
18.755 Problem Set 4 due 4/3/20 in Gradescope by 3 p.m.

Because there hasn’t been much new material since the last problem set, this problem
set contains an unusually large amount of background supporting information. The three
problems you are meant to solve are written in bold.

The first two problems concern vector fields on R. Any such vector field has the form
f(x) d

dx
, with f a smooth function on R. The Lie bracket of two of these vector fields is

[f
d

dx
, g

d

dx
] =

(

f
dg

dx
−

df

dx
g

)

d

dx
.

1. Prove that the Lie algebra generated by d
dx

and g d
dx

is finite-dimensional
only if the set of derivatives of g

g, g′, g′′, g(3), g(4), . . .

is linearly dependent; equivalently, that g must satisfy an ordinary differential
equation with constant coefficients.

Here “Lie algebra generated” means the linear span of all iterated Lie brackets; that is,
it is the smallest Lie subalgebra of vector fields on R containing both d

dx
and g d

dx
.

You may take it as known that the functions g satisfying such a differential equation are
linear combinations of functions

gm,b,a(x) = xm cos(bx)eax, hm,b,a(x) = xm sin(bx)eax

with a and b real numbers and m a non-negative integer.

2. Say as much as you can about the finite-dimensional Lie algebras of vector
fields on R containing the vector field d

dx
.

(Best answer would be a precise classification of all of these Lie algebras. If you can’t
find that, you should still be able to give some interesting examples of such Lie algebras.)

For the third problem, suppose that M is a manifold. A one-parameter group of diffeo-

morphisms of M is a smooth map

φ:R×M → M, (t,m) 7→ φ(t,m) =def φt(m)

with the property that

φt(φs(m)) = φt+s(m), φ0(m) = m.

This means that the map
φt:M → M

is a diffeomorphism with inverse φ−t; and that the map t 7→ φt is a group homomorphism
from R to the group of diffeomorphisms of M .
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A one-parameter group φ of diffeomorphisms of M always defines a vector field ξφ on M ,
by the formula

ξφ(f)(m) =
d

dt
(f(φt(m)))|t=0.

If M is compact (but not in general) every vector field arises in this way from a unique
one-parameter group of diffeomorphisms.

If G is a Lie group, a smooth action of G on M is a smooth map

α:G×M → M, (g,m) 7→ α(g,m) =def αg(m)

with the property that

αg(αh(m)) = αgh(m), αe(m) = m.

Here’s the basic theorem about vector fields and Lie group actions, which I would perhaps
have talked about the week of March 16.

Theorem. Suppose the Lie group G acts on the smooth manifold M with action map α,

and that X ∈ g, the Lie algebra of G. Recall the one-parameter subgroup {exp(tX) | t ∈ R}
of G. We get from X and α a one-parameter group of diffeomorphisms

φ(X)t(m) = αexp(tX)(m),

and therefore a vector field on M

ξ(X) = ξφ(X).

This map from g to vector fields on M , sending X to ξ(X), is a Lie algebra homomorphism,

called the differential of the action of G on M .

The third problem concerns the one-dimensional real projective space RP
1, consisting of

all straight lines through the origin in R
2. The action of GL(2,R) on R

2 descends to an
action on RP

1. In particular, the rotation matrix

r(θ) =

(

cos θ sin θ
− sin θ cos θ

)

acts on RP
1.

3. Write ℓ(φ) = R

(

cosφ
sinφ

)

, a straight line through the origin in R
2.

(1) Show that RP
1 = {ℓ(φ) | 0 ≤ φ < π}, and deduce that a vector field on RP

1

is f(φ) d
dφ

, with f a smooth function periodic of period π.

(2) Show that r(θ)ℓ(φ) = ℓ(φ − θ), and deduce that the action of rotations on
RP

1 gives rise to the vector field − d
dφ

.

(3) Find the Lie algebra of vector fields on RP
1 given by the action of GL(2,R).

Comment: the three problems have some connections.


