18.218 FALL 2016 — PROBLEM SET 1 — ADDITIONAL PROBLEMS

due Wednesday, March 2, 2016

Problem 13. Consider the 2n variables zy, ..., 2, and a4,...,a,. The
symmetric group .S,, acts by permutations of the z-variables (and does
not act on the a;): w(z;) = 2w, for w € S,.

Prove that the expression

S w ((zl _(Z;f B <) - zn))

wESn
is a polynomial in aq,...,a, that does not depend on the variables
Zlyevey”n-
Problem 14. Consider the 2n variables z1,...,x, and 2y, ..., z,. The

symmetric group S,, acts by permutations of the z-variables (as in the
previous problem), and the cyclic group Z/nZ acts by cylic shifts of
the x-variables. (The generator of the cyclic group acts as z; — 41,
where the indices are taken modulo n.)

Prove that
n—1
1<i<j<n
—_— cw
(n—1)! Z Z (21 — 22)(22 — 23) -+ (Zn—1 — 2n)

weSy CGZ/TLZ

equals (zy + -+ + x,)" L.

Problem 15. The Bernoulli numbers B,, n > 0, are defined as the
coefficients in the following Taylor series

n>0
— 11 1 1 1
We have Bo,Bl,BQ, e = 1, 29 6’0’ —%,0, E,O, —3gc -

Show that, for n > 1, By, ;1 = 0 and that the number
1 22n(22n _ 1)

-1 By,

(=1) 2n 2

equals the number of alternating permutations of size 2n — 1, that is,
the permutations w = wy, ..., ws,_ 1 with alternating values

W < Wy > W3 < Wy > -0 < Wyp—2 > Wop—1-
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