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Abstract

We survey recent and historical results from combinatorics on words, with a focus on
patterns in infinite words. The works of Axel Thue in the early twentieth century gave
rise a plethora of research around avoidable and unavoidable patterns in infinite words,
as well as bounds on and characterizations of such patterns. For example, Zimin proved in
1984 that all unavoidable patterns must be contained within a Zimin word, also known as a
sesquipower. Finally, we conclude with an overview of applications of words and patterns
to other branches of mathematics.

1 Introduction

The study of combinatorics on words is a field of mathematics that focuses on words, patterns,
and formal languages. In this paper, we provide a survey of results related to patterns in
infinite words over finite alphabets.

Formally, a word is a sequence of symbols composed from a finite set Z, and a factor of word
w is any sequence of consecutive symbols in w [4]. We denote £* as the set of all words over X,

orX* =eU (Uka ) ,Vk > 1, where € is the empty string. A pattern p is a word over X with the

following properties. We say a word w contains p if there is a mapping from each symbol in p
to a non-empty word, such that the concatenated words form a factor of w. On the contrary, a
word w avoids pattern p if it does not contain p [6]. For example, the word banana contains the
pattern xx but avoids the pattern xxx: both x — na or x — an are valid mappings. The mapping
from pattern to word is commonly known as a substitution or a morphism. A substitution /
obeys the properties that (xy) = h(x)h(y) and if x = agay, ..., then h(x) = h(ag)h(ay) ... [4].
We may proceed with these basic concepts in mind.

The paper is organized as follows. In section 2, we introduce combinatorics on words
through early studies of square-free words. In section 3, we continue our study of patterns
and their avoidability through Zimin words and bounds on words containing the n™ Zimin
word. We conclude in section 4 by providing applications of one pattern in particular, the
Thue-Morse word.

2 Square-free words

Combinatorics on words stemmed from the works of Axel Thue in 1906 and 1912 [12, 13],
which we study through modern translations [3, 10]. In his 1906 paper, Thue famously pro-
posed an infinite word over an alphabet of four symbols that avoids the pattern xx. Words that
exhibit this property are known as square-free words.



It is simple to show that all infinite words over alphabets of one and two symbols must
contain the pattern xx. The one symbol case is trivial. Now suppose %~ = {0,1}. Then every
block of four symbols must contain xx, with representative examples depicted below.

0000 0101 0110 0111
x—0 x—01 x—1 x—1

Thus we might ask, what is the smallest number of symbols required to find an infinite word
that avoids the pattern xx? Thue showed that three symbols suffice [12].

Theorem 2.1 (Thue, 1906). An arbitrary long square-free exists over three symbols.
We prove a stronger result.

Theorem 2.2 (Thue, 1906). An arbitrary long word exists over alphabet £3 = {a, b, ¢} that avoids
patterns aca and bcb.

Proof. We provide a constructive proof. Let u € X3 be a square-free word that avoids patterns
aca and bcb.

1. Replace each instance of ac with afw, and replace each instance of bc with bap, to con-
struct u’. For example, if u = abc, then 1/ = aba . Note that we can reconstruct u from u’
by removing all a’s and replacing all B’s with ¢, or removing ’s and replacing «’s.

We claim that u' is still square-free and avoids patterns xax and xpx. If 1’ contained the
pattern xx, then the reconstructed u# would contain a square, which is a contradiction.
Without loss of generality, suppose 1’ contained xax. The & must be preceded or suc-
ceeded by an B, so xax = yBayp or xax = ByaBy. When we delete all a’s and replace ’s
with ¢’s, we obtain a factor of ycyc in w, which we assumed to be square-free. Thus our
claim holds.

2. Insert v after every symbol in u’ to construct u”. For example, if u' = abap, then u” =
aybyayBy. u” is obviously square-free; otherwise we could delete the s to reconstruct
u’, which would contain a square.

3. Replace each a in 1" with afa and replace each b with Bap to construct w. For example,
if u" = aybyayBry, then w = afayfafynypy.
We claim that w is square-free and avoids factors aya and Byp.

First we prove the latter claim. Observe that in #/, symbols {a, a} alternate with symbols
{b, B}, else we would have a square in . After we insert a y between every two symbols
in u”, all three-symbol factors take the form a7yb, a7y, ayb, ayp or their reversals. Thus,
the only factors in w containing <y are ay and By«.

Now we show that w is square-free. Assume for contradiction that w contains pattern
xx. Observe that between any two < in w, there are only four possible factors: «, B, af«,
and Ba B, where the latter two follow from a and b, respectively. Since none of these four
factors contain a square, x must contain at least one 7.

Without loss of generality, suppose x only contained a single 7, succeeded by an « (the
same argument holds if < is preceded by a symbol, and if we take B instead). Then xx
must contain either yaya or yafaya, and w must contain aya, which we have established
to be false. Thus xx must contain at least two occurrences of y. With X = {«, B, aBu, pap},

X=pyXrty...-v¥mvq



form > 1, where x1,...,xn € X, qp € X (between two copies of x), and p'p,qq’ € X for
some p’,q (boundaries of xx).

If g = €, then pyxy7y ... yx, causes a square in u”, and likewise for p = €. So qp = afu
or gp = Baf. Without loss of generality, suppose (q,p) = (&, fa). By our construction,
w cannot start with py = Ba7y, so w contains the factor qpyx17y ... yxu7y. In this case, u”
again contains a square, so we reach a contradiction, and w must be square-free. Thus
we have shown that given any square-free word u € X3 avoiding aca and bcb, we can
construct a longer square-free word w € X3 with the same properties.

O

Theorem 2.3 (Thue, 1906). An infinite square-free word exists over three symbols. That is, there exists
a sequence {Wy },,~ such that wy is a prefix of w1 and Vi > 0, w; is square-free.

Proof. Let u be a square-free word over the alphabet {a, b, c} that avoids aca, bcb, and starts
with symbols a or b. We construct a new word ¢ (u) with the morphism ¢, where

o(a) = abac
o(b) = babc
o(c) = bcac if cis preceded by a
o(c) = acbc if cis preceded by b.

For example, if we take u = abc as in the previous proof, we obtain o (u) = abac babc acbc.
Upon inspection, we see that o(u) is the same as the w created by the proof of theorem 2.2,

where «, 8, v are replaced by a, b, ¢, respectively. Thus, o creates words that are square-free. If

we let wy = a, then we have an infinite sequence of square-free words, w,, 11 = 0" (wy), where

wy, is the prefix of w41, Vn > 0.
O

Thue’s 1912 paper introduced an alternative construction of an infinite square-free word, as
well as the sequence now known as Thue-Morse word [3].

Definition 2.1 (Thue-Morse word). Let {a, b} be a two symbol alphabet. Consider the substitution h
h(a) =b  h(b) = a.
Forn >0, let u, = h"(a) and v, = h"(b), such that
Uy = a vg=>b

uy = ab 01 = ba
U, = abba vy = baab

and the general terms are
Up+1 = UnUn Un+1 = Unlp.

Thue proved that the word u,, is overlap-free—that is, u,, avoids the pattern xyxyx for x # e.
Furthermore, Thue derived a relationship between overlap-free words and square-free words.

Theorem 2.4 (Thue, 1912). Let w be an infinite overlap-free word. Then the reverse image of w under
the substitution g
g(a) =abb g(b)=ab g(c)=a

is an infinite square free word on three symbols.



That is, g(w') = w, where W’ is square-free and w is overlap-free. Let us consider this
theorem in context of the Thue-Morse word, which extends infinitely as

w = abba baab baab abba baab abba abba baab...

From w we may apply the “reverse substitution” as

abb ab a abb a ab ...
N N N N N
a b [¢ a C b

to obtain square-free word w’ = abcacbabcbac. . ..

3 Unavoidable patterns

Thue’s work in the early twentieth century was forgotten for some decades, with partial re-
vivals in the 1920s and 1940s, and renewed interest since the 1980s [4]. Much of the work we
present here originates from this most recent period. Unavoidable patterns were characterized
independently by Bean, Ehrenfeucht and McNulty [2] and Zimin [14]. For convenience, the
rest of this section is based upon the latter’s work.

We give an overview of Zimin's characterization of unavoidable patterns, provide an algo-
rithm for determining unavoidability, and summarize recent bounds on the length of words
containing Zimin words.

3.1 Zimin words

To generalize the idea of square-free words, we say a pattern p is g-avoidable if every suffi-
ciently long word over g symbols avoids p, for ¢ € IN. Conversely, a pattern is g-unavoidable
if all long words over g symbols contains p. A pattern is unavoidable if it is g-unavoidable for
all 4. For example, we showed that the pattern xx is 2-unavoidable but 3-avoidable. Thus, xx is
not unavoidable.

Definition 3.1. A Zimin word, also known as a sesquipower, is defined recursively as
Zl = X1
Zy = X1%2X

Zy = Zn-1XnZn—1
over an alphabet . = {x1,...,xn}.
Proposition 3.1 (Zimin, 1982). All Zimin words are unavoidable.
Proof. We present a simple inductive proof from [9].
Claim 3.1. The pattern Zy = xyx is unavoidable.

Proof of claim. Consider an arbitrary alphabet ¥ on k symbols. Let w € X* be a word of length
2k + 1. Then some symbol a must be repeated three times, and we can factor w as

W = W1aWraW3aWy4.
The pattern xyx appears with the substitution #,
h(X) = a h(y) = Woaws.



Claim 3.2. If p is unavoidable on alphabet ¥ and w is a symbol that does not occur in p, then pap is
unavoidable on ¥.

Proof of claim. Since p is unavoidable on Z, there is an integer ¢ such that all words u € £* of
length ¢ contain p. Now consider the word

W = W151W257 ... Skgwkg+1

where |w;| = k and s; is a single symbol, Vi {1,2, N s 1}. There are at most k¢ unique

words of length ¢, so there must exist distinct 7, j such that w; = w;. Since w; and w; are
separated by at least one symbol, w contains pattern xyx. O

We can seen that Z; = x is trivially unavoidable, and claim 3.1 showed that Z; = xyx
is unavoidable. We may apply claim 3.2 inductively to show that Z,, is unavoidable over all
alphabets.

O

3.2 Zimin algorithm

In terms of computability, it turns out that avoidability is decidable through a property we
denote as irreducibility. Besides his eponymous Zimin words, Zimin developed a recursive
algorithm for determining whether a pattern is reducible, and thereby avoidable.

Theorem 3.1 (Zimin, 1982). A pattern is avoidable if and only if it is irreducible.

We provide reduction algorithm below. Let p € X* be a pattern. We construct the adjacency
graph G(p) as follows.

1. For each symbol x € X, add two vertices, x* and xR. Denote the left and right sets of
vertices as = and TR, respectively.

2. For symbols x,y € ¥, add an edge between x* and yR if and only if xy is a factor of p.

For example, the adjacency graph of xyxzyx is depicted below.

xk xR
L R

y y

zL zR

We denote a nonempty subset F C X as a free set if for all symbols x,y € F, there is no path
connecting x" to yR. In the above example, we have free sets {x} and {y}.

Given a pattern p and a free set F, we can create a new pattern q by deleting all symbols in
F from p. Here, we say p reduces in one-step to q. If there is a sequence of one-step reductions
from p to q, when we say p reduces to q. In context of this proof, a pattern p is reducible if p
reduces to €.

Note, however, that we only require one such sequence of reductions to exist. For example,
consider our previous example p = xyxzyx. If we first delete {b}, we would obtain an irre-
ducible pattern q = xxzx, but if we delete {a} first, we reduce our pattern to yzy, which in turn
reduces to €. Therefore, we require a recursive algorithm to check all paths.



3.3 Tower-type bounds

While an algorithm suffices to check whether a pattern is avoidable, it is often more convenient
to cite Zimin's following theorem in proving bounds on avoidability.

Theorem 3.2 (Zimin, 1982). A pattern is unavoidable if and only if it is contained within a Zimin
word.

Thus we might consider quantitative bounds on patterns containing Zimin words. For a
fixed word Z,,, let f(n, q) be the smallest number such that every word of f (1, q) over g symbols
contains Z, [7].

Theorem 3.3 (Cooper and Rorabaugh, 2014). Foranyn > 3and q > 2,

2q+0(q)

fn,9) <

where the o(q) term is independent of n and lim,_, 0(q) — 0.
We first prove the following lemma.

Lemma3.1. f(n+1,q9) < (f(n,q)+1) (qf(”f") + 1) -1

Proof of lemma. Consider the word

w = ab...cxde...fy...zts_;;;
flug)  f(nq) f(nq)
qf(”r‘l)Jrl

composed of gf("9)+1 words, each of length f(n,q), separated by a single symbol. It is easy to
see that w has length (f(n,q) +1) (qf (”fq)*l) — 1. Each of the smaller words must contain Z,,

by definition, and there are ¢/ () unique words of length f(n,q) over g symbols. So by the
pigeonhole principle, w must contain two copies of the same word, separated by at least one
symbol. Therefore, w must contain Z,, 1.

O

Proof of theorem. We prove the theorem by induction. The base case is f(2,q) = 2q + 1, in which
pattern xyx appears as two blocks of g symbols, separated by a single symbol.
We apply lemma 3.1 recursively to attain the desired bound,

2q+0(q)

e

Flnq) <a™"

Following Cooper and Rorabaugh, there have been several efforts to provide tighter bounds
on f(n,q). In particular, we highlight the contributions of Rytter and Shur [11] and Conlon, Fox,
and Sudakov [6].

Lemma 3.2 (Rytter and Shur, 2015). f(3,q) < 2971(g +1)!

O



Proof. We say that a word w is 2-minimal if it contains Zy, but all of its factors avoid Z;. So

w must necessarily be of the form aaa, for a single symbol a, or ab]11 ...bl"a, where the b; are
distinct and j; € {1,2},Vi.

Let t(2,q) be the number of 2-minimal words over an alphabet of 4 symbols. There are g
words of the first form and for a given r, there are - (9 —1)(g — 2)...(q —r) - 2" words of the
second form. So

-1 -1

1 q
tH2,9) =g+ Y q(g—1)...(g—r)2" <g! Yy 2" <2g! 1.
r=1 r=0

Now consider the word
w=ab...cxde...fy...zrs...t
—— == ——

f2q)  f(29) f(2.q)

£(2,9)+1

where each word of length f(2, g) must contain at least one 2-minimal word. By the pigeonhole
principle, two of these £(2, ) + 1 words must be the same. So we find a copy of Z3 = xyx where
the repeated words constitute the x and symbols between them form the y.

With some simple algebra, we have

fB0) < (f2q) +D(H2,9) +1) —1 < (29 +2)279! =277 (g +1)!

as desired.

Theorem 3.4 (Conlon, Fox, and Sudakov, 2017). Foranyn > 3,q > 35,

"q—O(w
‘//(n —1).

fln,q) <4

Sketch of proof. We prove by induction that

q
qf(n,q) < qf’/w—l)-

from which the result follows.
The base case is n = 3, which directly follows from lemma 3.2:

fBq) <2 g+ 1) < g7
when g > 35. Now suppose there is some T > g7 for which qf < T. By lemma 3.1,
fr+1g) <(F+1)@ +1)—1=fol +¢/+f<q""!
where f = f(n,q) for concision. Plugging in T, we may write
fn+1,9) < (T/q+2)q"" <Tg""1 <q""".

Our result follows from f(n +1,q9) < g7~ 1.



While these results provide bounds on the maximum length of a word before Z,, appears,
the longest word is not indicative of most words. Instead, [6] uses a birthday paradox argument
to determine the threshold length that Z, appears in a random word.

Theorem 3.5 (Conlon, Fox, and Sudakov, 2017). For fixed n and q tending to infinity, the threshold
length for Z,, to appear in a random word over q symbols is g~ —(+1)/2,

Proof. Recall that Z, = Z,,_1x,Z,,_1, where two copies of Z,_ are separated by a symbol, and
each symbol x; is mapped to some word. The minimal Z,_; maps each x; to one symbol, so
the length of such a Z,,_; is 2"=1 1. There are D = ¢"~! distinct copies of such Z,_1, so the
probability that any word of length 2"~! — 1 contains Z,, 1 is

qnfl

P:qzn—il_l-

For a random word of length N, where N > 2"~1 — 1, we expect to find Np copies of Z,,_;.

In the birthday paradox, it becomes probable that we encounter two people of the same
birthday when there are approximately D'/2 people, where D is the number of days in a year.
Likewise, for D = ¢!, it becomes probable we encounter two copies of Z,, ; when Np =
D'/2. Solving for N, we obtain

N — qu—(nH)/z‘

O

In context, consider copies of Z3 in the English alphabet with g = 26. According to theorem
3.3, it is only guaranteed that we find Z3 with at least 1034 characters, but by theorem 3.5, it is
likely that Z3 will appear within 1000 characters.

4 Thue-Morse word

Among all patterns encountered in combinatorics on words, none is more well-represented in
other fields of mathematics than the Thue-Morse, whose definition we gave in section 2. This
section introduces a few appearances of the Thue-Morse word throughout mathematics, but it
is by no means comprehensive. There are entire papers written on this subject [1], and we have
selected a few interesting cases for study:.

4.1 Infinite play in chess

The Thue-Morse word appears in many disparate fields of mathematics from algebra to num-
ber theory—and even chess [1]. In an obscure 1929 paper, chess grandmaster Max Euwe inde-
pendently discovered the Thue-Morse word to show that infinite play may exist in chess under
some reasonable conditions [8].

A supposed German rule dictated that a draw in chess would occur if any sequence of
moves repeated three times in a row. After all, people assumed that if a game continued for
long enough, then some sequence would eventually repeat. Euwe proved that this was not the
case.

Theorem 4.1 (Euwe, 1929). An infinite, cube-free sequence of chess moves exists.



Proof. Suppose we encoded a chess game as a word over two symbols, such that each symbol
represented a sequence of chess moves. For example, let

a:Al—B2,B2— Al
b:Cl1-D2,D2—-C1

be a sequence where bishops move back and forth. Now consider the Thue-Morse word on
{a,b}. As we stated in section 2, this word is overlap-free, so it is trivially cube-free. Therefore,
there exists an infinite, cube-free sequence of chess moves, and the aforementioned rule is
invalid for enforcing a draw. O

4.2 Finite automata

Consider the Thue-Morse word t over binary alphabet {0,1} and let t,, be the (n + 1) symbol
from the left, so that t = tyt1f, . ... An alternate definition for the Thue-Morse word is

t, = # 1s in binary expansion of 1 mod 2.

An interesting result from this representation relates the Thue-Morse word to finite automata
depicted below.

0 0

1
— L 1
In computability theory, finite automata read in input symbols and change states depending on
its transition function (edges) and the symbols read. For example, the word 101 would cause
the above automaton to transition first to state 1, stay at 1, and transition to state 0.

We can easily see that the above finite automaton outputs the number of 1s in the input,
modulo 2. So via the alternative definition for t,;, we find that ¢, is the state reached when the
input is the binary representation of n. Sequences that may be output by a finite automaton
are known as automatic. Works by Cobham showed that sequences are automatic if and only
if they are the fixed points of morphisms; as we have seen above, the Thue-Morse word may
be mapped to itself, so it satisfies this property from both directions [5].
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