Topic today: homotopy groups T_n(M,m_0) for manifold M with base point m_O.

Want to compute these so we can tell when a Lie group G has a covering group:
happens when TT_1(G,e) nontrivial.

Main technique: if H is a closed subgroup of G, get long exact sequence

-——> T 2(H) -—> 1® 2(G) --> 1 _2(G/H)
-——> 1 1(H) --> m 1(G) --> ®_1(G/H)
-—> 7 O(H) -=-> ™ 0(G) -—-> ® O(G/H) --> 1

Conclusion: if we can control ®_1 on subgroup H and homogeneous space G/H,
control _1(Q).
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Fundamental groups of classical groups

T 1(SO(1)) = {1} 7 1(S0(2)=Z
1_1(S0(n)) = Z/2Z n>=3
n_1(SU(n)) = {1} n>=1
Sp(n)/Sp(n-1)= SA{4n-1} n_1(Sp(n)) ={1} n>=0

Need Hrom Lopolegy 7~ (8™) = oj n%S

SO(n)/SO(nh-1)= SA{n-1}

SU(n)/SU(n-1)= SA{2n-1}

r, (') =0, n2Yy 2
] Su Q) 2= S?(’X\ = unit ”L‘”“t‘m‘m"s > S

S0(%) ~ su(Q)/{—\- N

n—\

(B\/?TOA\U\CT A\WV\ e \y\,\ H__\, O}\iW\ C”/H C)\\W\ S —
T e SOy = Mg 2 s n-t
OQ\WV\ Su(“): Y\Q~\ ~ 3—#54-”,9\(\‘/&.

dim Spn) = Antrn = 37 74 el



Fundamental groups of classical groups

- N
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is a theorem about manifolds

Frobenius theorem

NG USED Yheorem T consomact and submanifolds.
/X‘\D(N/ka/\gu\\oﬁw)\/\() A A\ GUAP

on a manifold,

Statement in a moment. First,

what question is it addressing?

Theorem. X vector field on manifold M;

for each m0 in M there is a unique y_{x,mo}:
(a,b) ——> M with y__xma(0) = mO,
v om0y (t) = X(y_{x.moy(t)).

Manifold is nicely covered (foliated)

by 1-dimensional submanifolds

(as long as X(m) is never zero).



What about TWO vector fields X and Y?

X(m) and Y(m) define a 2-dimensional

subspace of the tangent space T_m(M) at

eachminM. =~ ¢ ey decd])

Hope: through each m0 in M passes unique 2-

diml submanifold y_{X,Y,mO0} h y
That is, start at mO, follow
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5/12/2020 OneNote

Lie subgroups from Lie subalgebras, Lie
group maps from Lie algebra maps

\rll\;yhzltlcarr;e pretty easily from Lie group definitions:

H, G Lie groups with Lie algebras §), g, ©: H--> G Lie group homomorphism = do: ) ---> g is a Lie algebra homomorphism.
H C Gisanimmersed subgroup = ) C gisa Lie subalgebra.

Topic today: CONVERSES
) C gisaliesubalgebra = 3 H C Ganimmersed subgroup

do: b ---> g a Lie algebra homomorphism = sometimes 3 ¢: H --> G Lie group homomorphism.

sometimes: ALWAYS if H is connected and simply connected.

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNkEghHA&page=View&wd=target%284.3 exp%28maps%5C%29.one%7C4e0c1a56-a657-af4b-a649-9ff7c3... 1/1



5/12/2020 OneNote

How to make a Lie subgroup

Friday, April 3, 2020 9:39 AM

G Lie group with Lie algebra g, ) a Lie subalgebra of G.

Recall that g consists of left-invariant vector fields on G. To any d-diml vector subspace 3 C g can attach a d-
dimensional distribution

D(8) ={ZfjX; | fj € CMinfty(G), X; € &}.
Easy to check that D(2) is involutive if and only if & is a Lie subalgebra. So back to our Lie subalgebra .

Frobenius: through each point g of G there is a unique maximal d-dimensional connected immersed submanifold
H(g), characterized by

g € H(g), T x(H(g)) =span(X(x) | Xinl)forallx € H(g), H(g) maximal.
H(g) and H(g') either coincide or are disjoint; so G is disjoint union of all, and H(g) = H(g'), all g'€ H(g).

Since the vector fields in X are preserved by the left translation operations x — gg.x, left translation must permute
the submanifolds H(g). So go H(g) = H(gpg), which implies that H(e)=gef H is a subgroup!

Also shows that H(g) = g.H: the foliation of G is by cosets of H.

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNKEghHA&page=View&wd=target%284.3 exp%28maps%5C%29.one%7C4e0c1a56-a657-af4b-a649-9ff7¢c3...



5/12/2020 OneNote

Easy properties of §j—H G Dod exomple T

Friday, April 3,2020 1:41 PM ’\A / (/\V\J\WWJ C Rl/zl
Hi ted by the elements exp(X), X i be ROL 9~ A ROD
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Ssrw\)fmrﬁr%%y\»’i | H s ling, \/\)\/vl) ”\WN‘M JQ{ N
Coun tnblg

G is locally a product of H and any complement: if © is a submanifold of G passing through e, ¢ \f\mz
and To(G) = Te(H) direct sum Tq(5), then there are neighborhoods Uy of ein Hand U< of e in { 5

h={Y € g | exp(tY) € H, all real t }

so that Uy x Ug maps diffeomorphically by multiplication to an open neighborhoodof e in G:

.~ ——H
MweY 8 Bh e o B RS, 6

voually, FALSE v o Cﬂ«Q,( J(?ru{
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Gloal Allicaty; ~aif A¥
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17



5/12/2020 OneNote

Homomorphisms
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5/12/2020 OneNote

Tori . «

Sunday, April 5,2020 8:30 AM

Big picture: aiming to describe all compact L ps K.

Medium picture: last pset asked you to describe Lie algebras of vector fields on R
using [d/dx,*]; d/dx spans a maximal commutative subalgebra. We'll describe
compact Lie groups in a parallel way.

Small picture: today want to understand tori T, which will appear as \ M
maximal commutative subgroups of K. ( A U~ \/\C S
T ERINS U\ e o ﬁ ENT WY
DEFINITION: a COMPACT TORUS is a compact connected a\ﬁél“an Lie group T Write
t = Lie(T), tc = complexification of t =t QRrC, t*=Homg(t,R) [E CROWE . ﬂm@ CA3Q.

L ve &\(me &:@\LW [owel

FUNDAMENTAL EXAMPLE; St it|teRr}, 2! =iR \2/>Cf
AMENTAL BEAMEAE Shmde 11 SR8t =R (o o P

LATTICE OF COCHARACTERS OF T X4(T) = kernel of exp C {; X+(S1) = 27i Z s Foal e

LATTICE OF CHARACTERS OF T X*(T) = Hom@T,Sl)@ﬁ*:
M f

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNkEghHA&page=View&wd=target%284.6 tori.one%7Cb82de2e5-6860-3546-97b2-b5d9f072a9f5%2F Tori%7... ~ 1/1



5/12/2020 OneNote

Main theorem about tori

——
Sunday, April 5,2020 2:26 PM -~ .
O'W\()kﬂji CPN Y. 0\\9&\\%‘“ L e

THEOREM Xg(T) and X*(T) are lattices (finitely generated free abelian groups)

dual to each other (Homz(X¥%(T),Z) = X™(T)). X* &a c\pvgw%equwalence of categories

Similarly, X" is a contrav

M ugy@ﬁ*%qwgﬁ\l ence of categories
i biesirsd oncs \psticgsdlerstajiid-%Hama e{HLG0k at thi—hmez(é(nﬁﬂi)eso\‘ tori:

WD)z dibg ‘Wﬂ"lﬁfﬁw £ oy
U={(el%, e, ..., ei%) } WMW) |26;=0 Y .W i Lodnte s

X«(U) = Homje(SL,U)=Z"={m =(m1, ..., my) }, m(el9) = (elm®, .. im0

X*(U) = Home(U,S1) =Zn = { = (11 5 ..., W) }, (e, €9, ) el9) = el 0+ o+ 1a60)

><>€é (T) inverse functors
es ] T — Hom(;e(SL,T) X®zS1 o X

[ compact tor

X+(S) = Hompje(SL,S) ={m=(mq, ..., mp) | Zm; =0}, m(el) =(e™?, .., em9).
X*(S) = Homyie(S,S1) = { W= (U,...ltn) ¥/2(1,...,2), (e, . el%) = ell0 .t 10,)

X+(P) = Homje(SL,P) = {m = (my, ..., mp) | £ m; =0}/2(1,...,.1), m(e¥) = (em? .. em9).
X"(P) = Homyje(P,S1) = { L = (1,....ltn) | Z 1y =0}, p(e®1,e!%,. ') = el 0+ -+ 1)

Passage from U to S is passage to subtorus; from U to P is passage to a quotient.

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNkEghHA&page=View&wd=target%284.6 tori.one%7Cb82de2e5-6860-3546-97b2-b5d9f072a9f5%2FMain th... 1/2



5/12/2020 OneNote

More ways to change T

Sunday, April 5,2020 4:13 PM

U={(el, e, ..., e%) 1 =U(1)n X+(U) = Zn X*(U) =2zn

D {+£1} two-element sub roup > tien
TN cw(wm@c ? > qéﬂ

., 1/2)) ;zwgu;gyww > 15

VV\&‘/\\/

MORE cocharacters, FEWER characters,, s non

U =ger{ bhelh €% el 52) L 2276120} bweeto-apie spof. e |

X«(U )={mez"| =m; even) XHU) = (2, (1/2,...,1/2)) = 20U (

-_—

m(e®) = ((e™?, ..., eim9), eillm,+.+m.)/216) (e, e, ..., el®n), z) = el0y ] WSQJ Bj;(wm

{6%
[UH(L/25.0, 2/2)]( 810, Jei®s)= < 0G0 ) z)-ze
ANENARN
HHG\A)A@ 6 ( ;
T guebiedt by 1 doe subledtice

L now oA L/\/ OL’\/ J\k \/
FEWER cocharacters, MORE characters

<hons robn g \Oﬂi>

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNKEghHA&page=View&wd=target%284.6 tori.one%7Cb82de2e5-6860-3546-97b2-b5d9f072a9f5%2FMore w... 1/1



5/12/2020 OneNote

CPREINTAT /oM & Lie 9P Gy QM NN MMZ
Compla. Vet spnce \/, e grwp am 700 G 7 GL ) B [,

Representations of tori

Sunday, April 5,2020 5:24 PM

@/V\\(\ Lok )
THEOREM Suppose T is a compact torus, V is an finite-dimensional complex vector space, and WI\M} W’WQ
m: T — GL(V)is arepresentation of T ( =qefLie group homomorphism). For each character

E: T —circle, define the &-weight space of V to be (5\/\‘”6’““ V) UNBEVRSTAN D veps .

e
“E 4 on

g = {ve Vv = Et)yv (@it € T) ). canthT™ TORA
Theh.V is the direct sum of |ts welght space

Sln particular, there are a basis (v4,...,vy) of V and

weights (§,...,En) in X*(T) so that 7t(t) is diagonal in this basis, with diagonal entries ﬁj(t). We have

dimVve = #{j | =€} =def, myltlp/y&l{ﬁofﬁ n@/ m(é)/) Z

ows us to make

Proof. Linear algebra is always easier in the presence of an inner pro ;

subspaces W into direct sum decompositions V = WEW-. In the presence of a group, we need an
inner product preserved by the group, and this is not quite so easy to get. We will start with any inner
product and then to "average over the group" to get a better one. Here's how.

Like any torus, T is isomorphic to the quotient of its Lie algebra by its cocharacter lattice, and
therefore to R"/Z" = [S1]" = { (e, €%, ..., %) | 0 < O] < 2w }. This choice of coordinates allows us
to integrate continuous functions on T:

1 f(t) dt =def [o2® -[o2® f(el%, €9, ..., el%) dO; - db,,.

Since integration on R" is translation-invariant, [;f(t:ty) dt = [ f(t) dt. This integral is what we need.
Start with any positive definite inner product ()0 on V. Define a new one by averaging over T

(v1,V2) =def J1 (m(thvy, T(t)vadodt  (mlto)ve, (to)va) = (va, v2);

The red formula follows by applying the blue one to the definition. Conclusion is that 7t(t) is unitary.

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKoO0LK-TNKkEghHA&page=View&wd=target%284.6 tori.one%7Cb82de2e5-6860-3546-97b2-b5d9f072a9f5%2FRepres... 1/2



5/12/2020 OneNote

Topic for today 4/8: representations of
tori and

how to use them

1. Finish proof of theorem from Monday.

Weanesday,ApriIS,Z 0 3:

2. Definition of the adjoint representation of any Lie group.
3. Center of a connected Lie group (topic of
pset 9, due 4/15). '

Remember that GOAL of course is to describe and classify compact Lie groups.

Method: study weights of the adjoint representation.

//Cbkﬁ{erb ﬁw\}\)u\«,& tdan \0@ 0{ 5\"\ /Z:D S

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNKEghHA&page=View&wd=target%284.8 reps of tori.one%7C5e5e7e80-f25c-c04c-a680-9b7f7a54218a%2F... 1/1



5/12/2020 OneNote

590

How does unitary help? \(M\@w 7{(«6) o %\\ e\

Sunday, April 5,2020 8:17 PM %\‘ N\\)\ ojl/ < 7 O ? (t) 7

We're proving P\M ;/k\d W f 2 Wv W OW-
’ 7T 9oV o &/ e,od;o ch o3

THEOREM Suppose T is a compact torus, V is an finite-dimensional complex vector space, and t: T — GL(V) is a representation of T (
=def Lie group homomorphism). For each character &: T — circle, define the &-weight space of V to be

Ve = {ve V]ntl = Et)v (@llt € T)}
Then V is the direct sum of its weight spaces. In particular, there are a basis (v1,...,vN) of V and weights (§,...,En) in X*(T) so that 7(t) is
diagonal in this basis, with diagonal entries j(t). We have
dimVe = #{j | § = €} =ger multiplicity of §inV = m(E,V), e m(E,V) =dimV

So far we proved that V has an inner product (,) making 1t unitary: 7t(t)*= complex conj of 1t(t)'. Since

T is abelian, all the operators 1t(t) commute. By linear algebra, commuting unitary operators can be
simultaneously diagonalized; that is, there are an orthonormal basis (v4,...,vy) of V and functions

(E1,-..EN) on T so that (t) is diagonal in this basis, with diagonal entries &;(t). A diagonal matrix is

unitary if and only if the diagonal entries have absolute value 1; so each ﬁj takes values in S1. That « is
a smooth group homomorphism means that all the §j3 T — Slare smooth group homomorphisms;

that is, ij & X*(T). Everything else in the theorem is easy linear algebra. QED.

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNKEghHA&page=View&wd=target%284.8 reps of tori.one%7C5e5e7e80-f25c-c04c-a680-9b7f7a54218a%2F... 1/1
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Example of weights of a representation 3 (@,?_ gge > »
G s5tn — ez (& I
Wednesday, ASFT & 2020 «3;40 PM C_Z)S 0 @> \/ - R 7’%\(( ( )) _ﬁ-)\(e, COS@'
L R\ ¢ I ] \)
(&) _ Ched: oleop «(8,) = (878,
0 (b ReAL VREBP \ é«? SN ¢
. OO | ‘ : o fs \. O~ Why we won
atnx (B §T A able JR 1 eigenvads |, T Y
a <—\o 5 NE \W 7 R~

COMPILERY N\ =, Vg8, € = gt %@ oy
OVer C) can disgondizese | )

\ ‘ Yasis
224) 1(3), (8) () ottt cipess
Cimates, £ iganvedds W 2 B ‘ )(J ,L> o&j\ﬂ%‘g,(g))

1 6059’33‘“9
"TO@\) < ?) - <«- sn® + (st =

\;\/C/\Q)\%ﬁ S\ 2 cers

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNKEghHA&page=View&wd=target%284.8 reps of tori.one%7C5e5e7e80-f25c-c04c-a680-9b7f7a54218a%2F... 1/1
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Question: why are two definitions of
cocharacters the same?

Wednesday, April 8,2020 3:25 PM

GNEN . wte ?

U\)"\\'df\ O/K ms&*i‘(’

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNkEghHA&page=View&wd=target%284.8 reps of tori.one%7C5e5e7e80-f25c-c04c-a680-9b7f7a54218a%2F... 1/1
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How to tell when a Lie algebra
homomorphism exponentiates to Lie
group homomorphism

Wednesday, April 8, 2020 3:31PM

Suppose H is a connected Lie group with universal cover H™:
1 > my(H) —> H — H — 1.

Here m{(H) is a discrete subgroup of the center Z(H").

Theorem. Suppose ¢: ) — g is a Lie algebra homomorphism. Write H™ for the universal
covering group of H. By the big theorem from last week, we automatically get a Lie group

homomorphism ®™: H™ — G. This homomorphism

descendsto®:H - G & O (m(H))={e} S G
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5/12/2020 OneNote

Adjoint representation

T e algeba ~— i grovp AV\JV(@) "
6; = %T: 99 \ineas, invertible ]}
Fex N =0T
C:UMQ o (never ()m\mo) C lear: Closed  suwbyoug & G L(?}J /nv
ary Lss*‘w & Lie gowp | 7 S
¥ o e goup a6l
BIC iden i 206%™ ww\/‘%ﬁ“ Cfmfue MAP>
R e

Nk S\J‘St dak;s\'g\joi’\b’v\b’g ﬂ’\\\/\j5/ c’“’\é MO

Return sn FRID AY

£ N N

V\’:a(t'évxg,

M GRPH 15M
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Question is exp g =G onto?

CSLIL R exeal(2,R) = SLAR)

252 er A x L
&Q“e;é - 1 (&'ﬂ\u, O

<—\ & timoge <@><P>

Q\/\e)’h'@/\ &5\@@1 f@mﬁ O S\vv\\F\/ C@V\\/\@CGQ&( C

Y \éS Vg
\/\/\OC\/\ 6/7<\,0 T\OQC OV\JK_O So\me/ VWA oY I WOYT
" Ll ) st &Qo\ wlinable,

=0 (? \/Q%@ \/moms MG(&& lﬂ'\u\B CSQ VAN SW\QQ
Also ubk nowe <o s MU\SJV\“Z W UTT

R
( (2 @/) ’W(?Q O 50 elgnt wes st be
“mk\f%% sovne s S\W\ Co X\/\m &\V\J@@m Gl :
{ Aigon i 1Al SR
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5/12/2020 OneNote

Roots for a compact Lie group K

Friday, April 10,2020 11:09 AM

Automorphisms of a Lie group
Adjoint representation of a Lie group
Definition of maximal torus, examples
Definition of roots, examples

=W e

We're aiming to describe compact connected Lie groups in
completely combinatorial way. So far succeeded in the abelian
case:

compact connected abelian T  ¢>  lattice X™(T) =~ 2Z"

Lie groupmaps T > T <> lattice maps X (T') > X'(T)
< nxn' integer matrices

So compact connected abelian Lie groups are classified by
nonnegative integers, and maps are integer matrices.

Just like vector spaces and linear algebra.

Today: start the push toward nonabelian compact groups.

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNKEghHA&page=View&wd=target%284.10 roots for K.one%7Ca94cb91a-38bc-ae40-91fb-1cc66be53048%2... 1/1



5/12/2020 OneNote

Lie group automorphisms At .rQ GNP Gei Bom (Y G~ C)
Friday, April 10, 2020 11:27 AM '5/'@__

G Lie group with Lie algebra g.

Aut(G) = group of smooth automorphisms y: G - G.
Differentials of automorphisms defines natural homomorphism
d: Aut(G) - Aut(g), v — dy; Aut(g) < GL(g).

The kernel of d consists of automorphisms trivial on the identity component Ge, and may
therefore be regarded as a subgroup of the discrete group égtég/Ge = ay\y\ ‘-N’ JZC

_Propasition. Suppose B is a finite-dimensional algebra over R (real vector space equipped
with bilinear map % from B x B to B). Then Aut(B) is a closed Lie subgroup of GL(B), with
Lie algebra the vector space of derivations of B:

Der(B) = {D € End(B) | D(b s b') = (Db) % b' + b % (Db") } Lesbnils viule
The map d can fail to be surjective for two reasons. First (if G is not simply connected)
some Lie algebra automorphisms of g may fail to exponentiate to automorphisms of Ge.

Second (if G is not connected) some automorphisms of G may fail to extend to G. The
conclusion is that there is a short exact sequence

+—>"(subgreup-of AuH{G/6H—>—AulG) = (subgreupofAut{gh > 1

Easy smooth autom&)phisms are inner automorphisms Ad(g)(x) :’g_x,-g'l. Image is Int(G):

2 iWNER”

127G =>6=> Int(G) > 1, 1> Int(G) = Aut(G) = Out(G) > 1.

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKoO0LK-TNKEghHA&page=View&wd=target%284.10 roots for K.one%7Ca94cb91a-38bc-ae40-91fb-1cc66be53048%2...
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Adjoint representation: reprise

Friday, April 10, 2020 12:31 PM

We defined for any Lie group G
Ad: G - Int(G) c Aut(G) d: Aut(G) - Aut(g);

also write for the composition ;. A3 o -

o Lie grovp ho
Ad: G - Aut(g), dAd=gesad:g - Der(g) ad(X)(Y)=1[XY]. _
L A\ngwﬂ Aot L (e oy Sariy dod o (:'L\___C_:_\__
¢
Ad(g)(IX,Y]) = [Ad(g)(X),Ad(g)(Y)] ad@)([X,Y1=1Z,[XY11=11Z,X],Y1+IX,[Z,Y]] A& (%) — B)

IfH C oro

is-a-Lie subgroup, can restrict to H: Ai(z)(X):[z XJ
)
m dAdg =gefadg: ) > Der (qg).

Adg is a real representation of H on the real vector space g.

COMPLEXIFIES to complex representation
Adgc:H - Aut(ac).

C}«‘@//\M M_S
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Maximal tori | setimal
Hin 0t
Friday, April 10,2020 11:26 AM \/\JG/"‘KQ no N
Suppose K is a compact Lie group. A@in Kis acompact t
whenever T C T', with T' a compact torus, then T=T'. Always(EYX\S Ty ?&713_ Ao

O('\Q 0!‘ N\ ARG 0

A compact torus T € K is maximal if and only iquuiW/ ] '.(;g

_ _ MJ\X/'M
QE Ll Ad(t)(X) = X@tﬁ_(q a\(g O”P Z—\QG_V ~A[5//AYS J

Adg is a fgqpresentation of T on f, so the complexification has a weight space decomp
Cc"’V\PW’tﬁr (})V\A\ Fon

[ie A(}w? fcz@gmx*(@%%}mﬁcé ={XEfc|Ad(t)(X) =&(t)-XallteT i %rmj;\wq

If T is maximal, zero weight space is the complexified Lie algebra of T: Also

[fco.fcgl © fca+

Exampl f =u(2), 2 x 2 skew-hermitian matrices.
One max diagonal unitary matrices. Because every 2 x 2
complex matrix Z can be written uniguely as Z=A+iB é’lﬁl@,A a@ B skew-
hermitian, \

Oy

O e

fc=ql(2,C) 2 x 2 complex matrices, T

Ad(t)(Z) = tZt', Ad(t)(epq) = eil®P-9a)

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKoO0LK-TNKkEghHA&page=View&wd=target%284.10 roots for K.one%7Ca94cb91a-38bc-ae40-91fb-1cc66be53048%2... 1/2
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Definition of roots
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5/12/2020 OneNote

Root SU(2)

Monday, April 13,2020 8:14 AM

Setting: K compact Lie group, T maximal torus in K, X”["(T lattice of characters
NONZERD chovd
f = Lie(K), fe = compIeX|Ej\at|on Defined roots of Tin K A(K,T) <~

1

Q\O we ~
O/m k1) fca rootspace decomposmor.kﬂ J gH'Z_C Oi(" \
) 7=

Roots control how nonabelian K is. oM X €V

Topic today: structure of subgroup generated by each root space.

Theorem. If Xy, belongs to the root space f¢ ¢, there is a unigue homomorphi ,
\?OS\\ Wk
0 1 el A
: > K, dig gpnaif G AQ ] [ ]E R>0)-Xq.-
Prio R 2o o RN T ele L o] &€
[ /DZAA(QC

We call ¢ a root SU(2) homomorphism.
\o U\\\j@ Q‘YW\ \‘MB

Conclusion is th7§\K is Ic(u g,gf/t'ttle S\PQE’C@;{\XWO‘:) TV N ) w2
Y\ O

tlesm 3 NN ocles
be G/xussmn/ v\ec
£ LM
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5/12/2020 OneNote

General Stuff C
Monday, April 13,2020 10:04 AM ( H \/\ )'& aWnm

RENL- é
If g is any Lie algebra, complexification gc =g®grC={X+iY | X,Yin g} has

real structure 6 : gc =2 gc, (X +iY)=X-1iY, g =g.

G is conjugate-linear [0(zX1+X5) = :6(X1) + 6(Y>) ] Lie algebra aut, ¢2=1.

Conversely, if G is any conjugate-linear order 2 automorphism of complex &, then

& is isomorphic to the complexification of the real Lie algebra g = &°. Important, but won't use today.

Main idea today: real Lie algebra homomorphism ¢ : ) = q are the same as
complex Lie algebra homomorphisms ¢¢ : ic > ac, Oc° Gy = T4 Oc.

Rf&iﬂ\fc&){— fé[ifﬁ U\we/ * O
ag values o0 : Lm_((_]

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNkEghHA&page=View&wd=target%284.13 Root SU%282%5C%29.0ne%7C5e7fb939-0fad-9f43-8f2a-cb81f...  1/1



5/12/2020 OneNote

SU(2)

Monday, April 13,2020 10:54 AM

Know: Lie algebra of SU(2) is 2 x 2 skew hermitian matrices of trace 0; basis

PGV }pﬁwvﬂff“\ L\\V)\CJ \/&EMEN@EQ
Te(n) U=() Ve(y LU=, 0V

Complexified Lie algebra of SU(2) is 2 x 2 corpléx Fnh’étﬁe/e§alféférc8€6?bs%@

00 10 I

. . ) A0
re G is minus conjugate tran\ﬁg&%ﬁ‘%@”‘%&/\/
1ug Mmoevre Lopows §m\ W\&{L\

H=iT, X=(U-iV)/2, V= 5H=-H, oX=-Y, oY =-X.

i \
H:(l 0) X=<0 1) Y=(0 0) [H,X]=2X,€1f%£,/\_\:”/\\%€3 é’ﬁjj\(\(w o\t s !

Idea: look in f¢ for elements H' an

atisfying [H',X'] = 2X', [X',6(X)] = H'. Gwﬁ,ﬂ,&cmﬁw
\ar
These will automatically give 0" : SU(2) - K, o'(H)=H', ¢'(X) =X ¥

You should figure out exactly why that is true; ingredients are on last two pages.

¥ \”&M
USF\ ’90 B cw@ 5\‘»\@ g“@ﬁ thq )
Jlex(eT) = (0 e”ﬁ) (VW)= Cg o) ¢

(Wv> N2 LY \JQ\b\ﬂiiw Tz{o‘g&“mﬁé\(f)\)
S [é\'n”}[f cos W €
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5/12/2020 OneNote

Example of SU(N) = xn complex g,

Monday, April 13,2020 12:29 PM

Inside K = SU(n) we can choose a maximal torus T = S(U(1))", diagonal matrices of det

1, diagonal entries e!% . (This torus was called S on 4/6 lecture.) Shows (0 ‘L 07
% /
5 , A ﬂ\ ™D
XH(T)={(Ay, ..., Ay)iIn2Z"}/2(1, ..., 1). /’“X ( ) £ ==

Complexified Lie algebra is n x n complex trace 0 matrices. Roots are e, - e4 (p not g
between 1 and n). Root spaces are

fcep-eq=C - €pq = matrices with at most one r;iwz_fromeer/\tryhm rovvcgf/\co%,\jm_gg
Choose a root vector Xpq =2 - €pq ; then <Q0>Z) = Q@D

Ypq =def “O(Xpg) == - €qp , Hpq =def [ Xpq, Ypq 1= 12|12 - (epp - €qq) ¢ [ﬂ 2 E J
z L
[Hpq, Xpq 1=2121%+ Xpq  [Hpq, Ypq 1=-212]%" Ypq ) ¢
T
SO Xpq » Ypq » Hpg ALMOST satlsfy bracket rela1;lo s f for SU(2); to correct,
need%@s@@le quéy\f/()%l) Re&qﬂ{ g’SU fsulf}g fS é)ﬁéts on coordlna es R~
~ O -
GET ) %4&(@ @@) >
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5/12/2020 OneNote

SU(2)s from root vectors
Monday, April 13,2020 12:02 PM (‘/fT’L\V‘/\

Theorem. If Xy, belongs to the root space fc ¢, there is a unique homomorphism

0o, : SU(2) = K, Oy (diagonal) c T, [doolc/Math Processing Error]e

?(Roxa \ ?——K(X> .
Xxm Wc@ @ Hox [X ]Q J}(@O:

N S (XQX (~) .
g\ﬁ%w; g = X ()

;@ = o/&cfx«x, )=o) X, O/X“]

C 6N CLuU®e -
L X = (M X

ék . REAL o
luce §>6
QAM ARRAVGE € by v X by sy e T Y

THIQ H, ~— S*hta >~ ey

WEANCELES [T
S POO% * MNM
CW(@M
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Root SU(2) continued - <

Wednesday, April 15,2020 8:51 AM

Setting from Monday: K compact Lie, T maximal torus, X" (T) lattice of characters

f = Lie(K), fc = complexification. Defined roots of T in K A(K,Be e (@(w;&e/\mbfm
fc=tc+@Buinakm fco rootspace decomposition/)r)\ T on !%GZ

Roots control how nonabelian K is.

Continuing topic today: structure of subgroup generated by each root space.

Theorem. If X, belongs to the root space f¢ ¢, there is a unique homomorphism

1
0o : SU(2) > K, q)a((di%g?o@ajl)@)C T, [d%c]ch O] E),Q%E%zﬂg-md& o ><&\
e
Cenf /d)(

We call ¢y, a root SU(2) homomorphism.

Conclusion is that K is built of little SU(2)s.

Two goals today: finish proof, give some examples.

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNKEghHA&page=View&wd=target%284.15 Root SU%282%5C%29 continued.one%7Cac22d97e-374a-294d-... 1/1
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Strategy for finding a map from SU(2)

Wednesday, April 15,2020 10:52 AM

He 12 =180 e

Recall complexified Lie algebra of SU(2) had basis H, X, Y satisfyi
CJW\P\Q_f ca\r\)
% [H)X] = ZX, [H,Y] - -ZY, [X’Y] = H 64 _Y éH — _H

Consequence: in any complexified Lie algebra g¢, elements X', H' satisfying

H'=[X',-oX'] [H'X']=2X IS Lie alg hom 3u1(2) > g = Lie gp hom SU(2) - G
dehne e e & SINCE SWU( ') (¢ sVmply
Idea: look in fe for elements H' and X' satisfying [H',X'] = 2X', [X",-6(X")] = H'

N\ an
What we did in the last slide Wedresday: given root decomposition of compact Lie

group K D T, nonzero root vector X, found positive multiple X', so that
T SCALT o

[X'a,-0(X'q) ]=Hg€it, [Hg, Xq]=reX'e (re=2 or 0 or -2)

If ro, =2, we get ¢y : SU(2) - K that we want. Need to rule out other two cases.

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNKEghHA&page=View&wd=target%284.15 Root SU%282%5C%29 continued.one%7Cac22d97e-374a-294d-... 1/1
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Qule out =0 1 —
e e e (6 X =W [ ON=0
A

¢ bon
TRY +o get Cmérwlféf |
méfk el L}t_o\(g o’ggﬁi C\i\& —Z 412z S rﬁﬁ/@ﬂk/ Q_Y)]X 1)

B v 5 o reldions s
\ [;%4KX@)H]~ O (?ff/gm\f@ ~H=-H, Wﬁéﬁ’ﬁm\sﬁ/vggw
%?%[ww% X”f@;i& AT

co A @Xﬁ(x H)
50 Txvek, -] v oo (8 o g

Tonr oy g e

BT proved: for ony 8 Aéﬁ:L“GMO‘C\()) L4, d

o/ (¢ DINGONAL | 2AGLE, purely Yergs
tin o .
A € _6an L@ S —
Eﬁ% 2 %ﬁ QOMWWO\Q”W
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5/12/2020 OneNote

Why is Ad(X) diagonalizable on f¢c with
imaginary eigenvalues?

For any X in any Lie(G), the subgroup { exp(tX) | tin R } is connected and abelian;
so its closure S is also connected and abelian. If G=K is compact, this makes S a
torus. According to the theorem from class 4/8/20, this implies that in every
complex representation of S (like Ad on f¢) every element of Lie(S) (like X) acts

diagonalizably with purely imaginary eigenvalues.

In a noncompact G, S is still connected abelian, but need not be compact. All
you can say about its representations is what you learned in linear algebra for a
commuting family of complex matrices: there must be a common eigenvalue,
but it need not be purely imaginary, and the matrices need not be
diagonalizable (even one at a time, and certainly not simultaneously.

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNKEghHA&page=View&wd=target%284.15 Root SU%282%5C%29 continued.one%7Cac22d97e-374a-294d-... 1/1
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How do we rule out ro =-27

Wednesday, April 15,2020 3:32 PM

In this case we start with a nonzero root vector X in Ic o ; we defined Y=-6X, H = [X,Y],

and the assumption meant [H, X] =-2X, [H, Y] =-2V. It's convenient (for my memory;
no mathematical need) to write X' =X, Y' =-Y = oX', H = -H; then we haye

[H', X']=2X', [H',Y]=-2Y, [X'Y]=H', oX'=Y, oY =X, oH'=-H"

Proposition The Lie algebra 3[(2,R) has a basis of its complexification H, X, Y
satisfying [H,X] = 2X, [H,Y] = 2Y, [X,Y] = H, 6cH =-H, 6X = Y, GY = x.

Proof. The complexified Lie algebra is 2 x 2 complex matrices of trace 0; the
complex conjugation map ¢ is complex conjugation of matrices. Here are the
basis elements: H = (0 0) X = l<1 —i) Y = l<1 ) QED

—i 2\ —i -1 2\i —1

Now it's clear that in the case ry = -2 we get a subalgebra of f isomorphic to
3[(2,R). This subalgebra has elements (like (g .
adjoint representation; so this is a contradiction.

)) not diagonalizable in the

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNKEghHA&page=View&wd=target%284.15 Root SU%282%5C%29 continued.one%7Cac22d97e-374a-294d-...
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Comments from class about the end of

the pr.OOf. {\\% 6\0\% N S\/\\QO\%T@(QW\ \_5
W@%M<QK\(<P\§E\ AR Vot SL(Q)K) \'gjc‘
/ ’ V\OV\QOW\)OAQ )
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denge, ine & (K in ZLJM&
& TOVIAS

/
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‘Q\gﬂ%\ (/f C@mmf C vt
[

CoNTRADICTS 2 oy &[%XQ X &l bhes b pave ad (X)
ZJC(/<) %{ag ) \P\/&r\é/y

This page is not needed after the i A
cleaning ‘
g val S

up of the previous page, but I'll leave it.
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5/12/2020 OneNote

Computing roots

Friday, April 17,2020 9:23 AM

Topic today is computing the roots in various compact Lie groups. Of course this

begins with finding maximal tori. Aiming at three examples: oot a H\@%\p‘f‘d
(v e
O(n) = n x n real matrices preserving inner product on R" FLe ~ V"‘&
U(n) = n x n complex matrices preserving inner product on C" c,o‘f"\{(’\/\ ¢ (v 4T
o™ ) \L
Sp(n) = n x n quaternionic matrices preserving inner product on H" 59()(‘[4
=+
N >
o Yo
Maximal tori are built from ‘<OL\5W5

U(1) ={ (e®) | 8 real}, 1x 1 complex or quaternionic matrix X*(U(1)) =2

C(2) = (fff:e ”Z) 2 x 2 real matrix *(C(2)) =
x4y L W\WS (0 5’1 O, 1)
Here are the maximal tori: 3e,~ 283 Peans ( _3\ 0 )
C(2)n/21 ¢ 0O(n) u(a)nc s
s D h/] 2 o0

Here are the roots:

@/7<
\(au/
A(O(n), C(2)I/2]) = {tey teq | 1<p<qgs[n/2]}U{t eI if n is odd).
H b
A(U(n), U(1)")

={ep-eq | 1<pzg< n} —ttromk->

X—Q\V\
A(Sp(n), U(1)") = {-I_-ep-l_-eqllsp<an}U{i2ep

In these formulas, {e1, e, ..., em }is the standard basis of Z™
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K=U(n)

Friday, April 17,2020 2:38 PM QO O \ S e

T=U(1)" = { diagonal( el®, 02 .. eitn)}

Characters of T=X*(T) = {m | minZ"} 1y, (e, ei%, ., eitn)=eilmai+..+
MnQn ) \ Y ) NN 5\((9,\/- HQVW\
h ‘ m«m ces

NiT=nx nzcifr?rpleWtA = (

Ve SQ‘SQ =, O\\\ N XN cﬂVV\\P\e_X o K5
- Y un\'qut(/

5 Reason: ony V\YV\UW\V(QZ_ X, N skew- Herm.
-—E/AS—\—{ R’@df Cror UG . A&com@osé con )k_*g‘_"hm seaom Og

SN PAN
efi%r\(jedﬂ; b ol P, et

%(mi —Cla~-o7
CONCLUS, O Nz gooTS o

— <
Eev Qt \ P —#{ Y\’i (b\ﬁvoJ\u\
T ooty TRJIVALL( o {e” \ \EPEN) <) o (T >¢

T in Ul(m\ N

(<T) < X11)

on L{/IO
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@(Wﬂ — see ¥ s oo herd

April 17,2020 _3:31PM

£os©, STHE) N= Ly €
<——\_~.: (3\\4@\ COSGI.)

C, C.,>e SO e |
5\\«@ 0038

This §8 o Xorus O(‘/\) e %‘O(M)

HMm = n
C;\(V\) "mm >}\ }*@Q skew-symmetnc

~

@ ((\) C = NXN C_O\’V\()\Qy < ko - S\{vvxmat\rl'c

basie [ €T Sk (£ k<] @
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..t
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- S\AW\
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Go ekt UG, gl et ek On)

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNkEghHA&page=View&wd=target%284.17 Computing roots.one%7Cfa3e3918-0827-434e-8fb2-7f5447425fa... 1/1



5/12/2020 OneNote

Uln) reyigied
e ward gridon o kudying RS
WALEYTCLS Ad epsief pm(ok@“ j/ actrg

18\ = Yz
© .

( @Eéﬂ Z e'®r 2, _ (11\ e
(AN

CAMULT ANTEUS E\@FNVEC“MS S

sundah \%S\g Vet QP PH/\ row

t-Cp = ;K<a“\“ @><#~ P
we,fdc,kﬁ’bo/re on ~op L T ae

A o Kl

(10 07 JbL basts
(O - 0/

¢
{

(0-- 01)

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNkEghHA&page=View&wd=target%284.17 Computing roots.one%7Cfa3e3918-0827-434e-8fb2-7f5447425fa... 1/1



5/12/2020 OneNote

(T(M_’(' o o dudd vecks sphee Q(\«n) o HO\"’(C (:)

TR
o (> __'XA e@.) ~ \Zo\/\) J ECT RS
Z < <%\> AW\\/ \'woon— Q\)»V\Q*'(“““Q fo 23

_ e—l’\y\
T AT T 7”\ & e van !t
Pty T

pAcasn sk U\(MW " _—

‘LS\ /\/QZ.A NS o rmale
F '>\ w = \ N (u <\ ) pull
et lXV\ N=M CM(\AL> .}

NZS= gl \mu c«?r a:%,a/é,l
fp=(0.- L. + - f )

S v \nee

/Sj{ 1S o we,\é/Q\k U et WQ/\g}\(* ‘—Q@ (O

N

___ 0)

{VL P(O\QJZ

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNKEghHA&page=View&wd=target%284.17 Computing roots.one%7Cfa3e3918-0827-434e-8fb2-7f5447425fa... 1/1



5/12/2020 OneNote

TORSE PYDOUET)
W
© oct

TV =AW & A e W
\( \ >\\/‘_7 V—(d,ﬂ

N &
? T AT vedhr pace
( Males (((Ao\ﬁ‘&f NN Case €asNér

Y\);f(

AC: CY\ \//W bases €, .- n j\&f G:(\) 'G\I—Qv\ g—of@
(Q et > (\lc@“> — (CL caod oA \/B'QP
b, L \ -

= {QP @JC%/ = ’KQ?()()e?

[Eon= Yee D) (or),

KD\A“ S Colors
\()(/\Sb X

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNkEghHA&page=View&wd=target%284.17 Computing roots.one%7Cfa3e3918-0827-434e-8fb2-7f5447425fa...

{1 O] row t.@u = ’[~(€Q,@Q-0 |
™ Qﬂé_@% fﬁ

7



5/12/2020 OneNote

Root data and compact groups

Wednesday, April 22,2020 2:58 PM

1. First goal today is to finish calculating the roots of O(n), talk a bit about Sp(n).

2. Define root data.
3. State relation between root data and compact groups.
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Details about O(n) on C" calculation

Wednesday, April 22,2020 5:52 PM

This material added after class to clarify/correct preceding page

Writing n=2m+¢, found basis of weight vectors for C"

ap = eyp.1 +ieyy bp =e€yp1-1€,  maybe ey, weights e, -e,, 0 inZM

Need also dual basis of [C']* ap™* by™ maybe e)p41%, weights -e,, ey, 0 inZ™

Therefore we get a basis for Hom(C", C") with the indicated weights:
ap ® aq>l< ’ l:)p ® aq* ’ ap ® bq* ’ bp ® bq* ’ maybe ap ® e2m+1>k ’ bp ® e2m+l* » €2m+1 ® ap* » €2m+1 ® bp* » €2m+1 ® e2m+1*

€p-€q,"€p- € €epteq , -+ eq , €p ;"€ , - €p € 0

In order to see which of these weights appear in 30(n) = Lie(O(n)) = skew-symmetric matrices,
we need to write the new basis in terms of the matrix basis e;j; = g; (0] f; discussed 4/17.

ap* defined by ay*(ag) = 8pq, ap*(by) =0, etc., so ap*=(exp1*-iep*)/2, by*=(exp1* +iepy*)/2.
Since [e, ® eq*]t =e, @ ey*, we calculate

[2p ® aq*]t = [ by & by*], etc. SO a weight basis of skew-symmetric matrices is
ap ® aq>l< - bq ® ap*r ap ® bq* - aq ® bp*; bp ® aq>l< - bq ® ap*r maybe ap ® e2m+1>l< - €m+1 ® bp>I< ’ bp ® e2m+1>I< - €2m+1 ® ap*

ep - eq ’ ep + eq ’ 'ep = eq ) ep ’ 'ep
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Root data for compact groups

Friday, April 24,2020 10:44 AM

What we know so far: given compact group K, choose maximal torus T. ( f\w(‘u’q
Get dual lattices X. = Hom(S%,T) , X" = Hom(T,S? lab\ e = Q-w{e 7/ Lo
CW CWhiracter \o (_C Lvesr :\\
Roots of T in K = nonzero weights of Ad(T) on f¢ is {\,‘i Z‘

A(K,T) € X** finite subset.

Each root o defines O ,,dxg._, ) u "root SU(2)," unique up to conj by T. C,O\“’é: r$ ~<°

Coroot for o is 0 = O | diagonal, OV (exp(i0)) = dg [emw) 0 }

0 exp(—i0)

AV(K,T) = {ovV} € X« finite subset in bijection with A(K,T)

ROOT DATUM FORTINK is R(K,T) = (X*, AKT) , X« , AY(K,T)),

iR egb\(v,{tl;hs_ﬁr%?os%set i

a pair of dual Iatti&e{ge

|somorph|sm classes of compact connected Lie groups are the same éQym\orphlsm
rsses-of reduced root data. ((M i
c O\ \

Say ok voob At & A& o
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Root SU(2)s for O(n)

Friday, April 24,2020 11:35AM

We saw that it was easy to get root e, - e for U(n) using matrix units €pq

corresponding SU(2) acts just on p and g coordinates.
1’3 =~

Y ows

\n 5\1(2) z

%Qs Y 7

ee the sgme thing in O(n). Here's one way. C™ = R2M, giving

c <
& &:6L(m,C) > GL2m R) Copecs lery

(A)Zp-l,Zq:l = Re(qu) = CI)(A)Zp,Zq (I)(A)Zp,Zq-l = Im(qu) =- q)(A)Zp—l,Zq .

The embedding of nonzero complex numbers in invertible 2 x 2 real matrices is
(«E“PECTS MW LT PLCAT o)
I

X+iy — [z NE

It isn't hard to check that ®(U(m})) € SO(2m), so we get in particular an inclusion

SU2) S S0 Sp(2)»50(2)

and thisis (c1.-c2. The other ¢gp-eq arise by using other sets of four coordinates, and
the e, + ey by ajudicious sprinkling of complex conjugates. Finally, when we talked

about quaternions and SU(2), | described a two-to-one covering map
£~ O D (2
SU(2) = SO(3); TE "0’0?:35 (2) )

this i@ (/{nl’qu&umms K]@SE R A [\254— I\O\QK ”(w\a\y(vw\/ ﬁ\,\g&c/wms
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Axioms for root data IR V\OJCQS TN web Pige

riday, April 24, : "\O Z):C.S . PC}\ p

R=(X*, A, X« ,AV) isaroot datumif Yuumlrez o (abe,
G (RO8T

RDO X*and X. are dual lattices, with finite subsets A4nhd AVin bijection.’
see Humphreys

(€55, .
. B CM()\\&@ * Tt o Lic alas
RDLE (For alkaindr ghopoty =24(2) G T Lot B g

Déw@g?dﬁxﬁ DX, sg(h) = A T(URresy . Lattice automorphis@m’_f)

2.
eagsy C,y\( cC U\(kb‘b‘r\

Transpose is Sgy : X« = Xi, Soull) =€ - (o, €) V.
NE,XVJK MoV\ﬂa\ﬁ QKP(A" Wl’\‘/ e Lo (%%&CK’/TB
v) |

RD3 sy permutes A, sq, permutes AV, [sq(B)]Y = squ(P

[The root datum is called reduced if it satisfies either of the equivalent axioms

RDfin Jfhapd. conddthvbelong teiutheflc = (| .

RD4V If a¥and c.oV both belongto AV, thenc=%1.

The Weyl group of W(R) is the subgroup of Aut(X*) generated by all s, . RS

It is isomorphic (by the inverse transpose isomorphism Aut(X*) = Aut(Xs))
to the group generated by all s, .
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. o 220 wergnts
Axioms for root data . Koy - NN \ Ugalé
Sunday, April 26,2020 10:05 PM ( d/ ! \V\ >< IV\ ><~;f-<
, ) ; on . \A(Z) \ ,
R=(X*, A, Xi,AV) isaroot datum if l Azc)e/\)\‘v\ﬂ/ﬂ\"" J KGX}

L5D0 X*and X are dual lattice |tf\fg1&2 subsets &(a;ﬂjj ﬂi”f%pg,\> (Xx}

RD1.5 ForallainA, (o, oV ) =2 @X
Define sq : X* = X*, sq(A)=A - (A, 0V) o . Lattice automorphism, orde/ré. =€ ”4
: Math e
Transpose is Sy : X« =2 Xs, squll) =€ - (o, ) V. <
(i “ YT bday

RD3 sq permutes A, sq, permutes AV, [sq(B)]Y = squ(BY) .

The root datum is called reduced if it satisfies either of the equivalent axioms

RD4 If ovand c.a both belongto A, thenc=1%1.

RD4Y If o¥and c.0V both belongto AV, thenc=#%1.

TODAY: WHY DOES THE R ﬁl"?)tF é%ﬁﬂ%)«CT GROUP SATISFY THESE?

Main tool: realize sg inside ¢ 2)) inside K.
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How to spot a root SU(2)

Sunday, April 26,2020 10:05 PM

Suppose we have maximal torus T in compact K. When|is ¢ : SU(2) - Karoot SU(Z)?
Answer: whenever ??&)"E@\'CO oy ¢,

1. ¢(diagonal) is a nontrivial subgroup of T, an 6\0\/\ WS‘\/ ’tYuV:LQ (as_( V/CK{(
2. T Ngd(SU(2)); that is, T normalizes the image of 0. 5007\ const

Once these conditions are true, can define

for = €dOc(; o),

(Need to prove that T preserves f , but that's not difficult.)
Now it's easy to see that ¢ = ¢, . \- )\W\Q v

Usually not a direct product.

e X**(T) character by which T acts on

Record here an easy fact about T: T=

H H . i ¢ — — W\.Q tU'WUU
Corresponding facts about lattices: ‘ X UW‘F tg @ V) - A -

/

(kernel of oL on Xy) + ZawY has finite index in Xx ; equivalently >< = Hom CS T}

(kernel of oY on X*¥) + Za, has finite inde XAy —> & (v( e X /

Try at home: suppose A € X* and € € Xy are\elements of lattice, dual lattice. TFAE:
(kernel of A on Xs) + Z€ has finite index in X >\ X 7 Z \/ *AN&

\/ \/G,L,W aLcE) y

(kernel of €on X*) + Z\ has finite index in X** W P

(A, ) is a-nanzerq integer.

How are these three integers (what three integers?) related? cy*

3) AW)#D

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNkEghHA&page=View&wd=target%284.27 Axioms for root data.one%7Cc801739b-b9f2-8043-8a73-cd540b...
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\
. . . ~ o s % — \" S
Finding sq, in ¢g(SU(2)) X?‘ How(S',T) < TR f* ThME P
Ssunday, April 26,2020 11:03 PM \\'\{Q’?f gl& Tq
Action of s on Xsi is sy(l) =€- (o, €)oY. Ona point(z) of T (z mjﬁx) action is

Integer T
soll(z)) = €(z) - [0¥(z2)] @> é_%g /q %)

S(X(O(.V(Z)) = O(V(Z) [(XV(Z)] W\D = (XV(Z) [OCV(Z)] ;; £ Se—= in\/prcnw)j)

Similarly, we find sg—=

RecaU/‘tihat T= (ker o)g(0Y(S)) . Since the o root spaces generate 3u(2)c,

ker oL{%ve

RMALLZES
in TEG3B(I)) ¢F ‘@(@)T— TﬁMp 2))( '\Q> N O I 9
ot Ax %béum) sefils (3201 2

Ad(oc) = identity on centralizer of ¢,(SU(2)) D ker «
Ad(c,,) = inverse on ¢y(diagonal in SU(2)) = o¥(S1)

Theorem. Suppose ¢, is a root SU(2); define 6, as above. Then Ad(G,) normalizes T,
and acts on T by the automorp

The automorphism Ad(c,) of K permutes the root SU(2)s; so s, permutes the roots.

Proof. First assertion follows from the descriptions in red earlier on the page. Second

assertion follows from the characterization of root SU(2)s on tf@rewous page@. RO T DA UW\

We have now establish d that the root datum of TV&«%MRD@QR@%@?\H\R‘D&

Remains to CheCk R wice a root |S neve (o]0}

PN S(Ld\éw—b new one (S g&(l%/ olsa st

. Su(2)
y = g&@l]
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Representations of SU(2)

Monday, April 27,2020 9:02 AM

All we have proven so far about the structure of compact groups is based on theorem

from
April 6 describing complex representations of a torus. To prove that the root system of a

compact group is reduced, and to prove that the root system determines the compact ~Q voot.
groupypid nesthio praderstivg the Féprésertatiohbof S&WZ)K.Q/L A Neves
X = Su(g) SR QaW\f(Qx uw\\k’a_ryf ek X*(T) _ Z

cos \K@ 0
T‘T. SO(Q> - Q‘s\\e@ 5&&5‘9?}_ - &< con? >< (T) = Z

) [

T < Egu(oﬂ §> ESYY) NS hows Lt
o 0 | -

O(Z) ('gn\ {’ I’YU\X\'W\[Q

e ‘
/7 il e @@ 0
C — C’ COS - «
so(2) T - Nl ‘\"—N\Mow\'w o (e drg
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Root data and SU(2)

Wednesday, April 29, 2020 2:59 PM

- \m& {os oL QACK )
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Mﬂ"@ - M(’Z) — ke
L =den () H;—MJ\O) Y o\cﬂi,a)

o=l p\/uv“\
w\o\/'e— B} _
P‘ [/t\/kf_e OQ % < QOQ (Xo{) [_X i

, 3@ o
Ot e esch ook spuee ex” M :

[Xa @L BQC

e (et ‘

(X

s V-2
C oncentvnte on we/\‘gﬁ\

Z@ro \;uezl}a\'k SV“& ;tc

fese V8 2840
lhs\Af— CJ‘ZN

&(% >) X
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Simple roots and Dynkin diagrams

Friday, May 1, 2020 2:28 PM

So far we know that a compact Lie group gives rise to the combinatorial structure of
a reduced root datum.

Stated (but did not prove) that isomorphic compact groups come from isomorphic
root data.

Today: start toward classification of reduced root data.

Method: define an even simpler invariant of the root datum, the
Dynkin diagram: finite graph in which some edges are double or triple
and those edges are directed.

First tool: notion of positive roots. Recall that roots come in pairs
(o,—0t). A set of positive roots for Ris Rt € R so that

1. Each pair (0.,—0) has exactly one positive root.

To a set of positive roots R* we attach simple roots I'T = T1(R*):

IT =§c in R* so that o is not of the form B + yfor B and yin %

Doyelcin disgacmi gogh, VUWU‘@’“}
’5\'W\Q\a NS
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Why do positive root systems exist?

Friday, May 1, 2020 2:56 PM
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i T 20
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C onstruct R oick o regedar L Forv axadly od
e (RT3 weR ) o) >03 G2 0

Zon s q)(ﬂ < R+ 14@0\/
=<+ eRT
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Example: Sp(n)
Friday, May 1,2020 3:25 PM
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Diagrams of U(n) and Sp(n)
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What's the Dynkin diagram tell you?

Friday, May 1, 2020 2:57 PM \% \
e oy o lessity Bokein Jogs Sanog
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What's the Dynkin diagram tell you?

Monday, May 4, 2020 12:48 PM

=1 % WW&W’ Qéx?é
R = (R, X*¥, RY, Xs) reduW e 5 e \({fzﬁ\%@@\ O{(@U > O g

@hoice of positive roots, Il simple roots of R* P‘O\V}: ;C:A/\?ﬁd\\i} ?gi?i’ E;\j\\\ EQO;I;Z; PM
Y ‘ .

I = Dynkin diagram: vertices I1, edge o.to B when (0,BY) notzero /| S50 o T, C n / 7

5 W ' VA
W = W(R) Weyl group (inside Aut(X™) = Aut(X:x) mﬁzm@f C;é\\cc\aﬁié?ﬁ ({+ )
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Positive and simple roots

Monday, May 4, 2020 1:09 PM

Write [T={ 04, 05, ..., 0p} for the simple roots. (Use this notation a |ot.)
Define Ry =II € R*. Forr > 1, define more subsets of R* recursively:
1 y QO\/\\\ \(L\(

Re1={saB)|BinR,,ccinIl, (B,oV )<0}: B=P+mo(m=1or2or3).

Note that sg( B )V =sq(BY)=BY=pY+m"'a¥ (m'=1o0r 2 or 3).

At each stage, we have explicit formulas
8 p é 3 Rr >
B=XZnjoy BY=Znj0y" (n;, nj' nonnegative integers)

for@'\ﬁwwé,rso(ﬁ@ﬁa‘amcomgeﬁww@v%tWﬁé&hﬁﬁwnﬁﬂ‘iﬁ%\ms < w
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.Lowest roots and the extended Dynkin
diagram
K'HIEWEST 608t is a positive root y such that y+ o is not a root for any simple .

A lowest root is a negative root v such that y— ot is not a root for any simple a.

Lowest roots are negatives of highest roots. Q&
Every root appearing first in the Iast@ is a highest root. (So highest/lowest exist.)

If ylowest and o simple, then (y, oV ) < 0. (@km w\be V=0 wonlh e A st >
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Coxeter graphs
Wednesday, May 6,2020 1:52 PM OO 0(0 A N ‘ 0(( » . "\—r\QO(l - O

oK

’ RVI X"’) )

=S

, lowest root o ~each simple factor).

Example: Dg in Z® R* ={e,teql1<p<q<6},

I[I={ej-ey, ep-e3, e3-e4, €4-€5, €5-€5, eg+eg} -Op=e1+e)

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNkEghHA&page=View&wd=target%285.6 Coxeter graphs.one%7Cb394b41b-e4d7-f045-a8c3-5de5ce6c3832... 1/1
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Extended Dynkin diagram...

Wednesday, May 6, 2020 2:16 PM

...is Dynkin diagram (vertices simple roots o) with one extra vertex 0,y for lowest root.

Mark extra vertex . Label each vertex with n,, ng =1.

T = Dynlain A\aﬂm’\

Q\(wg (’g)&w\ (@ ) > MR - «\-V\QS

P ay w\‘“\ Slh\()\g ok ol
O Ny<tgyxX’> + n<<>(‘7b<>+

\Mc Lerm 13 <<oq)o< > = 2N

OU‘M N7.20D eyms ave o O\Ajckc,@m to X[ . <0(§)D(c‘ :—]
So eqn/ > | O= i 42 ()N
, 6o to 1
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m



5/12/2020 -

Coxeter graphs
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How does any Coxeter graph look?

Wednesday, May 6, 2020 3:23 PM
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Pictures of all Coxeter graphs
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Two root lengths

Friday, May 8, 2020 2:06 PM

R = (R, X*, RY, X&) reduced root datum

R* choice of positive roots, Il simple roots of R*
["= Dynkin diag: verts I1={0.,...,0}, edge o, to o if (0l,,014") Not zero

extended diag: add vertex o lowest root.
Positive labels n,, np=0, X, ny oy = 0.

Emphasized one root length: 2n, = 2, n, (definition of Coxeter
graph).

Today: lengths differ by m  2n, =2, 4 same or shorter Ng + M(Zp-—q' longer

Ag) -

Theorem. Suppose we have an extended diagram with two lengths

differing by m. Then the Slhortgf,%b‘%!%%ﬁu\%\'ﬁﬁ}blﬁl by m‘.«ﬂNe(cza’p €V> - =
thekésre “ﬁﬁf&lﬁ" h‘(é’ﬁiaeg’?gm, replacing eath arriefshort r gs I:&N? — -\
disjointg\g\%@*\wiﬁhdab@s divided by m, to get gth dia%(r) t with

an automorphism of order m.
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Everythingelse (OMPLETE. ¢ LASS| \:(C—A/"(UY\/
Friday, May 8, 2020 4:01 PM O\F COV\/\( pf C«(—&_ﬂou@s
So far we have a list of all possible_s_imp_leﬂ@,itiﬂa\/jsp/\()’@)f/

How do you understand ALL root data % = (R, X°* a) ?

kg el N6
Interesting parts correspond to roots and coroots: o 897 s

f\[(,\ (2 Wﬁ

root lattice = Z-R c X*¥
coroot lattice = Z-RV C X

Boring parts correspond to CENTER of compact gro \:B o ><‘E ‘O \"

\
(cent)—{éex*l(oc ¢)=0alleR} / wv
(cent)—{?»ex [{A,ov) =0, all Ve R}

. N
Would be nice if these added up to X*, but thatisn't quitett%e;s\w"Q
ﬁ VA
ZR @ X*(cent) has X g
Z-RY cent)s Was-fimtelindextir X<

Z-RY has finite index in PV =4o¢dual lattice of Z:R , and vice versa

Xs(cent) has finite index in dual lattice of X*(cent), and vice versa.

Define X = X** ®; Q, rational vector space generated by X*.

Dual vector space is X::q = X ®7 Q.. In rational vector spaces, all is g

Q-RY @ X-v»(cent)Qa—-/x\,, QR @ X*(Cﬁnt)Q - X:kQ

ZRY C X nqéwg:zﬁl el (o, eﬁ alleR)
/«"\/ G Ae/\\d\ofh

TN UER [

S U\bg«/m/\(p

aloelan
g& [ (e al

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNkEghHA&page=View&wd=target%285.11 Everything else.one%7Cfc84f63b-19c4-2a44-9fb7-5cbb4239babd... 1/1
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G‘)\ﬁ rrbemal

Decomposing into simple factors ASINRAS

onday, May 11, : i\Mo\t‘/\b\a Qz
R = (R, X*F, RY, Xs) root datum (possibly corresponding to (K, T)).

Let ~ be the equivalence reIatg)n on R generated by

| same as B, > LD,
OCNBIf(OC,BV>¢O- Sownl rc(m&\uv\ av\cdvuob

Then R is the disjoint union of equivalence classes R(1), ...., R(s).
How do we get corresponding "sub root data?" Two natural ways ...

1. Ri = (R(i), X* / (kernels of all R(i)Y), R(i)Y, Xz 0 (QR(i)V)).
Root datum of subgroup K; generated by all ¢(SU(2)), o in R(i).
et 'n
2. R = (R(i), X* n (QR()), R(i)Y, X / (kernels of all R(i) ) ) . /

Root datdﬁl/{f&mﬁfiéﬁt Bhby-id %rﬁpgblf%&%(ﬁ 751)6(60@» , oin R(i).

Similarly, two kinds of "center": ;ro

£— oL W |
1. Ro=(0,X¥ /X¥n(QR(i)), Q)—X—v—ﬁﬂeeﬁnebef—alléﬁﬁm

Root datum of identity component of center of K Q/ 3
2. RO=(0,X*n (kernels of all &Y in RY )p@Be Yursf )P‘”n Hl)fv%
Root datum of quotient of K by its derived group.

Root datum R is not "direct sum" of either of these versions.

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNKEghHA&page=View&wd=target%285.11 Everything else.one%7Cfc84f63b-19c4-2a44-9fb7-5cbb4239babd... 1/1
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. B @ ‘ . @_ N q‘)/ '
Example of U(2) P A c‘(3> e =\ =
Monday, May 11,2020 9:31 AM \)\ - O < \ 5\/\\7\0’(\” \
K= U(Z), T=U(1) X U(l), R = ( 22 , { 'I_'(]_, -1)}@, { i(l, -1M> ;ww\{'\a@
= .
derived groupKy = SU(2), Rg=(22/Z(L,1), {#(1,-1)}, 522, { +(1, -1} )W
SOV e r\j\"g?,j e divide by chars triv on coroots rational span of coroots

W?B’%D—I wm}éﬁu%ebr‘lter K9 = PU(Z)I R4 = ( SZZ ’ { i(ll -1)} ’ ZZ/ 2(1)1); { i(lr -1)} )
rational span of roots divide by cochars triv on roots

max central torus Zg=U(1) Ro=( 22/522),®, 2(1,1),0)

divide by chars triv on central cochars  central cochars

=U(2)/su(2) R°=(z(1,1),0, 22/52),0) bR
chars triv on coroots  divide by ratigpal s f gor s}\

VT,

https://onedrive.live.com/redir?resid=23A7594DBA9519E2%21113&authkey=%21AKo0LK-TNkEghHA&page=View&wd=target%285.11 Everything else.one%7Cfc84f63b-19c4-2a44-9fb7-5cbb4239babd... 1/1
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Structure theorem W= UL( ’\> )
Sunday, May 10, 2020 10:56 PM (\

\<A = SU a&"‘r
MAIN THEOREM: suppose K is a compact connected Lie group Q Z - g ﬁ', ( T_Y\\ SV\C,\,;\H"L&S

with maximal torus T, and r atum (X*, R, Xsx , RY). Writ \& ( A
a»“'%% AL 4 N S@"

{1\{ = center of K Kd derlved groupof K Tg=KgqnNT = center of Kg. X e
(84 . covinected ’c(\<
X (cent) = kernel of all roots in Xy =cocharacters o Fores 1N

Xsd =def X N Q-RY=cocharacters of T4

1. Z4is isomorphic to the quotient PV / ( X4 ), a finite abelian group F. < = T?
2. Z4 N Zy isisomorphic to the quotient ( PV N X a finite \or W&
d N Zo p a ( < A Xxd ) ’z?"\o e & ) (; < SUN)

abelian subgroup Fq. (L\JQ,
3. Kis isomorphic to the quotient ( KxZo /(de& (02/( an, (ff\mg)

- 1

The group of charac of the center X (2) i ic %‘?y\

r’@ﬂwe fu&i@ameni% (g;‘%nl( S |somorph|c to Xsx / Z-RV.
L_ll(K) L(C<Z->
::> 1<d S ZD O y\o\(Y"\a-Q) \@ (
LK—“ \44'20} S ey
Kornd = § (% 2) « Y= 72,
; hes b be in 2 §<>}
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Recipe for a compact group/fﬁg\ucej\ vt oo

AR
Monday, May 11, 2020 10:15 AM Lp(ss \ (
_— Vo dec Waerdon /\C_—/_,/

First ingredient:\s simple root systems R, ..., R (from Dynkin diagrams I'; ...
Get lattices ZRq, ..., ZRg (bases I14, ..., Il sets of simple roots

Dual lattices PV, ..., PgY (basem

@tically ZR¥ c P}V, similarly ZR; C P;
Second: lattice X..q, ZR{VP ... D ZR' C Xy ©€ ZPV D ... P ZP5
gives dual lattice ZP;®..®ZPs DX 42 RID..DIRy,
. - . . %\'NL{ e
as choice of finite abelian quotient F « [ZP{V AZPYE‘M{G%M\@ h;@ / ZR¢V]
c

/\

ICS‘_ A C C o\\'>e\(N‘)
sv\\ojw\»f @ ‘ﬂét_\/‘m A‘L
SKME oo qutien o

C (}‘QVV\Q o5 sbgp
/h 7= C/A

ification of derived group Ky

(cnteal)larfce 6ipaifal dattig By o \:(“{J‘g‘f
] ingrediant: (dantga!astlcatiing € Cux . O A AN & 551\ 0 e
Tj,ng(ﬁ:liep‘t: Cho bgroup Fq c@c @iﬁn; F@’\M G é’z‘ H//@{K\Z\: h(vY JuwaS7| |get g)*:

AR T C
A, A

A’/"'A) ChsLs p: SV\_//_ZE
STWP v e b be ek b bvd Gy )

> Cj\oLU»JQ . T:OT(‘MV:V\O P )

(S Al ¢ o o hatle s
[&_ 2"15\)\{’: GJ\\\’V\Q s . ) ’5
%N - =

Con ke carnpu e o 73 5% b1 . ny MQW(M«ar{o
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B, Y ool vzl L dim (O

: ol ke 2 . A \
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Qe insvdar AR (Jr@f QJ A L& R
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