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This is the course note of the mini-course by Professor Richard Schoen at “Summer School
in Minimal Surfaces, Flows, and Relativity” at University of Connecticut 2018. It is very
likely that I have introduced errors in this notes, and I appreciate anyone who can figure
them out. If you find any mistake, please let know at aosun@mit.edu.

1. Introduction

1.1. Einstein Equation.

1.1.1. Newtonian Gravity. Let us first recall the physics theory of Newtonian gravity. A
version can be understood from the following way. Consider an object which is a domain
Ω ⊂ R3 with density ρ(x). Then It generates a gravitational field, which can be characterized
by a gravitational potential ϕ, where ϕ satisfies the Laplacian equation

∆ϕ = −4πρ

with the asymptotic assumption ϕ→ 0 at ∞.
Then for a mass x in R3, it feels the gravitational force

F (x) = ∇ϕ(x).

Then by Newton’s mechanism the second order ODE

x′′(t) = ∇ϕ(x(t))

gives the mass move.
An important fact is that Newtonian gravity theory should b invariant under Euclidean

motions. In modern language, it means that the theory is invariant under the group action
on R3 preserving the standard Euclidean metric (dx1)2 + (dx2)2 + (dx3)2.

1.1.2. Special Relativity. In the celebrity work of Einstein, he noticed that in order to resolve
some issues of physics at that time, one need to consider the physics in Minkowski spacetime,
and is invariant under the group action preserving the Lorentzian metric.

To be more precise: let R1,3 be theMinkowski spacetime, with coordinate (x0, x1, x2, x3);
define η to be the Lorentzian metric

η = −(dx0)2 + (dx1)2 + (dx2)2 + (dx3)2,

then the physics should be study in this space.
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It should be aware that in physics there is a constant c2 before the term −(dx0)2, which
is the square of the speed of light. Here we just imagine the speed of light is 1.

In this case we want to study the wave equation, which is the analogy of Laplacian equation
in Euclidean space.

1.1.3. General Relativity. General relativity generalized the space on which we study physics
to a much more wider class. A Lorentzian manifold (S1,3, ĝ) is a four manifold with a
Lorentzian signature metric ĝ. This means that at each point p ∈ S there exists an orthogonal
basis {e0, e1, e2, e3} such that ĝ(ea, eb) = ηab. ĝ is called gravitational field. One can see that
the Minkowski space is one such manifold.

Under ĝ, the vectors in the tangent space TpS divides into three types.

• Timelike vectors: for those v with ĝ(v, v) < 0;
• Null vectors: for those v with ĝ(v, v) = 0;
• Spacelike vectors: for those v with ĝ(v, v) > 0.

A natural question is what should ĝ be? Einstein worked on this problem for long time,
and with the help of Hilbert he introduced the equations to determine ĝ, which is now called
Einstein equation. This is a deterministic equation, which means that the number of the
equations equals the number of unknowns.

Let us recall some basic notions in Riemannian geometry, and the generalization to
Lorentzian geometry. Let R̂(·, ·, ·, ·) is the curvature tensor of ĝ. Then Ricci curvature
is defined to be

R̂ic(v, w) =
3∑

a,b=0

gabR̂(v, ea, w, eb).

The scalar curvature is defined to be

Ŝ =
3∑

a,b=0

gabR̂ic(ea, eb) =
3∑

a,b,c,d=0

R(ea, eb, ec, ed).

Then the left hand side of Einstein equation is the Einstein tensor

(1.1) Ĝ = R̂ic− 1

2
Ŝĝ.

This is a (0, 2)-tensor.
The right hand side of the Einstein equation is 8πT , where T is another (0, 2)-tensor called

stress energy tensor of matter. One can imagine for e0 a timelike vector, then T (e0, e0) can
be understood as the mass density as in Newtonian gravitation. In particular for different
e0, T (e0, e0) may be different. This is the weird fact that different observers in the spacetime
may measure the same object but get different results.

The Einstein equation is

(1.2) Ĝ = 8πT.

Note this is a tensor equation, hence actually consists of 10 equations and 10 unknowns.
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A special case which will be studied extensively is T = 0. This is called vaccum Einstein
equation, and it is related to R̂ic = 0. In order to see this, we take the trace of Einstein
equation and to see that Ŝ = 0 for vacuum case.

Just like Newtonian mechanism, given (S, ĝ) then x(t) moves along the timelike geodesics,
which is also a second order ODE.

1.2. Solve Einstein Equation. The first question is that what is the meaning of solving
an Einstein equation. Just like solving an partial differential equation we need to set up the
initial values, here we also want to solve an initial value problem called Cauchy problem.

Let M3 ⊂ S4 be a spacelike hypersurface, which means that g = ĝ|M is a Riemannian
metric over M . Recall that for a hypersurface in Euclidean space, the infinitesimal motion
of the hypersurface is characterized by its second fundamental form. So if we imagine M3 is
moving along the time, the second fundamental form of M in S plays the role as the initial
velocity of the motion.

So an initial data is a triple (M3, g, h) where g is a Riemannian metric over M and h is a
symmetric (0, 2)-tensor.

1.2.1. Constraint Equation. There is a problem arise in the above discussion. Recall the
hypersurfaces in Euclidean space. In general if we prescribe a metric tensor g and a symmetric
(0, 2) tensor h (as the second fundamental forms) over a codimensional 1 manifold, it can
be isometrically immersed into the Euclidean space if and only if g and h satisfy the Gauss-
Codazzi equations. Here similarly, the initial data can be a spacelike hypersurface in the
spacetime if and only if g, h satisfy the Gauss-Codazzi equations of Lorentzian manifold.
This is the obstruction of (M, g, h) to be a spacetime hypersurface in S.

There are four of Einstein equations involve only (g, h), which are

(1.3)

{
Ĝ00 = 8πT00,

Ĝ0i = 8πT0i, i = 1, 2, 3.

We will use µ to denote T00 and Ji to denote T0i. J is called the momentum density.
With Gauss-Codazzi equation in Lorentzian space, we may re-write the tensor to be

Ĝ00 =
1

2

(
Rg + (Trg(h))2 − ‖h‖2

g

)
,

Ĝ0· = divg(h− Trg(h) · g).

Then we get the constraint equations

(1.4)

{
Rg + Trg(h)2 − ‖h‖2

g = 16πµ,

divg(h− Trg(h) · g) = 8πJ.

In particular we get the vacuum constraint equations with the right hand side to be 0.

Theorem 1.1 (Cauchy problem). Suppose (M, g, h) satisfies the vacuum constraint equa-
tions, then there exists a unique local spacetime of vacuum Einstein equation with this initial
data.
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Remark 1.2. In physics, µ, J need to satisfies the dominant energy condition:

µ ≥ ‖J‖.
This condition means the positive mass density for any observer, hence it is important in
physics.

2. Positive Energy Theorem

2.1. Schwartzschild Solution. It is known that Minkowski space is a solution to the vac-
uum Einstein equation. The next non-trivial solution is discovered by Schwartzschild. Sup-
pose m > 0, then the Schwartzschild solution is defined over S = R × (R3\B2m) with the
metric

(2.1) gm = (1− 2m

ρ
)dt2 + (1− 2m

ρ
)−1dρ2 + ρ2dξ2,

where (ρ, ξ) is the spherical coordinate of R3.
(1− 2m

ρ
)−1dρ2 + ρ2dξ2 is called spatial Schwartzschild metric. From now on let us consider

this spatial part.
By solving an ODE one can write the metric into a conformally flat form

gm = (1 +
m

2r
)4(dr2 + r2dξ2).

Note the assumption ρ > 2m is equivalent to r > m/2, but this conformally flat form is also
defined for 0 < r ≤ m/2. So we get an extended Schwartzschild metric.

picture.
This is a vacuum constraint solution with R̂ic = 0. In order to see this, we first recall that

the scalar curvature under conformal change is given by

R(u
4

n−1 g0) = u−
u+2
u−1 (Rg0 −

4(n− 1)

n− 2
∆u).

Then since ∆R3(1 + m
|x|) = 0, Rgm = 0. So R̂ic = 0.

The discovery of Schwartzschild has many important influence. For example, it resolve
the long-time standing issue of the abnormality of the orbit of Mercury. Nowadays the
Schwartzschild correction also plays an important role in GPS technology.

2.2. Asymptotically Flat Metric. In the standard Euclidean coordinate the conformally
flat Schwartzschild metric can be written as gij = (1 + m

4|x|)
4δij. Note as |x| → ∞ this

metric will be closer and closer to the flat Euclidean metric. This property is roughly called
asymptotically flat.

Let us recall what happens in Newtonian gravity. Consider a point mass at 0 with mass
m, then by solving the Laplacian equation we get

ϕ(x) =
m

|x|
,
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which goes to 0 as |x| → ∞. For a general mass, similar asymptotic behavior holds:

ϕ(x) =
m

|x|
+O(|x|−2).

This can be seen via solving the Laplacian equation by using the Green’s function. Moreover
we have

m =

∫
R3

ρ.

Actually for σ large enough such that the whole mass lies in Bσ, we have

−4π

∫
Bσ

ρ =

∫
Bσ

∆ϕ =

∫
∂Bσ

∂ϕ

∂ν
=

∫
∂σ

(−m
r2

+O(r−3))→ −4πm,

as σ →∞.

2.2.1. First Attempt. The first attempt to study the asymptotically flat space carries the
same spirit. Consider (M, g, h) such that there exists a compact subset K such that

M\K ≈ R3\ ball,

with the coordinate x1, x2, x3 from R3, and

gij = (1 +
m

2|x|
)4δij +O(|x|−2),

hij = O(|x|−2).

Here m is the “total mass” of (M, g, h). Of course the Schwartzschild solution satisfies such
conditions.

However, this notion of asymptotically flat is too special. For example, under this as-
sumption the metric has rotation symmetry, but consider a “tilt” spacelike hypersurface of
Schwartzschild solution, which has no rotation symmetry.

2.2.2. Weak Assumption. So we need to introduce a weak assumption. We say (Mn, g, h) is
asymptotically flat if it is homeomorphic to Rn\ ball outside a compact subset, and

gij = δij +O2,α(|x|−p),
hij = O1,α(|x|−p−1).

(2.2)

where p > (n − 2)/2. Here aij = O2,α(|x|−p) means that ∂aij = O(|x|−p−1), ∂2aij =
O(|x|−p−2), [∂2aij]α = O(|x|−p−2−α). With the constraint equation and sufficient decay
of µ, the scalar curvature satisfies the integral condition

(2.3) Rg = Oα(|x|−q), q > n.

This follows directly from Rg + Trg(h)2 − ‖h‖2 = 16πµ and 2p+ 2 > n.
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2.3. Positive Energy Theorem. The assumption of p on asymptotically flat is the key to
define mass m. Recall that

Rg =
n∑

i,j=1

(∂i∂jgij − ∂i∂igjj) +O((g − δ)∂2g) +O(∂g · ∂g).

Note Rg is integrable and

O((g − δ)∂2g) +O(∂g · ∂g) = O(|x|−2p−2)

which is also integrable.

Definition 2.1. The ADM mass for an asymptotically flat (M, g, h) is defined to be

(2.4) m =
1

16π
lim
σ→∞

∫
∂Bσ

(∂jgij − ∂igjj)νidA.

Note this is a well-defined quantity. In order to see this, we consider the annulus with
large inner and outer radius, then the Stokes theorem gives us the existence of the limit.

Now we may state the positive mass theorem

Theorem 2.2. Suppose (M, g, h) is asymptotically flat and satisfies the dominant energy
condition. Then the ADM mass m ≥ 0, and equality holds if and only if (M, g, h) ⊂ R1,n.

A direct corollary is

Corollary 2.3. Suppose (M, g) is asymptotically flat with Rg ≥ 0, then the ADM mass
m ≥ 0, and equality holds if and only if (M, g) isometric to Rn.

Remark 2.4. In physics there is a group of quantities (P1, · · · , Pn) which are called linear
momentums. Consider the energy to be E, then one has

m2 = E2 − |P |2.
So E ≥ |P | should hold. This is spacetime positive energy theorem.

The positive energy theorem is proved by two very different methods. It is surprising
that both methods haven’t solve the positive energy theorem for all cases. One method is
the spinor method by Witten, which can only prove the theorem for spin manifold; another
method is the minimal hypersurface method by Schoen-Yau, which can only prove the the-
orem for up to 8 dimensional manifold. Recently Schoen-Yau develop some new techniques
to try to solve the problem for all dimensions.

3. Mean Curvature and Scalar Curvature

Recall that suppose Ω ⊂ M2, then Gauss-Bonnet theorem relates the total curvature∫
Ω
KdA and the boundary geodesic curvature

∫
∂Ω
k. The higher dimensional analogy is the

scalar curvature and the mean curvature respectively.
For n ≥ 3, consider Σ = S2 ⊂ R3 is an embedding such that

∫
Σ
H >> 1.

Negative scalar curvature does not have topological obstruction.
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Theorem 3.1 (Lohkamp). Given (M,∂M) with metric g. Suppose f ≤ Rg and equal to
Rg near ∂M , then for all ε > 0 there exists ḡ with ḡ = g near the boundary such that
f − ε ≤ Rg ≤ f , and ‖ḡ − g‖C0 < ε.

The counter part is not true.

Example 3.2. Consider (Bn, ∂Bn), then there is no g such that Rg ≥ 0 and g = δ the
standard metric near ∂B except g = δ in Bn.

3.1. Trapped Surfaces.

Definition 3.3. We say a surface S in (M, g, h) is a outer trapped surface if it satisfies

HS + TrS(h) < 0.

We say a surface S in (M, g, h) is a marginally outer trapped surface (MOTS) if it satisfies

HS + TrS(h) = 0.

In particular if h ≡ 0, then a MOTS is a minimal surface in (M, g).
The name outer trapped surface comes from the following observation. Consider the

standard Schwartzschild space, and Σ is a slice such that |x| is a constant and |x| < m/2.
Then if we move Σ outwards, i.e. increase |x|, then the area of Σ would be decreased.

Trapped surfaces (minimal surfaces) play an important role in the positive energy theorem.
Recall the second variational formula for a minimal surface Σ is

(3.1)
d2

dt2
|t=0 Area(Σ + tϕν) =

∫
Σ

[|∇ϕ|2 − (|A|2 + Ric(ν, ν))ϕ2]dµΣ.

We say minimal surface Σ is stable if

(3.2)

∫
Σ

[|∇ϕ|2 − (|A|2 + Ric(ν, ν))ϕ2]dµΣ ≥ 0

for any variation ϕ ∈ C∞(Σ). Equivalently, denote J be the elliptic operator

Jϕ = ∆Σϕ+ (|A|2 + Ric(ν, ν))ϕ,

then Σ is stable if the first eigenvalue of J is nonnegative.
An important observation by Schoen-Yau is that we may re-write the second variational

operator in terms of the scalar curvature. In fact

|A|2 + Ric(ν, ν) =
1

2
(RM −RΣ + |A|2).

So Σ is stable if

(3.3)

∫
Σ

[|∇ϕ|2 − 1

2
(RM −RΣ + |A|2)ϕ2]dµΣ ≥ 0

for any variation ϕ ∈ C∞(Σ).
Stable minimal surface is very restricted by the stability. Let us see one example.
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Theorem 3.4. Suppose Σ2 ⊂ M3 is a closed compact stable minimal surface. If M3 has
positive scalar curvature, then Σ is S2 or RP 2.

Proof. Let ϕ = 1 in the second variational formula. Then

0 <

∫
Σ

(RM + |A|2)dµΣ ≤
∫

Σ

RΣdµΣ = 4πχ(Σ).

Here we use Gauss-Bonnet theorem and χ(Σ) is the Euler character of Σ. So χ(Σ) > 0 and
Σ has to be S2 or RP 2. �

Corollary 3.5. T 3 has no metric with positive scalar curvature. T 3 has no non-flat metric
with nonnegative scalar curvature.

Proof. Let T 2 ⊂ T 3 represent a non-trivial homology class. Then by existence theory of
minimal surface, there exists Σ homologous to T 2 of least area, and it is a stable minimal
surface. Note Σ can not be S2 because otherwise Σ enclose a B2 hence can be deform to a
point which can not has least area. Also Σ is oriented, so genus(Σ) ≥ 1. Then by previous
theorem T 3 can not carry a metric with positive scalar curvature.

Suppose g is a metric on T 3 with nonnegative scalar curvature. If it is not flat, then
Kazdan-Warner proved that there exists a metric on T 3 with positive scalar curvature, which
is a contradiction. �

Corollary 3.6. There is no nontrivial metric g on R3 such that Rg ≥ 0 and g = δ near ∞.

Proof. Otherwise we just glue the ends to construct a T 3 with metric g such that Rg ≥ 0. �

The second variational formula gives us some rough idea that why a space (M, g) with
positive scalar curvature (a space satisfies constraint Einstein equation) should not have a
stable minimal surface (MOTS). On one hand, by Gauss equation we know that Σ should
have negative Gauss curvature, hence negative scalar curvature; on the other hand, since RΣ

is the only positive term in the second variational formula, Σ stable implies that RΣ should
be positive enough. This leads to some contradiction. This is very similar to Gauss-Bonnet
theorem for curves in the plane.

3.2. Minimal Slicing. With the second variational formula, we are be able to construct
the minimal slicings. Let Mn be a manifold, assume Σn−1 is a stable hypersurface. Then by
the second variational formula we can find a function un−1 be the lowest eigenfunction of J
over Σn−1. By the elliptic theory, un−1 is a positive function over Σn−1. Define ρn−1 = un−1.

Then we choose Σn−2 ⊂ Σn−1 to be a minimizer of the volume density Vρn−1 , i.e.

Vρn−1(Σ) =

∫
Σ

ρn−1dµn−2.

Then Σn−2 is a stable minimal hypersurface of Σn−1 with the volume density. Then we can
choose the lowest eigenfunction un−2 of J over Σn−2. Again, un−2 is positive. Then we define
ρn−2 = un−2ρn−1.
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Continue these steps. Then we may get a sequence

Σk ⊂ Σk+1 ⊂ · · · ⊂ Σn−2 ⊂ Σn−1 ⊂Mn.

Σk is called the minimal k-slicing.

Theorem 3.7 (Geometric Theorem). If RM ≥ k > 0, then

(1) (Σk, gk) is Yamabe positive. Here gk is the induced metric of Σk ⊂Mn, and Yamabe
positive means that there is a conformal metric of gk with positive scalar curvature.

(2) If k = 2, then diam(Σ2) ≤ 2π/
√
k, and Σ2 is union of S2’s.

Remark 3.8. Consider M = S2×T n−2 with the product metric, and pick the metric over S2

to have constant curvature k/2, then RM = k. However the diameter of S2
k/2 now is

√
2π/
√
k,

implies that the bound in the geometric theorem is not sharp. It is an open question that
whether this example gives the sharp bound.

Proposition 3.9 (Unweighted Inequality). If RM ≥ K, then

(3.4)

∫
Σk

(K +
3

4

n−1∑
p=k+1

|∇k log uk|2 −Rgk)ϕ
2dµk ≤ 4

∫
Σk

|∇kϕ|2dµk

holds for all ϕ ∈ C∞0 (Σk).

3.3. Compactification. In previous sections we discuss how the positive scalar curvature
can be the obstruction of certain topology. However the space we study the positive energy
theorem is not a compact space. So we need to compactify the space. The first step is to
construct a metric which is flat near ∞.

Recall that under the conformal change the scalar curvature becomes

R(u
4

n−2 δ) = −Cu−
n+2
n−1 ∆u,

so the conformally flat metric has Rg > 0 if we can find u > 0 and ∆u ≤ 0. Then by solving
the Laplacian equation, we can show that suppose (M, g) is asymptotically flat with Rg ≥ 0,
then for any ε > 0, there exists

ḡ = u
4

n−2 δ

such that out side a compact set,

Rḡ ≡ 0 and m̄ ≤ m+ ε.

Note this need u satisfies ∆u = 0 and u ∼ 1 at ∞.
Then if m̄ ≥ 0, we can study the positive energy theorem for (M, ḡ), where ḡ is δ near ∞

and R(ḡ) ≥ 0.
If m̄ < 0, then Lohkamp has the following observation: let v = max{u, 1 − ε}, then

smoothiefy it such that δv ≤ 0. Then R(v4/(n−2)g) ≥ 0. i.e. there exists ĝ which equal to δ
near ∞ and R(ĝ) ≥ 0.
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In either case, we get a metric which is flat near infinity. Then by gluing the space near
infinity we get a compact

M = (Mn
0 #T n, ĝ), R(ĝ) > 0.

Theorem 3.10. If Mn
0 is any closed n-manifold, then M = Mn

0 #T n does not admit any
metric g with Rg > 0.

Sketch of proof. We argue by contradiction. Suppose such g exists. Let T n be the standard
torus with the 1-forms dx1, · · · , dxn. Suppose π : M → T n is the non-trivial degree 1
projection (for example, it is an identity map for the part T n, and trivial map for the part
M0). Let wi = π∗(dxi). We also renormalize the metric such that∫

M

w1 ∧ · · ·wn = 1.

Now we consider Σn−1 ⊂M minimizes

{V (Sn−1) :

∫
Sn−1

w1 ∧ · · · ∧ wn−1 = 1},

and define un−1 and ρn−1 as before. Then consider Σn−2 ⊂ Σn−1 minimizes

{Vρn−1(S
n−2) :

∫
Sn−2

w1 ∧ · · · ∧ wn−2 = 1},

and define un−2 and ρn−2 as before.
Continue this process, we can find

Σ2 ⊂ · · · ⊂ Σn−2 ⊂ Σn−1 ⊂M,

where Σ2 is a minimal 2-slicing. RM > 0 implies that Σ2 is a union of S2’s. However∫
Σ2
w1 ∧ w2 = 1 implies that the genus of Σ2 ≥ 1, which is a contradiction. �

The above proof works well for n ≤ 7. However, this proof fails when n ≥ 8. This
is because the regularity theory of minimal hypersurfaces fails: n ≥ 8 then the minimal
hypersurface Σn−1 has a singular set Sn−1 of Hausdorff dimension ≤ n− 8.

A hope is that since the singular set has codimensional 8, so maybe Σn−2 ∩Sn−1 is empty.
Then maybe we still can get a regular minimal 2-slicing Σ2.

Let Σk ⊂ Σk+1 ⊂ · · · ⊂ Σn−1 ⊂ M be a minimal slicing. By a little abuse of the
terminology, we define Rk to be the regular set of Σk, which contains points p such that

∃r0 > 0,Σj ∩Bn
r0

(p) is smooth for j = k, k + 1, · · · , n− 1.

i.e. we want it is regular for all the slices. We define Sk = Σk\Rk.

Theorem 3.11 (Regularity Theorem). dim(Sk) ≤ k − 3.
In particular, Σ2 is regular. Then we are able to conclude the positive energy theorem for

all dimensions.
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Note that Sk = (Sk ∩ Rk+1) ∪ (Sk ∩ Sk+1). (Sk ∩ Rk+1) has codimension 7, so it is
well-controlled. (Sk ∩ Sk+1) is the problematic part.

In order to study the singular set of the minimal slicings, we first recall the work on the
singular set of the minimal hypersurfaces. Suppose Σn−1 ⊂ Mn is a minimal hypersurface,
and S is the singular set. Then suppose p ∈ Σ, a blow up argument indicates that there
exists a non-flat minimal cone Cn−1 ⊂ Rn. The technique of dimension reduction, introduced
by Federer-Fleming, indicate that there exists m ≤ n − 1 such that there is a minimizing
cone Cm−1 ⊂ Rm, which has only one singular point {0}. Note Simons proved that any
minimal cone Cm−1 ⊂ Rm is unstable for m ≤ 7, hence only when m ≥ 8 there would be
possible singularities for minimizing hypersurfaces.

Let us consider the same argument for minimal slicings. We define homogeneous minimal
k-slicing is a sequence of cones

Ck ⊂ Ck+1 ⊂ · · · ⊂ Cn−1 ⊂ Rn,

with the homogeneous function uj of same degree associated to every Cj, and Cj minimizes
Vρj+1

. If all the Cj’s are plane and uj’s are constant, then this is a trivial slicing. p ∈ Sk,
implies there exists nontrivial homogeneous k-slicing by blow up argument. And with the
same idea of dimension reduction for minimal hypersurfaces, a BLACK BOX implies there
exists l ≤ k, a homogeneous l-slicing with SCl = {0}.

Theorem 3.12. There is no nontrivial homogeneous 2-slicing with S2 = {0}.

Sketch of proof. We apply the unweighted inequality (3.4):∫
C2

(K(= 0) +
3

4

n−1∑
p=3

‖∇2 log up‖2 −R2(= 0))ϕ2dµ2 ≤ 4

∫
C2

‖∇2ϕ‖2dµ2

holds for all ϕ ∈ C∞0 (C2\{0}).
Naively if we choose ϕ = 1, then we get ‖∇2 log um‖ ≡ 0 for all m = 3, · · · , n− 1, which

is a contradiction. However ϕ = 1 is not a test function in C∞0 (C2\{0}). So we apply the
log cutoff trick for 2-d integral: take ε > 0, R >> 1, let

(3.5) ϕ =


log(|x|/ε2)/ log(1/ε), ε2 ≤ |x| ≤ ε

1, ε ≤ |x| ≤ R

log(R2/|x|)/ logR, R ≤ |x| ≤ R2

0, otherwise

.

Then let ε→ 0, R→∞, we get
∫
C2
‖∇2ϕ‖2dµ2 → 0, which is a contradiction! �
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