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Kazhdan-Lusztig cells
Harish-Chandra cells

What questions can you ask?

More questions to ask.
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What's a Harish-Chandra cell (A)? David Vogan

Introduction

G(R) real reductive > K(R) = G(R)? max| compact
G > K = G’ complexifications, g = Lie(G)

Cartan and Borel subalgebras h c b c g, W = W(g,D)

A € h* dominant regular integral,

M(g, K), = (g, K)-modules of infinitesimal char 1
Irr(g, K), = irrreps, KM(g, K), = Z - Irr(a, K), Groth grp.
Weyl group W acts on KM(g, K),.

Get natural W representation, basis Irr(g, K),.

W representation ~» Harish-Chandra cells.
Analogous to left reg rep of W s left cells (KL).



What's a Harish-Chandra cell (B)? David Vogan

Preorder LsR on Irr(g, K),: Kazhdan-Lusztig style definition is redueton

YLSHX — dwe W, [Y] appearsin w - X.
Representation def is (with F fin-diml rep of G%)

YLSHX < 3F,Y composition factor of F® X.

Equivrel Y ~ X means Y < X < Y; complementis Y < X.
LR (R IR LR
A Harish-Chandra cell is an G equiv class in Irr(g, K),.

Two irreducibles are in the same cell iff you can get
from each to the other by tensoring with
finite-dimensional representations.

C(X) = equiv class of X = HC cell c Irr(g, K),.
C(X) =5 interval below X = HC cone c Irr(g, K),.

dC(X) = C(X) - C(X).



What's true about Harish-Chandra cells?
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An interesting and difficult-to-compute invariant of a Introduction
representation X is its associated variety AV(X).

Theorem. (Consequence of rep theory defn of cells.)
1. YLSHX = AV(Y) c AV(X).
2. YL<HX = AV(Y) ¢ AV(X).
3. Y L~HX = AV(Y) = AV(X).

Theorem. (Consequence of KL defn of cells.)
1. Wactson Co(X) = > ZY]| 2 0Cx(X).
Y<X
iA
2. W acts on C:(X) = Cz(X)/dC=(X).
3. Cz(X) contains unique special rep o-(X) € W.
4. AV(X) = union of closures of K-forms of O(c(X)).

Nilpotent orbit O(o-(X)) is defined by Springer correspondence.



KL cells
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Theorem (Kazhdan-Lusztig) KL cells

1.

KL relations ~ and e partition W into left cells and
two-sided cells C;(w) c Cigp(w) (w € W).
Z-module Cz;(w) carries a representation of W.

Cz.1r(w) carries a representation of W x W.

Z Cz.1r = ZW, regular representation of W x W.
Cir

Two-sided cells C; g partition W into subsets Y(CiR)
called families: C.ip = )o@
oeX(CLR)

As a representation of the first W, C 15 ~ Z CrL.
C.cCir



Lusztig’s description of families
For any finite group F, Lusztig in 1979 defined

David Vogan

M(F) = {(x.€) | x € F, & e FX}/(conjugation by F) KL cells
The group F acts itself by conjugation;
M(F) = simple F-equivariant coherent sheaves on F.
Theorem (Lusztig) Suppose that ¥ is a family in W.
1. X has exactly one special representation o4(X) € w.

2. os «— special nilpotent orbit Os(X) = Os(0s) ¢ N*/G.
Springer

3. Put A(Os) = n%(Os) (equivariant fundamental group). Put
{os =01,02...,0,} =X N (Springer(Os));

_—

thisis all W-repsin ¥ «— ¢ € A(O;). Define
Springer

A= A(Os) = A(Os)/[N; ker &]
4. Have inclusion ¥ < M(A), o — (x(0),&(0)) so

X(os) = x(0}) = 1A &o)) =& <A



Classical W reps: special in red
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Lusztig’s description of left cells
Recall that finite group F gives
M(F) = ((x.€) | x € F, & FX}/(conj by F)
=~ irr conj-eqvt coherent sheaves &(x,¢) on F.

Given subgroup S c F, const sheaf S on Sis S-eqvt for con;.

Push forward to F-eqvt sheaf supp on F-conjugates of S:
L(S) =) ms(s,6)E(s,6),  ms(s,€) = diméS.
sE
Sum runs over S conjugacy classes s € S. Can write this as

L(S) = )" &(s,IndG; (triv)).

Theorem (Lusztig) C, c Clg & X C W, A finite group,
Lo MA), o= (xX(0).€()).

Jsubgp I =T(C) € ASO Cop = Xy, Mr(X,€)o(X,£)

mr(1,triv) = 1, so special rep o5 appears once in Cz;.

3 Lustztig left cells with ' = A, s0 C.; ~ 3, o(x, triv).

M w0~

G classical = 3 Springer left cells with ' = {e}, so
Cy = 255 dim(&)o(1,£), Springer reps for Og in X.

David Vogan

KL cells
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Classical left cells: special in red

Saturday, September 11, 2021 11:11 AM e

Eﬂzi‘ ?77 (7&) :A%%/_\ KL cells
Ca famy: o= 0O, = {1z}
(0,0) @ )(B,$) enet @)
(4,00) (4,£) (¥ 4av) ¢ &4 M(R)
_efx cellsg = gcﬂ
Ceo = §a(%,%) | %9 s\s-ds])
Cy= (o(1,5) | geA™] sPRMeER
C’K = i((-)()-trlv)\ xe'ﬁ? LWs271 ¢
Ca cells: ‘
c = (@), (D)5 Serires

C‘p" = E(OID)) (A, ‘ME Lusztiy




Consequences of Lusztig for HC cells
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HC world (g, K): Irr(g,K), > C =HC cell ~ W rep C;.
C- 5 05(C) special in W ~» O(C), £(0)c W, A(O) finite.
Theorem. Suppose C is a HC cell in Irr(g, K),.

HC cells

C:. = Z me(o)o, me(o) €N, me(os) =1.

Tger

That is, a HC cell is a sum of certain W reps in a single family,
including the special W rep with multiplicity one.

Problem: understand the set of W reps on cells.
How many cells are there for each special rep o of W?
Which other reps from the family of o appear in each cell?

Conjecture. For each HC cell C as above, 3 S(C) c Aso

me(o(x,€)) = Ms(c)(X.&).



Evidence for conjecture
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Theorem (McGovern, Binegar) C a HC cell in Irr(g, K),. HC cells
1. CZ = 2(;-6): mC(O-)O—! mC(O-) €N, mC(o-S) =1.
2. IF G(R) real form of type A, SO(n), Sp(2n), or an
exceptional group, THEN 35(C) ¢ Aso

me(o(x,€)) = ms(c)(X, €).
3. The subgroup S(C) c Ain (2) is always one of
Lusztig’s I' attached to a left cell; so
4. in (2), each HC cell is isomorphic to a KL left cell.

5. IF G(R) cplx, 0 O = O1 x 01, A(0) = Ay x Ay, THEN
S(C) = (A1)a; not one of Lusztig’s I' unless A; = 1.



Finding the conjectural S(C) c A
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Suppose we have a HC cell C of irr HC modules:

Cz = Yoex Mc(0)o.
“We” (that is, the at 1as softwarel) can calculate
nonnegative integers me(o(x,¢)).

Homework
How do we recover S(C) from these integers?

Recall pairs (x,&) € M(A) defined up to A conjugacy;

xeA and&e A irrep of its centralizer.

The W-reps o(x, triv) actually exist.

ms(x,triv) = #S-conjugacy classes in (class of x) N S:
class function on A giving nice statistic about S.

Gives question: given a finite group A, class function m on
A, is there at most one subgroup S having this statistic?

Answer to such a question for general A is always NO.

But Lusztig’s A is a product of copies of S, for m< 5. ..



Homework problem
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Homework

Suppose A is a product of copies of S, for m < 5.
If S c Ais a subgroup, define a class function on A:

mg(x) = #{ S-conj classes in (A—conjclassof x)n S}.

Find an algorithm to recover the group S (up to
conjugation in A) from the function msg.



Homework of Roger Zierau'
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Let O =(special) nilp in sp(4) subreg in each factor.

Lusztig’s quotient is A(0) = (Z/22)°.
Homework

Lusztig’s family > c W consists of 27 irreps: those which
on each W(GC,) factor are neither trivial nor sign.

There are eight KL left cells, each a different subset of 8
reps from X. Correspon_d (Lusztig thm) to the eight
Lusztig subgroups I c A that are products of three factors.

There are a total of 16 subgroups S of A, each defining a
different subset Cs C X.

Each Cs consists of 5, 6, or 8 reps in .
Theorem (Zierau). For G loc isom to Sp(2, R)3, each HC

cell rep is of the form Cg for some S c A; and every
subgroup S appears.

Teacher’s pet



What questions come next?
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Given real reducAtive G, special orbit O, and corr
special rep o € W, would be great to understand

1. how many HC cells for G include o?

2. Is each cell defined as W rep by some S c A(0)? Things to come
3. Which subgroups S appear, and how often?

(1) is a complication of classical question how many
R-forms does O have?

(2) ought to be addressable using ideas from
Lusztig’s classification of left cells.

(3) is a complication of the classical question how
much of 71(O) is defined over R?

Since this is the last slide, you can guess that | have no
idea how to answer these questions.

Thanks for the invitation; math with people is the best kind!
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