to X of certain polynomials of degree k. These are
essentially the only closed G-invariant subspaces of I(τ ):
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Proposition 1.7. Suppose G = SO(2, 1) is the indefinite orthogonal group in
three variables, X is the hyperboloid of two sheets, τ ∈ C is complex, and
 = even or odd
is a parity.
1. If τ 6= k 2 +k for k a nonnegative integer, then the eigenspace I(τ ) defined
in (1.4) of is an irreducible representation of SO(2, 1).
2. If k is a nonnegative integer, then I(k 2 + k) has a finite-dimensional
G-invariant subspace J2k+1, of dimension 2k + 1. The quotient representation I(k 2 + k) /J2k+1, is irreducible.
3. Every irreducible quasisimple (see (4.2i) below) representation of G is infinitesimally equivalent either to I(τ ) (for τ 6= k 2 + k), or to J2k+1, , or
to I(k 2 + k) /J2k+1, .
4. All of these representations are inequivalent, except that
I(k 2 + k)even /J2k+1,even ' I(k 2 + k)odd /J2k+1,odd
The moral of these examples is that one can hope to construct representations of a Lie group G on (simultaneous) eigenspaces of (families of) G-invariant
differential operators.
The question we wish to address is this: how large is a particular infinitedimensional representation of G?
The example of SO(2, 1) shows that there are at least two aspects to this
question. First, how large is an eigenspace representation of G? That is, how
many solutions are there to interesting G-invariant simultaneous eigenvalue
problems? Second, how can we keep track of the sizes of pieces when these
eigenspace representations are reducible?
We will consider here only representations of a real reductive Lie group
G, such as SO(2, 1) or GL(n, R). We will introduce these groups in Section
2, and recall the representation theory of compact Lie groups in Section 3. In
Section 4 we recall Harish-Chandra’s basic results about the infinite-dimensional
representations of real reductive Lie groups. This leads to the definition of
Gelfand-Kirillov dimension in Proposition 4.6, which is the simplest notion of
size for infinite-dimensional representations. In Theorem 6.6 we will realize the
Gelfand-Kirillov dimension as the dimension of an algebraic variety attached to
the representation. Finally, in Section 9 we will talk about how one can compute
this algebraic variety.

2

Real reductive groups

In this section I’ll describe a class of Lie groups for which there is a very nice
way to talk about the size of infinite-dimensional representations.
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We begin with the general linear group
Gn = GL(n, R) = invertible n × n real matrices,
gn = Lie(G) = gl(n, R) = n × n real matrices.

(2.1a)

A fundamental structural fact is the polar decomposition: every g ∈ Gn can be
written uniquely as
g = kp,

k orthogonal, p symmetric positive definite.

(2.1b)

If we write
Kn = O(n) = orthogonal group,
Sn = positive definite symmetric matrices

(2.1c)

then we have a smooth product decomposition (as manifolds)
Gn = Kn Sn .

(2.1d)

sn = real n × n symmetric matrices,

(2.1e)

exp : sn → Sn

(2.1f)

Writing
we see that
is a diffeomorphism, so we get a diffeomorphism
Gn ' Kn × sn ,

(k, X) 7→ k exp(X)

(k ∈ Kn , X ∈ sn ).

(2.1g)

All of this structure is connected to the Cartan involution
θn (g) = t g −1

(g ∈ Gn ),

θn (X) = −t X

(X ∈ gn ).

(2.1h)

For example,
Kn = (Gn )θn = {g ∈ Gn | θn (g) = g},
Sn ⊂ {g ∈ Gn | θn (g) = g −1 }.

(2.1i)

It follows easily that the polar decomposition g = ks may be computed by
s = (unique) positive square root of θ(g)−1 g,

k = gs−1 .

(2.1j)

The polar decomposition exhibits the manifold Gn = GL(n, R) as the product
of the compact group Kn = O(n) and the vector space sn . A familiar consequence is that many topological questions about Gn reduce immediately and
completely to Kn . What matters for the representation theory of Gn is that
many interesting differential equations on Gn have unique solutions specified by
initial conditions on Kn .
The polar decomposition is inherited by many subgroups of GL(n, R).
Proposition 2.2 (Cartan decomposition). Suppose G is a closed subgroup of
GL(n, R). Assume that
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1. θn (G) = G (that is, that G is closed under transpose of matrices), and
2. G has finitely many connected components.
Define
θ = θ n |G ,

K = Gθ = G ∩ O(n),
S = G ∩ S,

s = g−θ = g ∩ sn .

Then the polar decomposition for GL(n, R) respects the subgroup G; so
G ' K × s,

(k, X) 7→ k exp(X)

(k ∈ K, X ∈ s).

The “natural” definition of a real reductive Lie group is somewhat technical
and complicated. But the polar decomposition is such a fundamental property
that we can use it as the definition.
Definition 2.3. (Knapp [7, page 3]) A real reductive Lie group is a closed
subgroup G ⊂ GL(n, R) having finitely many connected components and
preserved by matrix transpose. Write
θ = θn |G ,

K = Gθ = G ∩ O(n),

g = Lie(G) ⊂ gl(n, R)
S = G ∩ S,

s = g−θ = g ∩ sn .

The involution θ is called the Cartan involution of G. As a consequence of
the Cartan decomposition
G ' K × s,

(k, X) 7→ k exp(X)

of Proposition 2.2, the group K is a maximal compact subgroup of G.
If G is the group of real points of a complex reductive algebraic group, then
it can be shown that G is a real reductive group in the sense of this definition.
This fact is what makes the terminology legal; but what makes it useful is
that (for example) all of the classical reductive matrix groups like SO(p, q) and
Sp(2n, R) are (in some standard realization) subgroups of GL(N, R) preserved
by transpose.

3

Representations of compact Lie groups

Our goal is to say something about the size of infinite-dimensional representations of real reductive Lie groups. The tool that we’ll use is the representations
of compact Lie groups; so in this section we’ll recall some background facts
about that.
Suppose therefore that K is a compact Lie group. A representation of K is
a complete locally convex topological vector space E over C, equipped with a
homomorphism
τ : K → Aut(E)
(3.1a)
5

with the property that the map
K × E → E,

(k, e) 7→ τ (k)e

is continuous. A subrepresentation is a closed subspace F ⊂ E with the property
that
τ (K)F ⊂ F.
(3.1b)
We say that (τ, E) is irreducible if there are exactly two subrepresentations
(which must then be equal to 0 and E, with E 6= 0). There is an obvious notion
of equivalence of representations, and we define
b = equivalence classes of irreducible representations of K.
K

(3.1c)

b is a countable set, consisting of finite-dimensional irreducible
It turns out that K
representations. We want to say a little about the structure of this set.
A maximal torus in K is a maximal closed connected abelian subgroup
T ⊂ K,

t = Lie(T ) ⊂ Lie(K) = k.

(3.1d)

Every irreducible representation of T has dimension 1 and takes values in U (1) ⊂
GL(1, C); so
Tb = Hom(T, U (1)) ' {λ ∈ it∗ | λ(ker exp) ⊂ 2πiZ};

(3.1e)

the isomorphism arises by taking the differential of a character. The last set
is easily seen to be a lattice in the real vector space it∗ ; we call it X ∗ (T ), the
character lattice of T .
For λ ∈ X ∗ (T ), we write
Cλ = one-dimensional representation of T .

(3.1f)

If E is any finite-dimensional representation of T , then we can define
mE : X ∗ (T ) → N,

mE (λ) = dim HomT (Cλ , E),

(3.1g)

the weight multiplicity function of E. There is an isomorphism of representations
X
m (λ)
E'
Cλ E .
(3.1h)
λ∈X ∗ (T )

Therefore the multiplicity function determines the representation of T .
So the representation theory of the connected abelian group T is quite simple:
an irreducible representation is a point in a lattice, and a possibly reducible
representation is an N-valued function on X ∗ (T ) with finite support.
We want to use this information about T to (approximately) describe the
(much more complicated) irreducible representations of K. One reason for
speaking in some detail about this (very classical) process is that we are going
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to imitate it later: we will (approximately) describe the irreducible representations of a real reductive group G in terms of the representation theory of the
maximal compact subgroup K.
Suppose now that (τ, E) is an irreducible (and therefore finite-dimensional)
representation of K:
b
(τ, E) ∈ K.
(3.1i)
We can attach to τ its weight multiplicity function
mE = mτ : X ∗ (T ) → N.

(3.1j)

∗

The weights of τ are the characters λ ∈ X (T ) for which mτ (λ) > 0.
b using weight multiplicity functions. In order to
We are going to describe K
do that, we need one more definition. Set
T1 = ZK (T ) = centralizer in K of T
N = NK (T ) = normalizer in K of T

(3.1k)

W = N/T1 = Weyl group of T in K ⊂ Aut(T ).
Because T is a maximal torus, T1 /T is discrete; since T1 is obviously compact,
T1 /T is finite. The automorphism group
Aut(T ) = Aut(X ∗ (T )) = Aut(Tb)

(3.1l)

is discrete; since N is obviously compact, W must be finite as well. We may
therefore choose a negative definite inner product
h, i : t × t → R

(3.1m)

that is preserved by W . One way to do this is to choose an embedding K ⊂ O(n)
(that is, to identify K as a real reductive Lie group) and to define
hX, Y i = tr(XY )

(X, Y ∈ t).

(3.1n)

The reason this inner product is negative definite is that the square of a nonzero
skew-symmetric matrix must have strictly negative trace.
Our chosen inner product defines by duality a negative-definite inner product
on t∗ , and therefore a positive-definite inner product on
h, i : it∗ ⊃ X ∗ (T ) → R,

hw · λ, w · µi = hλ, µi.

(3.1o)

Once we have made this choice, we define an extremal weight of τ to be a
weight of maximal length in our chosen inner product.
Theorem 3.2 (Cartan-Weyl). Suppose T ⊂ K is a maximal torus in a compact
Lie group, with Weyl group W = W (K, T ) ⊂ Aut(T ) as in (3.1). If τ is an
irreducible representation of K, then the set of extremal weights of τ is a single
orbit of W , and is independent of the choice of W -invariant inner product. The
extremal weight map
b → X ∗ (T )/W
K
defined in this way is surjective, with finite fibers; if K is connected, the map is
bijective.
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The image of this correspondence is extremely concrete: X ∗ (T ) is a lattice
(that is, it is isomorphic to Z` ), and W is a finite group of automorphisms of T
(that is, of invertible ` × ` integer matrices). An extremal weight set is therefore
an orbit of the finite group W on `-tuples of integers.
Example 3.3. Suppose K = O(2), the (disconnected) group of 2 × 2 real
orthogonal matrices. The (unique) maximal torus in K is




cos θ
sin θ
T = SO(2) = r(θ) =
|θ∈R .
− sin θ cos θ
The group of characters of T is X ∗ (T ) = Z; the character ` ∈ Z sends
r(θ) to exp(i`θ). The Weyl group W = W (O(2), SO(2)) is {±1}. The
Cartan-Weyl theorem therefore says that each irreducible representation
of O(2) has a unique pair of largest weights ±`, and that there are just
finitely many representations with extremal weights ±`. In fact for ` = 0
there are exactly two (one-dimensional) representations of O(2) having 0
as the only weight (that is, being trivial on SO(2)). These are the trivial
representation and the determinant representation. For ` 6= 0, there is
a unique (two-dimensional) representation of O(2) having ±` as its only
weights.
Example 3.4. Suppose K = U (n). We may choose T = U (1)n , so that
X ∗ (T ) = Zn : the character λ = (λ1 , . . . , λn ) sends the matrix


exp(iθ1 )
0
···
0


0
exp(iθ2 ) · · ·
0


d(θ) = 

..


.
0

0

···

exp(iθn )

 P

to exp i j λj θj . The Weyl group is the symmetric group Σn , acting
by permutation of the coordinates. The standard inner product on Zn is
W -invariant.
A W -orbit on X ∗ (T ) may be identified with a nonincreasing sequence
(λ1 ≥ λ2 ≥ · · · ≥ λn ) ∈ Zn .
The Cartan-Weyl theorem says that every irreducible representation of
U (n) has a unique largest weight corresponding to such a nonincreasing
sequence of integers; and that irreducible representations of U (n) are in
this way parametrized by nonincreasing sequences. The largest nonincreasing weight is called the highest weight of τ .
Here is an example. Suppose E = S k (Cn ), the space of homogeneous
polynomials of degree k in n variables. This is a representation of U (n) by
the change of variables action. Each monomial
X
xa1 1 xa2 2 · · · xann ,
aj = k
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is a weight vector for E, of weight
(a1 , a2 , · · · , an ) ∈ Nn ,
The length of this weight is
k2 =

X

P

aj

X

aj = k.

a2j . We have

2

=

X
j

a2j + 2

X

aj ak .

j<k

Every term in the last sum is nonnegative; so the conclusion is that
X
a2j ≤ k 2 ,
j

with equality if and only if just one of the aj is nonzero. This means that
the extremal weights of E are precisely the weights
(0, . . . , 0, k, 0, . . . , 0),
which do indeed form a single orbit of Σn . The highest weight of S k (Cn )
is therefore (k, 0, . . . , 0).
For example, if n = 2 and k = 3, the representation S 3 (C2 ) has extremal
weights {(3, 0), (0, 3)}; its other weights are {(2, 1), (1, 2)}.
Because we are interested in the size of representations, we want to understand the relationship between extremal weights and dimension.
Definition 3.5. The nonzero weights of the adjoint representation of K on
kC are called the roots of T in K:
R(K, T ) = {α ∈ X ∗ (T )\{0} | mkC (α) 6= 0}.
We also need the corresponding coroots R∨ (K, T ):
α∨ ∈ X∗ (T ) =def

1
ker exp ⊂ it;
2πi

these are among other things integer-valued linear functionals on X ∗ (T ).
The kernel of a coroot is therefore a codimension one sublattice of X ∗ (T ).
Because the set of coroots is finite, these sublattices cannot cover all of
X ∗ (T ). An element λ ∈ X ∗ (T ) is called regular if λ(α∨ ) 6= 0 for all α ∈
R∨ (K, T ).
Each regular λ defines a positive root system
R+ (K, T ) = {α ∈ R(K, T ) | α∨ (λ) > 0}.
Correspondingly, given R+ , we say that µ ∈ X ∗ (T ) is dominant for R+ if
µ(α∨ ) ≥ 0

(α ∈ R+ ).
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Finally, we define
X

2ρ(R+ ) =

α ∈ X ∗ (T ).

α∈R+

The weight 2ρ(R+ ) turns out to be dominant and regular. Every coroot
takes even values on 2ρ(R+ ); nevertheless
ρ(R+ ) =def

1
2ρ(R+ ) ∈ it∗
2

may not belong to X ∗ (T ).
Theorem 3.6 (Weyl dimension formula). In the setting of Theorem 3.2, suppose that τ is an irreducible representation of K having an extremal weight
µ ∈ X ∗ (T ). Choose R+ (K, T ) so that µ is dominant (Definition 3.5. Then
dim(τ ) = (mult. of µ in τ ) · (number of dom wts in W · µ) ·

Y (µ + ρ)(α∨ )
.
ρ(α∨ )
+

α∈R

The first two factors in the formula for dim(τ ) are small (bounded by
#(K/K0 ), for example). The last factor is a polynomial function of µ + ρ,
homogeneous of degree equal to half the dimension of K/T .

4

Representations of real reductive Lie groups

Assume now that
G'K ×s
is a real reductive Lie group as in Definition 2.3.
Chandra’s basic results about representations of G.

(4.1)
We begin with Harish-

Definition 4.2. A representation of G is a complete locally convex topological vector space V over C, equipped with a homomorphism
π : G → Aut(V )
with the property that the map
G × V → V,

(g, v) 7→ π(g)v

is continuous. A subrepresentation is a closed subspace U ⊂ V with the
property that
π(G)U ⊂ U.
(4.2a)
We say that (π, V ) is irreducible if there are exactly two subrepresentations
(which must then be equal to 0 and V , with V 6= 0).
The set of smooth vectors of π is
V ∞ = {v ∈ V | G → V, g 7→ π(g)v is a smooth map}.
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(4.2b)

The space V ∞ has a natural structure of complete locally convex topological
vector space (obtained by adding to the seminorms | · |α defining V some
additional seminorms
|v|u,α =def |u · v|α
for u in the enveloping algebra U (gC )). The representation π ∞ of G on
V ∞ is again continuous, and it can be differentiated to get a Lie algebra
representation of g on V ∞ . The smooth vectors are dense in V .
b we can define the τ -isotypic subspace
For each (τ, E) ∈ K
Vτ = largest sum of copies of (E, τ ) in (π, V ) restricted to K.

(4.2c)

The multiplicity of τ in π is
mV (τ ) = mπ (τ ) = dim HomK (E, V ).

(4.2d)

Then
dim Vτ = mπ (τ ) · dim τ,
where of course both sides may be infinite. We say that π is admissible if
all the multiplicities mπ (τ ) are finite.
The set of K-finite vectors
VK = {v ∈ V | dimhπ(K)vi < ∞}

(4.2e)

clearly contains each Vτ ; in fact
VK =

M

Vτ .

b
τ ∈K

This subspace is dense in V ; in fact
VK∞ = VK ∩ V ∞

(4.2f)

is dense in V . This last space is preserved by the action of gC on V ∞ and
by the action of K on VK ; the representations π ∞ of gC and πK of K satisfy
πK = locally finite representation of K
dπK = π ∞ |k
∞

(4.2g)

∞

πK (k)π (X) = π (Ad(k)X)πK (k)

(k ∈ K, X ∈ g).

Any simultaneous representation of the Lie algebra g and the group K satisfying these three conditions is called a (g, K)-module. The (g, K)-module
VK∞ is called the Harish-Chandra module of π. Two representations (π, V )
and (π 0 , V 0 ) are called infinitesimally equivalent if their Harish-Chandra
modules are isomorphic.
Define
Z(g) = U (gC )G ,
(4.2h)
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the algebra of G-invariant elements of the enveloping algebra. (If G is
connected, this is the center of the enveloping algebra, which is a polynomial
ring. If G is disconnected, it is the invariants of a finite group acting on a
polynomial ring.) We say that (π, V ) is quasisimple if Z(g) acts by scalars
on V ∞ . If π is quasisimple, we write
π ∞ (z) = χπ (z) IdV ,

χπ : Z(g) → C;

(4.2i)

the algebra homomorphism χπ is called the infinitesimal character of π.
We can clearly define the multiplicity function
b → N ∪ {∞}
mX : K
for any (g, K)-module X. The terms admissible (all values of mX are finite)
and quasisimple (Z(g) acts by scalars) make sense for X as well.
Theorem 4.3 (Harish-Chandra). If V is an irreducible representation of a real
reductive Lie group G, then the following conditions (explained in Definition
4.2) are equivalent:
1. V is quasisimple;
2. V is admissible;
3. the (g, K)-module VK∞ is irreducible.
These conditions are automatically satisfied if V is an irreducible unitary representation.
Conversely, any irreducible (g, K)-module X is automatically quasisimple
and admissible; and there is an irreducible representation V of G with VK∞ ' X.
The point of this theorem is that Schur’s lemma (which need not hold for
infinite-dimensional topological representations) suggests that irreducible representations should be quasisimple: that failure of Z(gC ) to act by scalars is
pathological. That irreducible unitary representations are automatically quasisimple is further evidence of this. There is no such obvious reason to expect
admissibility to hold; this is a powerful consequence of the quasisimplicity hypothesis, which is perhaps the main point of Harish-Chandra’s theorem. That
admissibility implies (3) is fairly easy.
The fact that an irreducible (g, K) module automatically “exponentiates” to
an irreducible representation of G is closely related to the Cartan decomposition
of Proposition 2.2. The construction of the representation can be thought of as
solving differential equations on G with initial conditions along K; that G/K
looks like RN is the reason there are no global obstructions to this process.
We define
b = infinitesimal equivalence classes of
G
irreducible quasisimple representations of G
= equivalence classes of irreducible (g, K)-modules
12

(4.4)

b a multiHarish-Chandra’s theorem says that we can attach to any (π, V ) ∈ G
plicity function
b →N
mπ : K
(4.5a)
According to the Cartan-Weyl Theorem 3.2, the domain of this function is (more
or less) a lattice modulo a finite group; so it is something extremely concrete
b we can define
and combinatorial. For (π, V ) ∈ G,
X
VN =
Vτ .
(4.5b)
b kλ(τ )k≤N
τ ∈K,

Here λ(τ ) ∈ X ∗ (T ) is an extremal weight (Theorem 3.2), which is well defined
up to the action of W ; and k · k is the norm from the inner product defined in
(3.1o). The sum is therefore over a finite set of representations of K, so
X
fV (N ) =def dim VN =
mV (τ ) dim τ
(4.5c)
b kλ(τ )k≤N
τ ∈K,

is a weakly increasing N-valued function. According to the Weyl dimension
formula Theorem 3.6, dim τ depends more or less in a polynomial way on the
extremal weight λ(τ ). The following proposition says that the multiplicities
mV (τ ) also depend in a reasonable way on λ(τ ).
Proposition 4.6. (see [2]) There is a nonnegative integer d = d(π) and a
positive constant c = c(π) so that
fπ (N ) ∼ c(π)N d(π)
as N → ∞ (in the sense that the ratio converges to 1). The integer d(π) is
equal to half the real dimension of some nilpotent orbit of G on g∗ .
The nonnegative integer d(π) is called the Gelfand-Kirillov dimension of π.
In Section 5 we will try to understand how to interpret d(π).
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Compact homogeneous spaces

In this section we will look at some examples of irreducible representations of
real reductive groups, calculate their Gelfand-Kirillov dimensions, and try in
this way to get some understanding of the meaning of this invariant. We will
work with
G = GL(n, R),
(5.1a)
the group of invertible linear transformations of Rn . We fix a collection of
positive integers
k
X
d = (d1 , d2 , · · · , dk ),
di = n.
(5.1b)
i=1

13

A flag of type d is a chain of vector subspaces
E = (0 = E0 ⊂ E1 ⊂ · · · ⊂ Ek = Rn ) ,

dim Ei /Ei−1 = di .

(5.1c)

The partial flag manifold is
X(d) = all flags of type d in Rn .

(5.1d)

The fundamental theorems of linear algebra assert that X(d) is a homogeneous
space for G = GL(n, R). There is a natural base point

(5.1e)
E0 = 0 = R0 ⊂ Rd1 ⊂ Rd1 +d2 ⊂ · · · ⊂ Rd1 +···+dk = Rn .
The stabilizer of E0 is the group of

A1 ∗



 0 A2

P (d) = 

0
0



0
0

block upper triangular matrices


··· ∗




··· ∗ 

 | Ai ∈ GL(di , R) ,
..

. ∗



· · · Ak

(5.1f)

which is called a standard parabolic subgroup of type d. Here the first asterisk
represents an arbitrary matrix of size d1 × d2 , and so on. More generally, if
g ∈ GL(n, R) is an arbitrary matrix with columns (C1 , . . . , Cn ), then
g · E0 = (0 ⊂ hC1 , . . . , Cd1 i ⊂ hC1 , . . . , Cd1 +d2 i ⊂ · · · ⊂ hC1 , . . . , Cn i = Rn ) .
Similarly, we can define an orthogonal flag of type d to be a collection of
mutually orthogonal vector subspaces
F = (F1 , . . . , Fk ),

Fi ⊥ Fj ,

dim Fi = di .

(5.1g)

The orthogonal flag manifold Y (d) is the collection of all orthogonal flags of
type d. Just as for flags above, we find that Y (d) is a homogeneous space for
O(n); the isotropy group of the natural base point is
O(d) =def O(d1 ) × O(d2 ) × · · · × O(dk ) = O(n) ∩ P (d).

(5.1h)

The maps
Fi = orthogonal complement of Ei−1 in Ei
Ei = hF1 , F2 , · · · , Fi i
are mutually inverse O(n)-equivariant bijections between X(d) and Y (d). Consequently
G/P (d) ' X(d) ' Y (d) ' O(n)/O(d)
(5.1i)
The reason for singling out the homogeneous spaces X(d) is that they arise
as “limits” of more or less arbitrary homogeneous spaces. Here is a concrete
result in that direction.
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Proposition 5.2. Suppose h ⊂ gl(n, R) is any Lie subalgebra. Then there is
a Lie subalgebra h1 and a standard parabolic subgroup P (d) with the following
properties.
1. The Lie algebra h1 is a limit of conjugates of h. That is, there is a sequence
(gm ) of elements of G so that
lim Ad(gm )(h) = h1 .

m→∞

The limit is taken in the Grassmann variety of dim h-dimensional linear
subspaces of g.
2. The Lie algebra h1 is an ideal in p(d). More precisely, p(d) is equal to the
normalizer in g of h1 .
Proof. Write m = dim h, and Z(m) for the (compact) Grassmann variety of
m-dimensional subspaces of g. The group G acts algebraically on Z(m) by
conjugation of subspaces. The orbit closure Ad(G)(h) ⊂ Z(m) is compact, and
it is a union of G orbits, all except Ad(G)(h) being of strictly smaller dimension.
(The algebraic nature of the action prevents more pathological behavior.) Being
closed under commutator of matrices is a closed condition on subspaces of g, so
everything in the closure is a Lie algebra. Any G-orbit Ad(G)(h1 ) of minimal
dimension in the closure must be compact: so
Ad(G)(h1 ) = G/NG (h1 )
is a compact algebraic homogeneous space for G. Any such homogeneous space
is isomorphic to X(d). (For algebraic groups over an algebraically closed field,
the fact that a projective homogeneous space must be G modulo a parabolic is
standard. We omit the details of passage to the real group GL(n, R).)
The ideals in p(d) are few and not difficult to understand; so the limiting
homogeneous spaces arising from this proposition are closely related to X(d).
Example 5.3. Suppose H = O(n) ⊂ GL(n, R), so that
h = n × n real skew-symmetric matrices
= {A = (aij ) | aij = −aji } .
Conjugating by the diagonal matrix g(r) with entries r = (r1 , . . . , rn ) gives

Ad(g(r))(h) = h(r) = A | ri rj−1 aij = −rj ri−1 aji .
If the positive real numbers ri are strictly decreasing, then
lim Ad(g(r)m )(h) = n = strictly upper triangular matrices.

m→∞

The normalizer of n is the Borel subgroup
B = P ((1, . . . , 1)) = upper triangular invertible matrices.
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The homogeneous space G/H can be identified with all positive definite
quadratic forms on Rn . If we fix a complete flag E = (E0 ⊂ · · · ⊂ En ),
then “going to infinity in the direction of E” on G/H means looking at
quadratic forms that are very large on the line E1 , fairly large on the plane
E2 , and so on. Eigenfunctions of invariant differential operators on G/H
can be studied by looking at their boundary values—appropriate limits at
infinity—as sections of line bundles on X(1, . . . , 1). A beautiful account
may be found in [5].
Having established that the partial flag varieties X(d) are interesting spaces
to look at, let us use them to make some representations. If
X = G/H

(5.4a)

is a homogeneous space for a Lie group G, then an equivariant vector bundle F
over X is exactly the same thing as a finite-dimensional representation (τ, F ) of
H. Given the vector bundle, F is just the fiber over the base point eH. Given
the representation, we can recover the vector bundle as
F = G ×H F =def G × F/ ∼,

(gh, f ) ∼ (g, τ (h)f ).

(5.4b)

The space of smooth sections of F may be identified with
C ∞ (X, F) ' {φ : G → F, φ(xh) = τ (h)−1 φ(x)}

(5.4c)

Clearly the group G acts on C ∞ (X, F) by left translation
[T (g)φ](x) = φ(g −1 x)

(φ ∈ C ∞ (X, F), g ∈ G) .

(5.4d)

This is the (smooth) induced representation:
(T, C ∞ (X, F)) =def IndG
H (τ, F ).

(5.4e)

Suppose now that we are in the setting (5.1). Let us fix k finite-dimensional
representations
\
(τi , Fi ) ∈ GL(d
(i = 1, . . . , k)
(5.4f)
i , R),
so that
(τ, F ),

F = F1 ⊗ · · · ⊗ Fk ∈ P[
(d)

(5.4g)

is an irreducible representation. (The various asterisk elements in (5.1f) all act
trivially.) We therefore get a representation of G = GL(n, R)
∞
(IndG
P (d) (τ ), C (X(d), F))

(5.4h)

on the space of sections of a vector bundle over the flag variety X(d). These are
fairly typical representations of GL(n, R). We would therefore like to understand
what Gelfand-Kirillov dimension means for them.
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Proposition 5.5. Suppose we are in the setting (5.4), so that F → X(d) is a
finite-dimensional equivariant vector bundle on the partial flag variety. Write


GL(n,R)
(π, V ) = IndP (d) (τ ), C ∞ (X(d), F)
for the corresponding induced representation.
1. The representation π is a quasisimple representation of GL(n, R), having
a finite number of irreducible composition factors.
2. There is an O(n)-invariant Laplace operator ∆ on C ∞ (X(d), F), given
by the action of the Casimir operator ΩK of O(n). The growth function
fV of (4.5c) is approximately the eigenvalue distribution function for ∆:
fV (N ) ≈ number of eigenvalues less than or equal to N 2 .
3. The asymptotic behavior of fV is
fV (N ) ∼ c(X(d))(dim F )N dim X(d) .
That is, the Gelfand-Kirillov dimension of π is equal to the dimension of
the partial flag variety X(d):
X
X
d(π) = dim X(d) = [n2 −
d2i ]/2 =
di dj .
i<j

4. The multiplicity function mV may be computed by Frobenius reciprocity:
for any irreducible representation (τ, E) of O(n),

mV (τ ) = dim HomO(d1 )×···×O(dk ) τ, (F1 |O(d1 ) ) ⊗ · · · ⊗ (Fk |O(dk ) ) .
Proof. That the composition series is finite is a theorem of Harish-Chandra.
Since our invariant inner product
hX, Y i = tr(XY )
is negative definite on k, the natural Laplace operator is minus a sum of squares.
The operator ∆ therefore has nonnegative eigenvalues. The Casimir operator
b so the eigenvalue distribution function is
acts by a scalar τ (ΩK ) on each τ ∈ K,
X
multiplicity of eigenvalue µ =
dim Vτ .
b (ΩK )=µ
τ ∈K,τ

If τ has dominant extremal weight λ, then
τ (ΩK ) = hλ + 2ρ, λi = hλ, λi + error of size hλ, λi1/2 .
That is, the size of the eigenvalue is approximately the length squared of λ.
It follows that fV (N ) and the number of eigenvalues up to N 2 have the same
17

asymptotic behavior. The formula in (3) for the eigenvalues is Weyl’s law: the
constant c(X(d)) involves things like the volume of X(d).
For the last statement, (5.1i) guarantees that

O(n)
π|K ' IndO(d1 )×···×O(dk ) (F1 |O(d1 ) ) ⊗ · · · ⊗ (Fk |O(dk ) ) .
Therefore Frobenius reciprocity for K = O(n) computes HomK (τ, π|K ), giving
the answer stated.
The conclusion is that lots of interesting representations of GL(n, R) appear
in sections of vector bundles on partial flag varieties. For such representations,
the Gelfand-Kirillov dimension is the dimension of the underlying partial flag
variety.

6

The wavefront set of a representation

In this section and the next we recall two geometric descriptions of the GelfandKirillov dimension. We suppose throughout this section that
b
(π, V ) ∈ G

(6.1)

is an irreducible quasisimple representation of the real reductive Lie group G.
If φ is a test density on G (that is, a smooth measure of compact support) then
Z
π(φ) =
π(g)φ(g) ∈ End(V )
(6.2a)
G

is a well-defined linear map. Harish-Chandra has shown that π(φ) has a welldefined trace, and that
Θπ (φ) =def tr(π(φ))
(6.2b)
is a generalized function on G, which depends only on the infinitesimal equivalence class of π. We compute easily that
π(Ad(g)φ) = π(g)π(φ)π(g)−1 .

(6.2c)

Because the trace of a linear operator is unchanged by conjugation, it follows
that
Ad(g)(Θπ ) = Θπ
(6.2d)
If u ∈ U (gC ) acts on generalized functions by differentiation on the left, then
π(u · φ) = π ∞ (u)π(φ);

(6.2e)

the equation makes sense because π(φ) is easily seen to carry V into V ∞ . (This
fact is part of the proof that V ∞ is dense in V .)
If z ∈ Z(g) is central, (6.2e) amounts to π(z · φ) = χπ (z)π(φ). Therefore
z · Θπ = χπ (z)Θπ .
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(6.2f)

The two properties (6.2d) and (6.2f) are expressed by saying that Θπ is an
invariant eigendistribution. (This terminology was fixed before the importance
of distinguishing generalized functions (linear functionals on test densities) from
distributions (linear functionals on test functions) was so clear.)
Any distribution on a manifold M has a well-defined wavefront set, which is
a closed cone in the cotangent bundle T ∗ (M ). Howe in [6] defines the wavefront
set of π to be
WF(π) = WF(Θπ ) ∩ (Te∗ (G) = g∗ ) .
(6.2g)
It is a consequence of (6.2d) and (6.2f) (because of (6.4c) below) that
WF(π) = closed union of nilpotent orbits of Ad(G) on g∗

(6.2h)

Proposition 6.3 ([2]). In the setting (6.2), the Gelfand-Kirillov dimension of
π is half the (real) dimension of WF(π).
Notice that the dimension of WF(π) is well-defined because the set is a finite
union of homogeneous spaces for the Lie group G.
To go further, it is useful to have in hand some basic structure theory about
reductive Lie algebras.
Definition 6.4. Suppose G = K × s (Definition 2.3) is the Cartan decomposition of our real reductive Lie group, and
g=k+s

(6.4a)

is the Cartan decomposition of its Lie algebra. Write gC for the complexification of g, and
KC = complexification of K,
a complex reductive algebraic group.
The complex-nilpotent cone is
n
NC∗ = λ ∈ g∗C | p(λ) = 0,

p ∈ (gS(g))

(6.4b)

G

o

.

(6.4c)

(The requirement is that every Ad(G)-invariant polynomial of strictly positive degree should vanish at λ. This description of nilpotent elements
is classical linear algebra in the case of GL(n): an n × n nilpotent matrix λ is one whose characteristic polynomial is xn ; and the coefficient of
xn−d in the characteristic polynomial of any matrix λ is the value at λ of
conjugation-invariant polynomial of degree d. For general reductive groups
this description of nilpotent elements is due to Kostant.)
The real-nilpotent cone is
NR∗ = NC∗ ∩ g,

(6.4d)

the nilpotent linear functionals taking real values on the real Lie algebra.
We saw in (6.2h) that
WF(π) ⊂ NR∗ .
(6.4e)
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The θ-nilpotent cone is
Nθ∗ = NC∗ ∩ s∗C .

(6.4f)

We will see in (7.10d) below that
AV(π) ⊂ Nθ∗ .

(6.4g)

Theorem 6.5 (Kostant-Sekiguchi [15]). Suppose that the real reductive Lie
group G admits a complexification GC .
1. GC acts on NC∗ (cf. (6.4c)) with finitely many orbits, each a complex
symplectic manifold and therefore of even complex dimension.
2. G acts on NR∗ (cf. (6.4d)) with finitely many orbits, each a real form of
the corresponding complex orbit and therefore of even real dimension.
3. KC acts on Nθ∗ (cf. (6.4f)) with finitely many orbits, each a complex
Lagrangian submanifold of the corresponding complex orbit.
The reader may dislike the lack of parallel between the “real form” in (2) and
the “Lagrangian” in (3). If the complex symplectic form is multiplied by i, then
the real form in (2) and the complex Lagrangian in (3) both become Lagrangian
submanifolds of the underlying real symplectic manifold in (1). This is a useful
perspective for trying to construct representations from coadjoint orbits, but we
will not need it here.
The wavefront set WF(π) is a geometric invariant constructed by (soft) real
analysis. In Section 7 we will consider a geometric invariant AV(VK∞ ) constructed by (soft) algebraic geometry. Here is a result relating the two invariants
to each other and to Gelfand-Kirillov dimension.
Theorem 6.6 (Schmid-Vilonen [14]). For any irreducible quasisimple representation (π, V ) of the real reductive Lie group G, the wavefront set WF(π) corresponds precisely to the associated variety AV(VK∞ ) under the Kostant-Sekiguchi
correspondence (Theorem 6.5). In particular,
dimR (WF(π)) = 2 dimC (AV(VK∞ )) .
Consequently
Gelfand-Kirillov dimension of π = dimC (AV(VK∞ )) .
The difficult part of this theorem is the first statement. The first displayed
formula is then a consequence of the statements in Theorem 6.5, and the second
of Proposition 6.3.
We will view this theorem as making Gelfand-Kirillov dimension a very crude
version of the much more subtle and interesting geometric invariants WF(π) and
AV(VK∞ ). In sections 7 and 8 we will describe a further refinement of this invariant; and finally in section 9 we will describe an algorithm for computing the
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refined invariant (and therefore also computing associated varieties and wavefront sets). As often happens in geometric representation theory, the algorithm
for computing the refined invariant cannot be simplified to compute associated
varieties directly: the algorithm depends in an essential way on the refined
information.

7

Understanding associated varieties

We have motivated Gelfand-Kirillov dimension (for a representation of G) in
terms of the (real) dimensions of certain compact homogeneous spaces for G
(on which such representations sometimes live). Theorem 6.6 relates GelfandKirillov dimension to the (complex) dimensions of certain algebraic homogeneous spaces—no longer for G, but for a closely related complex reductive algebraic group K(C). In this section we will outline a more direct path from
representations to these algebraic homogeneous spaces.
It is an idea dating back to the creation of quantum mechanics that a group
representation is in some sense a “quantum mechanical” object. I will not try
to justify that idea in great detail (although I will commend to the reader’s
attention Mackey’s account in [13]). For us it is enough to note that unitary
group representations consist of operators on Hilbert spaces, just as the mathematical models of quantum mechanics are usually phrased in terms of operators
on Hilbert spaces.
A fundamental idea in quantum physics is that of “classical limit:” that
a quantum-mechanical system can be thought of as depending on a small real
parameter h (Planck’s constant); and that in the limit as h → 0, the behavior of
the system approximates that of a corresponding classical-mechanical system.
Kirillov and Kostant were among the first to bring that idea into representation
theory. They formulated “classical” analogues of group representations, studied those classical analogues, and then tried to prove properties of the group
representations analogous to what they found in the classical picture.
Our goal here is similar in spirit, although the precise technical connections
are tenuous. Because we will be doing complex algebraic geometry, what is
central is the complexified Lie algebra
gC = (Lie(G) ⊗R C)

(7.7a)

We will think of a representation of a Lie group G (always on a complex vector
space) as being first of all a module for the complex universal enveloping algebra
U (gC ) =def (tensor algebra of gC ) /hx ⊗ y − y ⊗ x − [x, y] | x, y ∈ gC i; (7.7b)
and second as an algebraic representation for the complex reductive algebraic
group KC . If we are starting with any Lie group representation V , this U (gC )module could be V ∞ . If (π, V ) is a quasisimple irreducible representation of a
reductive Lie group, then we will usually want to consider the Harish-Chandra
U (g)-module VK∞C ; an important technical feature is that
VK∞C is a finitely generated U (gC )-module,
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(7.7c)

as follows easily from Harish-Chandra’s Theorem 4.3.
For us the quantum-mechanical character of representations is captured by
the non-commutativity of U (gC ). To take classical limit, we wish to replace
U (gC ) by a commutative algebra. Here is the (classical) way to do that.
Theorem 7.8 (Poincare-Birkhoff-Witt). If gC is a complex Lie algebra, define
Un (gC ) = span of {x1 · · · xm |xi ∈ gC , m ≤ n} ⊂ U (gC ).
Then {Un (gC )} is an increasing exhaustive algebra filtration, meaning for example that
Up (gC ) · Uq (gC ) ⊂ Up+q (gC ).
The associated graded algebra is the symmetric algebra of the vector space gC :
Un (gC )/Un−1 (gC ) ' S n (gC ),
homogeneous polynomials of degree n.
The adjoint action Ad of KC on the enveloping algebra preserves Un (gC ),
and descends to the natural action Ad on the symmetric algebra.
Corollary 7.9. Suppose V is a finitely-generated (U (gC ), KC )-module, with
finite-dimensional KC -invariant generating subspace V0 . Define
Vn = Un (gC ) · V0 .
1. The subspaces Vn are an increasing exhaustive filtration of V by finitedimensional KC -invariant subspaces, and
Un (gC ) · Vm ⊂ Vn+m .
2. The associated graded vector space
gr V =

∞
M

Vn /Vn−1

n=0

is in a natural way a finitely-generated graded S(gC /kC )-module, carrying
a compatible algebraic action of KC .
3. Suppose in addition that V is quasisimple (see (4.2i)) so that V0 is preserved by the action of Z(gC ). Then
G

(gC S(gC )) ⊂ Ann(gr V ).
Definition 7.10. Suppose E is a finite-dimensional complex vector space,
and C[E] is the polynomial ring of algebraic functions on E. Any finitely
generated C[E]-module M has a support
Supp(M ) = {λ ∈ E | f (λ) = 0 (f ∈ Ann(M ))}.
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(7.10a)

This is a subvariety of E. If M is graded, then Supp(M ) is a cone (that is,
it is preserved by dilations). More generally, if the algebraic group H acts
on E and M carries a compatible algebraic action of H, then Supp(M ) is
a union of H-orbits on E.
Suppose now that V is a finitely-generated (U (gC ), KC )-module. The
associated variety of V is by definition
AV(V ) = Supp(gr(V )) ⊂ g∗C ;

(7.10b)

here gr V is constructed as in Corollary 7.9. Because gr V is graded, AV(V )
is a cone. We have
kC ⊂ Ann(gr V ),
so by the definition of support,
∗

AV(V ) ⊂ (gC /kC ) .

(7.10c)

If in addition V is quasisimple, condition (3) of Corollary 7.9 says that
G

(gC S(gC )) ⊂ Ann(gr V ),
and therefore (by Definition 6.4)
AV(V ) ⊂ Nθ∗ ,

(7.10d)

a Zariski-closed union of KC -orbits.
This definition is the “direct path” from representations of G to orbits of
KC on Nθ∗ . To make it effective, one needs a way to control Ann(gr V ) for a
(U (gC ), KC )-module V . This annihilator is spanned by homogeneous polynomials p ∈ S n (gC ) with the property that a representative u ∈ Un (gC ) for p (see
Theorem 7.8) satisfies
u · Vm ⊂ Vm+n−1 ;
that is, that u does not raise the level of the filtration of V as much as expected.
If we can find many such elements p, then we can prove that AV(V ) is small.
G
Corollary 7.9 shows that we can take for p anything in kC or in (gC S(gC )) ; and
∗
from this we deduced that AV(V ) ⊂ Nθ . The first of these possibilities is “Kfinite” and the second is “quasisimple:” the fundamental defining characteristics
of Harish-Chandra modules. Finding more elements p ∈ Ann(gr V ) is very
difficult, even when we have a very precise description of V .
In order to give an algorithm for computing AV(V ), we will therefore proceed
indirectly. The strategy is to refine the invariant AV(V ): instead of just the
variety AV(V ) we want something like an equivariant vector bundle over this
variety.
Definition 7.11. Suppose X is a complex algebraic variety and suppose
that H is a complex algebraic group acting on X. We are interested in the
abelian category
CohH (X)
(7.11a)
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of H-equivariant coherent sheaves on X. The equivariant K-theory of X
is the Grothendieck group K H (X) of CohH (X): the free abelian group
generated by equivariant coherent sheaves, subject to the relations
[A] + [C] = [B]

whenever

0→A→B→C→0

(7.11b)

is a short exact sequence in CohH (X).
A nice general reference for equivariant K-theory, covering most of what we
will need, is [3, Chapter 5]. The last word on all issues is [16].
We are studying the category
M(gC , KC ) –Modfin

(7.12a)

of finite length (g, K)-modules. The assumption of finite length is equivalent to
the assumption of both finite generation (which we need to have a nice theory of
associated graded modules) and annihilation by an ideal of finite codimension
in Z(g) (which we need to make associated varieties nilpotent; see (6.4c)). We
write
K(gC , KC ) = Grothendieck group of M(gC , KC ) –Modfin
b
= free Z-module with basis G.

(7.12b)

(cf. (4.4)). The map
(V + (choice of good filtration)) 7→ gr V

(7.12c)

(explained in Corollary 7.9 and Definition 7.10) descends to a homomorphism
of Grothendieck groups
[gr] : K(gC , KC ) → K KC (Nθ∗ )

(7.12d)

which is independent of the choice of good filtration used to construct it. (A
proof of this independence may be found in [18].) We will see that this map to
K-theory is a refinement of the associated variety construction. In order to do
that, we need a more information about both the domain and the range of the
map.
On the domain side, one issue is to understand the kernel of [gr]. For that,
we make use of the category
M(gC , KC ) –Modfin KC :

(7.12e)

the objects are still finite length (gC , KC )-modules, but now for morphisms we
allow any linear map respecting the action of KC . Because there are more morphisms, and so more short exact sequences, the Grothendieck group is smaller:
K(gC , KC )KC = Groth. gp. of (gC , KC )-modules restr. to KC ,
K(gC , KC )  K(gC , KC )KC .
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(7.12f)

If we write
b temp,R
G

(7.12g)

for the (discrete) set of tempered irreducible representations with real infinitesimal character, then
b temp,R .
K(gC , KC )KC = free Z-module with basis G

(7.12h)

(This is essentially proven in [19].)
On the domain side, we will also make use of the Langlands classification.
c is a tempered
Suppose P = M AN is a parabolic subgroup of G, and δ ∈ M
∗
b
representation of M . A character ν ∈ A ' aC is called strictly dominant if
Rehν, αi > 0,

(every weight α of A in n).

(7.12i)

If ν is strictly dominant, then the representation
I(δ ⊗ ν) = IndG
M AN (δ ⊗ ν ⊗ 1)

(7.12j)

is called a standard representation of G.
The Langlands classification theorem says that standard representations and
irreducible representations are related in the same way as Verma modules and
irreducible highest weight modules.
Theorem 7.13 (Langlands [11]). Suppose G is a real reductive Lie group. Use
the notation just described.
1. Each standard represenation I(δ ⊗ ν) is a quasisimple representation (see
(4.2i)) of finite length, having a unique irreducible quotient representation
J(δ ⊗ ν).
2. Every irreducible representation of G is of the form J(δ ⊗ ν); the triple
(P, δ, ν) is unique up to conjugation by G.
3. The classes {[I(δ ⊗ ν)]} in K(gC , KC ) form a basis; the transition matrix
to the basis {[J(δ⊗ν)]} (of irreducible representations) is upper triangular.
b
4. For fixed δ, the continuous family of representations {I(δ ⊗ ν) | ν ∈ A}
all have the same image under [gr]:
[gr I(δ ⊗ ν)] ' [gr I(δ ⊗ ν 0 )]

b
(ν, ν 0 ∈ A).

The change of basis matrix in (3) is explicitly computed by the KazhdanLusztig theory of [17]. That is, we can compute explicit matrices of integers
M(δ0 ,ν 0 ),(δ,ν) so that
X
[J(δ ⊗ ν)] =
M(δ0 ,ν 0 ),(δ,ν) [I(δ 0 , ν 0 )]
(7.14)
(δ 0 ,ν 0 )

in the Grothendieck group K(gC , KC ).
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Computing the restriction to KC of standard representations is relatively
easy using the results of Knapp-Zuckerman in [8]. The conclusion is that for
each (δ, ν) there is a (small) nonnegative integer r = r(δ, ν) and a collection of
b temp,R so that
2r irreducible representations τi ∈ G
r

I(δ ⊗ ν)|KC =

2
X

τi .

(7.15)

i=1

Usually r = 0 and τ1 = I(δ ⊗ 1).
Here is a summary of these facts, and some additional information about
the equivariant K-theory of the nilpotent cone.
Theorem 7.16. Suppose G is a real reductive group with maximal compact
subgroup K. The homomorphism [gr] of (7.12d) is surjective, and factors to an
isomorphism
[gr] : K(gC , KC )KC → K KC (Nθ∗ ).
In particular, the classes [gr τ ], with τ a tempered irreducible representation of
G having real infinitesimal character, are a basis of the equivariant K-theory
b then the expression
K KC (Nθ∗ ). If π ∈ G,
X
[gr π] =
aτ,π [gr τ ]
btemp,R
τ ∈G

is explicitly computed by Kazhdan-Lusztig and Knapp-Zuckerman theory.
In a sense this theorem accomplishes the goal set forth at the end of Section
6: the invariant AV (π) has been refined to the class [gr π] in equivariant Ktheory, and this refined invariant is completely computed. But what we were
seeking to understand (among other things) was the associated variety just as
a set, and this we have not done at all. The reason is that the basis [gr τ ] of
Theorem 7.16 is not nicely related to the support of coherent sheaves. In section
8 we will describe a second basis of K KC (Nθ∗ ) that is related to supports.

8

Equivariant K-theory and supports

In this section we will describe a basis for equivariant K-theory in the case that
the algebraic group acts with finitely many orbits. It turns out that equivariant K-theory for (nearly) homogeneous spaces X is very closely related to the
representation theory of algebraic groups. Here is why.
Suppose H is a complex algebraic group. Define
H red = H/(unipotent radical of H),

(8.1a)

the maximal reductive quotient of H. We write
Rep(H) = finite-dimensional algebraic representations of H.
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(8.1b)

The Grothendieck group of this category is called the representation ring of H,
and written
R(H) =def K Rep(H) ' K Rep(H red ) = R(H red ).

(8.1c)

If we write
b = equivalence classes of irr. alg. reps. of H
H

(8.1d)

[
red ,
=H
then elementary representation theory says that
X
R(H) = K Rep(H) '
Zρ.

(8.1e)

b
ρ∈H

Tensor product of representations defines on the abelian group R(H) the structure of a commutative ring, the representation ring of H.
Suppose X is a single point. Then a coherent sheaf on X is the same thing as
a finite-dimensional vector space E; an H-equivariant structure is an algebraic
representation ρ of H on E. That is, there is an equivalence of categories
CohH (point) ' Rep(H)

(8.1f)

Consequently
K H (point) ' K Rep(H) = R(H) '

X

Zρ.

(8.1g)

b
ρ∈H

More generally, suppose (ξ, V ) is a finite-dimensional algebraic representation
of H, and P (V ) = OV (V ) is the algebra of polynomial functions on V . Then
there is a natural inclusion
Rep(H) ,→ (P (V ), H) –Modfg ' CohH (V ),

E 7→ E ⊗ P (V ).

(8.1h)

In contrast to (8.1f), this inclusion is very far from being an equivalence of
categories (unless V = {0}). Nevertheless, just as in (8.1g), it induces an
isomorphism in K-theory
K Rep(H) ' K H (V );

(8.1i)

this is [16, Theorem 4.1]. (Roughly speaking, the image of the map (8.1h) consists of the projective (P (V ), H)-modules; the isomorphism in K-theory arises
from the existence of projective resolutions.)
Suppose now that H ⊂ G is an inclusion of affine algebraic groups. Then
there is an equivalence of categories
CohG (G/H) ' CohH (point) ' Rep(H);

(8.1j)

so the equivariant K-theory is
K G (G/H) ' K H (point) ' K Rep(H).
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(8.1k)

More generally, if H acts on the variety Y , then we can form a fiber product
X = G ×H Y
and calculate

CohG (G ×H Y ) ' CohH (Y ),
K G (G ×H Y ) ' K H (Y ).

(8.1l)

If Y ⊂ X is a closed H-invariant subvariety, then there is a right exact
sequence
K H (Y ) → K H (X) → K H (X − Y ) → 0.
(8.1m)
This is established without the H for example in [4, Exercise 2.5.15], and the
argument there carries over to the equivariant case.
Suppose now that the complex algebraic group H acts on the complex algebraic variety X with finitely many orbits:
a
a
a
X=
Xi =
H · xi '
H/Hi ,
(8.2a)
i∈I

i∈I

i∈I

with I a finite set indexing the orbits. There is a natural partial order on I
defined by the closure relation on orbits:
i ≤ j ⇐⇒ Xi ⊂ Xj .

(8.2b)

Evidently this partial order is compatible with dimension:
i < j =⇒ dim Xi < dim Xj ⇐⇒ dim Hi > dim Hj .

(8.2c)

Then
Xj =

a

Xi =def X≤j

(8.2d)

i≤j

is a Zariski-closed H-stable subvariety of X. We will also be interested in the
boundary
a
Xi =def X<j .
(8.2e)
∂X j = Xj − Xj =
i<j

The key result is
if X/H is finite, then K0H (X) is a free Z-module.

(8.2f)

This is proven by induction on the number of orbits of H on X. If X is empty,
then K0 (X) = 0 and there is nothing to prove. If X is not empty, we let
U = H/H 0 ⊂ X

(8.2g)

be an orbit of maximal dimension. Necessarily U is open, so Y = X − U is a
closed subvariety consisting of one less H orbit than X. The right exact sequence
of (8.1m) extends to a long exact sequence in higher equivariant K-theory
· · · → K1H (H/H 0 ) → K0H (Y ) → K0H (X) → K0H (H/H 0 ) → 0
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(8.2h)

([16, Theorem 2.7]). The proof of (8.1k) shows that K1H (H/H 0 ) is the Quillen
K1 of a category of representations (of H 0 ). This is (up to long exact sequences)
a direct sum of categories of finite-dimensional complex vector spaces. By one
of the fundamental facts about algebraic K-theory, it follows that K1H (H/H 0 )
is a direct sum of copies of C× , one for each irreducible representation of H 0 .
By inductive hypothesis, K H (Y ) is free. Any group homomorphism from
the divisible group C× to Z must be zero; so we get a short exact sequence
0 → K H (Y ) → K H (X) → K H (H/H 0 ) → 0

(8.2i)

The first term is free by induction, and the last term is free with basis indexed
b 0 ; so K H (X) is free, as we wished to show.
by H
The argument proves that whenever H acts on X with finitely many orbits
and Y ⊂ X is closed and H-invariant, the maps in (8.1m) give a short exact
sequence
0 → K H (Y ) ,→ K H (X)  K H (X − Y ) → 0
(8.2j)
cj is an irreducible algebraic representation, so that
Suppose (ξ, Eξ ) ∈ H
Eξ = H ×Hj Eξ

(8.2k)

is an H-equivariant vector bundle on Xj ' H/Hj . We abuse notation by writing
Eξ = sheaf of sections of Eξ ∈ CohH (Xj ),

[Eξ ] ∈ K H (Xj ).

(8.2l)

We use the short exact sequence (8.2j)
0 → K H (∂Xj ) ,→ K H (Xj )  K H (Xj ) → 0

(8.2m)

Choose a preimage
[Eeξ ] ∈ K H (X j ) ⊂ K H (X),

[Eeξ ] 7→ [Eξ ] ∈ K H (Xj );

(8.2n)

this is possible by (8.2m). In fact we can choose Eeξ to be an H-equivariant
coherent sheaf on X j ; again we refer to the proof for coherent sheaves in [4,
Exercise 2.5.15], which carries over to the equivariant case. Because of the
exact sequence (8.2m), the class [Eeξ ] is unique up to a class in K H (∂X j ).
Proposition 8.3. Suppose that the complex algebraic group H acts on the complex algebraic variety X with finitely many orbits; use notation as in (8.2). Then
the various classes
[Eeξ ] ∈ K H (X j ),

Xj ' H/Hj ,

cj
ξ∈H

cj )
are a basis of K H (X). Each basis element [Eeξ ] is uniquely defined (by ξ ∈ H
H
modulo K (∂Xj ).
Because of the geometric construction of this basis, and the left exactness of
the sequences (8.2j), we deduce
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Corollary 8.4. Suppose that the complex algebraic group H acts on the complex
algebraic variety X with finitely many orbits, and that M is a non-zero Hequivariant coherent sheaf on X. Write
X
[M] =
aξ [Eeξ ],
(8.4a)
ξ

with ξ running over irreducible representations of the various orbit stabilizers
Hj , and aξ ∈ Z. Define
cj }.
I(M ) = {maximal elements j ∈ I | aξ 6= 0 for some ξ ∈ H

(8.4b)

Then
1. The associated variety
V (M) =def Supp(M) =

[

Xj .

(8.4c)

j∈I(M )

cj , the coefficient aξ is a nonnegative
2. For any j ∈ I(M ) and any ξ ∈ H
integer independent of the choices of extensions [Eeξ0 ].
3. Fix j ∈ I(M ) and xj ∈ Xj with isotropy group Hj . Then the genuine
virtual representation χ(xj , M) defined in [18, Definition 2.12] is
X
χ(xj , M) =
aξ ξ.
(8.4d)
cj
ξ∈H

In particular, the multiplicity of the component Xj of AV (M) is equal to
X
aξ dim ξ,
(8.4e)
cj
ξ∈H

again by [18, Definition 2.12].
The corollary says that if we can compute the expansion of [M] in the
geometric basis of Proposition 8.3, then we can compute the associated variety
AV (M), and even more, like the multiplicities of irreducible components. This
is the idea we will use in Section 9 to compute associated varieties of HarishChandra modules.
According to the Weyl dimension formula (Theorem 3.6), the multiplicities
in (8.4e) will be polynomial functions of the highest weights of the various ξ
appearing.
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9

Computing associated varieties

We return now to our real reductive group G with maximal compact subgroup
K and complexification KC , in the setting of (7.12). We know (Theorem 6.5)
that KC acts on the nilpotent cone Nθ∗ with finitely many orbits {Xj | j ∈ I},
with isotropy subgroups Kj ⊂ KC . We have found two bases for the equivariant
K-theory K KC (Nθ∗ ) of the nilpotent cone: a character-theoretic basis
b temp,R }
{[gr τ ] | τ ∈ G

(9.1a)

(Theorem 7.16), and a geometric basis
cj }
{[Eeξ ] | ξ ∈ K

(9.1b)

(Proposition 8.3). For any irreducible (gC , KC )-module π, Kazhdan-Lusztig and
Knapp-Zuckerman theory allow us to compute explicitly a formula
X
[gr π] =
Mτ 0 ,π [gr τ 0 ] ∈ K KC (Nθ∗ )
(9.1c)
btemp,R
τ ∈G

(see Theorem 7.16). If on the other hand we can compute an expansion in the
geometric basis
X
[gr π] =
aξ,π [Eeξ ] ∈ K KC (Nθ∗ ),
(9.1d)
cj
ξ∈K

then Corollary 8.4 computes the associated variety of π.
The final step in our journey will therefore be to find computable (change
of basis) formulas
X
[Eeξ ] =
bτ,ξ [gr τ ].
(9.1e)
btemp,R
τ ∈G

Once we have these formulas, we can invert them to get
X
[gr τ ] =
Bξ,τ [Eeξ ];

(9.1f)

cj
ξ∈K

and then plug these formulas into (9.1c) to get the explicit formulas (9.1d) that
we need.
We will give only the barest sketch of how to get the change of basis formulas
(9.1e). The ideas come from [1] and ultimately from [12]. It is convenient to
work not with Nθ∗ but with the (equivariantly isomorphic) nilpotent cone
Nθ = {e ∈ sC | e ∈ [g, g] nilpotent}.

(9.1g)

Here s is defined in Proposition 2.2. According to [10] we can find elements h
and f of gC so that
h ∈ kC , f ∈ sC ,

[h, e] = 2e,

[h, f ] = −2f,
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[e, f ] = h.

(9.1h)

The nonnegative eigenspaces of ad(h) define a θ-stable parabolic subalgebra
q = l + u = gC,0 + gC,≥1

(9.1i)

with subscripts referring to ad(h) eigenvalues. The corresponding parabolic
subgroup of KC is
QKC = LKC UKC = KCh · exp(u ∩ kC ;

(9.1j)

Proposition 9.2 (Kostant-Rallis [10]). Suppose we are in the setting of (9.1).
Write U = Ad(KC )(e) for the corresponding nilpotent orbit.
1. The orbit Ad(QKC )(e) is open and dense in sC,≥2 .
2. The centralizer of e in KC is contained in QKC . Precisely,
e
KCe = LeKC UK
,
C

and this is a Levi decomposition of the algebraic group.
3. Define
Z = KC ×QKC sC,≥2 ,
a vector bundle over the projective variety KC /QKC . The natural map
µ : Z → gC ,

µ(Z) = U ,

(k, S) 7→ Ad(k)S

is proper and birational.
4. If M is a KC -equivariant coherent sheaf on Z, then each higher direct
image sheaf Ri µ∗ (M) is a KC -equivariant coherent sheaf on U ⊂ Nθ . In
this way we get a well-defined map
X
[M] 7→
(−1)i [Ri µ∗ (M)].
µ∗ : K KC (Z) → K KC (U ) → K KC (Nθ ),
i

5. The isomorphisms (8.1l) and (8.1i) give
K KC (Z) ' K QKC (sC,≥2 ) ' R(QKC ) ' R(LKC ).
6. For the nilpotent orbit U = Ad(KC )(e), (8.1k) gives
K KC (U ) ' R(QeKC ) ' R(LeKC ).
7. The surjective restriction map of (8.1m) is
R(LKC ) ' K KC (Z) → K KC (U ) ' R(LeKC )
is just restriction of representations to LeKC .
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8. The map µ∗ on K-theory defined in (4) restricts to the identity map on
K KC (U ), with U the common open orbit in Z and in U .
An amazing consequence of this proposition is that the restriction map
Res : R(LKC ) → R(LeKC ) ' R(KCe )

(9.3a)

ce
is surjective: for
Pevery irreducible representation ξ ∈e KC , we can find a virtual
representation
ni σi of LKC whose restriction to LKC is exactly ξ:
ξ=

X

ni σi |LeK

C

σi ∈ Ld
KC .

(9.3b)

This is a very unusual situation: for most algebraic subgroups of algebraic
groups (as for most subgroups of finite groups) the restriction map on virtual
representations is very far from surjective. The proof of this fact is not constructive; it involves finding a projective resolution. But in practice it seems
not very difficult to find explicit formulas as in (9.3b).
d
If (σ, F (σ)) ∈ Q
KC , we get an equivariant vector bundle
F(σ) → KC /QKC ,

(9.3c)

which we may pull back to an equivariant vector bundle (still called F(σ)) on
the bundle Z → KC /QKC . The bundle Z and the map µ are closely related to
the construction of Harish-Chandra modules by cohomological induction. The
result is that there is an easily computable explicit formula
X
[µ∗ (F(σ))] =
Nτ 0 ,σ [gr τ 0 ] ∈ K KC (Nθ ).
(9.3d)
btemp,R
τ 0 ∈G

(The atlas software, following [19], makes calculations exactly along these lines
to compute restrictions to K of standard representations.
Given a formula (9.3b), we can define
X
[Eeξ ] =def
ni [µ∗ F(σi )].
(9.3e)
i

as our (virtual) coherent extension of the vector bundle Eξ to the orbit closure.
This leads to explicitly computable formulas
X X
[Eeξ ] =
ni Nτ 0 ,σi [gr τ 0 ].
(9.3f)
i

btemp,R
τ 0 ∈G

These are the formulas required in (9.1e) to complete our expression of [gr π] in
the geometric basis, and therefore to compute AV(π).
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