
Topic today: homotopy groups p_n(M,m_0) for manifold M with base point m_0.

Want to compute these so we can tell when a Lie group G has a covering group:
happens when p_1(G,e) nontrivial.

Main technique: if H is a closed subgroup of G, get long exact sequence

--> p_2(H) --> p_2(G) --> p_2(G/H)
--> p_1(H) --> p_1(G) --> p_1(G/H)
--> p_0(H) --> p_0(G) --> p_0(G/H) --> 1

Conclusion: if we can control p_1 on subgroup H and homogeneous space G/H,
control p_1(G).











Fundamental groups of classical groups

SU(n)/SU(n-1)= S^{2n-1}

SO(n)/SO(n-1)= S^{n-1}

Sp(n)/Sp(n-1)= S^{4n-1}

p_1(SO(1))	=	{1}				p_1(SO(2)	=	Z	
p_1(SO(n))	=	Z/2Z		n	>=	3
p_1(SU(n))	=	{1}		n>=	1
p_1(Sp(n))	={1}		n	>=	0



Fundamental groups of classical groups

SU(n)/SU(n-1)= S^{2n-1}

SO(n)/SO(n-1)= S^{n-1}

Sp(n)/Sp(n-1)= S^{4n-1}



Frobenius	theorem

Statement	in	a	moment.	First,
what	question	is	it	addressing?

is	a	theorem	about	manifolds
and	submanifolds.

vector	field on	a	manifold,
integral	curves

Theorem.	X	vector	field	on	manifold	M;
for	each	m0	in	M	there	is	a	unique	g_{X,m0}:

(a,b)	-->	M	with	g_{X,m0}(0)	=	m0,			
g_{X,m0}'(t)	=	X(g_{X,m0}(t)).

Manifold	is	nicely	covered	(foliated)
by	1-dimensional	submanifolds
(as	long	as	X(m)	is	never	zero).



What	about	TWO	vector	fields	X	and	Y?

X(m)	and	Y(m)	define	a	2-dimensional
subspace	of	the	tangent	space	T_m(M)	at
each	m	in	M.	
Hope:	through	each	m0	in	M	passes	unique	2-
diml	submanifold	g_{X,Y,m0}
g_{X,Y,m0}(s,t)=g_{Y,(g_{X,m0}(t)}	(s)

That	is,	start	at	m0,	follow
curve	defined	by	X	for	a
while,	then	follow	curve
defined	by	Y	for	a	while.
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Lie subgroups from Lie subalgebras, Lie
group maps from Lie algebra maps 
Friday, April 3, 2020 8:34 AM 

What came pretty easily from Lie group definitions: 
 
 H, G Lie groups with Lie algebras h, g,   f: H --> G Lie group homomorphism 0 df: h ---> g is a Lie algebra homomorphism. 
 
        H 3 G is an immersed subgroup 0 h 3 g is a Lie subalgebra. 
 
Topic today: CONVERSES 
 

        h 3 g is a Lie subalgebra 0 d H 3 G an immersed subgroup 
 
df: h ---> g a Lie algebra homomorphism 0sometimes d f: H --> G Lie group homomorphism. 
 
sometimes: ALWAYS if H is connected and simply connected. 
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How to make a Lie subgroup 
Friday, April 3, 2020 9:39 AM 

G Lie group with Lie algebra g, h a Lie subalgebra of G. 
 
Recall that g consists of left-invariant vector fields on G. To any d-diml vector subspace s 3 g  can attach a d-
dimensional distribution  
 
                D(s) = { S fj Xj  | fj 2 C^\infty(G),  Xj 2 s }. 
 
Easy to check that D(s) is involutive if and only if s is a Lie subalgebra. So back to our Lie subalgebra h. 
 
Frobenius: through each point g of G there is a unique maximal d-dimensional connected immersed submanifold
H(g), characterized by  
 
          g 2 H(g),    T_x(H(g)) = span( X(x) | X in h ) for all x 2 H(g),  H(g) maximal. 
 
   H(g) and H(g') either coincide or are disjoint; so G is disjoint union of all, and H(g) = H(g'), all g'2 H(g).  
 
Since the vector fields in X are preserved by the left translation operations x 1g0.x, left translation must permute
the submanifolds H(g). So g0.H(g) = H(g0g), which implies that H(e)=def H is a subgroup! 
 
Also shows that H(g) = g.H: the  foliation of G is by cosets of H. 
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Easy properties of  h1H 
Friday, April 3, 2020 1:41 PM 

  H is generated by the elements exp(X), X in h 
 

             h = { Y 2 g | exp(tY) 2 H, all real t } 
 
G is locally a product of H and any complement: if S is a  submanifold of G passing through e,
and Te(G) = Te(H) direct sum Te(S), then there are neighborhoods UH of e in H and US of e in S
so that UH x US maps diffeomorphically by multiplication to an open neighborhood of e in G: 
 
US x UH /V 3 G,  (s,h) 1s.h       H(s) h V I s.UH 
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Homomorphisms 
Friday, April 3, 2020 3:33 PM 
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From F to G 
Friday, April 3, 2020 3:43 PM 
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Tori
Sunday, April 5, 2020 8:30 AM 

Big picture: aiming to describe all compact Lie groups K. 
 
Medium picture: last pset asked you to describe Lie algebras of vector fields on R 
using [d/dx,∗]; d/dx spans a maximal commutative subalgebra. We'll describe
compact Lie groups in a parallel way. 
 
Small picture: today want to understand tori T, which will appear as 
maximal commutative subgroups of K. 
 
DEFINITION: a COMPACT TORUS is a compact connected abelian Lie group T. Write 
       t = Lie(T),        tC = complexification of  t = t ⊗R C,        t* = HomR( t , R) 
 
FUNDAMENTAL EXAMPLE: S1 = { eit | t 2 R },  s1 = iR 
 
LATTICE OF COCHARACTERS OF T   X*(T) = kernel of exp 3 t; X*(S1) = 2pi Z 
 
LATTICE OF CHARACTERS OF T         X*(T) = Hom(T,S1) 3 itR*; X*(S1) =  Z 
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Main theorem about tori 
Sunday, April 5, 2020 2:26 PM 

 
THEOREM X∗(T) and X*(T) are lattices (finitely generated free abelian groups) 

dual to each other (HomZ(X∗(T),Z) = X*(T)). X*  is a covariant equivalence of categories 
                                                                                                                   inverse functors 

     [ compact tori ]   / [ lattices ]          T 1 HomLie(S1,T)              X ⊗Z S1    X ←∣

Similarly, X* is a contravariant equivalence of categories 
      [ compact tori ]  /  [ lattices ]         H 1 HomLie(H, S1)          HomZ(Y, S1)   Y ←∣Proof is an exercise once you understand X∗∗ and X*. Look at three examples of tori:  
 
U = { (eiq1, eiq2, ... , eiqn) }   S = { (eiq1, eiq2, ... , eiqn) | S qj = 0 }  P = U/{ eif (1, ... , 1) } 
 
X*(U) = HomLie(S1,U) = Zn = { m = (m1 , ... , mn) },  m(eiq) = (eim1q , ... , eimnq). 

X*(U) = HomLie(U,S1) = Zn = { m = (m1 , ... , mn) },  m(eiq1, eiq2, ... , eiqn)  = ei(m1q1 + ... + mnqn) 

 
X*(S) = HomLie(S1,S) = { m = (m1 , ... , mn) | S mj = 0},  m(eiq) = (eim1q , ... , eimnq). 

X*(S) = HomLie(S,S1) = { m = (m1,...,mn) }/Z(1,...,1),  m(eiq1,eiq2,...,eiqn)  = ei(m1q1+...+ mnqn) 

 
X*(P) = HomLie(S1,P) = { m = (m1 , ... , mn) | S mj = 0}/Z(1,...,1),  m(eiq) = (eim1q ,...,eimnq). 

X*(P) = HomLie(P,S1) = { m = (m1,...,mn) | S mj = 0},  m(eiq1,eiq2,...,eiqn)  = ei(m1q1 + ... + mnqn) 

 
Passage from U to S is passage to subtorus; from U to P is passage to a quotient. 
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More ways to change T 
Sunday, April 5, 2020 4:13 PM 

U = { (eiq1, eiq2, ... , eiqn) } = U(1)n           X*(U) = Zn          X*(U) = Zn 

I { ± 1 }  two-element subgroup   ⇢ quotient group  U⁻ = U/{ ± 1 }  
 

         X*(U⁻) = ⟨Zn, (1/2,...,1/2)⟩ =  Zn ∪ (Z + 1/2)n     X*(U⁻) = { m ∈ Zn | S mj  even } 
 

MORE cocharacters, FEWER characters. 
 

U~ =def { ( (eiq1, eiq2, ... , eiqn) , z ) | z2 = eiSqj }   two-to-one cover of U 
 

   X*(U~) = { m ∈ Zn | S mj  even }                               X*(U~) = ⟨Zn, (1/2,...,1/2)⟩ =  Zn ∪ (Z + 1/2)n 

    m(eiq) = ((eim1q , ... , eimnq),  ei[(m1+...+ mn)/2]q)               m((eiq1, eiq2, ... , eiqn) , z ) = ei(m1q1 + ... +

mnqn) 

                                                           [m+(1/2,...,1/2)]((eiq1, eiq2, ... , eiqn) , z ) = z·ei(m1q1 + ... +

mnqn) 

 
FEWER cocharacters, MORE characters. 
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Representations of tori 
Sunday, April 5, 2020 5:24 PM 

THEOREM  Suppose T is a compact torus, V is an finite-dimensional complex vector space,  and  
p: T  / GL(V) is a representation of T  ( =def Lie group homomorphism). For each character 
x: T /circle, define the x-weight space of V to be 
 

                                    Vx  =  {v 2 V | p(t)v  =  x(t)·v  (all t 2 T) }. 
 

Then V is the direct sum of its weight spaces. In particular, there are a basis (v1,...,vN) of V and

weights (x1,...,xN) in X*(T) so that p(t) is diagonal in this basis, with diagonal entries xj(t). We have 
 

                  dim Vx  =  #{ j | xj  =  x }  =def  multiplicity of x in V  =  m(x,V),        Sx m(x,V) = dim V 

Proof. Linear algebra is always easier in the presence of an inner product, which allows us to make
subspaces W into direct sum decompositions V = W⊕W⊥. In the presence of a group, we need an
inner product preserved by the group, and this is not quite so easy to get. We will start with any inner
product and then to "average over the group" to get a better one. Here's how. 
 
Like any torus, T is isomorphic to the quotient of its Lie algebra by its cocharacter lattice, and
therefore to Rn/Zn = [S1]n =  { (eiq1 , eiq2 , ... , eiqn) | 0  <  qj  <  2p }. This choice of coordinates allows us
to integrate continuous functions on T: 
 

 ∫T f(t) dt =def  ∫02p  ···∫02p   f(eiq1 , eiq2 , ... , eiqn) dq1 ···  dqn . 
 

Since integration on Rn is translation-invariant,  ∫T f(t·t0) dt = ∫T f(t) dt. This integral is what we need. 
 
Start with any positive definite inner product ⟨,⟩0 on V. Define a new one by averaging over T: 
 

⟨v1 , v2⟩ =def  ∫T  ⟨p(t)v1 , p(t)v2⟩0 dt      ⟨p(t0)v1 , p(t0)v2⟩ = ⟨v1 , v2⟩; 
 

The red formula follows by applying the blue one to the definition. Conclusion is that p(t) is unitary. 

 



5/12/2020 OneNote

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNkEqhHA&page=View&wd=target%284.8 reps of tori.one%7C5e5e7e80-f25c-c04c-a680-9b7f7a54218a%2F… 1/1

Topic for today 4/8: representations of
tori and 
how to use them

 
Wednesday, April 8, 2020 3:05 PM 
1. Finish proof of theorem from Monday. 
2. Definition of the adjoint representation of any Lie group. 
3. Center of a connected Lie group (topic of  

pset 9, due 4/15). 
 
 
 

Remember that GOAL of course is to describe and classify compact Lie groups. 
 
Method: study weights of the adjoint representation. 
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How does unitary help? 
Sunday, April 5, 2020 8:17 PM 

We're proving 
 
 

THEOREM  Suppose T is a compact torus, V is an finite-dimensional complex vector space,  and p: T  / GL(V) is a representation of T  (
=def Lie group homomorphism). For each character x: T /circle, define the x-weight space of V to be 
                                    Vx  =  {v 2 V | p(t)v  =  x(t)·v  (all t 2 T) }. 

Then V is the direct sum of its weight spaces. In particular, there are a basis (v1,...,vN) of V and weights (x1,...,xN) in X*(T) so that p(t) is
diagonal in this basis, with diagonal entries xj(t). We have 
                  dim Vx  =  #{ j | xj  =  x }  =def  multiplicity of x in V  =  m(x,V),        Sx m(x,V) = dim V 
 
 

So far we proved that V has an inner product ⟨,⟩ making p unitary: p(t)-1=  complex conj of p(t)t. Since
T is abelian, all the operators p(t) commute. By linear algebra, commuting unitary operators can be
simultaneously diagonalized; that is, there are an orthonormal basis (v1,...,vN) of V and functions
(x1,...,xN) on T so that p(t) is diagonal in this basis, with diagonal entries xj(t). A diagonal matrix is

unitary if and only if the diagonal entries have absolute value 1; so each xj takes values in S1. That p is

a smooth group homomorphism means that all the xj: T  / S1 are smooth group homomorphisms;

that is, xj 2 X*(T). Everything else in the theorem is easy linear algebra.  QED.  
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Example of weights of a representation
 

Wednesday, April 8, 2020 3:40 PM 
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Question: why are two definitions of
cocharacters the same? 
Wednesday, April 8, 2020 3:25 PM 
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How to tell when a Lie algebra
homomorphism exponentiates to Lie
group homomorphism 
Wednesday, April 8, 2020 3:31 PM 

 

Theorem. Suppose f: h → g is a Lie algebra homomorphism. Write H~ for the universal
covering group of H. By the big theorem from last week, we automatically get a Lie group
homomorphism F~: H~ → G. This homomorphism  
 

    descends to F~: H~ → G  ⟺  F~(p1(H)) = {e} ⊆ G 

Suppose H is a connected Lie group with universal cover H~: 
 
   1   →   p1(H)  →  H~   →   H   →   1. 
 
Here  p1(H) is a discrete subgroup of the center Z(H~). 
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Adjoint representation 
Wednesday, April 8, 2020 3:50 PM 
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Question: is exp:g /G onto? 
Wednesday, April 8, 2020 3:58 PM 
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Roots for a compact Lie group K 
Friday, April 10, 2020 11:09 AM 

1. Automorphisms of a Lie group 
2. Adjoint representation of a Lie group 
3. Definition of maximal torus, examples 
4. Definition of roots, examples 

 
 
We're aiming to describe compact connected Lie groups in
completely combinatorial way. So far succeeded in the abelian
case: 
 
       compact connected abelian T     ↔       lattice X*(T)  ≃ Zn 

 
         Lie group maps T → T'    ↔    lattice maps X*(T')  →  X*(T) 
                                                         ↔       n x n'  integer matrices 
 
So compact connected abelian Lie groups are classified by
nonnegative integers, and maps are integer matrices.  
 
Just like vector spaces and linear algebra. 
 
Today: start the push toward nonabelian compact groups. 
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Lie group automorphisms 
Friday, April 10, 2020 11:27 AM 

G Lie group with Lie algebra g.  
 

         Aut(G) = group of smooth automorphisms g: G → G. 
 

Differentials of automorphisms defines natural homomorphism 
 

                d: Aut(G) → Aut(g),   g  ⟼  dg;     Aut(g) ⊂ GL(g). 
 

The kernel of d consists of automorphisms trivial on the identity component Ge, and may
therefore be regarded as a subgroup of the discrete group Aut(G/Ge). 
 

Proposition. Suppose B is a finite-dimensional algebra over R  (real vector space equipped
with bilinear map   ✽   from B x B to B). Then Aut(B) is a closed Lie subgroup of GL(B), with
Lie algebra the vector space of derivations of B: 
 

               Der(B) = { D ∈ End(B) | D(b ✽ b') = (Db) ✽ b'  +  b ✽ (Db') } 
 

The map d can fail to be surjective for two reasons. First (if Ge is not simply connected)
some Lie algebra automorphisms of g may fail to exponentiate to automorphisms of Ge.
Second (if G is not connected) some automorphisms of Ge may fail to extend to G. The
conclusion is that there is a short exact sequence 
 

    1  →  (subgroup of Aut(G/Ge))  →   Aut(G)  →  (subgroup of Aut(g))  →  1 
 

Easy smooth automorphisms are inner automorphisms Ad(g)(x) = gxg-1. Image is Int(G): 
 

     1  →  Z(G)  →  G  →   Int(G)  →  1,       1  →   Int(G)  →   Aut(G)   →  Out(G)  →  1. 
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Adjoint representation: reprise 
Friday, April 10, 2020 12:31 PM 

We defined for any Lie group G  
 

     Ad: G   →  Int(G) ⊂   Aut(G)         d: Aut(G) →   Aut(g);    
 

also write for the composition 
 

      Ad: G   →  Aut(g),       dAd =def ad: g   →  Der (g)     ad(X)(Y) = [X,Y]. 
  
        Ad(g)([X,Y]) = [Ad(g)(X),Ad(g)(Y)]                                                     ad(Z)([ X , Y ] = [ Z , [ X,Y ] ] = [ [Z , X ] , Y ] + [X , [ Z , Y ] ] 
 

If H   ⊂  G is a Lie subgroup, can restrict to H: 
 

               AdG: H   →  Aut(g),       dAdG =def adG: h   →  Der (g). 
 

AdG is a real representation of H on the real vector space g.  
COMPLEXIFIES to complex representation 
 

                       AdG,C: H   →  Aut(gC). 
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Maximal tori 
Friday, April 10, 2020 11:26 AM 

Suppose K is a compact Lie group. A maximal torus in K is a compact torus T so that
whenever T ⊂ T', with T' a compact torus, then T=T'. 
 
A compact torus T ⊂ K is maximal if and only if  Z_K(T)e = T. Equivalently,  
 

                      { X ∈ k | Ad(t)(X) = X, all t ∈ T }  =  t. 
 

AdK is a representation of T on k, so the complexification has a weight space decomp 
 

               kC = ⨁x in X*(T)   kC,x           kC,x   = { X ∈ kC | Ad(t)(X) = x(t)·X all t ∈ T } 
 

If T is maximal, zero weight space is the complexified Lie algebra of T: kC,0  = tC. Also 
 

                                     [kC,a , kC,b ]  ⊂  kC,a+b  
 

Example: K = U(2), 2 x 2 unitary matrices,     k = u(2), 2 x 2 skew-hermitian matrices. 
One maximal torus is T=U(1) x U(1) diagonal unitary matrices. Because every 2 x 2
complex matrix Z can be written uniquely as Z=A+iB with A and B skew-
hermitian,                             
                                                                                          
                   kC = gl(2,C) 2 x 2 complex matrices,   T

=                                                                 
 

                             Ad(t)(Z) = tZt-1,   Ad(t)(epq) = ei(qp-qq) 
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Writing down U(2) 
Friday, April 10, 2020 1:46 PM 
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Roots for U(2) 
Friday, April 10, 2020 3:44 PM 
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Definition of roots 
Friday, April 10, 2020 3:49 PM 
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Root SU(2) 
Monday, April 13, 2020 8:14 AM 

Setting: K compact Lie group, T maximal torus in K, X∗(T) lattice of characters 
k = Lie(K), kC = complexification. Defined roots of T in K D(K,T)  
 

           kC = tC + ⨁a in D(K,T)  kC,a     root space decomposition  
 

Roots control how nonabelian K is. 
 

Topic today: structure of subgroup generated by each root space. 
 
Theorem. If Xa belongs to the root space kC,a, there is a unique homomorphism 
 

     fa :  SU(2)  →  K,         fa(diagonal)  ⊂  T,        [dfa]C ∈ (R>0)·Xa. [ ] 
0

0

1

0

 
We call fa a root SU(2) homomorphism. 
 

Conclusion is that K is built of little SU(2)s. 
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General Stuff 
Monday, April 13, 2020 10:04 AM 

If g is any Lie algebra, complexification gC = g⨂RC = { X + i Y | X, Y in g } has 

real structure s : gC → gC, s(X + i Y) = X - iY, gCs = g. 
 

s is conjugate-linear [s(zX1+X2) = s(X1) + s(Y2) ] Lie algebra aut,  s2=1. z̄̄̄

 

Conversely, if s is any conjugate-linear order 2 automorphism of complex G, then  
G is isomorphic to the complexification of the real Lie algebra g = Gs. Important, but won't use today. 
 

Main idea today: real Lie algebra homomorphism f : h → g are the same as 
complex Lie algebra homomorphisms fC : hC →  gC , fC ∘ sh = sg∘ fC. 
 

Use this to construct Lie group homs  f : SU(2) → G  from  fC : sl(2,C) → gC. 
 
K compact,  X in k ⇒ Ad(X) is diagonalizable with purely imaginary eigenvalues. 
 

             [ kC,a , kC,b ] ⊂ kC,a+b.  In particular, [ kC,a , kC,-a ] ⊂ tC =  Lie(T)C. 
 

                                                s(kC,a) = kC,-a 
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SU(2) 
Monday, April 13, 2020 10:54 AM 

Know: Lie algebra of SU(2) is  2 x 2 skew hermitian matrices of trace 0; basis 
 
T =       U =     V =    [T , U] = 2V,  [V , T] = 2U,  [U , V] = 2T. ( )i

0

0

−i
( )0

−1

1

0
( )0

i

i

0

 

Complexified Lie algebra of SU(2) is 2 x 2 complex matrices of trace 0; basis 
 
H =       X =       Y =     [H , X] = 2X,  [H , Y] = -2Y,  [X , Y] = H. ( )1

0

0

−1
( )0

0

1

0
( )0

1

0

0

 
The real structure s is minus conjugate transpose, so  
 

H = iT,   X = (U-iV)/2,   Y = -(U + iV)/2       sH = -H,   sX = -Y,  sY = -X. 
 
Idea: look in  kC  for  elements H' and X' satisfying [H',X'] = 2X', [X',s(X')] = H'. 
 

These will automatically give f' :  SU(2)  →  K,   f'(H) = H',   f'(X) = X'. 
 

       You should figure out exactly why that is true; ingredients are on last two pages. 

 

] 
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Example of SU(n) 
Monday, April 13, 2020 12:29 PM 

Inside K = SU(n) we can choose a maximal torus T = S(U(1))n, diagonal matrices of det
1, diagonal entries eiqp . (This torus was called S on 4/6 lecture.) Shows  
  
                     X✻(T) = { (l1 , ... , ln ) in Zn} / Z(1 , ... , 1). 
 

Complexified Lie algebra is n x n complex trace 0 matrices. Roots are ep - eq (p not q
between 1 and n). Root spaces are 
 

   kC,ep - eq = C · epq   = matrices with at most one nonzero entry, in row p/col q. 
 

Choose a root vector Xpq = z · epq ; then  
 

   Ypq =def -s(Xpq) =  · eqp , Hpq =def [ Xpq , Ypq ] = |z|2  · (epp - eqq ) z̄̄̄

 

       [ Hpq ,  Xpq  ] = 2|z|2 ·  Xpq      [ Hpq ,  Ypq  ] = -2|z|2 ·  Ypq   
 

So Xpq , Ypq , Hpq  ALMOST  satisfy bracket relations for SU(2); to correct,  
need to scale Xpq  by 1/|z|. Resulting SU(2) subgp of SU(n) acts on coordinates p,q. 
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SU(2)s from root vectors 
Monday, April 13, 2020 12:02 PM 

Theorem. If Xa belongs to the root space kC,a, there is a unique homomorphism 
 

     fa :  SU(2)  →  K,         fa(diagonal)  ⊂  T,        [dfa]C[Math Processing Error]∈
(R>0)·Xa. 
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Root SU(2) continued
Wednesday, April 15, 2020 8:51 AM 

Setting from Monday: K compact Lie, T maximal torus, X*(T) lattice of characters 
k = Lie(K), kC = complexification. Defined roots of T in K D(K,T)  
 

           kC = tC + ⨁a in D(K,T)  kC,a     root space decomposition  
 

Roots control how nonabelian K is. 
 

Continuing topic today: structure of subgroup generated by each root space. 
 
Theorem. If Xa belongs to the root space kC,a, there is a unique homomorphism 
 

     fa :  SU(2)  →  K,         fa(diagonal)  ⊂  T,        [dfa]C ∈ (R>0)·Xa. [ ] 
0

0

1

0

 
We call fa a root SU(2) homomorphism. 
 

Conclusion is that K is built of little SU(2)s. 
 

Two goals today: finish proof, give some examples. 
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Strategy for finding a map from SU(2) 
Wednesday, April 15, 2020 10:52 AM 

Recall complexified Lie algebra of SU(2) had basis H, X, Y satisfying 
 

       [H,X] = 2X, [H,Y] = -2Y, [X,Y] = H      sX = -Y,  sH = -H 
 

Consequence: in any complexified Lie algebra gC, elements X', H' satisfying 
 

   H' = [X',-sX']   [H',X'] = 2X' ➨ Lie alg hom su(2) → g  ➨ Lie gp hom SU(2) → G 
 

Idea: look in  kC  for  elements H' and X' satisfying [H',X'] = 2X', [X',-s(X')] = H'. 
 
What we did in the last slide Wednesday: given root decomposition of compact Lie
group K ⊃ T, nonzero root vector Xa, found positive multiple X'a so that 
 

[ X'a , -s(X'a) ] = H'a ∊ it,  [ H'a , X'a ] = ra X'a       ( ra = 2   or   0  or   -2) 
 

If ra = 2, we get  fa :  SU(2)  →  K  that we want. Need to rule out other two cases. 

 



5/12/2020 OneNote

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNkEqhHA&page=View&wd=target%284.15 Root SU%282%5C%29 continued.one%7Cac22d97e-374a-294d-… 1/1

Wednesday, April 15, 2020 3:14 PM 
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Why is Ad(X) diagonalizable on kC with
imaginary eigenvalues? 
Wednesday, April 15, 2020 3:27 PM 

For any X in any Lie(G), the subgroup { exp(tX) | t in R } is connected and abelian;
so its closure S is also connected and abelian. If G=K is compact, this makes S a
torus. According to the theorem from class 4/8/20, this implies that in every
complex representation of S (like Ad on kC) every element of Lie(S) (like X) acts
diagonalizably with purely imaginary eigenvalues. 
 
In a noncompact G, S is still connected abelian, but need not be compact. All
you can say about its representations is what you learned in linear algebra for a
commuting family of complex matrices: there must be a common eigenvalue,
but it need not be purely imaginary, and the matrices need not be
diagonalizable (even one at a time, and certainly not simultaneously. 
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How do we rule out ra = -2? 
 

Wednesday, April 15, 2020 3:32 PM 

Proposition The Lie algebra sl(2,R) has a basis of its complexification H, X, Y
satisfying [H,X] = 2X, [H,Y] = 2Y, [X,Y] = H, sH = -H, sX = Y, sY = x. 
 
Proof. The complexified Lie algebra is 2 x 2 complex matrices of trace 0; the
complex conjugation map s is complex conjugation of matrices. Here are the
basis elements: H =     X =     Y = .  QED ( )0

−i

i

0
( )1

2

1

−i

−i

−1
( )1

2

1

i

i

−1

 
Now it's clear that in the case ra = -2 we get a subalgebra of k isomorphic to
sl(2,R). This subalgebra has elements (like ) not diagonalizable in the
adjoint representation; so this is a contradiction. 

( )0

0

1

0

In this case we start with a nonzero root vector X in kC,a ; we defined Y=-sX, H = [X,Y], 
and the assumption meant [H , X] = -2X, [H , Y] = -2Y. It's convenient (for my memory; 
no mathematical need) to write X' = X, Y' = -Y = sX', H' = -H; then we have 
 

[H' , X'] = 2X',  [H' , Y'] = -2Y',  [X',Y'] = H',   sX' = Y', sY' = X',  sH' = -H'. 
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Comments from class about the end of
the proof.  
Wednesday, April 15, 2020 3:46 PM 

This page is not needed after the
cleaning 
up of the previous page, but I'll leave it. 
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Wednesday, April 15, 2020 3:53 PM 
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Computing roots 
Friday, April 17, 2020 9:23 AM 

Topic today is computing the roots in various compact Lie groups. Of course this
begins with finding maximal tori. Aiming at three examples:  
 

O(n) = n x n real matrices preserving inner product on Rn 
 

U(n) = n x n complex matrices preserving inner product on Cn 
 

Sp(n) = n x n quaternionic matrices preserving inner product on Hn 

 
Maximal tori are built from  
 

U(1) = { (eiq) | q real},  1 x 1 complex or quaternionic matrix  X*(U(1)) = Z 
 

C(2) =   2 x 2 real matrix                                   X*(C(2)) = Z ( )co s θ

−si n θ

si n θ

co s θ

 
Here are the maximal tori: 
 

               C(2)[n/2]  ⊂  O(n)       U(1)n ⊂  U(n)       U(1)n ⊂  Sp(n) 
 

Here are the roots: 
                                                                      

 D(O(n) , C(2)[n/2])  =  { ± ep ± eq | 1 ≤ p < q ≤ [n/2] } ∪ { ± ep }  (if n is odd). 
 

 D(U(n) , U(1)n)  =  { ep − eq  | 1 ≤ p ≠ q ≤  n } 
 

 D(Sp(n) , U(1)n)  =  { ± ep ± eq | 1 ≤ p < q ≤ n } ∪ { ± 2ep } 
 
In these formulas, { e1 , e2 , ... , em } is the standard basis of Zm 
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K = U(n) 
Friday, April 17, 2020 2:38 PM 

    T = U(1)n = { diagonal( eiq1 , eiq2 , ... , eiqn ) } 
 

Characters of T = X*(T) = { cm | m in Zn }     cm ( eiq1 , eiq2 , ... , eiqn ) = ei( m1q1 + ... +

mnqn ) 
 

k = n x n complex A,  tA =  
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Friday, April 17, 2020 3:39 PM 
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Friday, April 17, 2020 3:44 PM 
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Friday, April 17, 2020 3:49 PM 
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Root data and compact groups 
Wednesday, April 22, 2020 2:58 PM 

1. First goal today is to finish calculating the roots of O(n), talk a bit about Sp(n). 
2. Define root data. 
3. State relation between root data and compact groups. 
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O(n) roots 
Wednesday, April 22, 2020 3:00 PM 

Recall n = 2m + e with e = 0 or
1 
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General n  
Wednesday, April 22, 2020 3:11 PM 

 



5/12/2020 OneNote

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNkEqhHA&page=View&wd=target%284.22 Roots for O%28n%5C%29.one%7C49136497-4637-7b48-811e-7… 1/1

O(n) continued  
Wednesday, April 22, 2020 3:21 PM 
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Details about O(n) on Cn calculation 
Wednesday, April 22, 2020 5:52 PM 

This material added after class to clarify/correct preceding page 
 
Writing n=2m+e, found basis of weight vectors for Cn 
 

     ap = e2p-1 + ie2p         bp = e2p-1 - ie2p       maybe e2m+1,         weights ep,   -ep,   0  in Zm 
 

Need also dual basis of [Cn]* ap* bp* maybe e2m+1*,           weights -ep,   ep,   0  in Zm 

 
Therefore we get a basis for Hom(Cn , Cn)  with the indicated weights: 
 

ap ⊗ aq* , bp ⊗ aq* , ap ⊗ bq* , bp ⊗ bq* ,  maybe ap ⊗ e2m+1* , bp ⊗ e2m+1* , e2m+1 ⊗ ap* , e2m+1 ⊗ bp* , e2m+1 ⊗ e2m+1*  
 

 ep  -  eq  , - ep  -  eq        ep  +  eq   ,  - ep  +  eq          ,             ep           ,      - ep            ,           - ep           ,                 ep      ,             0 
 
In order to see which of these weights appear in so(n) = Lie(O(n)) = skew-symmetric matrices,  
we need to write the new basis in terms of the matrix basis   eij = ei ⊗ fj   discussed 4/17. 
 
ap* defined by ap*(aq) = dpq , ap*(bq) = 0,  etc.,  so   ap*= (e2p-1* - i ep*)/2 ,   bp*= (e2p-1* + i ep*)/2 . 
 
Since [ep ⊗ eq*]t  = eq ⊗ ep* , we calculate  
 
[ ap ⊗ aq*]t  =  [ bq ⊗ bp*] , etc.  SO a weight basis of skew-symmetric matrices is 
 

ap ⊗ aq* -  bq ⊗ ap*, ap ⊗ bq* -  aq ⊗ bp*, bp ⊗ aq* -  bq ⊗ ap*, maybe  ap ⊗ e2m+1* -  e2m+1 ⊗ bp* ,  bp ⊗ e2m+1*  - e2m+1 ⊗ ap* 
 

           ep  -  eq              ,          ep  +  eq           ,        - ep  -  eq            ,                                       ep           ,                            - ep  
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O(n) end  
Wednesday, April 22, 2020 3:33 PM 
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Friday preview  
Wednesday, April 22, 2020 3:52 PM 
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Question: why are ±2ep not roots for
O(n)?

 
Wednesday, April 22, 2020 3:42 PM 
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Root data for compact groups
Friday, April 24, 2020 10:44 AM 

What we know so far: given compact group K, choose maximal torus T. 
          Get dual lattices  X*  = Hom(S1,T)  ,  X*  = Hom(T,S1). 
 
Roots of T in K = nonzero weights of Ad(T) on kC is 
 

                                 D(K,T) ⊂ X*∗   finite subset. 
 
Each root  a  defines fa: SU(2) →  K "root SU(2)," unique up to conj by T. 
 
Coroot for  a  is  av  =  fa | diagonal ,   av (exp(iq))  = fa  [ ]

ex p(iθ)

0

0

ex p(−iθ)

 
         Dv(K,T)  =  { av }  ⊂  X*   finite subset in bijection with D(K,T) 
 
ROOT DATUM FOR T IN K  is   R(K,T) = ( X* ,  D(K,T)  ,  X*  , Dv(K,T) ) , 
 

   a pair of dual lattices equipped with finite subsets in bijection. 
 
THEOREM.  K compact connected Lie group: R(K,T) determines K up to isomorphism.
Any quadruple subject to axioms for a reduced root datum is allowed; so
isomorphism classes of compact connected Lie groups are the same as isomorphism
classes of reduced root data. 
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Friday, April 24, 2020 3:26 PM 
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Root SU(2)s for O(n) 
Friday, April 24, 2020 11:35 AM 

We saw that it was easy to get root ep - eq for U(n) using matrix units epq ;  
corresponding SU(2) acts just on p and q coordinates.  

Not so easy to see the same thing in O(n). Here's one way. Cm ≃ R2m, giving 
 

                                 F:  GL(m,C) → GL(2m,R)    
 

          F(A)2p-1,2q-1 = Re(Apq) = F(A)2p,2q   F(A)2p,2q-1 = Im(Apq) = - F(A)2p-1,2q . 
 
The embedding of nonzero complex numbers in invertible 2 x 2 real matrices is 
 

                                            x + iy  ⟼   .   [ ]x

y

−y

x

It isn't hard to check that F(U(m)) ⊂ SO(2m), so we get in particular an inclusion 
 

                                                  SU(2) →  SO(4) 
 

and this is  fe1 - e2. The other  fep - eq  arise by using other sets of four coordinates, and
the  ep + eq   by a judicious sprinkling of complex conjugates. Finally, when we talked
about quaternions and SU(2), I described a two-to-one covering map 
 

                                                   SU(2) →  SO(3) ; 
 

this is fe1 .  
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Axioms for root data 
Friday, April 24, 2020 11:35 AM 

    R = ( X* ,  D  ,  X*  , Dv )  is a root datum if 
 

RD0    X* and  X*  are dual lattices, with finite subsets  D and Dv in bijection. 
 

RD1.5   For all a in D ,  ⟨ a , av ⟩ = 2. 
 
Define sa :  X*  →  X* ,    sa(l) = l  -  ⟨ l , av ⟩ a . Lattice automorphism, order
2. 
 

Transpose is sav :  X*  →  X* ,    sav(l) = l  -  ⟨ a , l⟩ av . 
 
RD3  sa permutes D ,  sav  permutes Dv ,  [sa(b)]v  =  sav(bv) .  
 
The root datum is called reduced if it satisfies either of the equivalent axioms 
 

RD4     If  a and  c.a  both belong to D , then c = ± 1. 
 

RD4v    If  av and  c.av  both belong to Dv , then c = ± 1. 
 
The Weyl group of W(R) is the subgroup of Aut(X*) generated by all sa . 

It is isomorphic (by the inverse transpose isomorphism Aut(X*) ≃  Aut(X*) ) 
to the group generated by all sav . 
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Friday, April 24, 2020 3:54 PM 
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Axioms for root data
Sunday, April 26, 2020 10:05 PM 

   R = ( X* ,  D  ,  X*  , Dv )  is a root datum if 

RD0    X* and  X*  are dual lattices, with finite subsets  D and Dv in bijection. 

RD1.5   For all a in D ,  ⟨ a , av ⟩ = 2. 
 

Define sa :  X*  →  X* ,    sa(l) = l  -  ⟨ l , av ⟩ a . Lattice automorphism, order 2. 
 

Transpose is sav :  X*  →  X* ,    sav(l) = l  -  ⟨ a , l⟩ av . 
 

RD3  sa permutes D ,  sav  permutes Dv ,  [sa(b)]v  =  sav(bv) .  
 

The root datum is called reduced if it satisfies either of the equivalent axioms 
 

RD4     If  a and  c.a  both belong to D , then c = ± 1. 
 

RD4v    If  av and  c.av  both belong to Dv , then c = ± 1. 
 
 

TODAY: WHY DOES THE ROOT SYSTEM OF A COMPACT GROUP SATISFY THESE? 
 
Main tool: realize sa inside  fa(SU(2))  inside K. 
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How to spot a root SU(2) 
Sunday, April 26, 2020 10:05 PM 

Suppose we have maximal torus T in compact K. When is f :  SU(2)  →  K a root SU(2)? 
Answer: whenever  
 

1. f(diagonal) is a nontrivial subgroup of T, and 
2. T ⊂ NKf(SU(2)); that is, T normalizes the image of f. 
 

Once these conditions are true, can define 
 

     ka = CdfC ,    a ∊ X✻(T) character by which T acts on ka . ( )0

0

1

0

 

(Need to prove that T preserves ka ,  but that's not difficult.) 
Now it's easy to see that f = fa . 
 

Record here an easy fact about T:  T= (ker a)(av(S1)). Usually not a direct product.
Corresponding facts about lattices: 
 

       (kernel of a on X✻) + Zav has finite index in X✻ ; equivalently 
 

       (kernel of av on X✻) + Za has finite index in X✻ . 
 
Try at home: suppose l ∊ X✻ and l ∊ X✻ are elements of lattice, dual lattice. TFAE: 
 

      (kernel of l on X✻) + Zl has finite index in X✻ 
 

      (kernel of l on X✻) + Zl has finite index in X✻ 
 

                ⟨ l , l ⟩ is a nonzero integer. 
 
How are these three integers (what three integers?) related? 
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Finding sa in fa(SU(2)) 
Sunday, April 26, 2020 11:03 PM 

Action of sa on X✻  is  sa(l) = l - ⟨ a , l⟩ av .  On a point l(z) of T (z in Cx) action is  
 

                      sa(l(z)) = l(z) · [av(z)]− < a , l >     

sa(av(z)) = av(z) [av(z)]− < a , av> = av(z) [av(z)]− 2 = av(z)− 1      sa = inverse on av(S1) . 
 

Similarly, we find  sa = identity on (ker a)0 . 
 

Recall that T= (ker a)0(av(S1)) .  Since the ±a root spaces generate su(2)C , 
 
     ker a  = centralizer in T of fa(SU(2))       av(S1) = T ∩ fa(SU(2)) 
 
Define sa = fa .  Then ( )0

−1

1

0

 

        Ad(sa) = identity on centralizer of fa(SU(2)) ⊃ ker  a 
          Ad(sa) = inverse on fa(diagonal in SU(2)) = av(S1) 
 

Theorem. Suppose fa  is a root SU(2); define sa as above. Then Ad(sa) normalizes T,  
and acts on T by the automorphism sa . 
The automorphism Ad(sa) of K permutes the root SU(2)s; so sa permutes the roots. 
 

Proof. First assertion follows from the descriptions in red earlier on the page. Second
assertion follows from the characterization of root SU(2)s on the previous page. QED. 
 
We have now established that the root datum of (K,T) satisfies RD0, RD1.5, and RD3. 
Remains to check RD4: twice a root is never a root. 
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Representations of SU(2) 
Monday, April 27, 2020 9:02 AM 

All we have proven so far about the structure of compact groups is based on theorem
from 
April 6 describing complex representations of a torus. To prove that the root system of a
compact group is reduced, and to prove that the root system determines the compact
group, we need to understand the representations of SU(2).  
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Root data and SU(2) 
Wednesday, April 29, 2020 2:59 PM 
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Wednesday, April 29, 2020 3:20 PM 
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Wednesday, April 29, 2020 3:25 PM 
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Wednesday, April 29, 2020 3:31 PM 
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Wednesday, April 29, 2020 3:37 PM 
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Simple roots and Dynkin diagrams 
Friday, May 1, 2020 2:28 PM 

So far we know that a compact Lie group gives rise to the combinatorial structure of
a reduced root datum. 
 

Stated (but did not prove) that isomorphic compact groups come from isomorphic
root data. 
 

Today: start toward classification of reduced root data. 
 

Method: define an even simpler invariant of the root datum, the  
Dynkin diagram: finite graph in which some edges are double or triple, 
and those edges are directed. 
 
First tool: notion of positive roots. Recall that roots come in pairs  
(a,-a).  A set of positive roots for R is R+  ⊂  R so that 
 

   1. Each pair (a,-a) has exactly one positive root. 
   2. If a and b are positive roots and a + b is a root, then a + b is positive. 
 
To a set of positive roots R+  we attach simple roots P = P(R+): 
 

   P = a in R+ so that a is not of the form b + g for b and g in R+. 
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Why do positive root systems exist? 
Friday, May 1, 2020 2:56 PM 
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Example: U(n)  
Friday, May 1, 2020 3:19 PM 
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Example: Sp(n)  
Friday, May 1, 2020 3:25 PM 
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What do simple roots tell you? 
Friday, May 1, 2020 2:57 PM 
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Definition of Dynkin diagram

 
Friday, May 1, 2020 3:39 PM 
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Diagrams of U(n) and Sp(n)
 

Friday, May 1, 2020 3:46 PM 
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What's the Dynkin diagram tell you? 
Friday, May 1, 2020 2:57 PM 
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What's the Dynkin diagram tell you? 
Monday, May 4, 2020 12:48 PM 

R = (R, X✻, Rv, X✻)  reduced root datum 
 

R+  choice of positive roots,  P simple roots of R+ 
 

G = Dynkin diagram:  vertices P,  edge a to b when ⟨a,bv⟩ not zero 
 

W = W(R)  Weyl group (inside Aut(X✻) ≃ Aut(X✻) 
 
First goal today: clarify algorithm from Friday to get W and R from G. 
 
Second goal: understand possible Dynkin diagrams in simply laced case. 
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Positive and simple roots 
Monday, May 4, 2020 1:09 PM 

Write P = { a1 , a2 , ... , al }  for the simple roots. (Use this notation a lot.) 
 

Define R1 = P ⊂ R+.  For r > 1, define more subsets of R+ recursively: 
 

Rr+1 = { sa(b) | b in Rr , a in P ,  ⟨ b , av  ⟩ < 0 } :  b = b + m a (m = 1 or 2 or 3). 
 

Note that sa( b )v = sa( bv ) = bv = bv + m' av  (m' = 1 or 2 or 3). 
 
At each stage, we have explicit formulas 
 

         b = S nj aj     bv = S nj' ajv   (nj ,  nj' nonnegative integers) 
 

for all b in Rr  , so we can compute Rr+1 always just using the Dynkin diagram. 
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Example of G2 
Monday, May 4, 2020 1:52 PM 
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Lowest roots and the extended Dynkin
diagram
Monday, May 4, 2020 2:41 PM A highest root is a positive root g such that g + a is not a root for any simple a. 
 

A lowest root is a negative root g such that g - a is not a root for any simple a. 
 
Lowest roots are negatives of highest roots.  
Every root appearing first in the last Rr  is a highest root. (So highest/lowest exist.) 

If g lowest and a simple, then ⟨ g , av  ⟩ ≤ 0. 
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Monday, May 4, 2020 3:36 PM 
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Monday, May 4, 2020 3:45 PM 
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Coxeter graphs 
Wednesday, May 6, 2020 1:52 PM 

Last time: given reduced root datum R = (R, X✻, Rv, X✻) ,  

positive roots R+ , simple roots P = {a1, ... , al} , lowest root a0 (one for each simple factor). 
Had highest root -a0 = Sp np ap ,  n0 = 1. 
 
Example: D6  in  Z6  R+  = { ep ± eq ∣ 1 ≤ p < q ≤ 6 } ,   
 
P = { e1 - e2 ,  e2 - e3 ,  e3 - e4 ,  e4 - e5 ,  e5 - e6 ,  e5 + e6 }  -a0 = e1 + e2 

 
-a0 = e1 + e2 = 1(e1 - e2) + 2(e2 - e3) + 2(e3 - e4) + 2(e4 - e5) +  1(e5 - e6) + 1(e5 + e6) 
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Extended Dynkin diagram... 
Wednesday, May 6, 2020 2:16 PM 

...is Dynkin diagram (vertices simple roots ap) with one extra vertex a0  for lowest root. 
Mark extra vertex ✻. Label each vertex with np ,  n0  = 1. 
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Coxeter graphs  
Wednesday, May 6, 2020 3:17 PM 
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How does any Coxeter graph look?
Wednesday, May 6, 2020 3:23 PM 
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Case 23  
Wednesday, May 6, 2020 3:36 PM 
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More type E graphs  
Wednesday, May 6, 2020 3:41 PM 
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Pictures of all Coxeter graphs  
Wednesday, May 6, 2020 3:36 PM 
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Friday  
Wednesday, May 6, 2020 3:53 PM 
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Two root lengths 
Friday, May 8, 2020 2:06 PM 

R = (R, X✻, Rv, X✻)  reduced root datum  

R+  choice of positive roots,  P simple roots of R+ 
 

G = Dynkin diag:  verts P = {a1,...,al},  edge ap to aq if ⟨ap,aqv⟩ not zero 
 

extended diag: add vertex  a0  lowest root. 
Positive labels np, n0 = 0,  Sp np ap = 0. 
 

Emphasized one root length: 2np = Sp--q  nq  (definition of Coxeter
graph). 
 

Today: lengths differ by m   2np = Sp--q same or shorter  nq + m(Sp--q' longer
nq') 
 
Theorem. Suppose we have an extended diagram with two lengths
differing by m. Then the short labels are all divisible by m. We can 
therefore "unfold" the diagram, replacing each arm of short roots by m
disjoint arms with labels divided by m, to get a one-length diagram with 
an automorphism of order m. 
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Friday, May 8, 2020 3:02 PM 
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Friday, May 8, 2020 3:15 PM 
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Friday, May 8, 2020 3:24 PM 
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Friday, May 8, 2020 3:26 PM 
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Everything else  
Friday, May 8, 2020 4:01 PM 

So far we have a list of all possible simple root data.  
How do you understand ALL root data R = (R, X✻, Rv, X✻) ?  
 
Interesting parts correspond to roots and coroots: 
 

                root lattice = Z·R ⊂ X✻ 

             coroot lattice = Z·Rv ⊂ X✻ 

 
Boring parts correspond to CENTER of compact group: 
 

       X✻(cent) = { l ∈ X✻ ∣ ⟨ a , l ⟩ = 0, all a ∈ R } 
       X✻(cent) = { l ∈ X✻ ∣ ⟨ l , av ⟩ = 0, all av ∈ Rv } 
 

Would be nice if these added up to X✻,  but that isn't quite true: 
 
       Z·R  ⊕  X✻(cent)  has finite index in X✻ 

      Z·Rv  ⊕  X✻(cent)  has finite index in X✻ 

 
          Z·Rv has finite index in Pv =def dual lattice of Z·R , and vice versa 

X✻(cent)  has finite index in dual lattice of X✻(cent), and vice versa. 
 
Define X✻Q  = X✻ ⊗Z Q , rational vector space generated by X✻. 
Dual vector space is X✻Q  = X✻ ⊗Z Q .  In rational vector spaces, all is good: 
 
      Q·Rv  ⊕  X✻(cent)Q = X✻Q         Q·R  ⊕  X✻(cent)Q = X✻Q         
 

     Z·Rv  ⊂  X✻ ∩ Q·Rv  ⊂ Pv = { l ∊ Q·Rv ∣ ⟨ a , l ⟩ ∊ Z ,  all a ∊ R } 
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Decomposing into simple factors 
Monday, May 11, 2020 5:33 AM 

R = (R, X✻, Rv, X✻) root datum (possibly corresponding to (K , T)). 
 

Let ∼ be the equivalence relation on R generated by  
 

            a ∼ b if ⟨ a , bv ⟩ ≠ 0. 
 

Then R is the disjoint union of equivalence classes R(1) ,  .... , R(s) .  
How do we get corresponding "sub root data?" Two natural ways ...  
 

1. Ri = (R(i), X✻ / (kernels of all R(i)v) , R(i)v, X✻ ∩ (Q R(i)v ) ) . 
Root datum of subgroup  Ki  generated by all fa(SU(2)) ,  a in R(i) . 
 

2. Ri = (R(i), X✻ ∩ (Q R(i) ) , R(i)v, X✻ / (kernels of all R(i) ) ) . 

Root datum of quotient Ki by id comp of cent(all  fa(SU(2)) ,  a in R(i) . 
 
Similarly, two kinds of "center": 
 

1. R0 = ( ∅ , X✻ / X✻ ∩ (Q R(i) ) , ∅ , X✻ ∩ (kernels of all a in R ) ) 
Root datum of identity component of center of K. 

2. R0 = ( ∅ , X✻∩ (kernels of all av in Rv ) , ∅ , X✻ / X✻ ∩ (Q R(i)v ) 
Root datum of quotient of K by its derived group. 
 

Root datum R is not "direct sum" of either of these versions. 
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Example of U(2) 
Monday, May 11, 2020 9:31 AM 

  K = U(2), T=U(1) x U(1),    R = ( Z2 , { ±(1, -1)} , Z2 , { ±(1, -1)} ) 
 

derived group Kd = SU(2),  Rd = ( Z2 / Z(1,1) , { ±(1, -1)} , SZ2 , { ±(1, -1)} ) 
                                                            divide by chars triv on coroots              rational span of coroots 
 

 quotient by conn center Kq = PU(2), Rq = ( SZ2 , { ±(1, -1)} , Z2 / Z(1,1), { ±(1, -1)} ) 
                                                                                        rational span of roots             divide by cochars triv on roots 
 

max central torus Z0 = U(1)  R0 = (  Z2 / SZ2 ), ∅ ,  Z(1,1) , ∅ ) 
                                                                divide by chars triv on central cochars      central cochars 
 

quo by derived grp Z0 = U(2)/SU(2)    R0 = ( Z(1,1) , ∅ ,  Z2 / SZ2 ) , ∅ ) 
                                                                                   chars triv on coroots     divide by rational span of coroots 
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Structure theorem 
Sunday, May 10, 2020 10:56 PM 

 MAIN THEOREM: suppose K is a compact connected Lie group  
with maximal torus T, and root datum (X✻, R , X✻ , Rv ). Write  
 

      Z = center of K     Kd = derived group of K   Td = Kd ∩ T    Zd  = center of Kd. 
       X✻(cent) = kernel of all roots in X✻ =cocharacters of Z0 

                     X✻d  =def   X✻ ∩ Q·Rv = cocharacters of Td 
 

1. Zd is isomorphic to the quotient Pv / ( X✻d ) , a finite abelian group F. 

2. Zd ∩ Z0  is isomorphic to the quotient  ( Pv ∩ X✻ ) / ( X✻d ) , a finite
abelian subgroup  F0. 

3. K is isomorphic to the quotient ( K x Z0 ) / ( Zd ∩ Z0 ). 

4. The group of characters of the center X✻(Z) is isomorphic to X✻ / Z·R . 
5. The fundamental group p1(K) is isomorphic to X✻ / Z·Rv . 
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Recipe for a compact group 
Monday, May 11, 2020 10:15 AM 

First ingredient: s simple root systems R1 , ... , Rs (from Dynkin diagrams G1 ... Gs ) 
Get lattices ZR1 , ... , ZRs (bases P1 , ... , Ps  sets of simple roots) 

Dual lattices P1v , ... , Psv (bases fundamental coweights) 

Automatically ZRiv ⊂ Piv , similarly ZRi ⊂ Pi 

Second:  lattice X✻d ,  ZR1v ⊕ ... ⊕ ZRsv ⊂ X✻d ⊂  ZP1v ⊕ ... ⊕ ZPsv 

   gives dual lattice         ZP1 ⊕ ... ⊕ ZPs   ⊃ X✻d ⊃  ZR1 ⊕ ... ⊕ ZRs 

   Same as choice of finite abelian quotient F ↞  [ZP1v / ZR1v ] ⊕ ... ⊕ [ ZPsv / ZR1v ] 
   Same as specification of derived group Kd 

Third ingredient: (central) lattice C✻ ,  dual lattice C✻ 

Fourth ingredient: choice of subgroup F0 ⊂ F, inclusion  F0  → ( C✻ ⨂Z Q /  C✻ ) 
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SO(8)  
Monday, May 11, 2020 2:57 PM 
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L-groups 
Monday, May 11, 2020 2:58 PM 


