
Canonical bases and coherent sheaves.



Canonical bases a n d coherent

s h e a v e s .
-

1) Kazhdan-Lusztig theory.

R e c a l l : of-semisimple L ie algebra 11C,

M , = U of oxy, Cl,
-Ve rma module,

M , → L , -irreducible
quotient.

Problem: compute characters of
L a .

S o l u t i o n (KL e t al.). Consider t h e

category generated b y L , I category 0).

Fo c u s o n principal b l ock , O.
:

i r reduc ib le Lw. . .

C a r t a n ac t i on

diagonalizable.

K (Oo) = 7 1 C W)

(Mw., -2g,] ' → w .



T h e n flew.@2,1-Cw-cang.rs?al(KL
conjectures proved 1 9 8 0 1) Kazhdan-Lusztig theory.

by Beilinson-Bernstein and Bulinski- R e c a l l ; g-semisimple L ie algebra 11C,

M , I U g oxy, Cl,
-Ve rma module,

Kashowonal.

M , → L , -irreducible
quotient.

Key features.

Problem: compute characters of
L a .

a n
r e l a t i o n t o geometry

Consider t h eLocalization
T h e o r e m : Oo = D-mad, (GM). =

= Pe ru , (Glee).
S o l u t i o n I K L e t al.).

- HC bimodules description category generated b y L , I category 0).

O-mad, ( g u ) = D-mode (43×6/4). = Fo c u s o n principal b l ock , O.
:

= (grog, C) -med"?
i r reduc ib le Lw. . .

C a r t a n ac t i on

diagonalizable.
- Symmetries 1)D8 (Oo) 213×13 k (O.) = ' ( W )

B - A r t i n b r a i d -

(Mw., -2g,] ' → W '

c ome s f r o m
correspondences

61131
GYB ¥113



- w e .
c

1) Kazhdan-Lusztig theory.
i t D8 (Oo) 213×13

B - A r t i n b r a i d .
R e c a l l ; o f - semisimple

L ie algebra 11C,

M , I U g oxy, Cl,
-Ve rma module,

c ome s f r o m
correspondences

61131
m , → L , -irreducible

quotient.
GYB ¥113

Problem: compute characters of
L a .

i n Wa l l crossing f u n c t o r
S o l u t i o n (KL e t al.). Consider t h e

E , = Tm-o-Toon
category generated b y L , I category 0).

M o n t he 2 w a l l

Fo c u s o n principal b l ock , O.
:

T- t r an s l a t i o n f u n c t o r .

i r reduc ib le Lw. . .

C a r t a n ac t i on

I s : Oo → Do - e x a c t self-adjoint.

sends projective t o projective. diagonalizable.

K (Oo) = 7 1 C W]
Ii i) Z u c k e r m a n functors

Zz: D8 (Oo)
→ D8 (Oo)

c o m e s
f rom T I i t , * , Tai 6/13

→ 6/12
(Mw., -2g,] ' → w .

$ 1

Z , t h e 1deep fac t ⇒ K L conj.).



B i irreducible Lw.@ a r e cup to shift)

summands of -2£--- Zs. (Lps)
Meg

Indecomposable prejectives a r e
summands

of Isn." - Ea (Mo), c u e

T h e i r classes give
c o m a s and

d u a l canonical
bas is cu l

-



Also summands of Eat--- Ian (Leg-Mtg)
a r e t i lt ing objects , g i v e twisted.

d u a l c a n o n i c a l b a s i s .



- Koszil duality i Beilinson-Ginzburg-soeogel)

i s a n a u t o equivalence0810%4=1340:')

i n t e r i
irreducible, a n d projectives.

(variant irreducible and ti lt ing)



Y e a r s .
o f = T * (GB).

Canonical b a s i s i n K 16h40.

controls, characters of tilting
modules f o r

quantum groups
a t = f i , a l s o

t he objects representing
t e n t s

of the b a s i s c o n t a i n i n f o rm a t i o n

abou t It" Clog,T,), H't lug,T,),

T , -tilting ,
big-Bord i n t h e

sma l l quantum group Ng.
-

Also contro ls characters of s o m e

toy -modules.



D' lcoh.INT) a Bay-extended attire
8 2 a i d group.

Boy. = ( J , O, I d E A , L E E )
a - weight la t t i ce

E - simple n e t s .

O, i f i t 7 0 0 1 N .

g, c o m e s f r o m
x

¥
' ↳ of

X = I u Nk
,
d - d i a g o n a l ,

&

N , - • normal
( u p toOf g ) twist) t o 611373,



Z , ,
L C - Eas t .

I f I ⇐ E
,

then lap to a@G I twist)

N
2

given by £ b y

F o r 2 . E E a s t - E , Ig. = b Z, 8 "

where d e E , 8 5 8 - '=3..

thx. a ) Classes o f
indecomposable summands of

£4... . 22, ( O ) a r e l a p to sign)
elements

of the canonicalbasis
i n K (cohort))

b ) These a r e Cup t o
shifts) irreducibly

i n the heart of
s o m e

t-s t ructure .



Remake o n t h e meaning of a ) .

K (Gh9W)) 2 Wa t t

K f e f f (w))
2 Hast. - a t t u n e

Hecke algebra

H

Hatt¥;s§

F
Han.



I I .Nest) → KfenalNT)
W

( w 1 - o o r element of canon ica l
b a s i s .

W E Waft

-



wha t about C w i t s e l f ?

D u a l c a n o n i c a l b a s i s Cw'?

Answer.

7 1 [Wait] = K Cahal Tgif)
Again h a v e 22

,
Baf f acting o n the l e f t & r ight.

Direct summands of 2-2, ---Zan (Od)

g i ve
canonical b a s i s ( up t o sign).

These a r e i rreducible cap t o shift) of

s o m e t-structure, related t o category 0

f o r § , a l so t o

H c
bimedules i n positive characteristic

[with Riche
i n progress]

Ms Need t o consider Tgif a s a
derived
scheme.



Bu t also

7- C Want = K c o i l 5,51
D' o o h 4 5 xg5) 2 Ea.

5¥52. E, = I F I * .

summands of E±... Eaton) tilting)

- d u a l canon ica l l o a n s ¢ ;

Homotopy category of t i l t ing
= , D8 c a l l 5×95)

H o l J ) µ

Ext'0/17,11=0
Tt,T , E J

(Tis = D ' aha 1 )



Bu t also

7- C Want = K c o i l 5×55).

D ' o o h 45×95) 2 Ea.

5¥52. E, = I F its * .

summands of E±... Eaton) lilting)

- d u a l canon ica l l o a n s ¢ ;

Homotopy category of t i l t ing
= , D8 c a n (5×55)

H o l J )

DGh9NxNT I s D 6h4oT*g5)

l i n e a r Koszul duality

of Monrovia-Riche.

C w →
Cw'.



L inear Kegel dua l i t y.

generalizes k D b e t w e e n

A l t )
and symlv't)

12

Toi:#K, h)
- vec to r b u n d l e . E , , E - a E -

E subbuendles.

§
D heh / E, {Er) → D a h (KEEF).

Ex. S=@1135, E = E * = 9×9135.

E , = Tia,,§b5, E-NIE,@BY

E#5pm,@IBY, ⇐ = 514,4955

Z , → E

u ,



l e t h o w 9 be a n invalutron of
O

-

G , K - G

w e h a v e

Tight 7 ¥ 5 ; k
"usual

( n o n derived)
derived scheme s c h e m e .

(except i f 0 i s split)
i - e . 40=0 f o r a f-invariant

Ca r t an t

D CohktNxght) D 6 h " (Tiger) 2 Ey
U i e

a

£2. 12

Conjecture (G-adjoint)
summands of Ey. - - - Ea (Og) = i f

K
pterimage

of

tt~Dqkg.ge closed orbits

c l a s s e s of indecomposable
- d u a l c anon i c a l
b a s i s



Rinke. I n the 515 c a s e P ' s a r e based

o n geometric l o c a l Langlands
- r e a l i z a t i o n

of the categories v i a
constructible sheaves

o n Fe-at t i re flag variety o f
t h e d u a l

group.
I n the t i sett ing

such a
rea l izat ion i s

n o t

k n o w n , although
the re . s e

related conjectures

by
Ben-Zai-Nadler.

R i n k s . Conj.
reduces t o Ext>0/1,121=0

T H E E I & ( f ) = O ' Ceretti).

C a n p s e v e Vanishing f o r s o m e T t , I E J .

Rmh⇒ Category I should h a v e a Soegel

brmedule description



R e c a l l Soergel b i m e d u l e s 'us

a f u l l subcategory i n

C oh l t x t )
-4W
11

u Tw, Tw e t * t

i s t h e group of w .

t h r a g t c g
u s t

kostautsec.ae.

'
'' I I "×g5

I n t h e §, K) setting Tri.tk
G k

& I,wt a I E Rigg



Affine Soergel b i m o o l u l e Say.

[ A b e ) i s a f u l l subcategory

i n {IM,'M M E Cohlt't). }
8 - Weft grading o n

Me: = Mox F r e e (k i ts)
s t . suppl Me) C t o .

K

c a n define similarly say, =

= { k i l l M E Coh It,<×
r . .

tat)}
C a n define a funcher

L : J → Say, - a n upgrade of zT*

ok: J k →
sake - a n

upgrade of T I

L i s fu l ly fa i t h f u l , 6k is expected
t o b e fully faithful
o n - J k




