Math 53 Homework 9 — Solutions

h2_1.2
15.6 #44: I _/// 22 +9?) pdV = / / / (2% + 9?) k dz dy da.
VhZ—z2 x2+y

Or better, in cylindrical coordinates: I, = 0 fo fr r2kdzrdrdf.
Inner: [r ka]h = khr? — kr3. Middle: foh(k:hr3 — krt)dr = [Skhrt — %kr‘r’]g = 5-kh.
Outer: 27 - 55 LEhd = 10 kh5.

15.6 # 52: Volume = [ [V}, [V dzdyde = [ [} [0 derdrde.
Inner: 1 —72. Middle: fo r—r3)dr=[3r? - irﬂé =1 Outer: V =2r-1=n/2.
Average value: f = %/2 [[[5(@?z + y*2) dV fo =% 2 do r dr d.

Inner: [3r2 ](1) "o r2(1 —r?)2.

Middie: (5 — 5+ 3y = (bt~ b Al = 1= d b=
Outer: f = fr(27r)—:i2

15.7 #9: (a) z = (b) 2 = 2rsinf, or r = 2sin 6.

—_

15.7 # 15: solid cone centered on the z-axis, with vertex at the origin; the top face is a
disk of radius 4 in the plane z = 4.

V= [ 2T [t rdzdodr = [)(2n) (4 —r)rdr = 2m [2r2 — L8]] = 2n(32 — 8) = 64n/3.

15.7 # 18: The paraboloid z = 1 — 22 — y? intersects the xy-plane in the circle 2 + 3% =
2=1lorr=1,s0in cylindrical coordinates F is given by: 0 < 0 < 7/2, 0 < r < 1,

0<z<1—r% Thus [[[,(2+ay?)dV = fw/2 fol I_TQ(TCOSG)TZTdZdeQ.
Inner: fol_r rtcosfdz = 1"4(1 - )(3089 Middle: [r5 — %7“7](1]0089 = 2 cos .

Outer: ﬂ/ Z cosfdf = Z [sin H]W/ Z.

15.7 #22: FE is the solid region within the cylinder r = 1 bounded above and be-
low by the sphere 72 + 22 = 4. So its volume is fffE dV = fo f 4 r srdzdrdd =

2ﬂf01 2r\/4—r2drd9:27rf01 2rv4 —r2dr =27 [—%(4—7‘2)3/2]0— 37(8 —3[).

15.8 #9: (a) 22 = 22 + y? (right angled cone centered on z-axis with vertex at origin)
corresponds to ¢ = m/4 and also ¢ = 3w /4 (since the equation z = ++/22 + y? actually
describes two cones, one centered on the positive z-axis and the other one centered on the
negative z-axis). Or: 22 = 22 + 92 & 22 =12 & p?cos® ¢ = p?sin? ¢ < cos? ¢ = sin? ¢ (&
cos¢p = tsing < ¢ =m/4 or 3n/4.)

(b) 22 + 22 =9 & (psingcos)? + (pcos ¢)? = 9 & p%(sin® ¢ cos? O + cos? ¢) = 9.

15.8 #14: p < csc¢p < psing < 1 < r < 1, or equivalently 22 +y? < 1, which corresponds
to the solid cylinder of unit radius centered on the z-axis. Moreover, p < 2 corresponds to
the solid sphere of radius 2 centered at the origin. Hence, this solid is the intersection of
the sphere and the cylinder.

(The sphere and the cylinder intersect at the two circles r = 1, z = £+/3; so the boundary
of the solid is given by the portion of the cylinder where —V3<2< ﬁ, and spherical caps
at the top and bottom).



15.8 # 15: The cone z = y/22 + y? corresponds to z = r, i.e. pcos ¢ = psin ¢, i.e. p = w/4.
(See also 15.8 #9(a)). Thus, the region above the cone corresponds to ¢ < 7/4.

In spherical coordinates, the sphere x2 + y? + 22 = z (centered at (0, 0, %) and of radius %,

since the equation rewrites as 2? + y* + (2 — 3)? = ) has equation p = cos¢. (This can

be seen either geometrically on a slice by a vertical plane, or by manipulating the equation:
22 4+ y% + 22 = 2 becomes p? = pcos ¢, which simplifies to p = cos ¢).

Hence, the solid is described by the inequalities p < cos¢, 0 < ¢ < 7/4.

(See Example 4 on page 1009 for a more detailed discussion and pictures).

15.8 # 19: In cylindrical coordinates: 0 < 2z <2, 0 <r < 2,0 <6 < 7/2, so the integral
is given by fﬂ/2 fo?’ f02 f(rcosf,rsind, z)rdzdrdf.
In spherical coordinates: the top plane has equation z = pcos¢ = 2, i.e. p = 2sec¢. The

cylinder corresponds to r = psin¢g = 3, i.e. p = 3cscp. They intersect when 2sec ¢ =
3csco, i.e. tanqﬁ = 3/2. Therefore:

foﬂ/2 fotan (3/2) f2sec¢>fp sm¢dpd¢ do + fﬂ'/2 ;{12_1(3/2) f03080¢fp2 Sin(bdpd(bde.
15.8 # 23: The spheres correspond to p = 1 and p = 2, and the first octant corresponds
100<0<7/2, ¢ <m/2 So [[[zzdV = [/ [T [2(pcos @) p? sin ¢ dp de df.
Inner: [% p* cos (bsin (b] 2= 145 cos ¢smq§
Middle: 15 [7/% sin ¢ cos ¢, dgp = 12 [Lsin2 ¢]7/% = 13,

.z.g 15m
Outer: 5% = 16

15.8 # 30: In spherical coordinates, the region below the cone z = y/x2 + y2 and above the
xy-plane corresponds to 7/4 < ¢ < w/2. Therefore [[[,dV = f fﬂ/Q 2 02 sin ¢ dp de db.

Inner: [%pg’sinqﬁ]g:%sincﬁ. Middle: [—%cosgﬁ]zg 8\} 4‘[ Outer: 27 - 4‘[ ?}[

15.8 # 33: We take the hemisphere to be the region lying above the xy-plane and inside
the sphere z2 + y? + 22 = a?; and denote by K its (constant) density. So the base is
contained in the a:y—plane.

(a) By symmetry, the centroid lies on the z-axis, so we only need compute z. Also, the
mass of the hemisphere is K - (Volume) 2K ma3. Therefore:

P ks JIf 2K AV = 52 [ 7 [ (pcos 6) K p?sin e dp do db.
Inner: [ZKp cosqﬁsm¢]0 = %Ka cos ¢ sin ¢.

Middle: %Ka4 OW/2sin¢cos¢dd> 1Ka [ sin? (ﬁ]gp:%Ka‘l.
Outer: 27) (%Ka‘l) = %a. So the centroid is (0, 0, %a).

3
2K ma3 (

(b) We use the same setup as before, and compute the moment of inertia about the z-
axis, I;. (One could also compute I, instead; by symmetry I, = I).

x—fffy +2)KdV = f 7r/2f0 (p?sin? ¢psin? O + p? cos? ¢) K p? sin ¢ dpdgdo.
Inner: %Ka (sin® ¢ sin? @ + cos? ¢sin ¢).

Middle: £Ka® [7/?sin2 (1 — cos? ¢) sin ¢ + cos? ¢ sin ¢ dp —
= L Ka® [sin? 0(3 cos® ¢ — cos ¢) — 3cos gb] = 1Ka®(3sin?0 + 3).
Outer: I, = t Ka® 0277(%51112 0+ 3)do = tKa® 027r(§ — 2 cos20)df = stmwKad.



Note: a more efficient setup for this calculation would have been to instead take the hemi-
sphere to be the “right” half of the solid sphere z? + y? + 22 < a2, i.e. where y > 0. The
bounds are then p < a, 0 < 6 < . Since the base is now a disk in the xz-plane, we can
now compute the moment of inertia about the z-axis:

L= [ [ [ (p*sin? ¢) K (p?sin ¢) dpdpdd = - -+ = {gwKad.
15.8 # 35: In spherical coordinates z = y/x2 + y2 becomes ¢ = 7r/4 So the volume is V' =
027r OW/4 01 p?sin ¢ dpdepdf = (|, 2m do)(J, /4 sin ¢ do)( fol p*dp) = [ cos ¢]W/4 = W(%‘ﬁ)

By symmetry the centroid is on the z-axis, i.e. T = y =0,and z= ¢ [[[2dV, so
_ 2n pm/4 s 1
zZ= (2 f) / fo pcos ¢ p? sin ¢ dpdpdf = e f) 2m)(f, /4 sin ¢ cos ¢ do)( [, p* dp)
[1 sz ¢] ™/4

(Z\f) (2f)

16.1 #11: F"(:n, y) = (y,x) corresponds to graph II. In the first quadrant all the vectors
have positive z- and y-components, in the second quadrant they have positive z-components
and negative y-components, etc. Moreover, the vectors get shorter as we approach the origin.

16.1 #13: (ZL’ y) = (x—2,x+1) corresponds to graph I since the vectors are independent
of y (the vectors along vertical lines are identical) and, as we move to the right, both the
z- and the y-components get larger.

16.1 #18: ﬁ(:c,y,z) = (z,y,z) corresponds to graph II: each vector ﬁ(x,y, z) has the
same length and direction as the position vector of the point (x,y, z), and therefore the
vectors all point directly away from the origin.

16.1 #26: f m:>Vf fx’fy>:<\/x2+y2’\/x2+y2>: \/1;24_3/2'

This vector has the same direction as (x,y) (= position vector of the point (z,y)), so points
directly away from the origin; while its magnitude is (2 + y?)~"2|(z, y)| = 1.

So V f(x,y) is the unit vector in the direction of (x,y) (directly away from the origin).

16.1 #31: f(z,y) = (x+y)* = Vf = 2@ +y),2(x +y)) = 2@ +y)(i+]). So all
the vectors are parallel to 1+ j; they vanish on the line z +y = 0 (or y = —x), and their
magnitude increases with the distance to that line. This corresponds to plot II.

1 V1—22 V1—22 1
Problem 1: M = / / / dxdydz = / (1—2%)dz = 2/3.
0 JO 0 0
V1—22 /122 3
= M/ / / zdxdydz = / (z — 23)dz = 3
V122 /122 V1—22 1—
= M/ / / rdrdydz = = / / dydz

3 [m/? 33r 9w
_° 1 22)3/24, — / =22 =T = =
1 /0 (1—22)32%dz = 1]/, cos* 0.df = 116 = 64 (z =sinf, dz = cos6db)

using double angle formulas twice to calculate

fﬁ/Qcos 0df = 7r/21(1—i-(30529) df = 7T/2(8 + 3 cos20 + & cos46) df = 3T



By symmetry with respect to the plane z = y, £ = 4. Thus the centroid is
(7.75.%) = 9 97 3
0=\ 6108
Problem 2: In cylindrical coordinates, distance to the origin is d = v/r2 + 22, and
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In spherical coordinates, d = p, dV = p? sin ¢ dpdpd®,
B 3 2r /2 p2acos¢
=— / / / p p?sin ¢ dpdpdd
4dra
27
/ / —(2acos (;5 sin ¢ dopdf
= 4rd3
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