DIMACS Technical Report 2000-03 January 2000

TREE AND FOREST VOLUMES OF GRAPHS by Alexander Kelmans RUTCOR, Rutgers University 640 Bartholomew Road, Piscataway, NJ 08854 and Department of Mathematics, University of Puerto Rico San Juan, PR 00931, Email: kelmans@rutcor.rutgers.edu

Igor Pak Department of Mathematics, Harvard University Cambridge, MA 02139

Alexander Postnikov Department of Mathematics, Massachusetts Institute of Technology Cambridge, MA 02139

DIMACS is a partnership of Rutgers University, Princeton University, AT&T Labs- Research, Bell Labs, Telcordia Technologies (formerly Bellcore) and NEC Research Institute.

DIMACS is an NSF Science and Technology Center, funded under contract STC–91– 19999; and also receives support from the New Jersey Commission on Science and Technology.

ABSTRACT

The tree volume of a weighted graph G is the “sum” of the tree volumes of all spanning trees of G, and the tree volume of a weighted tree T is the product of the edge weights of T times the “product” of the letters of the Prüfer code of T where the vertices of G are viewed as independent indeterminants that can be multiplied and commute. The forest volume of G is the tree volume of the graph G^c obtained from G by adding a new vertex c and connecting every vertex of G with c by an arc of weight 1. We show that the forest volume is a natural generalization of the Laplacian polynomial of graphs and that it also can be expressed as the characteristic polynomial of a certain matrix similar to the Laplacian matrix. It turns out that the forest volumes of graphs possesses many important properties of the Laplacian polynomials, for example, the reciprocity theorem holds also for the forest volumes. We describe two constructions of graph compositions, and show that the forest volume of a composition can be easily found if the “structure” of the composition and the forest volumes of the graph–bricks are known. As an illustration of the results on the forest volume of graph–compositions we give a combinatorial interpretation and proof of Hurwitz’s identity.

Keywords: graph, tree, forest spanning tree, Laplacian matrix and polynomial, tree and forest volume.

Contents

1 Introduction 1

2 Main notions and notation 4

3 Laplacian matrix and the matrix–tree theorem 7

4 Laplacian polynomial of a graph 8

5 Tree and forest volumes of graphs 11

6 Recursive properties of graph volumes 13

7 Graph volumes and Laplacian polynomials 15

8 Reciprocity theorem for graph volumes 16

9 Graph constructions 19

10 Tree and forest volumes of decomposable graphs 21

11 Tree and forest volumes of graph–compositions 23

12 Forest volumes of some special graphs 26

13 Combinatorial interpretation of Hurwitz’s identity 28

1 Introduction

Enumerating and/or finding the number of spanning trees of a graph is one of the classical problems in enumerative combinatorics and graph theory. The first result to be mentioned in this respect is the classical matrix–tree theorem that in its general form expresses, as the determinant of a certain graph matrix, not only the number of spanning trees of a graph but also a certain polynomial that can be viewed as an enumerator (a generating function) of all spanning trees of a graph [4, 22] (see also [2, 6]). This theorem provides an efficient (polynomial time) algorithm for finding the number of spanning trees of a graph.

Another aspect of the spanning tree enumeration is the problem of finding formulas for the number of spanning trees of graphs of special type (as a function of certain parameters of the graph). There are various natural classes of graphs whose descriptions are (asymptotically) much smaller than O(n^2) which is the size of descriptions of arbitrary graphs. It is natural to expect that for some of these classes the number of spanning trees of their members also have a short description (formula) as a function of certain graph parameters. The first example of such classes is the class of complete graphs.

– 2 –

An elegant formula n^{n−2} for the number of spanning trees of a complete graph on n vertices was found in the last century [3, 5, 28] (see also [2, 6]).

There are various approaches for finding such “good” classes of graphs and the corresponding formulas for graphs of these classes.

One approach is to use directly the matrix–tree theorem. If a class of graphs under consideration is “good enough”, one may use his skill and the properties of the corresponding matrices of such special graphs and succeed in finding formulas for the determinant of these matrices because of their special structure. For example, the Sylvester–Borchardt–Cayley formula (usually called the Cayley formula) for the complete graphs can easily be found that way.

One more approach was developed by Moon [23] in 1967. This approach views every graph as obtained from the corresponding complete graph by deleting some edges, and accordingly uses the inclusion–exclusion principle. The success of this approach depends essentially on one’s skill in finding closed formulas for the corresponding series sums, and formulas for some special graphs have been found that way.

Another approach was developed by A. Kelmans [9] in 1964. In this approach the characteristic polynomial of the Laplacian matrix (so called Laplacian polynomial) of a graph plays an essential role. It turns out that the Laplacian polynomial of graphs has very interesting and useful combinatorial properties that can be used to approach the above problem [9]. Many papers have since been devoted to the Laplacian polynomials (see, for example, [6]). One important observation [9] is that the number of spanning trees times the number of vertices of the graph is the product of all eigenvalues of the Laplacian matrix excluding one zero eigenvalue. Another essential property is the so called reciprocity theorem concerning the relation between the Laplacian polynomial (and the Laplacian spectrum) of a graph and its complement [9, 11]. This theorem gives, in particular, an expression for the number of spanning trees of a graph in terms of the Laplacian polynomial of the complement graph. A remarkable property of this expression is that it turns out to be nothing but (it can be read term by term as) the basic inclusion–exclusion relation in the previous approach [12]. Therefore this approach contains the previous approach but says much more about the basic inclusion–exclusion relation.

As we mentioned above, the class of complete graphs was the first “good” class in this respect. The next natural classes were the classes of complete bipartite graphs, and more generally, complete multipartite graphs. The question arises as to what would be a natural direction to develop these results.

The main idea suggested and explored in [9] was to find a certain composition C of graph–components with the property that if we know the Laplacian polynomials (the Laplacian spectrum) of the components and the “structure” of the composition C then we can find the same information for the result of the composition.

The reciprocity theorem mentioned above turned out to be a natural basis to develop such a composition. It suggested certain operations on graphs that induced the corresponding operations on the Laplacian polynomials. Therefore the Laplacian polynomial (the Laplacian spectrum) of any graph obtained from the graph–components by a series of such operations can be easily found if we know the same information on the graph–components and the series of operations (the composition “structure”). This development resulted in an algorithm providing formulas of the Laplacian polynomial

– 3 –

(and spectrum) for so called decomposable graphs [9, 11] (see also Sections 9 and 10 below). It turns out that many formulas for the number of spanning trees found so far by either approach can be obtained by this algorithm. In particular, the corresponding formulas for the complete mulipartite graphs can be easily found by applying the above mentioned algorithm. A natural class of graphs that are uniquely defined by their degree functions (so called threshold graphs) turns out to be a small subclass of the class of decomposable graph. Therefore the above approach provides the formulas for the number of spanning trees of threshold graphs in terms of their vertex degrees [7].

When studying the combinatorial structure of the set of spanning trees of a graph it is natural to classify spanning trees by their degree functions. For that reason A. Kelmans introduced in [17, 18] (see also [15]) a notion of the spanning tree volume (or simply T –volume) of a graph which is a generating function of the graph spanning trees that reflects the above mentioned classification.

In this paper we consider the so called forest volume (or simply F–volume) of a graph which is a modification of the spanning tree volume (each of these two notions uniquely defines the other, see Section 5). We show that the forest volume is a natural generalization of the Laplacian polynomial of graphs and that it also can be expressed as the characteristic polynomial of a certain matrix similar to the Laplacian matrix (see Section 5). It turns out that many important properties of the Laplacian polynomial can be generalized to the forest volume of a graph.

The main notions and notation are given in Section 2. In Section 3 we recall the matrix–tree theorem.

In Section 4 we outline the main properties of the Laplacian polynomials of graphs. The notions of the tree and forest volumes of graphs are defined and discussed in Section 5.

Recursive properties of the forest volumes are given in Sections 6 and are used in Sections 8 and 11.

In Section 7 we show that the forest volume is the characteristic polynomial of a matrix similar to the Laplacian matrix of a graph. We also discuss the relation between the forest volumes and the Laplacian polynomials.

In Section 8 we prove the reciprocity theorem for the forest volumes similar to that for the Laplacian polynomials.

Two constructions of graph compositions (T –aggregates and G–compositions) are described in Section 9.

In Section 10 we adopt the algorithm of finding the Laplacian polynomials of decomposable graphs in [9, 11] to find the forest volumes of T –aggregates.

In Section 11 we consider the G–compositions of graphs and describe the relation between the forest volumes of a G–composition and its graph–components. This relation shows that the forest volume of a G–composition is uniquely defined by the forest volumes of its graph–components and the “structure” G of the composition.

In Section 12 we find formulas of the forest volumes for some special weighted digraphs.

In Section 13 we use the results of Sections 11 and 12 to give a combinatorial interpretation and proof of Hurwitz’s identity.

– 4 –

In another paper we use the relation between the forest volumes of a G–composition and its graph–components in Section 11 to obtain more general results on identities.

2 Main notions and notation

The notions that are used but not defined here can be found in [2].

An undirected graph or simply a graph G is a pair (V, E) where V is a finite non– empty set of elements (called vertices), E ⊆

�_V 2 � where

�_V 2 � is the set of unordered pairs of different elements of V (the elements of E are called edges of G). Let V (G) = V and E(G) = E.

Let E(u, G) = {[u, v] : [u, v] ∈ E(G). The number d(u, G) = |E(u, G)| is called the degree of the vertex v in G.

A directed graph or simply a digraph G is a pair (V, E) where V is a finite non– empty set of elements (called vertices of G), E ⊆ (V^2) where (V^2) is the set of ordered pairs of different elements of V . Let V (G) = V and E(G) = E.

Note that in the above definitions both

�_V 2 � and (V^2) do not contain pairs of type (v, v) which means that the above defined graphs do not have loops.

For a digraph G, let E_{in}(u, G) = {(v, u) : (v, u) ∈ E(G) and E_{out}(u, G) = {(u, v) : (u, v) ∈ E(G)}.

The numbers d_{in}(u, G) = |E_{in}(u, G)|, d_{out}(u, G) = |E_{out}(u, G)|, and d(u, G) = d_{in}(u, G) + d_{out}(u, G) are called, respectively, the indegree, outdegree, and degree of the vertex v in G.

A source (a sink) of a digraph G is a vertex v having no incoming (respectively, outgoing) edges in G. Let S(G) and R(G) denote the sets of sources and sinks of G, respectively.

A digraph is acyclic if it has no directed cycles.

A graph S is a subgraph of G, written S ⊆ G if V (S) ⊆ V (G) and E(S) ⊆ E(G). A subgraph S of G is spanning if V (S) = V (G).

Two spanning subgraphs S_1 and S_2 of G are different if E(S_1) ≠ E(S_2).

For digraph the corresponding notions are defined similarly.

A forest is a graph with no cycles. A tree is a connected graph with no cycles (i.e. a connected forest).

A spanning tree of G is a spanning subgraph of G which is a tree. Let F(G) and T (G) denote the sets of different spanning forests and spanning trees of G, respectively. Put t(G) = |T (G)|, i.e. t(G) is the number of different spanning trees of G.

– 5 –

A ditree (or an arborescence) A is a digraph with the properties: (a1) A has no directed cycles, and (a2) for every vertex v in V (A) except for one vertex, say r, there exists a unique arc e_v = (v, t_v) starting at v.

The vertex r is called the root of A, and A is also called a ditree rooted at r. A leaf of a ditree A is a vertex having no incoming edge in A (or equivalently, a vertex of degree one in A). Clearly R(A) = {r} and S(A) is the set of leaves of A.

It is clear that a ditree is a special acyclic digraph. It is easy to see that a ditree can be obtained from a tree T by specifying one of its vertices, say r, and assigning orientations to its edges such that for every edge e of T if we walk in T along a path starting at r and containing e then we traverse e in the direction opposite to its orientation.

A diforest is a digraph such that every its component is a ditree. For a diforest A and a vertex u ∈ V (A \ R(A)) let f(u) = v if (u, v) ∈ E(A). Since A is a diforest, clearly f : V (A \ R(A)) → V (A) is a function. We call f the pointer of a diforest A.

A spanning ditree (spanning diforest) of a digraph G is a spanning subdigraph of G which is a ditree (respectively, a diforest).

Let T_r(G) denote the set of different spanning ditrees of G rooted at r ∈ V (G). Similarly let F(G) denote the set of different spanning diforests of G. Put t_r(G) = |T_r(G)|, i.e. t_r(G) is the number of different spanning ditrees of G rooted at r.

A weighted graph G is a pair (V, g) where V = V (G) is a finite set of elements called vertices, and g :

�_V 2 � → R_e is a function that prescribes to every undirected pair [u, v] with u, v ∈ V and u ≠ v, a weight g[u, v] which is an element of a commutative ring R_e. Let G̀ denote the graph such that V (G̀) = V (G) and [u, v] ∈ E(G) if g[u, v] ≠ 0 ∈ R_e (i.e. E(G̀) is the support of function g). If e = [u, v] ∈ E(G) then put g(e) = g[u, v]. The graph G̀ is called the skeleton of the weighted graph G. Let

t(G) = � {g(T ) : T ∈ T (G̀)} where g(T ) = � {g(e) : e ∈ E(T )}.

A weighted digraph G = (V, g) and its graph–skeleton G̀ are defined similarly. The only difference is that the set

�_V 2 � of all 2–subsets of V is replaced by the set (V^2) of all ordered pairs of distinct elements of V and G̀ is the corresponding digraph.

Note that in the definition of a weighted digraph the set (V^2) of all ordered pairs of distinct elements of V can be replaced by the set V^2 of all ordered pairs with the additional condition that g(v, v) = 0 for each v ∈ V .

For a weighted digraph G = (V, g) and e = (b, a), a, b ∈ V , let G \ e = (V, g|_{g(e)=0}). Let G/e denote the graph H = (V_h, h) such that V_h = V \ b and h(a, v) = g(a, v) + g(b, v), h(v, a) = g(v, a) + g(v, b), and h(u, v) = g(u, v) if u, v ∈ V_h \ a. The operations \ and / are called deletion and contraction an edge e in G.

– 6 – Let t_v(G) = � {g(T ) : T ∈ T_v (G̀)}

where g(T ) = � {g(e) : e ∈ E(T )}.

A weighted digraph is acyclic if its skeleton is an acyclic digraph.

In many situations weighted graph G can be viewed as the weighted digraph ⃗G = (G,⃗g) such that V ( ⃗G) = V (G) and ⃗g(u, v) = ⃗g(v, u) = g[u, v].

If in particular, R_e is the set of integers, and g(e) ≥ 0 for every e ∈ E(G) then G can be viewed as the graph obtained from G̀ by replacing every edge e of G̀ by g(e) parallel (labeled) edges, and so t(G) is the number of spanning trees of the graph G. A weighted digraph has a similar interpretation in this case.

A p–complete weighted digraph K^p is a pair (V, k) where V = V (K^p) is a finite set of elements (vertices of K^p), and k(u, v) = p ∈ R_e for every ordered pair of distinct vertices (u, v) of V .

Let A = (V_a, a) and B = (V_b, b) be two weighted digraphs such that V_b ⊆ V_a. Let B − A denote the weighted digraph G = (V, g) such that V = V_a, and g(u, v) = a(u, v) − b(u, v) if u, v ∈ V_b, and g(u, v) = a(u, v) otherwise. If, in particular, A = K^p and V_a = V_b then K^p − B is called the weighted digraph p–complement to B, written Ḡp = K p − B.

Let A \ B denote the weighted digraph G = (V, g) such that V = V_a \ V_b and g is the restriction of a on V^2.

A complete graph K^p is a very particular case of so called totally decomposable graphs [9, 11] (see Section 9).

Let G_1 = (V_1, g_1) and G_2 = (V_1, g_1) be two disjoint weighted digraphs, and let p ∈ R_e. Let G_1(p)G_2 denote the weighted digraph G = (V, g) such that V = V_1 ∪ V_2, and g(u, v) = g_i(u, v) if u, v ∈ V_i, i = 1, 2, and g(u, v) = p if u ∈ V_1 and v ∈ V_2 or v ∈ V_1 and u ∈ V_2. We denote G_1(0)G_2 by G_1 + G_2, and G_1(1)G_2 by G_1 × G_2.

For example, we can describe K^p_n using the above p–operation as follows:

K^p_n = v_1(p)v_2 . . . (p)v_n = (P ){v_i : i ∈ I^n_1 and, in particular,

K^1_n = v_1 × v_2 . . . × v_n = � {v_i : i ∈ I^n_1 }, and

K^0_n = v_1 + v_2 . . . + v_n = � {v_i : i ∈ I^n_1 }

where V (K^p_n) = {v_1, . . . v_n}. We can abbreviate:

K^p_n = v^{(p)n}, K^1_n = v^n, and K^0_n = v^{(0)n} = nv.

Here and after I^s_k = {k, . . . , s} where k and s are integers and k ≤ s.

– 7 –

Let G^∗ = (V^∗, w^∗) be the weighted digraph obtained from G = (V, w) as follows: V^∗ = V ∪ ∗, w^∗(v, ∗) = 1 ∈ R_e, w^∗(∗, v) = 0 ∈ R_e for v ∈ V , and w^∗(u, v) = w(u, v) for u, v ∈ V . We call G^∗ the cone of G.

Let f : A → R be a function, and let S ⊆ A. Then let f|^S = f|_{A\S} and f ↓^U_a be the function obtained from f by putting f(u) = a ∈ R for every u ∈ U.

3 Laplacian matrix and the matrix–tree theorem

The first result to mention concerning enumeration of the spanning trees in a graph is the classical matrix–tree theorem.

Let G = (V, g) be an (undirected) weighted graph with V = {v_1, . . . , v_n} and with the function g :

�_V 2 � → R_e. Let L(H) = {l_{ij} } where l_{ij} = −g[v_i, v_j ] for i ≠ j, and l_{ii} = − � {l_{ij} : j ≠ i, j ∈ I^n_1 . The matrix L(G) is called the Laplacian matrix of the weighted graph G. Let L_v(G) denote the matrix obtained from L(G) by deleting the row and the column of L(G) corresponding to a vertex v of G.

Let t(G) = � {g(T ) : T ∈ T (G̀)} where G(T ) = � {g(e) : e ∈ E(T̀)}.

The matrix–tree theorem states the following:

3.1 [4, 22] (see also [2, 6]) Let G be a weighted graph. Then t(G) = det(L_v (G)) for every vertex v of G.

If, in particular, R_e is the set of integers, and g(e) ≥ 0 for every e ∈ E(G) then G can be viewed as the multigraph obtained from G̀ by replacing every edge e of G̀ by g(e) parallel edges, and so t(G) is the number of spanning trees of the multigraph G.

A more general form of the matrix–tree theorem concerns directed weighted graphs. Let G = (V, g) be a weighted digraph. Put t_v(G) = � {g(T ) : T ∈ T_v(G̀)} where G(T ) = � {g(e) : e ∈ E(T )} and T_v(G) is the set of all different spanning ditrees of a simple digraph G rooted at v. Let L(G) = {l_{ij} } where l_{ij} = −g(v_i, v_j ) for i ≠ j, and l_{ii} = − � {l_{ij} : j ≠ i, j ∈ I^n_1 }. The matrix L(G) is called the Laplacian matrix of G.

Let as above L_v (G) denote the matrix obtained from L(G) by deleting the row and the column of L(G) corresponding to a vertex v of G.

3.2 [4] (see also [2, 6]) Let G be a weighted digraph and v ∈ V (G). Then

t_v(G) = det(L_x(G)).

This small formula opens a world of opportunities. We will use some of these opportunities in this paper.

– 8 –

4 Laplacian polynomial of a graph

The Laplacian polynomial of a graph was introduced in [9] (see also [6]). This polynomial has very interesting combinatorial properties (e.g. [9, 10, 12, 13], see also [6]). Because of these properties the Laplacian polynomial of a graph plays an important role in problems concerning the enumeration of spanning trees of graphs as well as the comparison of graphs by their number of spanning trees. We will see that many properties of the Laplacian polynomial can be generalized to the so called forest volumes of graphs (see Section 5). In this section we will list some important properties of the Laplacian polynomial of a graph.

Let G = (V, g) be an undirected weighted graph with the function g : E(G) → R_e where R_e is a commutative ring. Let L(G) be the Laplacian matrix of G (see Section 3). The Laplacian polynomial L(λ, G) of a graph G is the characteristic polynomial of the Laplacian matrix L(G), i.e. L(λ, G) = det(λI_n − L(G)) where n = |V (G)|.

By using 3.1, one can prove that 4.1 [10, 12] Let G = (V, g) be a weighted graph with n vertices. L(λ, G) = � {(−1)^ia_i(G)λ^{n−i} : i ∈ I^{n−1}_0 } where a_i(G) = � {γ(F )g(F ) : F ∈ F(G̀), |E(F )| = i}, g(F ) = � {g(e) : e ∈ E(F )}, and γ(F ) is the product of the numbers of vertices of the components of a forest F .

In particular, a_0(G) = 1, a_1(G) = 2W (G) where W (G) = � {w(e) : e ∈ E(G̀)}, and a_{n−1}(G) = nt(G).

Let Φ(λ, G) = λ^{m−n+1} L(λ, G) where n = |V (G)| and m = |E(G)|. Note that Φ(λ, G) does not depend on the number of isolated vertices of G, i.e. Φ(λ, G) = Φ(λ, G + v).

The Laplacian polynomial has the following recursive property: 4.2 [12] Let G \ e = (V, w|_{w(e)=0}). Then Φ^′_λ(λ, G) = � {Φ(λ, G \ e) : e ∈ E(G̀)} or equivalently,

Φ(λ, G) = Φ(a, G) +

�_z a � {Φ(λ, G \ e) : e ∈ E(G̀)}dλ.

This theorem was used in [12, 13] to find graphs having the maximum number of spanning trees among graphs of the same number of vertices and the same number of

– 9 –

edges.

Suppose that R_e = C is the set of complex numbers. Let S(G) = {λ_0(G), . . . , λ_{n−1}(G)} be the list of eigenvalues of G.

From 3.1 and 4.1 we have:

4.3 [9] Let G = (V, g) be a weighted graph with n vertices where g :

�_V 2 � → C. Then

t(G) = n^{−1} � {λ_i(G) : i ∈ I^{n−1}_1 }.

The Laplacian polynomial has the following important property:

4.4 [9, 11] Let G = (V, g) be a weighted graph with n vertices where g :

�_V 2 � → C. Let λ_0(G) = 0. Then there is a bijection α : I^{n−1}_1 → I^{n−1}_1 such that

λ_i(G) + λ_{α(i)}(Ḡ^p) = np

for every i = I^{n−1}_1 .

Different proofs of this theorem were given in [9, 11]. One of them did not use the symmetry of L(G) and allowed us to prove similar theorem for directed graphs. We will adopt later this proof to obtain a generalization of this theorem for the forest volumes of weighted digraphs. Another proof is very short and uses the symmetry of L(G). Here we give this short proof.

Proof of 4.4. Since for every row of L(G) the sum of its entries is equal to 0, it follows that the vector ⃗1 is an eigenvector of L(G) corresponding to the eigenvalue 0.

Since G is an undirected graph, the matrix L(G) is symmetric. For every eigenvector x_0 of a symmetric n × n–matrix A there exists a list (x_0, x_1, . . . , x_{n−1}) of n mutually orthogonal eigenvectors (i.e. x_i · x_j = 0 for i ≠ j and i, j ∈ I^{n−1}_0 ). Let A = L(G) and x_0 = ⃗1. We can assume that the eigenvector x_0 corresponds to λ_0 = λ_0(G) = 0 and that x_i corresponds to λ_i = λ_i(G). Then L(G)x_i = λ_ix_i.

Since Ḡ^p is the graph p–complement to G, we have: L(G) + L(Ḡ^p) = L(K^p) = npI_n + pJ_n where J_n is the n × n–matrix with every entry equal 1. Therefore

L(G)x_i + L(Ḡ^p)x_i = npI_nx_i + pJ_nx_i.

Since x_0 · x_i = 0, we have J_nx_i = 0 for every i ≠ 0 and i ∈ I^{n−1}_1 . Therefore we obtain from the last equation: L(Ḡ^p)x_i = (np−λ_i)x_i. Thus x_i is an eigenvector of L(Ḡ^p) with the eigenvalue np−λ_i. Let λ_{α(i)} denote the the eigenvalue of L(Ḡ^p) corresponding to its eigenvector x_i. Then clearly α : I^{n−1}_1 → I^{n−1}_1 is a bijection and λ_i(G) + λ_{α(i)}(Ḡ^p) = np for every i = I^{n−1}_1 . 2

Theorem 4.4 is equivalent to the following:

4.5 [9, 11] Let G be a weighted graph with n vertices. Then

L(λ, Ḡ^p) = (−1)^{n−1}L(np − λ, G).

– 10 –

We will call this theorem the Reciprocity Theorem for the Laplacian polynomials. From 4.3 and 4.5 we have:

4.6 [9] Let G = (V, g) be a weighted graph, and let V (G) ⊆ V (K^p). Then t(K^p − G) = (sp)^{s−n−2} L(sp, G) where n = |V (G)| and s = |V (K^p)|.

This relation was used in [12, 13, 16, 19, 20] to obtain various results on the comparison of graphs by their number of spanning trees (see also [14]).

By using 4.1 and 4.6, we can obtain the following interesting combinatorial interpretation of formula 4.6:

4.7 [12] Equation 4.6 is an inclusion–exclusion formula for t(K^p − G).

Suppose now that G = (V, g) and g is a real valued non-negative function. Since L(G) is symmetric, all eigenvalues of L(G) are real numbers. It is easy to show [10] (see also [6]) that in this case L(G) is a positive semi–definite matrix, and so all its eigenvalues are non-negative real numbers, say 0 ≤ λ_0(G) ≤ λ_1(G) ≤ . . . ≤ λ_{n−1}(G) where λ_0(G) = 0. Therefore we have from 4.4:

4.8 [9, 11] Let G = (V, g) be a weighted graph with n vertices where g :

�_V 2 � → R_+.

Then λ_i(G) + λ_{n−i}(Ḡ^p) = np for every i = I^{n−1}_1 .

From 4.8 it follows that 4.9 [10] Let G = (V, g) be a weighted graph with n vertices where g :

�_V 2 � → [0, p].

Then 0 ≤ λ_i(G) ≤ np for every i = I^{n−1}_1 .

By using 4.5, one can easily obtain:

4.10 [9, 11] Let G_1 and G_2 be weighted graphs with n_1 and n_2 vertices, respectively. Then

λL(λ, G_1(p)G_2) = (λ − n_1p − n_2p)L(λ − n_2p, G_1)L(λ − n_1p, G_2). The last relation was used in [9, 11] to give an algorithm for finding the Laplacian spectra and the Laplacian polynomials of so called decomposable weighted graphs. We will describe the analogue of this algorithm in Section 10 for finding the tree and forest volumes of decomposable weighted graphs.

Similar results were shown to be true for weighted digraphs [11].

– 11 –

5 Tree and forest volumes of graphs

The notion of the spanning tree volume (or simply tree volume) of a graph was introduced in [17, 18]. For a simple graph G the tree volume of G is actually the “sum” of the “Prüfer code volumes” of all spanning trees of G where the labels of the vertices of G are viewed as independent indeterminants that can be multiplied and commute, and the “volume of a Prüfer code” is the product of its entries.

We recall that the digraph–skeleton G̀ of G is a simple digraph such that V (G̀) = V (G) and (u, v) ∈ E(G̀) if and only if w(u, v) ≠ 0 ∈ R_e. If e = (u, v) ∈ E(G̀) we put w(e) = w(u, v).

Given a simple digraph Q and a vertex r ∈ V (Q), let as above T_r(Q) denote the set of spanning ditrees of Q rooted at r. Let T (Q) = ∪{T_r(Q) : r ∈ V (Q)}. As usual, let t_r(Q) = |T_r(Q)| and t(Q) = |T (Q)|.

A weighted ditree is a weighted digraph whose skeleton is a ditree. For a weighted digraph G = (V, g), let T_r(G) denote the set of weighted ditrees T = (V_t, t) such that r is the root of T and t(u, v) = g(u, v) for (u, v) ∈ V_t.

Let x : V (G) → R_v be a function where R_v is a commutative ring. We assume as above that a commutative and distributive operation ab is defined for a ∈ R_v and b ∈ R_e.

Let T_r = (V, w) be a weighted ditree rooted at r. Put

X(T_r) = � {x(v)^{d(v,T̀r)−1} : v ∈ V (T̀_r)} and W (T_r) = � {w(e) : e ∈ E(T̀_r)}.

Clearly X(T_r) = x^{din(r,T̀r)−1} r � {x(v)^{din(v,T̀r )} : v ∈ V (T̀_r) \ r}.

Let T_r(T_r, x) = X(T_r)W (T_r). We call T_r(T_r, x) the volume of a weighted tree T_r.

The spanning tree volume (or T –volume) of an arbitrary weighted digraph G = (V, w) with respect to a given vertex r ∈ V (G) is

T_r(G, x) = � {T_r(T, x) : T ∈ T_r(G)}.

Clearly T_r(G, x) is a polynomial in variables x(v), v ∈ V (G).

The spanning tree volume (or simply T –volume) of a weighted digraph G = (V, w) is T (G, x) = � {x(r)T_r(G, x) : r ∈ V (G)}. (5.1)

The spanning tree volume of a weighted digraph G can also be viewed as a generating function of weighted spanning ditrees of G classified by their roots, degree functions, and numbers of edges (if the edge weights are non-negative integers).

Let ¯1 be a function x : V (G) → R_v such that x(v) = 1 ∈ R_v for every v ∈ V (G). Clearly t_r(F ) = T_r(G, ¯1) and t(F ) = T (G, ¯1).

– 12 –

Let G^∗ = (V^∗, w^∗) be the weighted digraph obtained from G = (V, w) as follows: V^∗ = V ∪ ∗ (where ∗ ∉ V ), w^∗(v, ∗) = 1 ∈ R_e, w^∗(∗, v) = 0 ∈ R_e for v ∈ V , and w^∗(u, v) = w(u, v) for u, v ∈ V . For a function x : V (G) → R_v let x^∗ : V (G^∗) → R_v be a function such that x^∗(v) = x(v) if v ∈ V (G) and x^∗(∗) = z ∈ R_v , and so x is a restriction of x^∗ on V (G). We call G^∗ the cone of G.

The forest volume or simply F–volume of G = (G, w) is F(z, G, x) = T_∗(G^∗, x^∗). (5.2) The forest volume of a weighted digraph G (with positive integer weights) can also be viewed as a generating function of weighted spanning diforests of G classified by their numbers of edges and degree functions.

We recall that a diforest is a digraph in which every component is a ditree. A weighted diforest is a weighted digraph whose skeleton is a diforest.

For a weighted digraph G = (V, g), let F(G) denote the set of weighted diforests F = (V_f , f) such V_f = V and f(u, v) = g(u, v) for every (u, v) ∈ E(F̀).

Let F be a weighted diforest. Let w(F ) = � {w(e) : e ∈ E(F̀ )}. Put F(F, x) = w(F ) � {x(v)^{din(v,F̀ )} : v ∈ V (F )}.

From the definition of F(z, G, x) it follows that 5.1 Let G = (V, w) be a weighted digraph, n = |V (G)| and let x : V (G) → R_e be a function. Then F(z, G, x) = � {z^{n−1−i}f_i(G, x) : i ∈ I^{n−1}_0 } (5.3) where f_i(G, x) = � {F(F, x) : F ∈ F(G), |E(F )| = i} (5.4) and, in particular, f_0(G, x) = 1, f_1(G, x) = � {w(u, v)x(v) : (u, v) ∈ E(G̀), and f_{n−1}(G, x) = F(0, G, x) = T (G, x). (5.5) Clearly F(z, G, x) is a polynomial in z and x(v), v ∈ V (G). As a polynomial F(z, G, x) has the following useful property.

5.2 F(z, G, x) is a homogeneous polynomial of degree |V (G)| − 1 in variables x(v) : v ∈ V (G) and z.

Proof By the definition, the forest volume of G is F(z, G, x) = T_∗(G^∗, s). Let T be a spanning tree of G̀^∗. Then V (T ) = V (G^∗) = V (G) ∪ {∗}, and clearly � {d(v, T ) : v ∈ V (T )} = 2|V (G^∗)|. Therefore deg(T_∗(T, x)) = � {d(v, T ) − 1 : v ∈ V (T )} = |V (G^∗)| − 2 = |V (G)| − 1. 2

– 13 –

6 Recursive properties of graph volumes

In this section we establish some recursive relations for the forest volumes of digraphs. We will use some of them in Sections 8 and 11.

For a vertex u of G, let d_u(G, x) = � {x(v)w(u, v) : v ∈ V (G) \ u}. It is natural to call d_u(G, x) the outdegree of u in (G, x). We recall that for U ⊆ V , x|^U = x|_{V \U} and x ↓^U_0 is obtained from x by putting x(u) = 0 for every u ∈ U. 6.1 Let r ∈ V (G) and U ⊆ V (G). If r ∉ U then T_r(G, x ↓^U_0 ) = � {d_u(G \ (U \ u), x) : u ∈ U}T_r(G \ U, x|^U ).

If r ∈ U then T_r(G, x ↓^U_0 ) = � {x_vw(v, r)T_v(G \ U, x|^U ) : v ∈ V (G \ U)} � {d_u(G \ (U \ u), x) : u ∈ U \ r}T_r (G \ U, x|^U ).

Proof By the definitions of T_r(G, x), T_r(G, x ↓^U_0 ) = � {T_r(T, x) : T ∈ T_r(G̀), d(u, T ) = 1, u ∈ U}.

If u is not the root of T , then the equality d(u, T ) = 1 implies d_{in}(u, T ) = 0. If u = r is the root of T , then the equality d(r, T ) = 1 implies d_{in}(r, T ) = 1. Therefore if r ∉ U, then T_r(G, x ↓^U_0 ) = � {d_u(G \ (U \ u), x) : u ∈ U} � {T_r(T, x|^U ) : T ∈ T_r(G̀ \ U)} = � {d_u(G \ (U \ u), x) : u ∈ U}T_r(G \ U, x|^U ).

Now suppose that r ∈ U. Then T_r(G, x ↓^U_0 ) = � {x_vw(v, r)T_v(G \ U, x|^U ) : v ∈ V (G \ U)} � {d_u(G \ (U \ u), x) : u ∈ U \ r}T_r (G \ U, x|^U ). 2 Note that the formula for f_{n−1}(H, x) in 5.1 is a particular case of the last formula in 6.1 when r = ∗, G = H^∗ (and so G \ r = H), and w(v, r) = w(v, ∗) = 1 for every v ∈ V (H).

From 6.1 we have in particular: 6.2 Let U ⊂ V (G). Then

F(z, G, x ↓^U_0 ) = � {(z + d_u(G \ U, x) : u ∈ U}F(z, G \ U, x|^U ).

Proof (uses 6.1). Let x^∗(u, v) = x(u, v) if u, v ∈ V (G), x^∗(v, ∗) = 1 ∈ R_e, and x^∗(∗, v) = 0 ∈ R_e for every v ∈ V (G). By the definitions of G^∗ and a forest volume of a digraph, F(z, G, x ↓^U_0 ) = T_∗(G^∗, x^∗ ↓^U_0 ). Clearly d_u(G^∗, x) = z + d_u(G, x). Therefore by 6.1,

– 14 –

F(z, G, x ↓^U_0 ) = � {(z + d_u(G \ U, x) : u ∈ U}F(z, G \ U, x|^U ). 2 Next statement is a generalization of the recursive relation 4.2 for the Laplacian polynomial. Let |V (G)| = n and |E(G)| = m. It is sometimes more convenient to consider the polynomial Φ(z, G, x) = z^{m−n+1}F(z, G, x) instead of F(z, G, x) because Φ(z, G, x) does not depend on the number of isolated vertices of G, i.e. Φ(z, G, x) = Φ(z, G + g, x). 6.3 Let G \ e = (V, w|_{w(e)=0}). Then Φ^′_z (z, G, x) = � {Φ(z, G \ e, x) : e ∈ E(G)} or equivalently, Φ(z, G, x) = Φ(a, G, x) +

�_z a � {Φ(z, G \ e, x) : e ∈ E(G)}dz.

Proof (uses 5.1). Let |V (G)| = n and |E(G)| = m. From (5.4) in 5.1, we have: (m − n + 1 + i) · f_i(G, x) = � {f_i(G \ e, x) : e ∈ E(G)}. (6.1) By (5.3) in 5.1,

Φ(z, G, x) = z^{m−n+1}F(z, G^m_n , x) = � {z^{m−n+1+i}f_i(G, x) : i ∈ I^{n−1}_1 }. (6.2) By (6.1) and (6.2), Φ^′_z (z, G, x) = � {(m − n + 1 + i)z^{m−n+i}f_i(G, x) : i ∈ I^{n−1}_1 } = � {z^{m−n+i} � {f_i(G \ e, x) : e ∈ E(G)} : i ∈ I^{n−1}_1 } = � � {{z^{m−1−n+1+i}f_i(G \ e, x) : i ∈ I^{n−1}_1 } : e ∈ E(G)} = = � {Φ(z, G \ e, x) : e ∈ E(G)}. 2 We recall the deletion and contraction operations for weighted digraph. For a weighted digraph G = (V, g) and e = (b, a), a, b ∈ V , let G \ e = (V, g|_{g(e)=0}.

Let G/e denote the graph H = (V_h, h) such that V_h = V \ b and h(u, v) = g(u, v) if u, v ∈ V_h \ a, h(a, v) = g(a, v) + g(b, v), and h(v, a) = g(v, a) + g(v, b). Let G_b = G \ {(b, v) : v ∈ V_h \ b.

It is easy to see that 6.4 Let G = V, g) be a digraph, r ∈ V , and e = (b, a) ∈ G̀. Then t_r(G) = t_rG \ e) + g(e)t_r(G_b/e).

– 15 –

7 Graph volumes and Laplacian polynomials

It turns out that there are natural relations between the tree and forest volumes of a digraph and its Laplacian matrix and Laplacian polynomial.

The first important observation is that a theorem similar to the matrix–tree theorem 3.2 turns out to be true for the tree volume of a weighted digraph.

Let I^s_k = {k, . . . s} for k ≤ s. Let V (G) = {v_1, . . . , v_n}. Let L^x(G) = {l_{ij} } where l_{ij} = −x(v_i)x(v_j)w(v_i, v_j ) if i ≠ j, and l_{ii} = − � {l_{ij} : j ≠ i, j ∈ I^n_1 }.

Let M^x(G) = {m_{ij} } where i, j ∈ I^n_1 , m_{ij} = −x(v_j )w(v_i, v_j ) if i ≠ j and m_{ii} = − � {m_{ij} : j ≠ i, j ∈ I^n_1 }. In other words, L^x(G) is obtained from M^x(G) by multiplying every entry of the i-th row of M^x(G) by x(v_i). If all x(v_i)’s are 1 then L^x(G) = M^x(G) = L(G). Thus M^x(G) is a generalization of the Laplacian matrix of G. We call M^x(G) the x–Laplacian matrix of G. Clearly det(L^x(G)) = det(M^x(G)) = 0. Let L^x_v (G) and M^x_v (G) denote the matrices obtained, respectively, from L^x(G) and M^x(G) by deleting the row and the column of L^x(G) corresponding to a vertex v of G.

Let π^x(G) = π(x) = � {x(v) : v ∈ V (G)}.

From 3.2 we have:

7.1 π^x(G)x(r)T_r (G, x) = det(L^x_r (G)) = π^x(G)det(M^x_r (G)) where r ∈ V (G).

From 7.1 we have

7.2 zπ^x(G)F(z, G, x) = det(L^x_∗ (G^∗)) = π^x(G)det(M^x_∗ (G^∗)).

It is easy to see that

7.3 det(L^x_∗(G^∗)) = π^x(G)det(zI_n + M^x(G)) where n = |V (G)|.

As in Section 4, L^x(λ, G) = det(λI_n − L^x(G)) and Ľ^x(λ, G) = λ^{−1}L^x(λ, G). Similarly let M^x(λ, G) = det(λI_n − M^x(G)) and M̌^x(λ, G) = λ^{−1}M^x(λ, G). We call M^x(λ, G) an x–Laplacian polynomial of G.

Since det(M^x(G) = 0, clearly M̌^x(λ, G) is a polynomial in λ. We recall that x : V (G) → R_v and λ ∈ R_v where R_v is a commutative ring.

It turns out that there is a natural relation between the forest volume and x– Laplacian polynomial of a graph.

From 7.2 and 7.3 we have:

7.4 F(z, G, x) = (−1)^{n−1}M̌(−z, G, x) where n = |V (G)|.

If x(v) = 1 for every v ∈ V (G) then clearly M(λ, G, x) = L(λ, G). Therefore from 7.4 we have in particular:

7.5 F(z, G, ¯1) = (−1)^{n−1}Ľ(−z, G) where n = |V (G)|.

– 16 –

The last statement shows that the forest volume is a natural generalization of the Laplacian polynomial of a graph. We will see that many properties of the Laplacian polynomials can be generalized to the forest volumes.

Suppose that R_v is the set of real or complex numbers. Then we can consider the list S(G, x) = (λ_0(G, x), . . . , λ_{n−1}(G, x)) of eigenvalues of M^x(G) where λ_i(G, x) ∈ C. We call S(G, x) the x–Laplacian spectrum of G. Since det(M^x(G)) = 0, one of λ_i(G, x) is 0. We will assume that λ_0(G, x) = 0. Clearly M^x(λ, G) = � {λ−λ_i(G, x) : i ∈ I^{n−1}_1 }.

Thus from 5.1 and 7.2 we have:

7.6 Suppose that R_v is the set of real or complex numbers. Then

T (G, x) = � {λ_i(G, x) : i ∈ I^{n−1}_1 }

where n = |V (G)|.

8 Reciprocity theorem for graph volumes

In this section we obtain a generalization 11.2 of the Reciprocity Theorem 4.5 on the Laplacian polynomials to the x–Laplacian polynomials (and therefore to the forest volumes) of graphs. We use this generalization to establish a relation between the forest volume of a graph and the tree volume of its complement (see 8.5). We also use this theorem in Section 10 to give an algorithm for finding the forest volumes of so called decomposable graphs.

We recall that Ḡ^p = K_p − G where V (K^p) = V (G).

8.1 Let n = |V (G)|. Then

M̌(λ, Ḡ^p, x) = (−1)^{n−1}M̌(px(G) − λ, G, x).

Proof This proof is similar to the proof of theorem 4.5 in [9, 11] on the Laplacian matrices of graphs.

Let M^x(G) = {m_{ij} } and M^x(Ḡ^p) = {m̄_{ij} }. Let A = {a_{ij} } be the n × n–matrix such that a_{i1} = 1 , a_{ii} = λ − m_{ii}, and a_{ij} = −m_{ij} for j ≠ 1, i ≠ j and i, j ∈ I^n_1 . The matrix Ā = {ā_{ij}} is defined similarly by M^x(Ḡ^p). Clearly M̌(λ, G, X) = det(A) and M̌(λ, Ḡp, X) = det(Ā). Put x(v_i) = x_i. Since Ḡp is p– complement of G we have: m_{ii} + m̄_{ii} = px(G) − px_i and m_{ij} + m̄_{ij} = −px_j for i ≠ j. Therefore a_{ii} + ā_{ii} = 2λ − px(G) + px_j and a_{ij} + ā_{ij} = px_j for j ≠ 1 and i ≠ j.

Let B̄ = {b̄_{ij} } where b̄_{i1} = 1, and b̄_{ij} = ā_{ij} − px_j for i ≠ 1 and i ≠ j. In other words, B is obtained from A by adding the first column times px_j to the j-th column. Clearly det(Ā) = det(B̄). From the above equations we have:

b̄_{ii} = 2λ − px(G) − a_{ii} = λ − px(G) + m_{ii} and b̄_{ij} = −a_{ij} = m_{ij} for j ≠ 1 and i, j ∈ I^n_1 . Therefore det(B̄) = (−1)^{n−1}M̌(px(G) − λ, G, x). Since det(Ā) = det(B̄) and M̌(λ, Ḡp, x) = det(Ā), we have M̌(λ, Ḡp, x) = (−1)n−1M̌(px(G) − λ, G, x). 2

– 17 –

Suppose that both R_v and R_e are the sets of real or complex numbers. Then we can consider the list S(G, x) = (λ_0(G, x), . . . , λ_{n−1}(G, x)) of eigenvalues of M^x(G) where λ_i(G, x) ∈ C.

Since M^x(λ, G) = � {(λ − λ_i(G, x)) : i ∈ I^{n−1}_0 }, we have from 8.1:

8.2 Let both R_v and R_e be the sets of real or complex numbers. Then there is a bijection α : I^{n−1}_1 → I^{n−1}_1 such that λ_i(G, x) + λ_{α(i)}(G, x) = px(G) for every i ∈ I^{n−1}_1 .

From 8.1 we obtain the corresponding Reciprocity Theorem for the forest volumes: 8.3 Let n = |V (G)|. Then F(z, Ḡ^p, x) = (−1)^{n−1}F(−z − px(G), G, x).

Proof (uses 7.4 and 8.1). By 7.4, F(z, G, x) = (−1)^{n−1}M̌(−z, G, x). Therefore by 8.1, F(z, Ḡ^p, x) = (−1)^{n−1}M̌(−z, Ḡ, x) = M̌(z + px(G), G, x) = (−1)^{n−1}F(−z − px(G), G, x). 2 This proof uses the relation between F(z, G, x) and the characteristic polynomial of the matrix M^x(G) (see 7.4). By using 5.2 and 6.2, we can give an alternative proof of the reciprocity theorem 8.3 for F(z, G, x). The idea of this proof is similar to that A. Réney used in [27].

We need the following simple statement on polynomials. 8.4 Let p be a polynomial in |A| variables in x(a) : a ∈ A. Suppose that (h1) the degree of p is less than |A|: deg(p) < |A|, and (h2) p|_{x(a)=0} ≡ 0 for every a ∈ A. Then p ≡ 0.

Proof Suppose on the contrary that p ≢ 0. Then p has a monomial, say M, with a non-zero coefficient. Since by (h1), deg(p) < |A|, there exists b ∈ A such that x(b) is not an entry of M. Therefore p|_{x(b)=0} ≢ 0. This contradicts (h2). 2 Now we are ready to give an alternative Proof of Theorem 8.3 (uses 5.2, 6.2, and 8.4).

Let as above x|_{V \u} = x|^u and x|_{x(u)=0} = x ↓^u_0 . Let Δ_p(z, G, x) = F(z, Ḡ^p, x) − (−1)^{n−1}F(−z − px(G), G, x).

We will prove 8.3 by induction on |V (G)| that Δ_p(z, G, x) ≡ 0. Suppose that |V (G)| = 1. There is only one graph K_1 with one vertex, and F(z, K_1, x) ≡ 1. Therefore

– 18 –

Δ_p(z, K_1, x) ≡ 0.

Now suppose that |V (G)| ≥ 2. Let u ∈ V (G). By 6.2, Δ_p(z, G, x ↓^u_0 ) = F(z, Ḡ^p, x ↓^u_0 ) − (−1)^{n−1}F(−z − px(G), G, x ↓^u_0 ) = (z + � {x(v)(p − w(v, u)) : v ∈ V (G) \ u})F(z, Ḡ^p \ u, x|^u)− (−1)^{n−1}(−z − px(G) + � {x(v)w(v, u) : v ∈ V (G)})F(−z − px(G), G \ u, x|^u) = (z + � {x(v)(p − w(v, u)) : v ∈ V (G) \ u})(F(z, Ḡ^p \ u, x|^u)− (−1)^{n−2}F(−z − px(G), G \ u, x|^u) = (z + � {x(v)(p − w(v, u)) : v ∈ V (G) \ u})Δ_p(z, G \ u, x|^u).

By the induction hypothesis, Δ_p(z, G \ u, x|^u) ≡ 0. Therefore Δ_p(z, G, x ↓^u_0 ) ≡ 0 for every u ∈ V (G). By 5.2, the degree of Δ_p(z, G, x), as a polynomial in |V (G)| variables x(v), v ∈ V (G), is less than |V (G)|. Therefore by 8.4, Δ_p(z, G, x) ≡ 0. 2 We recall some notations. Let F = (V, f) be a weighted diforest. Put f(F ) = � {f(e) : e ∈ E(F̀)}, and F(F, x) = f(F ) � {x(v)^{din(v,F̀ )} : v ∈ V (F )}.

If V (G) ⊆ V (K^p) then clearly K^p − G = G + dg^p where d = |V (K_p| − |V (G)|. 8.5 Let G be a weighted digraph, K^p be a p–complete weighted digraph, |V (G)| = n, |V (K^p)| = s, V (G) ⊆ V (K^p) (and so n ≤ s). Let x : V (K^p) → R_v. We will write F(z, G, x) instead of F(z, G, x|_G). Then T ((K^p − G), x) = (−1)^{n−1}(px(K^p))^{s−n}F(−px(K^p), G, x) = (−1)^{n−1} � {(−px(K^p))^{s−i−1}f_i(G, x) : i ∈ I^{n−1}_0 } where f_i(G, x) = � {F(F, x) : F ∈ F(G), |E(F̀)| = i}.

Proof (uses 5.1, and 8.3, 10.4 below). We write + instead of the graph operation (0).

T (K^p − G, x) = F(0, K^p − G, x) = F(0, G + (s − n)g^p, x) = (−1)^{s−1}F(−px(K^p), G + (s − n)g, x) = (−1)^{s−1}(−px(K^p))^{s−n}F(−px(K^p), G, x) (−1)^{n−1}(px(K^p))^{s−n}F(−px(K^p), G, x). 2 Since t(G) = T (G, ¯1), we have from 5.1 and 8.5 the following analogue of 4.6 for weighted digraphs:

8.6 [11] Suppose that the hypothesis of 8.5 is satisfied. Then t(K^p − G) = (−1)^s(ps)^{s−n}F(−ps, G, ¯1) = (ps)^{s−n−1} L(ps, G).

– 19 –

9 Graph constructions

In this section we describe some constructions that give new weighted digraphs from a given set of weighted digraph–bricks. We will show in Sections 10 and 11 that these constructions have the following important property: if we know the forest volumes for the bricks and the “structure” of the construction then we can easily find the forest volume of the result of this construction.

We recall that a graph Ḡ^p is p–complement to G if V (G) = V (Ḡ^p) and Ḡ^p = K^p −G. Given two disjoint weighted digraphs G_1 = (V_1, w_1) and G_2 = (V_1, w_1), let G_1(p)G_2 denote the weighted digraph G = (V, w) such that V = V_1 ∪ V_2, and w(u, v) = w_i(u, v) if u, v ∈ V_i, i = 1, 2, and w(u, v) = p if u ∈ V_1 and v ∈ V_2 or v ∈ V_1 and u ∈ V_2.

Clearly

9.1 Let G_1 = (V_1, w_1) and G_2 = (V_1, w_1) be two disjoint weighted digraphs. Then

G_1(p)G_2^p = Ḡ_1^p + Ḡ_2^p.

A digraph G is called decomposable if G can be obtained from some digraphs by a serious of operations (p_1), . . . (p_k ). A digraph G is called totally decomposable if G can be obtained from one-vertex graphs by a serious of operations (p_1), . . . (p_k ). Here each p_i ∈ R_e.

A decomposable graph G can be naturally described [9, 11] by its decomposition description D(G) = (T, s, B) where

(a1) T = T (G) is a ditree, (a2) s = s(G) : V (T ) → R_e is a function that assigns the label s(u) to every vertex u of T , (a3) B = B(G) = {G_a : a ∈ L(T )} where L(T ) is the set of leaves (or sinks) of T .

Every vertex t of T (G) will correspond to a graph Ω(t).

Given a weighted digraph G, we can define D(G) = (T, s, B) and the function Ω recursively as follows. If G is not decomposable then let T be the trivial ditree consisting of one vertex r, s(r) = 0, B = {G_r = G}, and Ω(r) = G. Suppose that G is p–decomposable, i.e. G = G_1(p) . . . (p)G_k where each G_i is not p–decomposable. We assume that D(G_i ) = (T_i, s_i, B_i) and Ω(r_i) = G_i (where r_i is the root of T_i) are already defined for every i ∈ I^k_1 . Then

(c1) T is obtained from the disjoint rooted ditrees T_i, i ∈ I^k_1 , by adding a new vertex r, the root of T , and by connecting each root r_i with r by the arc (r_i, r), (c2) s(r) = p and s(v) = s_i(v) if v ∈ V (T_i), and, (c3) B = ∪{B_i : i ∈ I^k_1 }, and (c4) Ω(r) = G.

From the above description it follows that

– 20 –

9.2 Let D(G) = (T, s, B) be the decomposition description of a weighted digraph G and L(T ) the set of leaves of T . Then B = {Ω(t) : t ∈ L(T )}, and s(u) ≠ s(v) if (u, v) ∈ E(T ), and s(u) = 0 if u ∈ L(T ).

Note that the function Ω can be easily found from the description D(G) = (T, s, B).

If G is totally decomposable then clearly every member of B(G) is the one vertex graph. So a totally decomposable graph can be described by a pair D(G) = (T, s).

Two decomposition descriptions D(G_1) = (T_1, s_1, B_1) and D(G_2) = (T_2, s_2, B_2) are isomorphic if there exists an isomorphism α : V (T_1) → V (T_2) such that s_1(v) = s_2(α(v)), v ∈ V (T_1), and G_a ∈ B_1 is isomorphic to G_{α(a)} ∈ B_2 for every a ∈ S(T_1).

It is easy to see that

9.3 Two graphs are isomorphic if and only if their decomposition descriptions are isomorphic.

An s–ditree M is a pair (T, s) where T is a ditree and s : V (T ) → R_e is a function such that s(u) = 0 if u ∈ S(T ), and s(u) ≠ s(v) if (u, v) ∈ E(T ).

Given an s–ditree T̂ = (T, s), we say that G is the M–aggregate of B = {G_a : a ∈ A}, written G = T̂(B) = T̂[G_a : a ∈ A], if D(G) = (T, s, B). The s–ditree T̂ is called the frame and the graphs G_a, a ∈ V (G), are called the bricks of the T̂–aggregate.

Now we will describe another important construction called G–composition of weighted digraphs.

Let G = (A, g) and G_a = (B_a, g_a), a ∈ A, be disjoint weighted digraphs where g : A^2 → R_e and g_a : B^2_a → R_e are functions such that g(a, a) = 0 and g_a(b, b) = 0 for a ∈ A and b ∈ B, and R_e is a commutative ring. As usual V (G) = A and V (G_a) = B_a. Let B = ∪{B_a : a ∈ A}. Let L_a = {(a, b) : b ∈ B_a} and L = ∪{L_a : a ∈ A, and so L = A × B.

The weighted digraph Γ = (V, γ) is called the G–composition of {G_a : a ∈ V (G)}, written Γ = G{G_a : a ∈ V (G)}, if V = V (Γ) = L and for two vertices v_1 = a_1b_1 and v_2 = a_2b_2 of Γ, γ(v_1, v_2) = g(a_1, a_2) if a_1 ≠ a_2, and γ(v_1, v_2) = g_a(b_1, b_2) if a_1 = a_2 = a.

The graph G in Γ = G{G_a : a ∈ V (G)} is called the frame and the graphs G_a, a ∈ V (G), are called the bricks of the G–composition.

A graph–extension (or G–extension) considered in [15, 18] is a particular case of a G–composition G{G_a : a ∈ V (G)} where every brick G_a is a graph having no edges.

It is easy to see that

9.4 T̂[G^i{G^i_a : a ∈ V (G)} : i ∈ I^k_1 ] = T̂ [G^i : i ∈ I^k_1 ]{G^i_a : a ∈ V (G)}.

– 21 –

10 Tree and forest volumes of decomposable graphs

We recall the notion of the p–operation on digraphs. Let G_1 = (V_1, g_1) and G_2 = (V_1, g_1) be two disjoint weighted digraphs. Let G_1(p)G_2 denote a weighted digraph G = (V, g) such that V = V_1 ∪ V_2, and g(u, v) = g_i(u, v) if u, v ∈ V_i, i = 1, 2, and g(u, v) = p if u ∈ V_1 and v ∈ V_2 or v ∈ V_1 and u ∈ V_2.

It is easy to see that 10.1 Let G_1 and G_2 be two disjoint weighted digraphs. Then M(λ, G_1 + G_2, x_1 ∪ x_2) = M(λ, G_1, x_1)M(λ, G_2, x_2), and so M̌(λ, G_1 + G_2, x_1 ∪ x_2) = λM̌(λ, G_1, x_1)M̌(λ, G_2, x_2).

From 9.1 and 10.1 we have:

10.2 Let G_1 and G_2 be two disjoint weighted digraphs. Let x = x_1 ∪ x_2. Then M̌(λ, G_1(p)G_2, x) = (λ − px(G_1(p)G_2))M̌(λ − px(G_2), G_1, x_1)M̌(λ − px(G_1), G_2, x_2). Proof (uses 9.1 and 10.1). Let G = G_1(p)G_2, n_i = v(G_i), and n = n_1 + n_2. M̌(λ, G_1(p)G_2, x) = M̌(λ, Ḡ_1^p + Ḡ_2^{pp}, x) = (−1)n−1M̌(−λ + px(G), Ḡ_1^p + Ḡ_2^p, x) = (−1)^{n−1}(−λ + px(G))M̌(−λ + px(G), Ḡ_1^p, x_1)M̌(−λ + px(G), Ḡ_2^p, x_2) = (−1)^{n−2}(λ − px(G))(−1)^{n1−1}(−1)^{n2−1} M̌(px(G_1) − px(G) + λ, G_1, x_1)M̌(px(G_2) − px(G) + λ, G_2, x_2) = (λ − px(G))M̌(λ − px(G_2), G_1, x_1)M̌(λ − px(G_1), G_2, x_2). 2 From 7.4 and 10.1 we have:

10.3 Let G_1 and G_2 be two disjoint weighted digraphs. Then F(z, G_1 + G_2, x_1 ∪ x_2) = zF(z, G_1, x_1)F(z, G_2, x_2). From 9.1, 8.3, and 10.3 we have:

10.4 Let G_1 = (V_1, w_1) and G_2 = (V_1, w_1) be two disjoint weighted digraphs. Let x = x_1 ∪ x_2. Then

F (z, G_1(p)G_2, x) = (z + px(G_1(p)G_2))F(z + px(G_2), G_1, x_1)F(z + px(G_1), G_1, x_2). Proof (uses 9.1, 8.3, and 10.3).

F(z, G_1(p)G_2, x) = F(z, Ḡ_1^p(0)Ḡ_2^{pp}, x) = (−1)^{n−1}F(−z − px(G), Ḡ_1^p + Ḡ_2^p, x) = (−1)^{n−1}(−z − px(G))F(−z − px(G), Ḡ_1^p, x)F(−z − px(G), Ḡ_2^p, x) = (−1)^{n−2}(z + px(G)) (−1)^{n1−1}F(z + px(G) − px(G_1), Ḡ_1^p, x)(−1)^{n2 −1}F(z + px(G) − px(G_2), Ḡ_2^p, x) =

– 22 –

(z + px(G))F(z + px(G_2), G_1, x_1)F(z + px(G_1), G_1, x_2). 2

The above results allow us to give an algorithm for finding the forest volumes of decomposable graphs analogous to that for the Laplacian polynomials [9, 11].

Let D(G) = (T, s, B) be the decomposition description of G (see Section 9). The algorithm (described by formulas (10.1) and (10.2 below) finds the forest volume F(z, G, x) for a decomposable weighted digraph G if the forest volumes of the graphs in B are known.

As we mentioned in Section 9, we can easily find the graph Ω(t) for every vertex t of T . We need only x(Ω(t)) = � {x(v) : v ∈ V (Ω(t))}. Let x[t] = x(Ω(t)).

For a subgraph H of G, we write F(z, H, x) instead of F(z, H, x|_H ). Let δ(t) denote the indegree of a vertex t in T (i.e. the number of arcs in T of the form (y, t)). Put

z(t, x) = z(t) = x[r]s(r) + � {x[a](s(a) − s(b)) : ((b, a) ∈ E(rP t)} (10.1)

where rP t is a (unique) path in T from the root r to t. Let as above L(T ) denote the set of leafs of T and L^∗(T ) the set of leafs l of T such that Ω(l) is not the one vertex graph (and so the graph Ω(l) is not decomposable).

The following theorem is analogous to that for the Laplacian polynomials [11]:

10.5 Let D(G) = (T, s, B) be the decomposition description of G. Then

F(z, G, x) = � {(z + z(t))^{δ(t)−1} : t ∈ V^′(T )}× � {F(z + z(t), Ω(t), x) : t ∈ V^∗(T )}, (10.2) and T (G, x) = � {(z(t))^{δ(t)−1} : t ∈ V (T ) \ L(T )} × � {F(z(t), Ω(t), x) : t ∈ L^∗(T )}, (10.3)

and so −z(t, x) is a root of the polynomial P_{G,x}(z) = F(z, G, x) for every t ∈ V (T ) \ L(T ).

Proof (uses 5.1 and 10.4). We prove the theorem by induction on |V (T )|. If |V (T )| = 1 then the statement is obvious. Let r be the root of T . By the definition of the decomposition tree, T is obtained from the list of decomposition trees T_i of digraphs G_i, i ∈ I^k_1 so that G = G_1(p) . . . (p)G_k , p = s(r), and p ≠ s(r_i) for every i ∈ I^k_1 where r_i is the root of T_i. Clearly |V (T_i)| < |V (T )|. Therefore by the induction hypothesis,

F(z, G_i, x) = � {(z + z_i(t))^{δ(t)−1} : t ∈ V (T_i) \ L(T_i)}× � {F(z + z_i(t), Ω(t), x) : t ∈ L^∗(T_i)} (10.4) for z_i(t) = x(G_i)s(r) + � {x[a])(s(a) − s(b)) : ((b, a) ∈ E(r_iP t)} and i ∈ I^k_1 .

– 23 –

Let X^i = X \ X_i. By using 10.4, it is easy to prove by induction on k that F(z, G, x) = (z + px(G))^{k−1} � {F(z + px(G \ G_i), G_i, x) : i ∈ I^k_1 }. (10.5) By (10.4),

F(z + px(G \ G_i), G_i, X_i) = � {(z + px(G \ G_i) + z_i(t))^{δ(t)−1} : t ∈ V (T_i) \ L(T_i)}× � {F(z + pσ(X^i) + z_i(t), Ω(t), X_i(t)) : t ∈ L^∗(T_i)}. (10.6) Since p = s(r), x(G) = x[r], and x(G_i) = x[r_i], we have from (10.1): px(G \ G_i)) + z_i(t) = px(G) − px(G_i) + z_i(t) = x[r]s(r) − x[r_i]s(r) + x[r_i]s(r_i) + � {x[a])(s(a) − s(b)) : ((b, a) ∈ E(r_iP t)} = x[r]s(r) + � {x[a])(s(a) − s(b)) : ((b, a) ∈ E(rP t)}.

Now (10.2) follows from (10.5) and (10.6) because k = δ(r), and (10.3) follows from 5.1 and (10.2). 2

From 10.5 we have, in particular:

10.6 Let G be a totally decomposable weighted digraph, and let D(G) = (T, s) be the decomposition description of G. Then F(z, G, x) = � {(z + z(t))^{δ(t)−1} : t ∈ V (T ) \ L(T )} and T (G, x) = � {(z(t))^{δ(t)−1} : t ∈ V (T ) \ L(T )}.

In particular, {−z(t, x) : t ∈ V (T ) \ L(T )} is the set of roots of the polynomial P_{G,x}(z) = F(z, G, x) implying that every root of P_{G,x}(z) is of the form � {a_ib_i : i ∈ I^k_1 } where a_i ∈ R_e and b_i ∈ R_v.

11 Tree and forest volumes of graph–compositions

In this section we show that the forest volume of a graph–composition is uniquely defined by the forest volumes of its frame and its bricks by establishing a relation between these volumes (see 11.2).

We recall some notions and notation. Let G = (A, g) and G_a = (B_a, g_a), a ∈ A, be disjoint weighted digraphs where g : A^2 → R_e and g_a : B^2_a → R_e are functions such that g(a, a) = 0 and g_a(b, b) = 0 for a ∈ A and b ∈ B, and R_e is a commutative ring. As usual V (G) = A and V (G_a) = B_a. Let B = ∪{B_a : a ∈ A}. Let L_a = {(a, b) : b ∈ B_a} and L = ∪{L_a : a ∈ A, and so L = A × B.

The weighted digraph Γ = (V, γ) is called the G–composition of {G_a : a ∈ V (G)}, written Γ = G{G_a : a ∈ V (G)}, if V = V (Γ) = L and for two vertices v_1 = a_1b_1 and v_2 = a_2b_2 of Γ, γ(v_1, v_2) = g(a_1, a_2) if a_1 ≠ a_2, and γ(v_1, v_2) = g_a(b_1, b_2) if a_1 = a_2 = a.

– 24 –

The graph G in Γ = G{G_a : a ∈ V (G)} is called the frame and the graphs G_a, a ∈ V (G) are called the bricks of the G–composition.

A G–composition G{G_a : a ∈ V (G)} is called a G–extension if E(G̀_a) = ∅ for every a ∈ V (G).

Let x : L → R_v where R_v is a commutative ring. Put x_a = x|_{La} , x(G_a) = � {x(a, b) : b ∈ B_a}, x(Γ) = � {x(a, b) : a ∈ A, b ∈ B}, s : A → R_v such that s(a) = x(G_a) for a ∈ A, and d_a(G, s) = � {s(c)γ(a, c) : c ∈ A \ a} for a ∈ A.

Suppose first that G{G_a : a ∈ V (G)} is a G–extension. Then it turns our that the T –volume of the composition Γ = G{G_a : a ∈ V (G)} is uniquely defined by the T –volumes of G and G_a’s, a ∈ V (G)}, of the composition, and by G (more precisely, by G, {|V (G_a)| : a ∈ V (G)} and the T –volumes of G). Namely 11.1 [18] Let n_a = |V (G_a)|. Then

T (G{G_a : a ∈ V (G)}, x) = T (G, s) × � {(d_a(G, s))^{na−1} : a ∈ V (G)}.

Now suppose that E(G̀_a) ≠ ∅ for some a ∈ V (G). Then the T –volume of the composition Γ = G{G_a : a ∈ V (G)} is no longer defined by the T –volumes of G and G_a, a ∈ V (G)}, and G. But it turns out that the F–volume of the composition Γ = G{G_a : a ∈ V (G)} is again uniquely defined by the F–volumes of the frame G and all the bricks G_a, a ∈ V (G), of the composition. This relation is described by the following theorem.

11.2 F(z, G{G_a : a ∈ V (G)}, x) = F(z, G, s) × � {F(z + d_a(G, s)), G_a, x_a) : a ∈ V (G)}.

Proof (uses 5.2, 6.2, and 8.4).

(p1) Let Γ = G{G_a : a ∈ V (G)}. Let R(z, Γ, x) = F(z, G, s) � {F(z + d_a(G, s), G_a, x_a) : a ∈ A} and Δ(z, Γ, x) = F(z, G{G_a : a ∈ A}, x) − R(z, Γ, x). Put Q_p(z, Γ, x) = (F(z, G, s) × � {F(z + d_a(G, s), G_a, x_a) : a ∈ A \ p}.

Then R(z, Γ, x) = Q_p(z, Γ, x)F(z + d_p(G, s), G_p, x_p). (11.1) Clearly Q_p(z, Γ, x ↓^u_0 ) = Q_p(z, Γ, x|^u). (11.2)

– 25 –

We will prove by induction on |V (Γ)| that Δ(z, Γ, x) ≡ 0. For |V (Γ)| = 1 the statement is trivially true. Let us consider Γ with |V (Γ)| ≥ 2. Let u = (p, q) ∈ V (Γ).

(p2) Suppose that |V (G_p)| ≥ 2. Then Γ \ u = G{G_p \ q, G_a : a ∈ A \ p}. By 6.2, F(z + d_p(G, s), G_p, x_p)|_{x(u)=0} = F(d_p(G, s) + z), G_p, x_p ↓^u_0 ) = (z + d_p(G, s) + d_q (G_p, x_p))F(z + d_p(G, s), G_p \ q, x_p|^u). (11.3) Clearly d_p(G, s) + d_q (G_p, x_p) = � {x(G_c)γ(p, c) : c ∈ A \ p} + � {x(v)w(q, v) : v ∈ B_p \ q} = d_u(Γ, x). (11.4) Therefore by (11.1), (11.2), (11.3), and (11.4), R(z, Γ, ↓^u_0 ) = (z + d_u(Γ, x))R(z, Γ \ u, x|^u). (11.5) By 6.2, F(z, Γ, ↓^u_0 ) = (z + d_u(Γ, x))F(z, Γ \ u, x|^u). (11.6) Thus by (11.5) and (11.6), Δ(z, Γ, ↓^u_0 ) = F(z, Γ, ↓^u_0 ) − R(z, Γ, ↓^u_0 ) = (z + d_u(Γ, x))(F(z, Γ \ u, x|^u) − R(z, Γ \ u, x|^u) = (z + d_u(Γ, x))Δ(z, Γ \ u, x|^u).

(p3) Now suppose that |V (G_p)| = 1. Then F(z + d_p(G, s), G_p, x_p) ≡ 1 and Γ \ u = G^′{G_a : a ∈ V (G^′)} where G^′ = (G \ p).

Therefore by (11.1), R(z, Γ, x) = Q_p(z, Γ, x) and by (11.2), (11.5) and (11.6), Δ(z, Γ, ↓^u_0 ) = (z + d_u(Γ, x))Δ(z, Γ \ u, x|^u).

(p4) In both cases by the induction hypothesis, Δ(z, Γ \ u, x|^u) ≡ 0. Therefore Δ(z, Γ, ↓^u_0 ) = 0 for every u ∈ V (Γ). By 5.2, deg(F(z, Γ, x)) = |V (Γ)| − 1, deg(F(z, G, s)) = |V (G)| − 1, and deg(F(z + d_a(G, s)), G_a, x_a)) = |V (G_a)| − 1. Therefore deg(R(z, Γ, x)) = |V (G)| − 1 + � {|V (G_a)| − 1 : a ∈ A} = |V (Γ)| − 1.

Hence deg(Δ(z, Γ, x)) ≤ |V (Γ)| − 1. Then by 8.4, Δ(z, Γ, x) ≡ 0. 2 From 5.1 and 11.2 we have 11.3 T (G{G_a : a ∈ V (G)}, x) = T (G, s) × � {F(d_a(G, s), G_a, x_a) : a ∈ V (G)}.

– 26 –

Clearly 11.1 is a particular case of 11.3. Let us consider another natural particular case of 11.3 when all G_a’s are weighted complete digraphs.

From 11.3 and 12.1 below we have:

11.4 Suppose that G_a is a p_a–complete graph for a ∈ V (G). Then

F(z, G{G_a : a ∈ V (G)}, x) = T (G, s) × � {(z + d_a(G, s) + p_as(a))^{na−1} : a ∈ V (G)}

where n_a = |V (G_a)|.

Theorem 11.4 is a particular case of Corollary 2.1 in [15].

It is easy to show that the result of the p–operation on a set of digraphs {G_s : s ∈ I^n_1 } (see Section 9) is the graph–composition K^p{G_s : s ∈ I^n_1 } where n is the number of vertices of K^p.

We know (see Section 9) that every decomposable weighted digraph can be obtained from a set of digraph–bricks {G_i : i ∈ I^n_1 } by a series of p–operations (p_1), . . . , (p_k). Therefore every decomposable weighted digraph can be obtained by a series of K^{pi} – compositions, i ∈ I^k_1 , starting from a set of digraph–bricks {G_s : s ∈ I^n_1 }. As to the totally decomposable weighted graphs, they can be obtained from one vertex graphs by a series of K^{pi} –compositions, i ∈ I^k_1 .

Therefore theorem 10.5 can also be proved by using 11.2. The relation 9.4 between the aggregation and composition constructions shows that theorem 10.5 can be obtained from its specification 10.6 by using 11.4.

12 Forest volumes of some special graphs

In this section we find the forest volumes of some special weighted digraphs. We use these results in Section 13.

It follows from 10.6 and it is easy to see directly that

12.1 Let |V (K^p)| = n. Then F(z, K^p, x) = (z + px(K^p))^{n−1}.

It is easy to find the forest volume of an acyclic digraph. Let, as above, S(D) denote the set of sources of a directed graph D.

12.2 Let G = (V, g) be a weighted digraph. Let d_{out}(u, G, x) = � {x(v)g(u, v) : v ∈ V \ u} and V (G) = {v_1, . . . , v_n}. Suppose that the skeleton G̀ of G is acyclic (i.e. G has no directed cycles) and that v_i ∈ S(G̀ \ {v_1, . . . v_{i−1}}) for every i ∈ I^n_1 . Then

F(z, G, x) = z^{−1} � {z + d_{out}(u, G, x) : u ∈ V (G)}.

Proof (uses 7.4). By 7.4,

zF(z, G, x) = (−1)^nM(−z, G, x) = det(zI_n + M^x(G)). (12.1)

– 27 –

Let M^x(G) = {m_{ij} }. Since G̀ is an acyclic, and v_i ∈ S(G̀ \ {v_1, . . . v_{i−1}}) for every i ∈ I^n_1 , we have for i, j ∈ I^n_1 : m_{ij} = 0 for i > j and m_{ii} = d_{out}(v_i, G, x). Therefore the required formula follows from (12.1). 2 From 12.2 we have in particular:

12.3 Let T = (V, t) be a weighted ditree, E = E(T̀), and for e = (u, v) ∈ E let y(e) = t(u, v)x(v). Then F(z, T, x) = z^{−1} � {z + y(e) : e ∈ E}.

Now we can find the forest volume of a weighted cycle:

12.4 Let C = (V, c) be a weighted dicycle with n vertices, E = E(C̀), and for e = (u, v) ∈ E let y(e) = c(u, v)x(v). Then

F(z, C, x) = � {z^k(n − k)/(k + 1) � {y(B) : B ⊆ E, |B| = k} : k ∈ I^{n−1}_O }.

Proof (uses 6.3 and 12.3). By 6.3, Φ(z, C, x) = � � {Φ(z, C \ e, x) : e ∈ E(G)}dz. (12.2) Clearly Q_a = C \ a, a ∈ E, is a path and Φ(z, C, x) = zF(z, C, x) and Φ(z, Q_e, x) = F(z, Q_e, x). Therefore we can use 12.3: Φ(z, Q_a, x) = � {z + y(e) : e ∈ E_a)} = � {z^k � {y(B) : B ⊆ E_a, |B| = k} : k ∈ I^{n−1}_O } where E_a = E(Q̀_a). Now � {Φ(z, Q_e, x) : e ∈ E} = � { � {z^k � {y(B) : B ⊆ E_a, |B| = k} : k ∈ I^{n−1}_O } : a ∈ E} = { � {z^k(n − k) � {y(B) : B ⊆ E, |B| = k} : k ∈ I^{n−1}_O }.

Therefore we have from (12.2): Φ(z, C, x) = zF(z, C, x) = � � {Φ(z, Q_e, x) : e ∈ E}dz = { � {z^{k+1}(n − k)/(k + 1) � {y(B) : B ⊆ E, |B| = k} : k ∈ I^{n−1}_O }. 2 Since T (z, C) = F(z, C, ¯1) we have from 12.4:

12.5 Let C be a dicycle. Then zT (z, C) = (z + 1)^n − 1.

Proof By 12.4, zT (z, C) = { � {z^{k+1}(n − k)/(k + 1)(^n_k )} : k ∈ I^{n−1}_O } =

– 28 – { � {z^i(^n_i )} : i ∈ I^n_1 } = (z + 1)^n − 1. 2 Let P {G_i : i ∈ I^n_1 } = G_1(p) . . . , (p)G_n} and G^{(p)n} = P {G_i : i ∈ I^n_1 } if every G_i = G. From 10.5 we have:

12.6 Let Γ = P {g^{(pi)ni} : i ∈ I^k_1 } and x : V (Γ) → R_v. Let X = x(Γ), X_i = x(g^{(pi)ni} ), and X̄_i = X − X_i. Then F(z, Γ, x) = (z + pX)^{k−1} � {(z + pX̄_i + p_iX_i)^{ni−1} : i ∈ I^k_1 }.

13 Combinatorial interpretation of Hurwitz’s identity

In the 19-th century, N. Abel found the following surprising generalization of the binomial formula [1] (see also [21]): 13.1 (x + y)^n = � {(^n_k )x(x − kz)^{k−1}(y + kz)^{n−k} : k ∈ {0, . . . , n}}.

Abel’s theorem has been further generalized by A. Hurwitz as follows [8] (see also [21]):

13.2 Let V be a finite set, and x = {(v, x(v)) : v ∈ V }. For a set A, let x(A) = � {x(a) : a ∈ A}. Then (z +y)(z +y+x(V ))^{|V |−1} = � {z(z +x(A))^{|A|−1})·y(y+x(B))^{|B|−1}) : A ⊆ V, B = V \A}.

In this section we show that relation 11.2 allows to give a natural combinatorial prove and interpretation of Hurwitz’s identity in terms of the forest volume of a digraph. 13.3 Let G is a simple digraph with exactly two vertices u, v and exactly one arc (v, u). Let Γ = G{G_u, G_v } where G_u is a graph consisting of one vertex u and no edges, and G_v is the complete digraph with the vertex set V (where u ∉ V ), and so Γ is a an extension of G. Let x = {(v, x(v)) : v ∈ V }, t = (u, t(u)), and t(u) = y. For C ⊆ V , let x(C) = � {x(v) : v ∈ C}.

Then (z + y)(z + y + x(V ))^{|V |−1} = F(z, Γ, x ∪ t) = � {z(z + x(A))^{|A|−1}y(z + x(B))^{|B|−1} : A ⊆ V, B = V \ A}.

Proof (uses 11.2 and 12.1). Clearly V (Γ) = {u} ∪ V . We will show that both sides of Hurwitz’s identity are equal to F(z, Γ, x ∪ t). In order to do this, we will find F(z, Γ, x ∪ t) in two different ways.

(p1) We first find F(z, Γ, x ∪ t), by using the forest volume relation 11.2. By 11.2,

F(z, Γ, x ∪ t) = F(z, G, s)F(z + d_u(G, s), u, t)F(z + d_v (G, s), G_v , x) (13.1)

– 29 –

where s = {(u, s(u), (v, s(v)), s(u) = t(u) = y, and s(v) = x(V ). Since G has two vertices u, v and exactly one arc (v, u), we have: F(z, G, s) = z + t(u) and d_v (G, s) = t(u) = y. Therefore F(z + d_v(G, s)), G_v , x) = F(z + y), G_v , x). Since G_u = {u} has no arcs, clearly F(z + d_u(G, s)), u, t) = 1. Since G_v is a complete digraph, we have from (13.1) and 12.1:

F(z, Γ, x ∪ t) = (z + y)F(z + y, G_v, x) = (z + y)(z + y + x(V ))^{|V |−1}. (13.2) (p2) Now let us find F(z, Γ, x ∪ t) in another way. Note that Γ is a simple digraph.

Let x ∪ t = h and h^∗ = h ∪ {(∗, z)}.

If H ⊆ G and f is a function defined on V (G), we write F(z, H, f) and T (H, f) instead of F(z, H, f|_{V (H)}) and T (H, f|_{V (H)}, respectively.

By the definition of the forest volume of a digraph,

F(z, Γ, h) = T_∗(Γ^∗, h^∗) = � {T_∗(T, h^∗) : T ∈ T_∗(Γ^∗)} (13.3) where T_∗(T, h^∗) = � {h(v)^{d(v,T )−1} : v ∈ V (T )} for T ∈ T_∗(Γ^∗).

Since Γ has no arc (u, v) with v ∈ V , every spanning ditree of Γ^∗ contains edge (u, ∗). For a spanning ditree T of Γ^∗, let T^′ = T \ (u, ∗). Clearly T^′ is a spanning diforest of Γ^∗ consisting of exactly two components T_u and T_∗ such that u ∈ T_u and ∗ ∈ T_∗. Since in Γ there is no edge going out of u, clearly u is a root of T_u. Then T_∗(T, h^∗) = zy(u)T_u(T_u, h)T_∗(T_∗, h^∗). (13.4) By (13.3),

F(z, Γ, h) = � {T_∗(T, h^∗) : T ∈ T_∗(Γ^∗)} = � {S(Γ, h^∗, B) : B ⊆ V }, (13.5) where S(Γ, h^∗, B) = � {T_∗(T, h^∗) : T ∈ T_∗(Γ^∗), V (T_u \ u) = B}.

By (13.4), S(Γ, h^∗, B) = � {T_∗(T^∗, h^∗) � {zy(u)T_u(T_u, h) : T ∈ T_∗(Γ^∗), V (T_u \ u) = B} = ( � {T_∗(T, h^∗) : T ∈ T_∗(Γ^∗ − (B ∪ u))}) � {zy(u) � {T_u(T, h) : T ∈ T_u(Γ^∗ − (A ∪ ∗)}.

Thus by (13.3),

S(Γ, h^∗, B) = zF(z, Γ^∗ − (B ∪ {u, ∗}), x) y F(y, Γ^∗ − (A ∪ {u, ∗}), x), (13.6) where A ∪ B = V .

Since G_v is a complete digraph, its induced subgraphs Γ^∗ − (B ∪ {u, ∗}) and Γ^∗ − (A ∪ {u, ∗}) are also complete digraphs. Therefore from (13.5), (13.6), and 12.1 it follows that F(z, Γ, x ∪ t) = � {z(z + x(A))^{|A|−1}y(z + x(B))^{|B|−1} : A ⊆ V, B = V \ A}. 2

– 30 –

In another paper we describe a mechanism that provides an infinite variety of identities that are generlizations of Huwitz’s identity.

The results of this paper were presented at several conferences and seminars, in particular, at the Moscow Discrete Mathematics Seminar, February, 1989, and at the Eighth Quadrennial International Conference on Graph Theory, Combinatorics, Algorithms, and Applications, Kalamazoo, Michigan, June, 1996.

References

[1] N. Abel, A generalization of the binomial formula, Journal für die reine und angewandle Mathematik 1 (1826) 159–160.

[2] J.A. Bondy and U.S.R. Murty, Graph theory with applications, North Holland, Amsterdam, 1976.

[3] C.W. Borchardt, Ueber eine der Interpolation entsprechende Darstellang der Eliminations - Resultante, Journal für die reine und angewandle Mathematik 57 (1860) 111–121.

[4] R.L. Brooks, C.A.B. Smith, A.H. Stone, and W.T. Tutte, Dissection of a rectangle into squares, Duke Math. J. 7 (1940) 312–340.

[5] A. Cayley, A theorem on trees, Quart. J. Math. 23 (1889) 376–378.

[6] D.M. Cvetkovic, M. Doob, and H. Sachs, Spectra of Graphs, Academic Press (1980).

[7] P.L. Hammer and A.K. Kelmans, Laplacian spectra and spanning trees of threshold graphs, RUTCOR Research Report 36-92, Rutgers University (1992) 1–30.

[8] A. Hurwitz, Uber Abel’s Verallgemeinerung der binomischen Formel, Acta Mathematica 26 (1902) 199–203.

[9] A.K. Kelmans, The number of trees of a graph I, II, Avtomat. i Telemeh. (Automat.

Remote Control) 26 (1965) 2194–2204 and 27 (1966) 56–65.

[10] A.K. Kelmans, On properties of the characteristic polynomial of a graph, in Kibernetiku – Na Sluzbu Kom., 4, Gosenergoizdat, Moscow 1967.

[11] A.K. Kelmans, On the determination of the eigenvalues of some special matrices, Ekonomika i Matematicheskie Metodi 8 (2), (1972) 266–272.

[12] A.K. Kelmans, V.M. Chelnokov, A certain polynomials of a graph and graphs with an extremal numbers of trees, J. Combinatorial Theory B-16 (1974) 197–214.

[13] A.K. Kelmans, Comparison of graphs by their number of spanning trees, Discrete Mathematics 16 (1976) 241–261.

[14] A.K. Kelmans, Operations on graphs that increase the number of their spanning trees, In Issledovanie po Discretnoy Optimizacii, Nauka, Moscow (1976) 406–424.

– 31 –

[15] A.K. Kelmans, The number of spanning trees of graphs containing a given forest, Acta Math. Acad. Sci. Hungar. 27 (1-2) (1976) 89–95.

[16] A.K. Kelmans, Graphs with an extremal number of spanning trees, J. Graph Theory 4 (1980) 119–122.

[17] A.K. Kelmans, A generalization of Prüfer coding for trees of extended graphs, Mathematical Institute of the Hungarian Academy of Sciences, Preprint No. 42, 1989.

[18] A.K. Kelmans, Spanning trees of extended graphs, Combinatorica 12 (1) (1992) 45–51.

[19] Kelmans A.K. On graphs with the maximum number of spanning trees, Random Structures and Algorithms, 9 (1996) 177–192.

[20] Kelmans A.K. Transformations of a graph increasing its Laplacian polynomials and the number of trees, Europian Journal of Combinatorics, 18 (1997) 35-48.

[21] D.E. Knuth, The art of computer programming, 1 Addison Wesley, 1973. [22] G. Kirchhoff, Uber die Auflősung der Gleichungen der linearen Verteilung galvanischer Strőme gefűhrt wird. Ann. Phys. Chem. 72 (1847) 497–508.

[23] J.W. Moon, Enumerating labeled trees, In: Graph Theory and Theoretical Physics (F. Harary. ed., Academic Press, New York, 1967.

[24] J.W. Moon, Counting labeled trees, Canadian Math. Monographs, No. 1, 1970. [25] I. Pak and A. Postnikov, Enumeration of Spanning Trees in Some Graphs, Russian Math. Surveys 45 (1990), No. 3, 220-221.

[26] H. Prüfer, Neuer Beweis eines Satzes über Permutationen, Arch. Math. Math.

Phys. bf 27 (1918) 742–744.

[27] A. Rényi, Új módszerek és eredmények a kombinatorikus analizisben I, Madyar Tud. akad. Mat. Fiz. Oszt. Kózl. 16 (1966), 77–105.

[28] J.J. Sylvester, On the change of systems of independent variables, Quarterly Journal of Mathematics 1 (1857) 42–56.