
18.217 Lecture 2
.

-

last: , A
= No ④ N' ⑦ N'④

. . .

- he ring of symmetric functions

(its elements
'

are power series in

infinitely many variables xbxz, . . .
with bounded degrees )

Ek := ¥
... ,

Xii . . . Xin elementary Sfs

hk = Ii Xj
,
.
.
. Xjr

.
Complete

j
,
E .
. - Sjk homogeneous SFS

.

-

Pk : = xiktxzkt XE t - - - power Sfs
.
-

For a partition X Hi, k, . . . ,Xe)

ex : = ex
,

. exz. - i - exe
h
,

: = hi
,
hx
,
. . - - hae .

P> : = Px , Px, . . . Pxe

Mx : = Exit' . . . Xie' monomial Sts
di's Ect f sum of monomials , all

↳effs .
= I



tdementatTheovemof#mFucus

N = Z Lei
,
ez
, . .

. ]
.

Equivalently , Ee , Id partition]
is a Z - linear basis of A .

-

Note e
, ,
ez
,
. . . algebraically indep .

⇒ ex 's are linearly indep.
-

We proved this by showing that

{ex } A Em
>3 her an

upper - triangular matrix A
with l 's on the diagonal .

So { my } is a linear basis of A

{ ex} is a linear basis of A
.



How about the
.

h- version ?

theorem A = Z [ hi
,

he
, - . . ] .

Equivalently , { h ,} is a

Z - linear basis

"

of 11
.

-

A similar approach Lei Is :

h
, =
Ii all monomials Xii . .. xaii
of

.

some degree IN - It. - tile
with some non-zero coeffs

.

So {h×3 = B {m×3

→
not an upper- twang.

matrix

We'll try a different approach
we'll relate ek's with

. he 's .



Generetingfuuclions.EC) : = I get
't

k>o

H Ct) : = hete
130

(by convention , Eo = ho = Po =D
-

Proposition / Ect) . Htt) = I

This allows to express ex 's

in terms of hes and

vise. - versa;

Ect) =
1-

=

H Gt) I -hat- that? ..
= I + (hit - hat't

. .. ) + Chit - hat't. -ft
. . .



So e
,
= hi

,

{ = - hath,

'

ez = h, -2inch , + 4,3 ,
etc

.

Note . Since the nekton between

Ect) & Hft) is nnt went.
Switching E & H

,
exactly

the setu hold for

expressions of hk 's in terms

of ee 's :

h
, -_
e
,
,
hz= -ezte , }

hz = ez - 2 Ee, + e, 3 ,
etc

.

-

Thus {ex} linear basis of A

⇒ E his is a linear basis
of N .



.pro#ofPropositioy.(ECtfHGt)-- 1.)
(Involution Principle)

Ect) - HC-t) =

¥÷÷i×i¥k¥. 'iet's
.

3
. . . 3

sign reversing involution T on

pairs (ins . . . six
,
j
,
>
. . . > je)

T:(cis . -sik) , Gi , . . e) ) ↳

( i -- ie J , ) , -42, . . . Ie) if it's J , (or ko){(in . . . ,
ix. i )

,
Cini , . . .ie) if he > Ii (or Eo)

I defined on all pairs , except (0,01.



KE id
.

The involution T cancels all terms in

←
corresponds to

Ect) . Htt)
, except l (0,01)

. O
.

2nd proof . .

-

-

Ect) =¥÷ektk= .

( ltxit)

Hft) = hit tCl - xit-H.tk!
A

= ITlie
,
I txit .

Now it is clear that Ect) Htt)- I
-

So we proved the h- version

of Fund . Thun. of Sfs :

11=224
,
ha
, .
. .
]

.



Involution w

-

s

11=2 [e
,ez, . . . ] = Z[hi, he, . . . ]

So we have the ring
automorphism w : A →A

given . by

W : eh ↳ hk for K= 1,2
, .
. .

(Thus e > ↳
h
, tf partition d.)

Corollary. (of the symmetry of Ect) Htt) - l)
w is an involution

.

W : h
>
to e , tf X

.

-

Reinert Boson - Fermion Orrego.
tall exp. Iet (all exponentshk ⇐{0,42. . . -3 ) EEO, 13 )



How about the p - version ?

theorem.

A-
④
= Epi

, Ps - - ] .

Equivalently, Epis is a

Q - linear basis of A-
q .
-

Need to express et 's

( or ht 's ) in terms of

Pe

Let 's use generating functions :

PCD : -- I
'

pet
"

-

K> I

=¥÷. . E'
''

=Ei÷i
-
i



Costs :

Pct) -_ ¥
,
# (log#it#

= # ( log (t.IT#xitD=ICogHCt
)) =

HIT
dt Hct .

Similarly
,
PGT) = E#

Ect .

We obtain

titty
.

E'Ct)=€t)E
,

or equivalently



Proposition . ( Newton 's formulas)
n

n .hn = I prhn- r
f- I

n - en = TIED
"

preen
!
-

These formulas allow to express

hn & en as polynomials is

pie 's (with rational wefts) ,
by induction on h

.

⇒ A = Lp. .pe, . - - T



.

More on the involution W
. . .

w

e , → hx follows
← from

Pn ⇐ C- y
"

pn
Newtons

forum les

p , # c-b'
"""

px
,

where 1×1=4-1 .
. . the

eccl) = # parts in X .

m
, I 2

0

Definition.Forgottensymmetnifunbonfj : = wcmx)
.



Ect) .Htt) = I ⇒ e
.
can be

expressed in terms of ht 's

and. vise versa
.

How to write .
this expression

explicitly ?

Let H = ( his )osi
,
; en

and E = (⇐I" ei- j ) o.ci
, ; en

((ht Dx knit) matrices)
Convention : ho eo=l

,
-hr= 4=0 , for rao.

* Iii: "I'÷÷:?)
lower

- triangular matrices
,
det - I



Ect -Htt)= I ⇒ matrices H X E

are inverses of
each other

.

E = H
''

So the matrix entries oof E are

the co¥ of the matrix H
.

In particular,
en

'

= ⇐Y
-'

flower left entry of E)
equals

Proposition .

-

h
,
I O O - - -

O

En =
hz h , I O

- - - O

⇒
¥ : :÷÷÷÷÷!



e
,
= 1h ,

I

ez = th:
'

n
,
I = hi -ha

h
,
I O

es =/ y; hi
.

in
,
/ -- hi- zhi .

+ h
z

etc
.

Applying w ,

e
, I 0 . .

.
O

" t: :÷÷: :L
.



How about explicitly expressing

hn & en in terms of pie's ?

Proposition..

hn -- E! ZI
'

Px
,

X th r
w

en -- Einen
" -""

⇒

'
pi

,

where 2x : = imimi !

and mi = # parts of X
which are equal to i .



Proof PCD = (log HGS) !

§
,

Prt
"

= log HH
r r

HH = exp2
,
PII)

=

exp (PE)
= t.IE?oCPrt5Irmrmr !
= IT Cpr try

"

Hms . . . . )
"" Tmr!

Mr 30 t r

all Mr's but finitely
many are equal to 0



Such sequences @ i ,mz, - - - . )

can be identified
'

with

partitions X s.t
.

X hes

Mr parts equal to r try.

Exempt Chi, myths, - - ) =

= (2,0
,
I
,
3
, 1,0 , O , - - - )

↳
× ( 5,4 ,4,4,3
EiffelII =Zr. Mr

RBI



So the last expression ⇐

hn = IZZI
'

Px .

D


