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i

loistweek : mx
,
ex

,
hi

, Px
X= (Xi, . . . . he) partitions
-

tody : Another basis of A

given by symmetric
functions Sx

.

-

First
,

we define

schurpolynomielss.CH
,
- -
-

,
xn) in

finitely many variables Xi, . . . ,xn



Remark
-

Sym .

'

polys vs Sym .
functions

polynomial z int
- power Ser

,Ex. Ex (Xi . . - Xu) vs ex (Xi, Xz, . - K
.

Ex Cx , ,Xz, - - ) = him ex (Xi
,
. . . ,Xn)

n → a

once a monomial x! ' . . xin
appears in ex (x, . . - xn) , it

will appear in all .
.

Ex (Xi, . . , Xw ) , for NZ 4 ,
with the same coeff

.

So
,

if n z ill
,
the

Sym . polynomial ex (Xi, . - , xn)
contains all info about

Sym .

function Exa
,
Xz
, .
- - )

.



Classical definition of
-

Schur polynomials S
> Cx, . . . ,xn)

.

°

Let d
= &, . . . , Ln ) EZIO

÷÷÷÷÷÷÷÷
.

matrix
.

= det ( xi% )
Isis 's eh

= E! sign Cw) xwd
,

'

. .

x !
WE Sn



Clearly
-

• ad = 0 if di = Lj
her some i # j

• da =D if Xi = X; for

some if j
.

• ax is anti - symmetric
-

with respect to

permutations of Xi
, . . ,xn

and w . r . t. perms of 4, . . . Ln
→

AL (x , , . . - Xi . . . Xj . . Xn)
= - da(x, . .

x
; .

.
Xi - .

-

Xs)
-

i



So WLOG we may
assume thot d

,
>

. . .
.

> Ln

and write
.

4=1+8

where X is a partition and

I
= (n-I

,
h -2
,
i
. 1,0) .

Aa is divisible by

IT (Xi - Xj) = do

Hquoude det .
So tf partition t -- Cx . . . - Xn)

1-
"classical

Sx (Xi, . . ,Xn) : = 9× def
.ao#of s,

is a symmetric poly in xi
, .- X,



is Lie theory
Remark d isknow↳
-

as

as Wey1cheracterbrm#
her irreducible representations
of Gln (type A) .
So Schur polynomials are

the "characters of irreps. of Glen
"

In rep. theory , people use .

notation p instead of

5- (n - Ish -2, - - - , I , O)



EL. h = 2
,
1=4,0) =D

X to = ③ O) 9×+8

sina.x.s.LI? It

Tiga.
=
X
,

'
- xp
-

= X
, -1 Xz

X
,
- Xz

Observation .

This is

a polynomial with

positive integer weft .



Reinert. We allow 1=4
.
. - AD

to here O 's in the end
.

One needs to check thot

a
>to
- does not change
AS

if we append o to X & subset
. xn.io .

Lemma hxhdetuchtbxh.tl)
- f / det
945 . .

.

Xn) toy
. L

'

y =
dei - """ "" "

I
,→,

do
. AT

41-1

11
where Ty = (n -I

,
h -2
, - .. ,

O)
.

°

.

\



.

Combinatorial def . of Sx
#

.

Det A semi-structured .

tough tableau. @SKT)
of shape X is a filling
of boxes of the Young
diagram X by 1,3 . . . , h

sit
.
the numbers strictly

increase in columns &

weekly increase in rows of d
E

⇐
a t.tn/EFosnPi--# i 's

shape is the7- (7
,
4,3, 3,1) tableau

.

Weight (3,4
, 3,2 ,

2,371



S
>
Cx , . . . xD =T
↳

"

Xweightft
T : SSYT
of shape X
filled w/ t - - is

weight (t) = i
,

- - Jon)

*
weight CT)

= ×?'
. . .
x ? "

.

theorem .

Classical def
.

off Sx ⇐ comb
.
def ots

,

Since this is a course on

combinatorics
,
we 'll use the

comb. def of Sx & prove
that a >toy as is the same thing



Speaking at Schur Sym .

functions
. . .

Sxcxyxz, . . . ) =. I
'

freight CT)

T : SSYT
of shape X
filled with

any positive numbers

Clearly
,

S
> ( x , . . ,XD= S> (Xi, - Yu

,
0,0, -- )
-

But it is not immediately clear

(from the comb
.

def) that s ,
is symmetric .
-

Lemuria S > is a symmetric
function

.



Proofs . Enough. to show that

Syl. . . Xi , Xin , . . . ) = Sxf. . . Xia Xi . . . )
tf i = I

,
2
,
- -

(This implies Sy, is invariant

w
.
rt

. any permutation of Xi 's .
Is

Ex .sxcx.bz?=Sx(Y,x,E)--SxCyjz
,

X) = Sx (Z , Y , X)

Basically
,
adjacent transpositions

generate all permutations . )
So we need to show

that # SSYT's of shape X
and weight P= C . - - pi Piti - - - )

= # SSYT 's of shape X

and weights § =L . . . Pitipi . .. ?



.

Let 's construct a
. bijection

SSYTCX
, f)I SSYTCX,f)

the set of SS YT's of shape X & weight p.
T ↳ I

.

s
a SSYT with . SSYT with

k i 's & e i 's and
✓ .

l City 's K Citi ) 's

All boxes of T filled w/ i 's

form a horizontal K - strip
#

/
k is

y€%YuE.contains at most 1 box



We will only modify boxes
filled with i's & Citi) 's

Ex f
- ¥⇒¥EE
A

17178188 .

i=7

it 1=8
6 7 's .

14 8 's

We want to modify ( only)
this part of the tableau

and replace it by 14 7 's

and 6 8 's
.

.



We might have some

vertical dominos ¥ a.

which. we cannot

modify . . All other boxes

G.me in several rows of

the form
.

Nina
. to

Replace them t.FI#..l
by TW

b a

-

I



EDT

17 8 88 88W

-
.

I

If we repeat the operation
we go back to the orig .

tableau T
.

So this is

a bijection

SSYTCX
, f) → SSYtcx.pl .

This proves that

Sx is symmetric. I



Anotherconstruationfor
Sx

.

-

Gelfand -Tsetliu patterns
-

• triangular arrays with

nonnegative integers
• Top row is Xi

,
he
,
. .
Xn

• Adjacent rows are

weekly interlaced
.

-

+
I Xz . .

. .

X
y

'

- - -
-

or



Example . h
-

- G X -_ ⇐ 5. 5.4.10)

-

7 5 5 4 I 0

6 5 52 I

4) 33
,

-

Gelfand -Tsetlin patterns
are in bijection with

SSYT 's filled with 1
,
-

,
"



Ex the above GT-patt .

corresponds to the tableau

I"iX
.

eH¥¥"h¥
Lemuria The interlacing condition

X , Xz
. - . .

X
n

"

m
"

. - -pi:
is equivalent to the condition

that boxes between 1 AM
form

a horizontal strip .

H7
""

"

[
horizontal strip XIM.



Corollary D= @i. ha , . . . . XD

Sx (Xi, . .. , Xy ) = -25 *
weight (P)

.

P : Gelfand -

.

Tsetlin patterns
. with top row X

weight (P) = (pi. . . . . fu)
th

Gi = @ +I - i) row sum of P
-

@ - ijth row sum of P

Examp n =3
,

X = ( 2,2 , O )

S
#
(x, Y, Z ) = I,

'
'

x' ya
'- b -

cz4
- a- b

U
,

b
,
CEZ

2 2
.

O

TEK .
We can view such expression

for s , as a sum over letitia points
of a certain polytope PCX?

-

-



theorem .
Schur symmetric

functions s, form a Z - linear

basis of A
.

Proof we 'll shoym.eu#hiattunct.Scher
g y

'

s & mm's arefunds
related by a triangular matrix
-

By def . /sx=Kxnm##
,

sum over partitions µ
St . IMI = HI .

where Kay. # SSYTS
y

of shape x
Kostka numbers and weighty .



Det. The dominance
partial order
-

(aka majorizatiou order)
-

on partitions of h .

1=44
, .
. . .dk)

, Mimi, . - the )

X > µ if

• IN = IMI
• X

, -1 . . +Xi > Mit . - thi Vi

(assuming Xi -_M; - ofori > k , ; > e)
.



Leave .

The dominance
order is generated by
the operations Ri

;

on Young diagrams

t.fi?:#E---..ithrowa
f. . .

. . j throw
--

move a box in X

fwm its row to

j th row
(if the result is
a valid Young diagr.)



- Exempt h=4

its> TED > It > 'Ef > ¥
(In this case, it is a total
order

.

But in general it is
a partial order .)

theorem .

K
> × = I

Kxm# 0 if xzµ .
Proof- of Kim ¥0 ⇒ X za .
For any SSYT of shape t
& weight µ , boxes containing
1,2
,
. .

,
i appear only in first i

rows of X
.



.

So
Mit . . . -11 ;

s Ht - - + Xi Fi

⇐
X 3M in the dominance order

.

.

Thus { Sx} = (Ky ) Cmn}
→

an
upper . triangular matrix

with
.

I 's on the diagonal
for any linear extension

of the dominance order on

partitions of h
.

⇒ S
> is a basis of A-

.



For X = i
,
. - in)

,

XD
.
-

3430

the set S
,

={Cii, in) c- 2
"

17%77%9! occurs
in 5×41

,
-. ,Xn)

is the set of an i. Ige?
" - Ze? coeff

.

}
lattice points in a

certain convex polytope
TIG> CRY

,
called the

permutation
IT = Guv ( Gm

,
.
. ,Xw

.nl/weSn)Theorem-.S,--tTCx)hZ"



The fact Kyu ¥0# MEX
is related to

.

Theorem (Rado)
-

IT(d) =
⇐s

- -

,
Ys ) C- TRY

• Y
,
t

. . tyn = Idl

s )tf ie l
,
. -

,
h

t w E Sn


