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1 Lecture 1, 2/8/2012

1.1 Introduction

Fix 0 < k < n, a field F (C,R,F,), the Grassmannian Gr(k,n,F) be the manifold of k-
dimensional linear subspaces in F™ (it has nice geometry it is projective algebraic variety /smooth,. .. )

Example 1.1. k=1, Gr(1,n) = P"! the projective space:

Pl = {(21,...,20) # (0,...,0)\(21,...,20) ~ (Az1,..., Azy)
{

(.%'1:(132:---:.%'”)}.

Take a k x n matrix A with rank k then
Gr(k,n) = {k x n matrices of rank k}\ row operations = gr)\ Mat" (k, n).

where GL(k) is the group of k x k invertible matrices over F and Mat" (k,n) is the set of k x n
matrices over F with rank k.

The row picture is considering the row space of A (this is the original definition of Gr(k,n))
The column picture is to take the columns of A: 61, ..., 6, € F¥. Note that dim Gr(k,n) = k(n—k)
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Example 1.2. k£ =2: U6 € Gr(2,n).




k=3 v projective picture: € Gr(3,n). ]

1.2 Pliicker coordinates

Let [n] = {1,2,...,n} and ([Z}) ={I C [n] | #I = k}. For a k x n matrix A and I C ([Z}) let
Ar(A) = det(k x k submatrix in column set I) (i.e. Aj(A) is a maximal minor of A). Since A has
rank k, at least on Ar(A) # 0.

~ ——
I

For B € GL(k), Aj(B - A) = det(B) - Ar(A). Thus the (}) minors A7(A) for A in Gr(k,n)
form projective coordinates on Gr(k,n).
The Pliicker embedding is the map Gr(k,n) — P(Z)fl, A (AR (A): AL (A):---).

Example 1.3. For Gr(2,4), its dimension is 2-4 —2-2 = 4. Gr(2,4) — P5, A+ (A2 : A13, A1y :
Aoz @ Agy : Agyg). Moreover, the maximal minors satisfy the following relation called a Pliicker
relation

AN A A AN
A13Ao04 = A19A34 + A14A03. T T o2 3 o2 3 a4

O]

The Grassmannian has the following decomposition: Gr(k,n) = J[\cjx(n_r) 1 Where A is a
Young diagram contained in the k x (n — k) rectangle, and

Qr :={A e Gr(k,n) | Ar(A) is the lexicographically minimal nonzero Pliicker coordinate}.

This is the Schubert decomposition of Gr(k,n).

Example 1.4.

1 3
9 3:| S 9{2’4} =0 k

1 2
01 2

A:[O

O]

Identify I € ([Z]) with the Young diagram A\ C k x (n — k). The set I gives the labels of the
vertical steps. Explicitly, A = (A1 > A2 > --+) is identified with the set I = {i; < i < -+ < ig}
where \; =n —k+j — ;.



Example 1.5. k=3,n=9 A\~ 1={2,57}

1

2
51 4 3
76

9 8
O
Schubert calculus is based on the following result.
Theorem 1.6. Qy = FIA where || is the number of bozes of \.
Theorem 1.7. If F = C then H*(Gr(k,n,C)) has a linear basis [Q,].
Example 1.8. Gr(1,3) = {(z1 : w2 : x3)} = {(1,22,23)} U{(0,1,23)} U{(0,0,1)} O

gun ‘O e

1.3 Matroid Stratification

[Gelfand-Serganova stratification]
For M C ([Z]) a strata is Sy = {A € Gr(k,n) | A; #0 < [ € M}.
There is the following important axiom:

Exchange Axiom: For all I, J € M and for all i € I there exists a j € J such that (I\{i})U{j} €
M.

In fact the nonempty sets M that satisfy the exchange axiom are called matroids, the sets
I € M are called bases of M and k is the rank of the M.

Lemma 1.9. If M is not a matroid then Sy = @.

The best way to prove this Lemma is using the Pliicker relations. The converse is not true.
A matroid M is a realizable matroid (over F) if and only if Syq # @. In general it is a hard
question to characterize realizable matroids.

2 Lecture 2, 2/10/2012

From last time we saw Gr(k,n) = GL(k)\Mat*(k,n), Pliicker coordinates Aj(A) for I € ([z}). We
saw two stratifications: the Schubert and matroid stratifications.

Gr(k,n) = HQ,\ = HSM,
A M

where the cells 2y have a simple structure and the matroid strata Sy have complicated structure.



2.1 Mmnév’s Universality Theorem
The strata Sy can be as complicated as any algebraic variety (even for k = 3).

Example 2.1. For k = 3 and n = 6, consider the point of Gr(3,6) given by the projective picture:

It is in Q194 = O and M = (I)\ {{1,2,3},{1,4,6},{3,5,6}}. O

Any system of algebraic equations can be realized by a configuration like One of the main topics
of this course will be to give a third decomposition of Gr(k,n) called the Positroid decomposition
that sits between the Schubert decomposition and the matroid decomposition.

2.2 Schubert decomposition

Recall the Schubert decomposition Gr(k,n) = [\ cpx(n_r) 21 Where Q5 = Qp where I € ([Z]).

Definition 2.2. There are several ways to define a Schubert cell:
1. Ay consists of the elements of Gr(k,n) such that Ay is the lexicographic minimum non-zero
Pliicker coordinate.
2. A point in Gr(k,n) is in correspondence with a non-degenerate k x k matrix A modulo row
operations. By Gaussian elimination such a matrix A has a canonical form: the reduced
row-echelon form of the matrix. So Ay consists of the elements of Gr(k,n) with pivot set I.

O
Example 2.3.
01 x x 0 x 0 0 =x
A 000 01 %= 0 0 =«
000O0O0O0T1O0 %[’
000 0O0O0O0 1 %

Let I ={2,5,7,8} be the set of the indices of the pivot columns (the pivots are underlined). ]

Clearly I'; =2 F#* and also clear that Aj, where I is the set of pivots, is the lexicographically
minimum nonzero Pliicker coordinates.

Definition 2.4. The Gale order is a partial order on ([Z]) given by I = {i; <iz < --- <1} and
dJ={j1 <jo<- <} then I < Jif and only if iy < ji,io < jo,..., ik < Ji. O

Proposition 2.5. For A € Qr, Aj(A) =0 unless I < J.
Proof. We use the reduced row echelon form. O

Corollary 2.6. The set M :={J € ([Z]) | Aj(A) # 0} has a unique minimal element with respect
to the Gale order.

Thus, we get another equivalent definition of a Schubert cell:



3. Ay consists of the elements of Gr(k,n) such that Ay is the Gale order minimum non-zero
Plicker coordinate.

Theorem 2.7 (F = C or R). Q; D Qy if and only if I < J.

Proof. =: For J such that I £ J then by Proposition Aj(A)=0andso A € Q;. In the closure
it still holds that A;(A4) =0 for A € Q;. (Looking at the row echelon form, pivots can only jump
to the right).

= this is left as an exercise. O
From row echelon form, remove the k pivot columns to obtain a k x (n — k) matrix.

Example 2.8. Continuing with the matrix from Example if we remove the pivot columns we
obtain:

01 « x 0 x 0 0 =« 0 % * *x x
0000 1 00 x — 00 0 — mirror image of A = []
00000010 = 0000 & - ‘
0000 O0OO0O0 1 % 0 0 0 0 = -

Also note that A corresponds to I = {2,5,7,8} (see Example [L.5). O

Theorem 2.9. Q) = FP,

2.3 Classical definition of Schubert cells

We think of Gr(k,n) as the space of k-dimensional subspaces V' C F". Fix the complete flag of
subspaces:
{0cwvicVaC---CV,=F",

where V; =< ep,ep—1,...,ep41—; > and ¢; = (0,...,0,1,0,...,0) is the ith elementary vector.
Pick a sequence of integers d = (do, d1, ..., dy).

4. Qq ={V € Gr(k,n) | d; =dim(VNV;) for i =0,...,n}.

The conditions on d; € Z>q are:

do =0, diy1=d;or diyq,
d, = k.

Proof that Definition 4 of the Schubert cell is equivalent to Definition 3. We already have QA <
Q7. We show ) < Qq and then show Q < Qq4.

Given A C k x (n — k) we obtain d by doing the following: we start at the SW corner of the
Young diagram and follow the border of the diagram until the NE corner. We label the horizontal
and vertical steps, where we add 1 if we go north. See Example (a) for an illustration of this.

Given I C ([Z]) we obtain d by d; = #(IN{n—i+1,n —i+ 2,...,n}). Note that this is
precisely the dimension of the rowspace(A) N'V; or equivalently the number of pivots in positions
nn—1...,n—i4+ 1. O

Exercise 2.10. Check that all these correspondences agree with each other.
Example 2.11. For £k =4 and n = 9 let A = 3211, from the labels of the Young diagram we get
d=(0,1,2,2,3,3,3,4,4) (see Figure[l)). And since d; = #(IN{n—i+1,n—i+2,...,n}) we get

that I = {2,5,7,8}.
O



Figure 1: Illustration of correspondence between A and d.

2.4 Plicker embedding

Recall the definition of the Pliicker map ¢ : Gr(k,n) — PV~! where N = (}) by A (Ap, : Ay, :
st Apy).

Lemma 2.12. The map ¢ is an embedding.

Proof. We know that at least one Pliicker coordinate is nonzero, without loss of generality say
Alg_“k(A) 75 0. Then _
A= A=l |z,

where (x;;) is a k x (n — k) submatrix. From the minors we can reconstruct (z;;). That is

let Ar(A) := Ar(A)/A12.k(A) so that Ajp ,(A) = 1. Then by the cofactor expansion z;; =
+A19..i—1k+ji+1..k(A). Thus a point in the image of ¢ determines the matrix A in Gr(n,k). O

3 Lecture 3, 2/15/2012

3.1 The Grassmannian Gr(n, k) over finite fields F,

Say F' = F, where ¢ = p" is a power of a prime p. What can we say in this case about Gr(k,n,F,)?
The first way is to view it as grk,r,)\ Mat" (k,n, F,). Recall that:

#Mat” (k,n, Fy) = (" — D)(¢" — q)(q" — ¢*) - (¢" — ¢"Ft1),
#GL(k,Fq) = (¢" = 1)(d" — ) (¢" =" 7).

Then . .
1—q¢" 1—q" 1—q"
Gr(n,k, F,) = . .
# (7 b Q) 1_qk 1_qk_]_ 1_q
We can write this more compactly using g-numbers: [n], = 1 +q+¢*> + - +¢"1 = 11__q; ,

n nq!
(]! = [1q[2], - - [n]g and [k] = @it Then
q

Theorem 3.1. #Gr(n,k,F,) = {Z} )
q

The second way is to use the Schubert decomposition Gr(k,n,Fq) = [l cjx(n_g) 2x Which
implies
#Gr(k,n,Fp)= > "
ACkx (n—k)
Thus



n
Corollary 3.2. [4 = 3 rChx(nk) g™,
q

Example 3.3.

(1-¢H(1-¢%
(1-¢*)(1—q)
=1+q+2¢+¢* +4*

@DlIIH |

Gr(2,4,F,) =

O]

Problem 3.4. Given a diagram D C k x (n — k), fiv complement D to be 0. One obtains Xp C
Gr(k,n,Fy). For e.g. if D is a skew Young diagram. Find #Xp/F,. Note that Ricky Liu studied
the combinatorics of related problems but not the # of points in F.

3.2 More on the Pliicker embedding

Recall, the Pliicker embedding ¢ : Gr(k,n) — IP’(Z)_l, A (A (A) : A, (A) :--+). The signed
Pliicker coordinates are
Ail,i%---vik = iA{il,iQ,...,’ik}7

where the sign is positive if i1 < io < ... < i} and the sign changes whenever we switch two indices.
Also A;_1,.. 4, = 0 if the indices repeat. In terms of these signed coordinates the Pliicker relations

are: for any i1,...,05,J1,...,Jk € [n]and r =1,... k:

Ail:"wik:jlw"?]’k = Z Alllavz;CAJi77]}l€7 (3'5)
where we sum over all indices 41,...,7; and ji,...,j; obtained from iy,... i and ji,...,j, by
switching is,,9s,,...,0s, (51 < s2 <...<s,) with j1,72,...,jr.

Example 3.6. For n =4,k =3 and » = 1 we have (Ags = —Ay3)

Aqg - Azg = Az - Ay + Aqz - Aoy,

Theorem 3.7 (Sylvester’s Lemma).
1. The image of Gr(k,n) in P()—1 is the locus of common zeros of the ideal Iy, generated by the
Pliicker relations in the polynomial ring C[A[] (where we treat A; as formal variables).
2. Iy, is the ideal in C[Af] of all polynomials vanishing on the image of Gr(k,n).
3. Iy ts a prime ideal.

[x * x check Fulton’s book for issue with r? * x %]
We give the proof of the first part of this result. The full proof can be found in Fulton’s book.
1. k-vectors dy,...,dg, w1, ..., wg. Let |vy...vg| := det(v1,...,vg) then

[vg . ovg] - wy . wg] = Z|v1 |- Jw) ..y,

!To generate the ideal one only needs the relations (3.5)) for r = 1.



where the sum in the right hand side is obtained by switching r vectors from v1,..., vy with r
vectors from wyq, ..., wg. Let f be the difference between the left-hand side and the right-hand side
(we want to show that f = 0). Note that (i) f is a multilinear function of vy, ..., vy, wy and (ii) f
is an alternating function of v1,..., v, w.
Claim: If v; = v;41 or vy = wy, then f = 0.

First we do the case vy = wy where r < k by induction on k.

ol GRS RN e ) N T I (T Y

Assume that v = [0...01]7 = e, and expand the determinants in the expression above with
respect to the last column. We obtain the equation for f involving k — 1 vectors. By induction we

get f=0.
Second, if v; = v;41 the cancellation is easy to see as the following example shows.

Example 3.8. For £k =3 and r = 1 we get

f=|nvvs| - Jwiwaws| — (Jurvivs] - [viwews| + [viwiws| - [v1waws))

=0- (]w1v1113| . ‘U1w2w3‘ — \wlvlwg\ . |U1w2w3|) =0.
]

Part 1. We want to show that the image of ¢Gr(k,n) in P(1)=! is the zero locus of Iy Let
{AI}IG(["]) be any point in p(i)-1 satisfying the Pliicker relations. We need to find a k x n matrix
k

A such that Ay = Aj(A).

Suppose A1s. r # 0. We can rescale the coordinates such that A5 = 1. Let A be the matrix
[Ik | a:ij] where Tij = Aq 2..i—1j+kit+l. k- Let 5[ = A](A) We want tot show that A[ = Ay for all
re ().

We know the following:

L Ao k=012, =1, N

2. For all I such that |[IN{1,2,...,k}| = k—1 we have A; = x;; for some j but by construction

zi; = Ap,

3. Both ﬁl and A satisfy the Pliicker relations.

We claim that form the three observations above it follows that Ay = A rforall I € ([z]). We
show this for » = 1 by induction on p = |I N{1,2,...,k}|. The base case is p =k, k — 1.

We use the Pliicker relations to expand Ajg ;- Asy i

Al?...k"Ail. _ZA12 .s—1lis+1...k " AS’L2 )

—ZA12 .s—1lis+1..k " AS’LQ
A12...k: Azl...z

K

where Agi, i, = Asiy .4, y induction on p.

At the end since Ay = Aqa. , we obtain Ay, 4, =4, as desired. O

1.1k

3.3 Matroids

Recall the notion of matroid M C ([Z]). The elements of the matroid satisfy the Exchange axiom:
For all I,J € M and for all i € I there exists a j € J such that (I\{i}) U {j} € M.



Theorem 3.9. Pick A € Gr(k,n) and let M ={I € ([z]) | Ar(A) #0}. Then M is a matroid.

Proof. Two sets I, J and in M if and only if Ay - A; # 0. But by the Pliicker relations:

Aj-Ar= Z Ao - Ay
jer

Thus there exists a j € J such that Ay jjui - A(p\s)u; # 0 which implies the stronger condition that
both (J\j) Ui and (I\i) U j are in M. O

We call the stronger condition implied by the proof the strong exchange axiom.

Exercise 3.10. Is the strong exchange axiom equivalent to the exchange axiom?

4 Lecture 4, 2/17/2012

Last time we saw the bf Stronger Exchange axiom: for all i1,...,4, € I there exists j1,...,jr € J
such that (I\{i1,..., 5 }) U{j1,..,Jr} € M, (J\{J1,---,0r ) U{i1,... 05} € M.

Example 4.1 (non-realizable matroid). The Fano plane in ([?) which is illustrated in Figure

1

Figure 2: The Fano plane.

Exercise 4.2. Check that the Fano matroid is not realizable over R.

4.1 Two definitions of matroids

Recall the Gale order: {i1,...,ix} < {j1,...,Jk} ifand only if iy < ji,..., i < jr. A generalization
of this order is obtained by picking a permutation w = w;---w, in &,, order the set [n] by
wy < wg < ... < wy, and define a permuted Gale order =, accordingly.

Definition 4.3. Let M C ([Z]).
1. Exchange Axiom: for all I,J € M and for all ¢ € I there exists a 5 € J such that
(I\{i}) U {j} e M.
2. M is a matroid if for all w in &,,, M has a unique minimal element in C,, (permuted Gale
order C,).
O

The second definition above is connected to the Grassmannian since in Lecture [2] we had seen
that if we fix A € Gr(n, k) then M :={I € ([Z]) | Ar(A) # 0} has a unique minimal element with
respect to the Gale order.

10



Another related result from Lecture [2| was the Schubert and matroid stratification of Gr(k,n):

Gr(k,n) = H Q= H Sm,
M

ACkx (n—Fk)

where (2, depends on an ordered basis but Sy depends on an unordered basis. Thus we really
have nl-Schubert decompositions: for w € &, we have Gr(k,n) = [l cjxn_p) 2% where QY has
the same definition as I'y but with respect to the order e,, < €y, < ... < ey,. (We can also think
of O} as w™!(T'y) where &,, acts on C" by permuting coordinates according to w.

Theorem 4.4 (Gelfand-Goresky-MacPherson-Sergenova). Matroid stratification is the common
refinement of n! permuted Schubert decompositions.

Proof. [xx* pending * x| O

Example 4.5. For kK = 3 and n = 5 consider the matroid M from Figure [3] The minimal basis
with respect to the Gale order is {1,2,4}. For w = 34512 the minimal basis with respect to the w
permuted Gale order is {3,4,1}. So Sy € Q124N Q%jﬁi? M-

1 2 3

Figure 3: Matroid M. The minimal basis with respect to the Gale order is {1,2,4}. For w = 34512
the minimal basis with respect to the w permuted Gale order is {3,4,1}.

O]

4.2 Matroid polytopes and a third definition of matroids

We denote by ey, ..., e, the coordinate vectors in R". Given I = {iy,...,ix} € ([Z]) we denote by
er the vector e;, +e;, +---+¢;,. Then for any M C ([Z]) we obtain the following convex polytope

Py =conv(er | I € M) C R",
where conv means the convex hull. Note that Py C {z1 +z2+ -+ 2, = k} so dim Pyy <n — 1.

Definition 4.6 (Gelfand-Serganova-M-S). Py is a matroid polytope if every edge of Py is
parallel to e; — e;, i.e. edges are of the form [er, e;] where J = (I\{i}) U {j}. O

This gives us a third definition of a matroid.

Definition 4.7. 3. A matroid is a subset M C ([Z]) such that Py, is a matroid polytope.
O

Theorem 4.8. The three definitions of a matroid: 1. by the exchange axiom, 2. by the permuted
Gale order, and 3. by matroid polytopes are equivalent.

Exercise 4.9. Prove this theorem.

11



Example 4.10. If M = ([Z]) is the uniform matroid then Pyy = conv(e; | I € ([Z])) This polytope

is called the hypersimplex Apg,. The hypersimplex has the following property: All ey for I € ([Z])
are vertices of Ay, and these are all the lattice points of Ag,,. O

Question 4.11. What are the vertices of any Py ?
The answer is e; where I € M (basis of the matroid).

Example 4.12. For k = 1, Ay, = conv(ey,eg,...,e,) is the usual (n — 1)-dimensional simplex.
See Figure [4] for an illustration of Ajs.

Arg . €2

€4

Figure 4: An illustration of Ajs.

O]

Example 4.13. For k = 2 and n = 4 the hypersimplex Ay has six vertices e1o = (1,1,0,0),e13 =
(1,0,1,0),ldots (see Figure (a)). The matroid polytopes are subpolytopes of Agy without new
edges. In Figure (b) there are three subpolytopes associated with M; = {12,13, 14, 23,34}, My =
{12,14, 23} and M3 = {12,23, 34, 13} respectively. M; and My are matroids but M3 is not (take
I ={3,4}, J ={1,2} and ¢ = 3 then the Exchange Axiom fails).

O]

Exercise 4.14. Consider Gr(n,2n,Fy). [xx* pending » » |

5 Lecture 5, 2/20/2012

Last time we talked about matroid polytopes.
If M= ([Z]) (uniform matroid) then the matroid polytope is the hypersimplex Ag,,.

€13 €13

€14

€12 4£fi444444444623 €12

€34

(b)

Figure 5: (a) the hypersimplex Agy4, (b) three subpolytopes of Ay corresponding to M; =
{12,13,14,23,34}, Mo = {12,14,23} and M3 = {12,23,34,13} the first two are matroid poly-
topes and the third one is not (it has a bad edge [e12,€34], or in terms of M3 take I = {3,4},
J ={1,2} and ¢ = 3 then the Exchange Axiom fails).

12



5.1 Moment Map

First we will talk about the moment map which is important in symplectic and toric geometry.
Let T'= (C*)™, it acts on C" by (t1,...,tn) - (z1,...,2n) — (t121,t222, ..., tpzy). This induces
a T-action on Gr(k,n,C).
Recall Gr(k,n) = ¢, \Mat(k,n). We claim that T" acts by right multiplication by diag(ti,...,t,)
(we rescale column i by ¢;). In terms of Pliicker coordinates: (t1,...,t,) - {Ar} = {[Lics tiAr}.

2
We define the moment map: p: Gr(k,n,C) - R", A — (y1,...,y,) where y; = %.
I

Example 5.1. k = 2 and n = 4, Gr(2,4) — R* A — (y1,92,%3,y4) where for instance y; =
Aol + [Ags]? + [Argf? 0

YorlALl?

Theorem 5.2 (Atiyah-Guillemin-Sternberg). (1) Image of p is a convex polytope.

(2) Moreover, pick any point A € Syy C Gr(k,n), then u(T - A) is a convex polytope (A is fized,
T - A is a set of matrices).

Exercise proof this case of convexity theorem.
Claim:

() u(@r(k,m) = ().
(2) u(T - A) = Py, is a matroid polytope.

Idea proof of Claim.
(1) Clearly 0 < y; <1, also y1 + - -+ + y, = k. This means that u(Gr(k,n)) C Ag,. (Recall that
Agn ={(1,- -, yn) [0Sy S Lyn + -+ +yn = k})

Pick Aj to be the 0-1 matrix whose k x k submatrix indexed by I is the identity matrix, and
the other columns are 0. This is a fixed point of T" in Gr(k,n). Actually this is the form of all the
fixed points. Thus there are (Z) such fixed points (one for each set I € ([Z]))

Now A;(Af) = 67,7. Then p(A;) = er = 3,7 €; and this is a vertex of Ag,,. From the convexity
theorem, p is a convex polytope, this together with the fact that u(Ar) = es forces u(Gr(k,n)) to
be A;m O

Remark 5.3. To prove the convexity result we have to show that if

Pliick
AT IAY By = (g1, ),

A- diag(th s 7tn) Plﬁ_(%(er {HtlAI} Pli'l_Cker y/ = (yllﬂ ce 7y;l,)7
el

then y and y’ are connected by a line where every point in the line corresponds to an image of
b O
5.2 Normalized Volumes

P C R", polytope with integer vertices in Z". Let d = dim(P) and let V' be a d-dimensional
affine subspace containing P (it may or may not contain the origin). Let L = V NZ" = lop+ <
O, ..., g >z, where < {1,...,0q >7 is the set of all linear Z-combinations of {{1,...,¢4}.

13



Define Vol(-): volume form of V such that Vol(¢o +II(¢1,...,£q)) = 1 where II(¢y,...,£4) is the
parallelepiped spanned by {/1,..., ¢4}

Also we define normalized volume Vol := d! Vol. Claim VolP € Z and Vol of the standard
coordinate simplex is 1.

Example 5.4. For the lines A and B, \f/\o/l(A) =2 but \761(3) = 1.

The following result justifies why normalized volumes are interesting.
Theorem 5.5. The degree of a torus orbit T - A is the normalized volume of u(T - A) = Pu.

Example 5.6. For Gr(2,4):

aitity + aotits + -+ - + agtsty = 0
Bitita + Botits + - - - + Betsts = 0
Titite + yat1ts + - - - + Yetsts = 0.

The number of solutions of this system is %I(AM). We can calculate this volume by showing that
we can divide Ay, into four simplices of normalized volume 1. Thus Vol(Agy) = 4. O

This motivates calculating the normalized volume of the hypersimplex. In general the nor-
malized volume of Ay, is given by the Eulerian number A;_;,_1, where Ay, = #{w € S, |
des(w) = k} where des(w) is the number of descents of w (#{i | w; > w;y1}).

14



Theorem 5.7. Vol(Ag,) = Ap_ 11

Example 5.8. .
permutations | Ag_1 -1 | Vol(Agy,)
123 A073 = VOI(AM) =1
213,132 A1z =4 | Vol(Agy) =4
312,231
321 A23 = VO](A34) =1

Euler knew the following:

1
l+r+a®+25+... =
1—=x
2 3 4 _ x
2
12:U—|-22562—1—32ac3—f—42x4-i-"-:M
(1 —=)?
(1—m)*

And in general:

Proposition 5.9.

- n._r __ ZZ:O Ak7n$k+l
er (L)t

r=1
or equivalently, Ag_1,-1 = [z¥](1 —2)" > r>1 g,
We think of the hypersimplex in two ways: as a section of the n-hypercube:
Agn =[0,1]"N{xy + -+ 2y =k},
or equivalently as a slice of the (n — 1)-hypercube:
Apn =0, 'n{k—1<a1+ - +z51 <k}
Example 5.10. We divide [0, 1] into A1y, Aoy and Asy.

Agy Agy

VolA = 2 but Vol(B) = 1.

15



Proof. First let us take the first interpretation.

Take the positive octant (R>g)". Define kA = (R>o)" N {x1 + - + x, = k}, this is a k-dilated
(n — 1)-simplex. So Vol(kA) = kL.

By inclusion-exclusion we can decompose the n-hypercube as

[O, 1]n = (R>O)n - Z( R>0 + Z ez +e;+ ]R>0) ) — ...

i 1<j

This is really an identity for characteristic functions of subsets (modulo set of measure 0)

- -
0 1

Then the volume of Ay, (using the first interpretation)

Vol(Apy) = Vol(kA) ZVO] )A)+ Y Vol((k —2)A) —
1<J

P U (Z) (k-2 — . 4 (—1)’f(k " 1).

From the expression Ay_1,-1 = [z¥](1 —2)"Y_,, 7" 2" from Proposition one can show this
expression above gives Ap_1 1.

Stanley’s proof. We use the interpretation of Ay, = [0,1]" 'N{k—-1<2z;+-- -+ 2,1 <k}. For
w € Sy_1, there is a simple triangulation of [0,1]" 7! into Ay = {0 < Ty, < Ty < - < Ty, < 1}
of (n — 1)! simplices.

This is not exactly the triangulation we need, it is not compatible with the slicing of the
hypercube:

T1+T2:2

Wi

T+ a0 =1

xry + 29 =0

Instead define S : [0,1]"~! — [0,1]*7! to be the following piecewise-linear volume preserving

map. (T1,...,Zn-1) = (Y1,.--,Yn—1) Where z; ={y1 + - +yt =y1+ - +y — [y1 + - + i
(where {z} is the fractional part of x). The forward map is:

x; — a1 if mp > x5
Yi = .
T, —xi1+1ifx; <z,

where we assume xg = 0. The maps S is piecewise linear map and volume preserving.

16



We had a trivial triangulation A,,—1 1= {0 < z,-1(1) < -+ < Ty-13-1) < 1}. We get (n —1)!
simplices. Then x;_1 < z; & w;—1 > w; < (i — 1) is a descent of w = OQwjws...wy,—1. Thus if
Des(w) is the st of descents of w then

Jmi— i if i — 1 & Des(w),
vi x;—wxi—1+1 ifi—1 € Des(w)

Then y1 +y2 + -+ - Yn—1 = Tn—1 — xo + des(w), and so des(w) < y1 +ya + -+ + yn—1 < des(w) + 1.

So S(A,-1) is in the kth slice of the (n — 1)-cube where k = des(w) + 1. And S(A,-1) is a
triangulation of the (n — 1)-cube with exactly Aj_; 1 simplices in the kth slice. ]

6 Lecture 6, 2/24/2012

We digress a bit from the Grassmannian to talk about Matroids.
Problem 6.1. For any matroid M, what is the integer %IPM ¢

The dual matroid if M* :={[n]\I | I € M}. Clearly, Py~ = Py by the map (x1,...,z,) —
(I—21,...,1—x,).

6.1 Graphical Matroids Mg

If G is a graph with labelled edges {1,2,...,n}, the bases of M are the set of edges corresponding
spanning trees of G. We denote by G* the dual graph of G (when G is planar).

1 —l . —l .
4 2 4 2 4 2 4 2
4 2 4 Jar
N

i DA
-\ U

G

w

Figure 6: A graph G, its dual G* and the spanning trees of G and of G*.

Exercise 6.2. 1. Check exchange axiom on spanning trees of G.

2. If G is a planar graph, Mg = (Mg)*.
Example 6.3. If G is an n-cycle then Mg =2 A" ! is an (n — 1)-simplex. O]
Example 6.4. If G is an (r + 1)-cycle glued at a vertex with a (s +1)-cycle then Pyq, = A" x A®
And Vol(Py,) = ('77)

T

(s + 1)-cycle

(r + 1)-cycle

17



O]

Proposition 6.5. In full dimensions Vol(A x B) = Vol(A) - Vol(B), if A is r-dimensional and B

is s-dimensional then Vol(A x B) = (TIS)\/Nol(A)\?(;I(B).

Problem 6.6. What is %I(PMG) =7 or give families of graphs G with nice formulas for %I(PMG) =

7.

6.2 Generalization of Matroid polytopes

A generalized permutahedron is a polytope P C R" such that any edge of P is parallel to
e; — ej for some i # j. (such a permutahedron has dimension n — 1)

Example 6.7. n = 3, the lengths of the sides satisfy the following hexagon equation: a+ f = c+d,

e+ f=b+c,anda+b=c+d.

Example 6.8. The usual permutahedron P, with n! vertices (wj,...

(3,2,1)
(3,1,2) (2,3,1) (3,1,2)
P3 PS
(2,1,3) (1,3,2) (2,1,3)
(1,2,3)

,wy,) for all w € S,.

(3,2,1)

(2,3,1)

(1,3,2)

(1,2,3)

Figure 7: The permutahedron P3, and tiling of Pj illustrating why Vol(P,) is n"~2, the number of

Cayley trees with n vertices.

Exercise 6.9. Check that P, is a generalized permutahedron.

Exercise 6.10. Vol(P,) = n"~2 or equivalently VNol(Pn) =(n—

for the number of trees with n labelled vertices.

case k = 3.

18
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1)!n"=2. This is Cayley’s formula
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Figure 8: Examples of Minkowski sums.

6.3 Graphical Zonotopes

The Minkowski sum A+ B ={z+y |z € A,y € B}.

A zonotope is a Minkowski sum of line segments. In the plane you get n-gons whose opposite
sides have same length and are parallel. From the examples above, in the plane only the square is
a zonotope.

If G is a graph on n vertices labelled 1,2, . .., n, the graphical zonotope is Z¢g = Z(i,j)eE(G) lei, e5] =
Z(i7 HEE(G) [0,e; — e;]. In the last equation you pick an orientation of edges, however the zonotope
does not depend on the orientation.

Proposition 6.11. For the complete graph, the zonotope is the permutahedron Zy, = P,.

A Newton polytope of f € Clzy,z2,...,2y], then we can write f = Y cqy.. a, 27" - 20"
Then New(f) = conv({(a1,...,an) | Cay,...an # 0})

Example 6.12. New(z2y3 + z + 27y?) = conv((2, 3), (1,0), (0, 2)).

Figure 9: The newton polytope of x%y3 4+ x + 27y>.

O]

One of the most important features of the Newton polytope is the following property than says
that we can view New(-) as a generalized logarithm.

Proposition 6.13. New(f - g) = New(f) + New(g).
Proof. The non-trivial point of this proof is that vertices are not cancelled. O

Proposition 6.14. Zg is a generalized permutahedron.
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using Newton polytopes. Recall the Vandermonde determinant

1 1 1
I T2 In
2 2 2
sgn(w) wi—1_ wo—1 wp—1
I x5 In | = E (—1)ssn(w)gn=lga=l . gun :H(x] ;)
weSy, 1<j
n—1 n—1 n—1
|11 ) Tp "

If we take the Newton polytope of both sides and use Property [|, New(LHS) = conv((w; —
1,...,w, — 1)) = P, and New(RHS) =) [ej, e;] = Zk O

n*

Theorem 6.15. Vol(Zg) = #{spanning trees in G}.

Proof. We prove it by induction on the number of edges of G. Let t(G) = #{spanning trees in G},
this numbers satisfy the following deletion-contraction relation

t(G) = t(G\e) + t(G/e).
Where G\e is graph G with edge e deleted and G/e is the graph G with edge e contracted. One
can then show that Zs also satisfies the same relation. ]

6.4 Chromatic polynomial of G

Xxa(t) = #{proper t-colorings of vertices of G}, a proper coloring is one where the vertices of any
edge of G have different colors.

Theorem 6.16. x(t) is a polynomial in t.

Proof. x(t) satisfies a deletion-contraction relation xg = X@\e — X@/e, and show xg(t) = t" if G
consists of just n vertices with no edges. O

Problem 6.17 (open). Is there a polytope such that some statistic gives Tg(x,y). Is there a
polytopal realization of the Tutte polynomial.

7 Lecture 7, 2/29/2012

7.1 Schubert Calculus

We start with basic facts about (co) homology: Let X be a topological space and H;(X) is the ith
homology of X which is some vector space over C. Its dual H*(X) := (H;(z))* is the cohomology
of X. These are both topological invariant of X.

The Betti number is 3;(X) = dim H*(X). If H*(X) = H° @ H' @ ---, this space has a
multiplicative structure (cup-product).

Suppose that X is a nonsingular complex algebraic variety and dim¢ X = N then the homology
and cohomology only live in even dimension:

Ho(X)=Ho® Hy ®--- @ Hon
H(X)=H'eH’s - -o H*N.

The fundamental class [X] is the canonical generator of Hop .
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Y’ Y’

Y><>< Y>”‘<

transversal not transversal

Figure 10: Example of transversal and non-transversal intersections. In the first example the
intersection of the tangent spaces at the points where the varieties meet is a point. In the second
example, the tangent spaces are the same.

n—=k n—k

T v “

(a) (b)

Figure 11: (a) Example of a partition A and its complement AV, and (b) example of partitions
obtained in Pieri rule.

We also consider Poincaré duality that says H(X) = Han_i(X), or equivalently H'(X)
(H?N={(X))*. If Y C X is an algebraic subvariety with dim¢Y = m then [Y] € Ha,(X)
H2?N=2m(X) (it has codimension 2m). If X = [[,.;Y; then we say that X has a cell decomposition
(CW-complex), where Y; =2 C™: and Y; is an algebraic subvariety and Y;\Y; is a union of smaller
dimensional Ys.

Claim 1: Cohomology classes of [Y;] are in H?V~=2™i(X) so they form a linear basis of H*(X). In
particular H%(X) is spanned by [X]. And H?V(X) is spanned by [point].

Claim 2: If Y and Y’ are algebraic subvarieties of X and Y NY' = Z; U---U Z, where

~
o~

(i) codimY + codimY’ = codim Z; for all i (proper intersection)
(ii) For every generic point z € Z;, T, Z; = T,Y NT,Y' where T, is the tangent space (transversal
intersection)
Then

7.2 Cohomology of Gr(k,n,C)
Gr(k,n)= [ @,
ACkx (n—k)

where ), 2 C is a Schubert cell. Let X := Qyv where \Y = (n—k—MXg,---,n—k— A1) is the
complement of A in k x (n — k).

Denote by o) = [X)] € H2X(Gr(k,n,C)), these are the Schubert classes. The Schubert classes
do not depend on the choice of basis, just on the partition.

Theorem 7.1. The Schubert classes oy for A C kx (n—k) form a linear basis of H*(Gr(k,n,C)).
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Example 7.2. 0y = [Gr(k,n)] and o (n—k) = [point]. O

Remarks 7.3 (Special feature of this basis). This basis is self-dual with respect to Poincaré
duality. This means:
(i) B = {0y | |\| = i} basis of H?(Gr(k,n)),
(ii) Bx = {0y, | [u] = k(n — k) — i} basis of H?k(=k)=2(Gr(k,n)). B and B* are dual basis (the
dual map is o) — o)v).
Let ¢ € C, for 0 € H**("=k)(Gr(k,n)) where o = ¢ - [point] then < o >:= c.

Theorem 7.4 (Duality Theorem). For partitions A\, p such that [N\ + |u| = k(n — k) then <
ON Oy >= 0wV Ok (nk)- Where the product of Schubert classes is in the cup product.

Theorem 7.5 (Pieri Formula). Let o, = TT1.0] (k bozes) then
Ox-Op = Z Tps
o

where the sum is over u such that p/X is a horizontal r-strip.

In terms of coordinates the partitions are interlaced n—k > p1 > Ay <o > Ao > -+ > ugp > Mg
and Y (u; — \i) =r.

Example 7.6. O

7.3 Note on proofs

Consider o) - 0, = [X)] - [X,]. We work with X, N X u wWhere X, corresponds to standard Schu-
bert decomposition (ordering basis with permutation 12---n) and X . corresponds to the opposite
ordering of the coordinates (permutation nn — 1---21). We do this choice of basis to obtain a
transversal intersection and then use Claim 2.
If [N + || = k(n — k) and A = pV then we get a point. Otherwise you can show that X, N )Z'H.
Pieri formula uniquely defines the multiplicative structure of the Schubert cells.

oN Oy = Z 30w
v |vI=[Al+pl
where ciu are the Littlewood Richardson coefficients. By the duality theorem CKM =< 0o\ 0y- 0y >,

i.e. ey = CK;: =#{X\N )2“ N )N(V} Then ¢y, € Z>o and these coefficients have S3-symmetry.

n—=k n—=k
° o
° A\ " o] 0
Xy = O k XM: i 5 k
0 = 8
n—=k
°
~ ~ 'e 0
XAQXMZ k XanNnX, = ‘3,‘ k
5 0 'e
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7.4 Honeycomb version of the Littlewood Richardson rule

This version was done by Knutson-Tao, it is a reformulation of a rule by Bernstein-Zelevinsky.
We work in the plane R? = {(z,y,2) € R3 | z + y + z = 0}. In this plane there are three types
of lines (a, *, %), (*, b, %) and (*, *,c) where a,b,c € Z.

Theorem 7.7. CK# = #{integer honeycomb with fixed boundary rays}.

If we know the rational lengths ¢; of the internal edges we can reconstruct the honeycomb.
We can rescale the honeycomb such that ¢; € Z>¢ and also A1 + A2 = A1 — A2 and the lengths
on a hexagon should satisfy the hexagon condition

8 Lecture 8, 3/2/2012

Recall from last time that H*(Gr(k, n,C)) has a linear basis of Schubert classes Q. In this lecture
we will mention the relation between H*(Gr(k,n,C)) and symmetric functions.

8.1 Symmetric functions

Let A be the ring of symmetric functions. We build this ring in the following way: let Ap =

Clx1,...,2,]®*, the symmetric polynomials with k variables and let A = lim Ay.
) ) P
® € =) g ciyenci, TinTiy 1 Ti, (elementary symmetric functions)

o hy =D 1cii<ip<<in Tin " Ty (complete symmetric functions)

Theorem 8.1 (Fundamental theorem of symmetric functions). A = Cley, e, ...] = C[h1, ho,...].

Another well known fact about A is it has a linear basis of Schiir functions s, where A is a
partition A =

Definition 8.2. We give two equivalent definitions of the Schiir functions.
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e Given a partition A = (A1,..., Ag) let a = (a1,...,o) =M +Ek—1, A +k—2,..., 0 +0).

2 2@ . g
a9 a9
:L‘ x o ..
1 2 k—i
sa(xy, ..o x) = . . |/ det(z")
ayg ag ay,
xl $2 “ e xk

then sy = limg_,o0 Sx (21, ..., Tk).
® S\ =D _TessyT(N) o7 where SSYT()) is the set of semistandard Young tableaux

T = [zl ol = adadadadadwery.
3446
51505

In particular e, = s1» and h, = S(r)-

From the second definition of sy it is easy to see the following rule.

Theorem 8.3 (Pieri formula for s)).
hy sy = Z Sy
m

where p are partitions such that p/X\ is a horizontal r-strip.
Equivalently e, - sy = > u Su where /A is a vertical r-strip.

Lemma 8.4. Suppose that we have an associative bilinear operation x on A such that s,xs) = Zu Sy
where p/ X is a horizontal r-strip, then (A, *) = (A, -).

Proof. By the fundamental theorem we know that (A,-) = C[hq, hg,...], since s, = h,, the Pieri-
type formula essentially says that (A, *) has the same product of by the algebraically independent
generators h, as (A, ). O
Definition 8.5. Let Ay, = A/I},, where I}, :==<s)y | A\ Z k x (n—k) >. O

Exercise 8.6. Show that I, =< e;,hj|i>k,j>n—k >. Show that sy ¢ k x (n— k) form a
linear basis of I, .

Theorem 8.7. H*(Gr(k,n)) = Ag .

Proof. Define the map oy +— sy, sx-s, =, cK“sy. ]

8.2 Gleizer-Postnikov web diagrams

The GP-diagrams involve four directions instead of the three directions of the Knutson-Tao puzzles.
In the latter A, u and v have k parts, and in the former A and yu have k parts and v has k + £ parts.
Note that by convention s\, . A, 0)) = S(\1,..\,) and sy = 0 if some A; < 0.

The horizontal edge at a height ¢ from the z-axis is labelled ¢ = 2h/v/3. The edges going from
NW-SE and from NE-SW are labelled according to their z-intercepts. See Figure
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Knutson-Tao puzzles GP-web diagrams
k 60° 14
1

120° 120°

Figure 13: How to label the edges of a GP-web diagram.

Example 8.8 (k=0=1). s, -85 =) >, Sstcr—c. We have a conservation law: a flow of r + s
is coming in and coming out. See Figure
O

Theorem 8.9. The Littlewood-Richardson coefficient CK# is the number of web diagrams of type A,
woand v.

Proof. Define x product on A by sy *s, =, #{web diagrams type A, 1, v}s,. Next we prove the
Pieri rule for *-product.

For ¢ = 1 we get interlacing v7 > Ay > Ao > -+ > v > A\ > gy (see Figure . By
conservation law |A| + p1 = |v|. This is equivalent to saying that v/X is a horizontal pi-strip.
Conversely, given v such that v/ is a horizontal u-strip we can build a unique web diagram. The
non-trivial part showing it is associative.

O]

Example 8.10. Let’s verify that cgilm = 2. See Figure
O

Problem 8.11. (Open) The GP-web diagrams with siz directions are infinite. However with five
directions the diagrams are finite. In this case, what is the analogue of the Littlewood-Richardson
coefficients.

9 Lecture 9, 3/7/2012

A permutation w is a bijection between [n] — [n]. We multiply permutations from right to left. A
simple transposition is a permutation s; = (i,7 + 1). We can write any w as a product of simple
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Figure 14: Example of GP-web diagrams for k = ¢ = 1.

M M1

9!

Figure 15: Illustration of the Pieri-rule for GP-web diagrams

transpositions. A reduced decomposition is an expression of w as a product s;, s;, - - - s;, of simple
transpositions of minimum possible length ¢. The reduced decompositions of w are related by
certain mowves

sisj = sj8; |t — j| > 2,(2-move)

SiSi+18; = si+1s7;si+1(3—move)

9.1 Wiring diagrams

12345 _
3 2 5 1 4) T zARN

We do not allow triple intersections and intersections occur at different heights.
We want to transform the GP-web diagrams into wiring diagrams.
The number of such plane partitions are the Littlewood-Richardson rule.

Exercise 9.1. Show that the classical Littlewood-Richardson rule corresponds to this rule in terms
of plane partitions.

If V' is a vector space with basis eg, €1, €2, ... a Scattering matrix (R-matrix)

R(c): VeV -=VeVe®e =

€stecRer—e ifc>r—s,
otherwise.
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Figure 16: Example showing the two GP web diagrams when A = 21, y = 52 and v = 6310.

WY ~UR W~ AN

2-move 3-move w = 32514

Figure 17: Hlustration of 2 and 3-moves and of the wiring diagram of w = 32514 = s452515253.

where e_; = 0 for ¢ > 0. This corresponds to picture. (e; are levels of excitement of particles and
R(c) describes how they interact)

Given a partition A = (A1,..., ;) we map sy ey, Qey,_, @ --RQey, € ek,

We define an operator Mj » : VOk @ Vel - yeE+H)  Then R;;(c) is the operator on V®™ that
acts as R(c) on the ith and jth copies of V. Clearly R;j(c) commutes with Ry;(c) if #{1, j, i,j} =4
(they act on four different copies of V).

My = Z H H Rij(cij),

(cij =1,k j=k+-L,k+L—1,... . k+1

Definition 9.2.

where the sum is over (c¢;;) such that ¢;; > ¢y > 0 whenever ¢/ <1 < j < j. O

For example Ma3 = > Ri5(c15)R14(c14) R13(c13) Ras(ca5) Raa(coq) Ros(ca3) (you can choose any
linear extension of the poset - such number is the number of Young Tableaux on the rectangle)

Theorem 9.3 (LR-rule: R-matrix version). Given A = (A1,...,\x) and = (1, ..., i) then

My (ex®ep,) = Z X -

v=(V1,..,Vky0)

The Pieri-rule is easy, the hard part is to show associativity: if W = V& @ V& g yem

W
Mw@fy Y@Mm
w W
Mk+;,m\‘\ ,,/Mk,e-s-m
w

Miom o (Mye ® Idm) = My pym @ (Idi, @ My ,).

Proposition 9.4.
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r S s
C13 C24
C — > — QN
C14 C25
N
e c
r—=c s+c r— e 15
Vs 1)
locally GP-web diagram wiring diagram plane partition

Figure 18: Illustration of how to transform a GP-web digram into a wiring diagram.

R-matrices satisfy the Yang-Baxter Equation which depends on two parameters «;, 3:

Ro3(B)Ri3(a + B)Ri2(a) = Ria(a)Riz(a + B3)Roz(5).

These diagrams satisfy a genrealized Yang-Baxter equation that depends on three parameters.

Proposition 9.5 (Generalized Yang-Baxter equation).

Ras(cas) Ris(c13) Ria(c12) = Ria(cy) Ras(cs) Ras(chs),

where
1o = min(cia, c13 — c12)
0/13 = c12 + C23
Chs = min(c3, €13 — €12).

when c13 = a + B it reduces to the classical Yang-Bazxter equation.

1 2 3 1 2 3 1 2 3 1 2 3

« «Q C12 , ha
a+ 3 » a+p €13 — €13

B B C23 Chs

1 2 3 1 2 3 1 2 3 1 2 3

Yang-Baxter equation Generalized Yang-Baxter equation

Figure 19: Illustration of the Yang Baxter equation and the generalized Yang Baxter equation.

Exercise 9.6. Prove this generalized Yang-Bazter equation.
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This Generalized Yang-Baxter takes the wiring diagram with ¢;; to an expression with ¢ ;- The
important point is to show that the inequalities on ¢;; get translated to the inequalities on cgj.

To finish this prove we need to generalize this transformation of inequalities to arbitrary wiring
diagrams.

9.2 String cone

[* * » This part needs polishing * x x]
Let D be any wiring diagram for some reduced decomposition w = s;; - - s;,.

Example 9.7. We start from a wiring diagram of w = 4213 = s2s35251 and obtain a bibpartite

graph (see Figure [20)). O
C12
— C 13 —
¢ —C (& Ci4
C23 C14
1 2 3 4 Ly
w = 4213

Figure 20: Illustration of how to obtain a bipartite graph from a wiring diagram of w = 4213.

We switch directions of some edges such that strands Lq, Ls,...,L; are directed down and
Liyq,..., Ly, are directed up.

Gp,; look at directed path P from L;y; to L;, each path gives an inequality: sum of weights of
edges in graph > 0.

Example 9.8. Continuing from Example 9.7 For ¢ = 2, there are two paths P : Ly — Lo with
the convention that ¢;; = —c;;. See Figure

C12
13
Ci14
C23
1 2% %
w = 4213

Figure 21: Paths from L3 to Lo in the bipartite graph obtained from a wiring diagram of w = 4213.

From the first path P;, we obtain the inequality c41 + (c13 — ¢13 + ¢13) — c23 > 0 which simplifies
to c41 + 13 + c32 > 0. Form the second path P», we obtain the inequality c41 + (c13 — ¢13) + (c12 —
c12 + c12) + (ca3 — c23) > 0 which simplifies to ¢q; + ¢12 > 0. O
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Claim This cone is what we really need. Every time we apply a 3-move and transform parameters
by the Generalized Yang-Baxter equation then the cone for one diagram transforms to the cone of
the diagram we obtain ... transform as needed. (piecewise linear continuous map)

If we have a wiring diagram for the associativity these inequalities become very simple (we get
the plane partition inequalities)

10 Lecture 10 3/09/2012

How about showing #-product is commutative. We know that associativity with Peiri rule shows
that *-product of Schur functions is equivalent to normal product of Schur functions (which are
commutative). Surprisingly, there is no direct way to see commutativity from the x-product picture.

10.1 Symmetries of Littlewood-Richardson coefficients

CK# := cyuv has S3 symmetry. It is not clear how to see this symmetry from the KT honeycomb.

Also c§ u = c‘)’\; W where )\ is the conjugate partition. There is a reformulation of KT honeycombs
in terms of puzzles that makes this symmetry explicit.

Also c§ y = CZ y and this is related to the Schiitzenberger involution. An interesting open question
is to understand this symmetry in the *-product setting (using Yang-Baxter equation...).

10.2 Total positivity

An m x n matrix is called totally positive or TP (totally nonnegative or TNN respectively)
if every minor is > 0 (> 0 respectively).

Example 10.1.
[a b] ,a,b,c,d > 0,ad — bec > 0.
c d
The following Lemma relates total positivity with combinatorics.

Lemma 10.2 (Lindstrém Lemma). Let G be a finite acyclic directed graph with weights x. on edges
and selected vertices: Ai,...,Ap, Bi,...,By. Define M = (M;;) where M;; = Zp;AiaBj [Lecp ze-

Then .
det(M) = S )@ ] =
(Pla--an)yPi:Ai_’Bw(i) =1 eePi
where (P, ..., P,) are families of non-crossing paths connection the As and Bs. Where non-crossing

means that no pair of paths P; and P; have a common vertex.

Remark 10.3. If we sum over all paths without the restriction that they are non-crossing we just
get a restatement of the definition of the determinant. ]

Example 10.4.

Y&

y A

\

Tz +ytz yt

' ’ M:[tz t

} , det(M) = (x + ytz)t — yt - tz = at.
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Proof.
det(M) = Z(_l)sgn(w) HMi,w(i) — Z (—1)sgn(w) ﬂ H Ze,
wed i (PtyesPp), Pi:Ai— By 3y 1=1le€h;

for any family of paths connecting As with Bs. Next we use the Involution principle. We build a
sign-reversing involution ¢ on families (P, ..., P,) with a crossing. Find the min. P; that intersects
a path and find first point ¢ on P; that intersects a path. On that path find the minimal P; that
passes through c.

B w;

B,

7

Figure 22: Illustration of sign reversing involution ¢ in the proof of Lindstrom Lemma.

We claim that this map is an involution, it preserves the weight of the path but reverses sign. [
A special case of this Lemma is related to positivity.

Corollary 10.5. If G is a plane graph (embedded in a disk, see Figure Ay, ..., Ay are on the
left-hand side of the boundary of the disk and By, ..., By, are on the right-hand side (ordered from
top to bottom). Assume edge weights x. > 0, then the matrix M = (M;;) is totally nonnegative.

Figure 23: Plane graph G. If z, > 0, then the matrix M of Lindstrém’s Lemma is TNN.

Proof. Lindstréom Lemma implies that any minor is given by a nonnegative expression. That is, if
graph is planar all signs associated to noncrossing paths are positive. O
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y=e

y A

T+ ytz yt
tz t

t

, M:[ ] 2,y,t,2 >0 det(M) = (z + yt2)t —yt -tz = xt > 0.

Thus M is totally positive. Moreover, all 2 x 2 totally positive matrix can be written uniquely in
this way.

Claim: Any TNN matrix has this form (but not in a unique way).

The following is based on the work of Bernstein-Fomin-Zelevinsky related to previous results
by Lusztig. Assume that m = n and that M € GL,. Recall the LUD-decomposition M = LUD
where L is lower triangular with ones on the diagonal, D is a diagonal matrix, and U is upper
triangular with ones on the diagonal.

It is well known that M is TNN iff L, U, D are TNN. So our first goal is to understand TNN
upper triangular matrices. Let U, be upper-triangular unipotent subgroup of GL,. The strata of
the TNN part of U,, correspond to permutations w € S,.

Example 10.6. n = 2, { } where x > 0. There are two possibilities: = 0 in which case we

1 «x
0 1

get the identity. If x > 0 we get the matrix . Given w, we write its wiring diagram (now

1 =z
0 1
drawn from left to right). See Figure for an example of this correspondence for Sy (in this
case we are not using the fact that the graph we obtain from the wiring diagram is bipartite, this

property will be important later).

1
Al Bl
12=1
Ay By 0 1
1
1 1
A1 B1
1 =z
21:81»><» @ — M:{o 1]
A B
2 — T 2
w wiring diagram bipartite  planar strata of Us

graph

Figure 24: How permutations in So correspond to strata of the TNN part of Us.

O]

For w € S,, pick any reduced decomposition w = s;, ---s;,. Next we decompose M into a
product of certain elementary matrices. We illustrate this with an example.
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1 1 Ay By
T

2 2 AQ ‘ F Bs

3 3 - Ag 'y Bg

4 4 Ay ‘Z By

Figure 25: Example of Bruhat cell.

1 2 3 4
Example 10.7. For w = <4 9 1 3> = 51838981, we have
1 =z 1
1 1 vy
M = Ji(z)J2(y)J3(2)J1(t) = 1 1
1

The matrices J;(z) are called elementary Jacobi matrices.

Lemma 10.8. If s;, - - - s;, is a reduced decomposition of w, the set of matrices {J;, (x), ...

Z1,...,2¢ > 0} depend only on the permutation w.

T
PO N N S
Y
2 "’y‘ T 2
PO I S
Ay l l‘: By
Lo
Ji(z)  J2(y) J3(2)
1 ¢
1
1 1
]
7Jie(37€)’

Proof. Seeing that the set of matrices does not change under a 2-move is easy. For 3-moves (see

Figure we do the followng;:

T 4

5152581

Figure 26: 3-move.

1 z+2z ay 1 o
M = Ji(z)Jo(y)J1(z) = |0 1 y| =10 1 2/+2
0 0 1 0 0 1
Thus we obtain the system of equations
y/ —r+z y/
?+7 =y = 2
! ! _ /" _ —
yz =Ty r =Y a3 =

=r+z

Note that the solutions are subtraction-free. This means that for positive x, y, 2 we obtain a unique

positive solution z’,y/, 2’.

11 Lecture 10 3/14/12

O]

Question 11.1. What is the number of potential nonzero minors of an upper triangular matrices

(including the “empty” minor)? Why is it the Catalan numbers C,, =

33
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Example 11.2. For n = 1 there are 2 minors, for n = 2 there are five minors, for n = 3 there are
14 such minors. O

Exercise 11.3. Answer the question above and explain what is the refinement of Catalan numbers
you get when you restrict to the size of the minor.

Pick a reduced decomposition of w = s;, - - - s;,. Then the Bruhat cellis B, = {J;, (x1)J;,(z2) - -
Z1,...,2¢ > 0} where J;(x) is the n x n upper triangular matrix with ones on the diagonal, the
(1,1 + 1) entry is = and the other entries are 0.

1
1 x
Ji(z) =
1

See Figure [25| for an Example of a Bruhat cell. We also showed:

Lemma 11.4. B, depends only on w (not on its reduced decomposition,).

11.1 Bruhat order

Definition 11.5. The (strong) Bruhat order on &, is the partial order on permutations with
covering relations u < w such that

1. u=w(i,j)

2. l(u)+1="l(w).
Equivalently, u < w if any (or some for another equivalent definition) reduced decomposition for
w = 8;, - -+ 8;, contains a subword s;, - - - 5, which is a reduced decomposition for w. O

Note that it is not true that you can pick a reduced decomposition of u and add reflections to
obtain a reduced decomposition of w. [x *x give an example of this x x x| See Figure 27| for the
Hasse diagram of the Bruhat order in &s.

515281

51852 59851

S1 S2

Figure 27: The strong Bruhat order in Gj.

Theorem 11.6 (Bernstein-Fomin-Zelevinsky).
1. The TNN of Uy, decompose as | [, e, Buw,
2. By, 2 RY, where { = ((w), and the isomorphism is J;, (w1) - -+ J;,(20) — (w1, T2, . .., 7).
3. The closure B, C B, if and only if u < w in the strong Bruhat order.

Remark 11.7. To start seeing why part 2. of the theorem above is related to the Bruhat order if
x; = 0 then J;;(0) = I is the identity matrix. This is analogous to considering subwords (one has
to check that in the closure we get x; > 0). O

[x % x say something about nonzero minors x % O

How about the whole of GL,,?
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1 a b
01 ¢
515251 ~ 0 0 1

5152 5251

ﬁ
o O =
o[ = 5]
= &
_—
o O
o = 8
selg

1 =z 1 [0] [0]
S1 So 0 1 01 vy
0 0 1 0 0 1
¢ 1 [0 [0
0 1 [0]
Example 11.8. 001

Figure 28: Illustration of correspondence between w in the Bruhat order of &3 and TNN upper-
triangular matrices. The zero minors are in a blue square.

11.2 Fomin-Zelevinsky double wiring diagrams and double Bruhat cells
We take two permutations v and w and shuffie two reduced decompositons of these permutations.

Example 11.9. v ! = 5159 and w™!' = s9s357. ]

A N
y 2

\)

w

X

W

Figure 29: Example of double wiring diagram.

We can convert these double wiring diagrams into trivalent graphs as shown in Figure

We have two types of Jacobi matrices J;(x) (x on the (i,7+ 1) entry) as before and J;(x) which
is the identity matrix and x on the (i + 1,4) entry. We get an analogous decomposition as in the
case of single Bruhat cells.

-~ X LS P
* =7 > - :
3 3 3 ~ b T 3
4 4 4 ° 4
Figure 30: Going from double wiring diagram to trivalent graph.
Example 11.10. Continuing from Example M = Ji(z1)J5(x2) J2(x3) J5(24) J7(25). O
Definition 11.11. For u,w € &,, with reduced decompositions u = s;,5;, - - “Sigu) and w =
$j1542 " ** Sjy,, the double Bruhat cell is
Bu,w = {le ($1)J71(751)Ji1 (:EQ)J]T .- | T1,T2,... ,:Eg(u),tl, ta,... ,té(w) > 0}
O
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Theorem 11.12 (Lusztig, Fomin-Zelevinsky).
1. The TNN of GL,, decompose as || Buyw,
2. Byw = Ri(g)M(an, and the isomorphism is J;, (x1) - - - Ji, (z¢) — (21, T2, . .. s Tyuys T, 2, - - - sto(w))-
3. The closure By C By, if and only if u < v and w < z in the strong Bruhat order.

u, WSy,

11.3 Totally nonnegative Grassmannian

Definition 11.13. Gr>(k,n,R) are the elements in Gr(k,n,R) such that all Pliicker coordinates
A1 >0 (we use only maximal minors). O

In this setting the matroid strata are
St ={A € Gr(k,n) | Ar(A) >0 for I € M,A;(A) =0 for J & M}.

We also have that Gr>q(k,n) =[] S%{.
Recall that for Gr(k, n) the matroid stratification can get complicated (recall Lecture 7?7, Mnév’s
Universality Theorem,...) but the TNN Grassmannian has a “nice” stratification.

11.4 Relation to classical total positivity

Let B be a k x (n — k) matrix. From this matrix we obtain a k x n matrix A such that there is a
one-to-one correspondence between minors of B (of all sizes) and maximal minors of A (and with
the same sign).

1 dbpy Abry - Ebpnp ]
buu - bin—k y
B=: : , A= 1 b1  bs2 - b3nk
b1 o bkn—k 1 —bo1 —ba2 -+ —bap_p
i 1) b bz -+ bipk

So the classical total positivity embeds on the TNN Grassmannian. Moreover, there is a symmetry
feature in the latter (take first column and place it at the end and change sign by (—1)*~1. This
operation does not change the TNN Grassmannian. There is no such operation in the classical
setting.

Thanks: to Darij Grinberg, Nan Li and Tom Roby for comments, proofreading and board photos!
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