Math 53 Homework 8 — Solutions

15.4 # 36: a) Using polar coordinates: [[g, e~ @ ) gA = f J e —* rdrdf =
[e.e]

=27 fooo re " dr = 2r [—%6_7"2]0 =27(0+ 5) =

Or, to be more rigorous, we integrate over the disk D, and take the limit as a — oo:

[f, e~ @ dA = [27 [ e pdrdd = 2n [ﬁe ﬂZzw(l—e‘“Ql

The result then follows, since lim 7r(1 - e_a2) =T.
a—00

2.2 . 2 2 a2
b) gfe (@ +y )dA:ffaffae oo~V dy do = (ffae m dx) (ffae y dy).
Taking the limit as a — oo on both sides, we deduce:
7= e = (5 e ) (15 dy)
c) Since f_oooo e*yzdy = ffooo e dx (the name of the integration variable is irrelevant), the
2
result of (b) becomes: ( 1= e’ d:c) = 7. Taking the square root (and observing that
e > 0 for all z so the integral is positive), we get: f_oooo e~ dy = NG
d) Letting = = ¢/v/2, we have [*_ e~ dy = 1= %6*9/2 dt. Hence, /7 = % 1= e /2 4t
Equivalently, ffooo e~ /2dt = \/2r.

15.5 # 8: m:ffDPdA:f01f0ﬁ$dyd:E:f01 xyy:ﬁd:c—fl 232 dx = 22 5/2}1

;T::iffDxpdA—éfol ﬁaszydaj— 2f0 x yy ‘fd:v—ﬁ 1 5/2da:—%[f 7/2] ?
1
7= [[pypdAd= 2f0 fo xydydx—2f0 “ly= fdx_’ 01 32tdr = 3 [52°], = 5.
5 #12: p(z, y) =k(@2®+y?)=kr?2, m= fﬂ/2 fol kr?rdrdf = %fol krd dr = Zk.
=21 [[zpdA= W/Qfo (rcos 6) (kr? )7"(17"(10—l Oﬂ/2 [%kzr‘r’cos@]:é do =
=1t gr/zcosﬁdﬁ—?//‘r’s[& H}W/Q 2.
= —ffypdA ﬂ/zfo (rsin @) (kr? )rdrd@— —fﬂ/Q[ kr%inﬁ]ié df =

= W/Q s1n9d9 = k//58[ (:08(9]7r/2

m5 57r

(Note: z = y by symmetry: the lamina is symmetric about the axis y = x, and so is the
density, so the center of mass lies on the symmetry axis.)

15.5 #18: I, = [[,y* pdA = fﬂ/Zfol (r?sin? 0) (kr?) r dr df = ﬂ/g[ k76 sin 9] do =
= L [TPsin20d0 = Lk [T 1(1 — cos20) df = 1k [§ — L sin 20
I, = [[,a?pdA = fﬂ/2f0 (r? cos® ) (kr?) rdr df = ] /2 [ékTﬁCOSQH](I)dH:
= 1]{7f7r/2COS29d9 = 1kf7r/2 L(1+cos20)df = tk [4 4sin20}g/2 = o5k
Io=[[pr2pdA= [T [ r2(kr?)rdrdo = T [Lkr%)) = Sk

(Note: by symmetry, I, = I; and as a general fact, Iy = I, + I;; so it was enough to
compute one of the three moments of inertia).

1

w/2 -
}0 = 31k

15.5 #28: a) f(x,y) > 0, so f is a joint density function if [[g. f(z,y)dA = 1. Here
f(x,y) = 0 outside of the unit square, so we just need to compute fol fol flz,y)dydx =

1



fol fol dry dy dr = fol [235?42]32(1) dx = fol 2x dr = [mQ]é =1.

b) (i) The region where z > 3 corresponds to the right half of the unit square (recall that
X and Y only take values between 0 and 1).

So P(X > 3) = f11/2 fol dry dy dr = f11/2 [22y?] yil dr = f11/2 2z dz = [ 12 =

ih
1/2 . 22710
(i )P(XZ%,Y< f1/2 1/24xydydxff1/2 [22y%] / da;—fl/zfd [TLMZ%'
c) = [fgex f(z,y)dA = fo fo x(4xy) dydaz—fo [22%y da:—fo 20%dz = 2.
:fngyf z,y dA:fO fo (4xy) dyd:c—fo s2y°] dx:fo trdr =2
CO0(z,y) %ff % | —e7"sinf e Tcosh | 9. . 9 2 —or
15.9 # 3: a00) % % = e eosf —e—Tsind | =€ (sin® 0+cos“f) = e .

15.9 # 11:

Oxz,y) |2 1
Bu,0) ’ 12
To find the region S in the uv-plane that corresponds to R, we first find how the boundary
maps under the given transformation. The line through (0,0) and (2,1) is y = ja; so it
corresponds to u + 2v = %(2u + v), which simplifies to v = 0. The line though (0,0) and
(1,2) is y = 2x; this corresponds to u + 2v = 2(2u + v), which simplifies to © = 0. Finally,
the line through (1,2) and (2,1) is z +y = 3, which becomes (2u + v) + (u + 2v) = 3, which
simplifies to u + v = 1. So S is the triangle in the uv-plane bounded by the lines u = 0,
v=0,andu+v=1>Ge v=1—u).
Therefore ffR x —3y)dA = fol Olfu(—u —50) [3|dvdu = -3 fol “(u+
2

5v)
1‘“:u(1_u)+g(1—u)2g — du +

’:3, and z — 3y = (2u +v) — 3(u + 2v) = —u — Hv.

dv du.
5
5-

Inner: fo (u+5v)dv = [uv + %’U2]0

Outer: —3 fo Su? —du+ 2)du= -3 [fud — 2u® + gu]é = -3.

ox,y) | /v —u/fv?
d(u,v) | 0 1
Since xy = u, the hyperbolas xy = 1 and xy = 3 correspond to the lines u = 1 and v = 3
respectively. Moreover y =x & v = & v’ =wu,and y =3z & v = 30 = v? = 3u.

15.9 # 15:

1
= —. The integrand is zy = u.
v

Since we are in the first quadrant, ¥y > 0 so v > 0. Hence the region of integration
corresponds to /u < v < v3u, 1 <u < 3. Thus

3 VBu g 3 3
// xydA:/ / udvdu:/ u(ln\/3u—ln\/ﬂ) du:/ ulnv3du =
R 1 Jva v 1 1
= [%uﬂ?ln\/g:élln\/gz 21n 3.

0(u,v) _ ’ 1 -2 d(z,y) 1
A(z,y) 3 -1 O(u,v) 5

With this change of variables, R is the image of the rectangle 0 <u <4, 1 <wv <8. So

52 [ [ ooy ([ o) (f°2) =3 [5] o] - S

15.9 #19: Let u =z — 2y and v = 3z — y: then ‘—5,80

15.6 #9: [[[p22zdV = f02 Via-y? foy 2z dz dz dy. Inner: [2zz]§ = 2xy.
/1=g? -l 2
Middle: |, 2zy dr = [:U y} v _ (4 — y?)y. Outer: f02 dy — > dy = [Qy2 — %]0 =4.



15.6 # 15: The base of the tetrahedron is the triangle with vertices (0,0),(1,0),(0,1) in the
zy-plane, i.e. the region 0 <y < 1—xz, 0 <z < 1. The top face is x +y + z = 1, i.e.
z =1—x —y, while the bottom face is z = 0. So [[[,z*dV = fol Olfx folfxfy 22 dz dy du.

Inner: [xQZ](l)fx*y =221 -z —y).

Middle: 1 * 2(1 r—y)dy = 2% [(1 - ) —iy]l = a2?((1-x)%— M) t22(1-x2)2
Outer: fll 2(1—2)%dx = OléxQ—x +iatde = [ga2® — 1ot +10$5](1)_% 1+t =

15.6 # 21: the solid is a piece of the cylinder of radius 3 centered on the z-axis, between
the planes z = 1 (bottom) and z =5 —y top)

5—y 3 iV
/ / / dzdydx = / / 5 y—1)dydx = / 4y — %92}79799?& dz
-3

/2 /2
:/ 8v9 —a:2d$—/

8(3cost) (3cost)dt = 72/ cos® t dt = 36.
—7/2 —7/2

(where we used the substitution = 3sint, do = 3costdt). Or in cylindrical coordinates:
:f fo Smrsind g dr df = 27rf0 4 —rsind)rdrdf = [27“ —%’I“ 81n9] de
= 0 "(18 — 9sin ) df = 36.

15.6 # 33: The projections of E on the coordinate planes are:

2 2

y=1
1 1 1

z=1—y

y=vr

or x = y?
0 1z 0 1Yy 0 1 @
0<z<1—-y 0<x<y? Vr<y<l-—z

o Los fy 7 fay. 2 dedyde = [ f f;-y flay, 2) dzda dy
= fol fo (z,y,2)dxdydz
= fo fol yfo (2,9, 2) dz dz dy
= fo fol ff f(z,y,2)dydzdx
= S p ey, 2) dy dadz

15.6 # 35: The region and its projections are: 5
’ : : (1,1,1)

y=z z=y z=z

z=y ]
Y

0l 1z 0 1y ol 1z

0<z<y y<z<l1 z<y<w y (1,1,0)

1 1
fof fo x,y,z)dzdx dy —fo fo fo (z,y,2)dzdydz = [, foyfy f(z,y, z)dzdzdy

_fo f f flz,y,z)dedydz —fo fo f f(z,y, z)dydzdx :follef:f(:c,y,z)dydxdz



Problem 1:

2m a 2
—_— 3 —_ -
a) Average distance = Aron //r dA = p / / rrdrdf = 7ra2 2w [3 }0 3a‘

b) (Using the setup suggested by the hint, so the circle has polar equation r = 2a cos 6):

w/2  r2acosf 1 w/2 1
Average distance = // / 2 drdf = 2/ —(2acos ) db
Area /2 ma® ) 523

w/2
_ 8a” 5 / cos® 0 dh = / (1 —sin” ) cos f df = (substituting u = sin )
~ 3ma /2 3 /2

8a [! 8 1,]" 8a,2 2 32
=20 d ) du= 2w b Sz Loy =2

3m J_ 3T 3 1 37r 3 3 97
Problem 2:

w/2 psin26 sin 20
a) Area = / / rdrdf. Inner: [%TQ] . = 1 sin? 20.
0 0

/2 w/2
Outer: ;/ $(1—cos40)df = 10 — 16 sin 40 =
0

ool

b) By symmetry the centroid must be on the diagonal line y = x, so calculating Z is enough.

1 w/2 psin 20
Aron / / rcos@rdrdf.
0 0

T =
Inner: %7‘3 oS 9] 0 = % sin® 26 cos 0 = l(2 sin 6 cos 0)3 cos = % sin3 6 cos? 6
= 8 sinfcos’ O(1 — cos? §) = & sinB(cos? 0 — cos’ 6).
Outer: %(—g cos® 0 + = L cos” 9)}0/2 = %(% — %) = 105 Therefore T =y = % % = 11025i

Problem 3: u = xy, v = y/2: so uv = y? and u/v = 22, which gives 22 + y? = uv + u/v.

2
The Jacobian is O(u,v) = Y 2 LA 2v.
O(z,y) Uy Uy —y/z* 1/x x
2
Thus dudv = |22 dx dy, and dx dy = 2| dudv = —dudv
x 2y 2|v|

Limits of integration: 0 < zy < 1, 1 < z < 2. In ww-coordinates, the first inequality
becomes 0 < u < 1; and the second one becomes 1 < z? = u/v < 4, or equivalently
v < u < 4v, which means that v < u and v > %u. So

//(a:2+y2)dxdy:/1/j uv+E idvdu
R 4
///4 21)2 dvdu
:/0 [7_%}3/4%
= 1 1u2—1 - 1u2—2 du
o \\2% T2 8
[ty



