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Introduction

G(R) real reductive algebraic group.
Cf(@) » = (equiv classes of) irr unitary reps of G(R).

I'll assume that studying this set (unitary dual) is the most
world’s best problem.

How can you approach it?
I'll start by answering the question in the title.

G(R) ~ {finite set of compact polyhedra U;}.
Each U; ~ (real vector space Vj, cone-in-a-lattice C)
GE®), = 1 U x V;x G
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G(R) ~ {finite set of compact polyhedra Uj}. SV VEg
Each U; ~ (real vector space V;, cone-in-a-lattice G;) Introduction

G(®), = 11; Uy x V; x G;.

SL(2,R) ~ { (point, R',{0}) «— spherical unitary princ series
(point,R", {0}) «— nonsph unitary princ series
(point, RO,N) «— holomorphic discrete series
(point, R%, N) «— antihol discrete series

([0,1].R%, {0}) «— complementary series }

This is two lines, two half lattices, and one interval.
Picture for SL(2,R) found by Valentine Bargmann in 1947.

For those with OCD or PhD: more words are needed to make this precise. Example: nonsph

princ ser at 0 is sum of two irreps: nonsph(pt, 0,0) = hol ds(pt, 0, 0) + antihol ds(pt, 0, 0).

That the picture works for any real reductive G(R) comes from
Harish-Chandra, Langlands, Knapp, Zuckerman about 1985.
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G(R) ~ {finite set of compact polyhedra Uj}.

Each U; ~ (real vector space V;, cone-in-a-lattice C;) i e
G(R), = 1I; Ujx V;x ;.

Describe (f(ﬁ)u < describe cpt polyhedra U;.

Vec space Vj, cone-in-lattice C; important but easy.

Main question today: what do cpt polyhed U; look like?

Answer: U; is finite union of product of simplices.

Goals for today:

1. say what kinds of simplices are allowed

2. recall work of Barbasch, (Barbasch and his friends) giving
beautiful precise list of simplices in many cases

3. say how at 1as software computes ugly precise list of
simplices in all cases
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G cplx conn red alg group > B Borel > H max torus.

(X* alg chars of H) o (R roots) o (I simple roots).

(X, alg cochars) o (R coroots) > (Y simple coroots). e
Based root datum of Gis (X*, M, X,,MY), b, = X* @z R.

by is the real vector space where the classical root system lives.

Root hyperplanes are E, = {y € b;, | y(¢") = 0} (each ain R).

Each root « defines simple reflection: b — b,
so(y) =y-v(@') a, S.,(a)=-a, s,=identityon E,.

Weyl group of G is W = group generated by all s,.
The open positive Weyl chamber is the open simplicial cone

Ct ={yebily(a')>0 (aen simple)}.

A Weyl chamber in b, is a subset w- C* (some w € W).
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r for o( ) 3(1’71)~C+ E(I,—1)
Wey! group
c+
0-0) Eoz2)
S0.2) - Cct

5+ is fundamental domain for W action on by;.
Action of W on Weyl chambers is simply transitive
dominant faces of C' of codim d «— cardinality d subsets of I

any face of by is in W-(unique dom face)
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Based root datum of Gis (X*,M, X.,MY), b; = X* @z R.
Aff coroots are RV2" = ((a¥,m) | a¥ € RV, me Z).

Pos aff coroots are RV2+ = ((a¥,m) |[m>0 or a¥ € R"t,m=0). Affine Weyl group
Write ag = lowest coroot (unique since G simple).

Simple aff coroots are M@ = {(a",0) | @¥ € NV} U {(ag, 1)}
Aff hyperplanes E,m = (y € by | y(a") + m = 0}.
aff coroot > simple aff reflection: by — by,

Sovm() =v—(y(@)+m)-a, Sy gm=idon Ey pm.
Affine Weyl group of G is W = group generated by all s,v .
The open fundamental alcove is the open simplex

At ={yebily(@)+m>0 ((a",m)e N3 simple))
={yeCy(ey) <1}

An alcove in b}, is a subset w - At (some w e Waf).
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b, for Sp(4,R)

Affine Weyl group

ﬂ+

070)

A" is fundamental domain for W action on b;,.

Action of W2 on alcoves is simply transitive

fund faces of A of codim d «— order d subsets of MMV
any face of b; is in Waf-(unique fundamental face)
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Langlands classif: irrs of real infl character indexed by

1. discrete parameter (x, 1) ~ lowest K-type
2. continuous parameter y = infinitesimal character.

Here x = KGB element: orbit of K(C) on Borels in G(C).
Finite # of x: 3 for SL(2, R), 201 for Sp(8,R), 320206 for split Eg.

Unitary dual Il

Given x, set of allowed A is finite # of cones in lattices
Given (x, 1), set of allowed y is affine space Vz(x, 1) C bs.
Therefore Vr(x, 1) is disjoint union of faces.

Theorem (Speh-V) Fix discrete parameter (x, 1).

1. If yq,72 € same face of Vi(x, 1), then irr reps J(x, 4,y1) and
J(x, 4,y2) are both unitary or both nonunitary.

2. Set of unitary y is a compact polyhedron
U(x, ) c Vr(x, 1), a finite union of faces.
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Corollary Set C-'((k)u,real = unitary reps of real infl char. Then
G®uea = | | U
x€KGB a allowed
for x Unitary dual Il

Claim in introduction:

G(R) ~ {finite set of compact polyhedra Uj}.

Each U; ~ (real vector space V;, cone-in-a-lattice C;)
G®), = 1I; UxV;xC.

Polyhedra U(x, 1) are the U; in the introduction.
Extending Cor to all infl chars gives real vector spaces V.
Given x, A’s are finite union of cones in lattices C;.

To prove Claim, need to show U(x, 1) is nearly independent of A.
To describe unitary dual, need to compute all U(x, 1).
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AT Unitary dual Il

070)

fundamental parallelepiped = {y € b, | 0 < y(a*) < 1| (a € M)}
Union of #W/#Z(Gsc) alcoves.

G(R) # alcoves # faces
SL(2,R) 1 3
Sp(4.R) 4 19

split Eg 696729600 2416970476
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Real Langlands parameter (x, 4,7y) defines

1.

Cartan involution 8 = 6(x) acting on b;,

2. Cartan decomp b =t + af (+1 eigenspaces)

3. differential of 1 da e t;,

4.

5. Definition of param ~» y € C* is dominant. Unitary dual Il

“A-parameter v = y(x,,y) =y — di

2,1)=p (x,2) first disc series, Siegel par

ot 9:(_01 _01), di=(1/2,-1/2)

a = {(t. 1)}

669
green line is allowed infl chars y.
1,-1)[2 unitary part is vertices (2 + mg, mp)/2,

edges {(1+t,t) [ te (1+my/2,1+ (my +1)/2)},

some my and my in N

Define Ugpp(x, 1) = {y € FPP | J(x, 4,7) is unitary}.
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Suppose (x, 4,v) is a real Langlands parameter of David Vogan
infinitesimal character y.
FPP conjecture is distilled from work of Dan Barbasch.
Define S(y) = {a € | y(a") < 1}, a set of simple roots,

q = q(y) = [ + u parabolic with Levi generated by S(y).
1. y belongs to the FPP if and only if ¢ = g. FPP conjecture
2. Conjecture If J(x, 4,v) is unitary, then q is ¢-stable.

3. If qis #-stable, then J(x, 4,y) is good range
cohomologically induced from J(x., 4,,y.) on L.
Here 4y = 2-p(u), yo =y —p(u), y. € FPP(L).

Assuming this conjecture,
U(x, ) U Urpp(X, L) + p(1)

6-stable q
Conclusion: assuming conjecture, unitary dual is known if
we compute (finitely many) Ugpp(x, 1), the FPP infl
characters for unitary reps in the series (x, 4).
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