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Positivity in Cluster Algebras and Their Generalizations

Abstract

The theory of cluster algebras gives us a combinatorial framework for understanding the
previously opaque nature of certain algebras. Each cluster algebra is generated by its cluster
variables, which can be obtained via the recursive process of mutation. One remarkable
property of cluster algebras is Laurent positivity, which means that every cluster variable
can be written in a nice form; specifically, as a Laurent polynomial with positive integer
coefficients in the initial cluster variables. Laurent positivity for cluster algebras unifies
positivity phenomena in a variety of contexts, including Teichmiiller theory, Gromov-Witten
theory, string theory, and tropical geometry.

Laurent positivity was conjectured by Fomin and Zelevinsky when they introduced cluster
algebras in 2002, but the proof remained elusive for over a decade. There have since been two
proofs: a combinatorial approach by Lee and Schiffler, and a geometric approach by Gross,
Hacking, Keel, and Kontsevich using a novel connection to scattering diagrams. Scatter-
ing diagrams themselves are powerful tools, originating from mirror symmetry, where they
track how certain geometric invariants (Gromov—Witten invariants and Donaldson-Thomas
invariants) change under varying stability conditions. Every cluster algebra is associated
with a cluster scattering diagram that encodes algebraic relations between cluster variables,
making them a useful tool in cluster algebra theory.

The work in this dissertation unifies these methods, aiming to deepen our understand-

ing of positivity in both cluster algebras and scattering diagrams. In Chapter 3, which is

il



joint work with Kyungyong Lee and Lang Mou, we prove positivity for generalized cluster
algebras of all ranks, confirming a 2014 conjecture of Chekhov—Shapiro. We achieve this
by giving a directly computable, manifestly positive, and elementary but highly nontrivial
formula describing rank 2 generalized cluster scattering diagrams. This formula enumerates
a new class of Dyck path objects, called tight gradings, implying positivity of the scattering
diagrams in rank 2. In Chapter 4, which is joint work with Kyungyong Lee, we construct an
explicit bijection between broken lines on scattering diagrams and compatible pairs on Dyck
paths, which both play crucial roles in the proofs of cluster algebra positivity. In Chapter 5,
we give a new expansion formula for quantum cluster variables using colored subpaths of

Dyck paths, leveraging a connection we make to the compatible pair framework.
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Chapter 1

Introduction

1.1 Background and Motivation

Cluster algebras, originally devised as a combinatorial framework to address total positivity
[30,63] and (dual) canonical bases [62] in Lie theory, have themselves given rise to a wide
range of intriguing algebraic and combinatorial questions. FEach cluster algebra has a set
of distinguished generators, called cluster variables, which are recursively constructed via a
combinatorial rule called mutation from a finite set of initial cluster variables. When Fomin
and Zelevinsky introduced cluster algebras in 2002 [31], they proved the Laurent property for
cluster variables, stating that each cluster variable can be expressed uniquely as a Laurent
polynomial in the initial cluster variables with integer coefficients. They noticed that the
Laurent expansions of cluster variables always seem to have positive coefficients, and they
conjectured that this property holds for all cluster algebras [31, Section 3]. Their positivity
conjecture became one of the largest open problems in cluster algebra theory. After remaining
unsolved for more than a decade, this positivity was finally proven in the skew-symmetric
case by Lee—Schiffler [59] and later for all cluster algebras by Gross—Hacking—Keel-Kontsevich
[40]. The positivity phenomenon (or Laurent positivity) for cluster algebras turned out to

be a deep property that has driven plentiful research employing a wide range of techniques



across combinatorics, representation theory and algebraic geometry [19,68,69,72].

Many of the biggest challenges in algebraic combinatorics center on understanding why
certain quantities are positive (see [81] for a historical overview). In the best case, one can
provide a combinatorial interpretation by explicitly constructing a set of objects that are
enumerated by the quantity in question. In the case of cluster algebras, positivity has been
approached both via providing combinatorial interpretations for Laurent coefficients and by
employing other algebraic and mirror-symmetric methods. Much of the early progress in
understanding Laurent positivity came from studying low-rank cluster algebras, where the
rank is the number of initial cluster variables. Other classes of cluster algebras for which we
have a better understanding of positivity included those from surfaces [67] and with acyclic
seeds [44,47,69, 72]. The rank-2 cluster algebras have the simplest mutation dynamics,
making it tractable to find explicit expansion formulas for cluster variables. On the other
hand, even rank 2 cluster algebras are complex enough to capture many of the intricacies
of Laurent positivity. This makes the rank-2 setting an ideal playground for understanding
positivity.

In 2011, Lee and Schiffler provided the first combinatorial formula for the Laurent expan-
sion of arbitrary skew-symmetric rank-2 cluster variables [57, Theorem 9]. They expressed
the coefficients as sums over certain collections of non-overlapping colored subpaths of a mazx-
imal Dyck path. Their manifestly positive formula can be used to prove Laurent positivity
for the rank 2 skew-symmetric cluster algebras, i.e. those that arise from directed graphs
called quivers, recovering the result of [24]. Their work hinted at a deep connection between
cluster algebra positivity and Dyck path combinatorics. Building on their rank 2 expansion
formula, Lee and Schiffler soon after proved the positivity conjecture for skew-symmetric
coefficient-free cluster algebras of rank 3 [58]. This work also relied on explicit, manifestly
positive formulas for computing Laurent coefficients, though these were significantly more
complicated than the rank 2 case. Leveraging the positivity of low-rank cluster algebras, they

then algebraically established positivity for skew-symmetric cluster algebras of all ranks [59].



This monumental feat resolved the conjecture in the skew-symmetric setting, but it would
take very different methods to prove the conjecture in full generality for skew-symmetrizable
cluster algebras, i.e. those arising from skew-symmetrizable matrices.

The full positivity conjecture for cluster algebras was resolved by Gross, Hacking, Keel,
and Kontsevich [40] via a novel connection between cluster algebras and scattering diagrams
(or wall-crossing structures). Scattering diagrams emerged from efforts to construct mirror
manifolds [43,48] growing out of the Strominger—Yau—-Zaslow conjecture [82] in mirror sym-
metry. Gross, Hacking, Keel, and Kontsevich gave an expansion formula for cluster variables
(in cluster algebras of arbitrary rank) as a sum over piecewise linear curves called broken lines
on cluster scattering diagrams. A scattering diagram in a real vector space is a collection
of codimension-one rational cones, referred to as walls, each associated with a formal power
series, called a wall-function. Although there are Coxeter-type symmetries and cluster-type
discrete structures governing the appearance of some rays [41], little is known about directly
computing the wall-functions in a full-dimensional sector known as the ”Badlands”. Gross,
Hacking, Keel, and Kontsevich proved in the rank-2 cluster setting that the wall-function
coefficients are always nonnegative, and they showed that rank 2 positivity can be lifted to
give cluster scattering diagram positivity in all ranks. The positivity of broken lines follows
directly from that of the scattering diagram, and so they obtain the celebrated Laurent
positivity for cluster algebras [40, Corollary 0.4].

Both the Lee—Schiffler and Gross—Hacking—Keel-Kontsevich approaches to positivity have
each led to the construction of nice bases for (upper) cluster algebras consisting of certain
indecomposable positive elements. Inspired by the Lee—Schiffler colored Dyck subpath for-
mula [57], Lee, Li, and Zelevinsky [55] defined the greedy basis for rank-2 cluster algebras.
They provided a combinatorial formula [55, Theorem 11] for the Laurent expansion of each
greedy basis element as a sum over compatible pairs, which are pairs of vertical and horizon-
tal edge sets in a maximal Dyck path that satisfy a compatibility condition. This expansion

formula was later used in Lee and Schiffler’s proof of positivity for cluster algebras from quiv-
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Figure 1.1: Three examples of rank-2 cluster scattering diagrams. Most cluster scattering
diagrams are of wild type and have walls of every rational slope in the Badlands, depicted
here as the red region.

ers [58,59]. It is a significant feature of greedy bases that they give explicit combinatorial
information even outside the discrete cluster dynamics.

In the same work where they proved Laurent positivity, Gross—Hacking—Keel-Kontsevich
introduced the theta basis for (upper) cluster algebras, consisting of theta functions which
are parametrized by the integral tropical points in the dual X-cluster variety. The theta
functions are constructed by taking sums of monomials associated to broken lines on an
underlying scattering diagram. Due to the positivity of the scattering diagram developed
in [40], the theta functions, which contain all cluster monomials, satisfy Laurent positivity.
For the same reason, their multiplicative structure constants are also positive, a property
referred to as strong positivity.

Though the constructions of the greedy basis and the theta basis appear rather different,
these two bases actually coincide for rank-2 cluster algebras. This was proven by Cheung,
Gross, Muller, Musiker, Rupel, Stella, and Williams [17, Theorem 1.1], and their proof
is algebraic rather than combinatorial. In particular, the authors show that any pointed
element of a rank-2 cluster algebra with the same support as a greedy basis element must
be a scalar multiple of it. Since the theta basis elements are pointed, the authors prove

restrictions on the broken line behavior that implied their support must match that of a



greedy element. This approach only considers the support of the theta basis elements rather
than treating broken lines individually, and hence does not yield a combinatorial approach
for understanding the connection between broken lines and compatible pairs.

So as we can see, there are many interesting and varied perspectives on positivity phe-
nomena in cluster algebras. But how are these different perspectives connected? This thesis
is devoted to creating these connections and extending these techniques to generalizations
of cluster algebras. We first look at connections between the combinatorial approaches to
positivity [55,57,59] and techniques using scattering diagrams from mirror symmetry [40].
These connections are motivated by the equality of the greedy basis and the theta basis,
suggesting that the combinatorics of Dyck paths and broken lines on scattering diagrams
are deeply related. We work in the setting of generalized cluster algebras in Chapter 3 and
quantum cluster algebras in Chapter 4. We then shift our focus to connecting two combina-
torial expansion formulas for rank 2 cluster variables. The first is the Lee—Schiffler colored
Dyck subpath formula that initiated their proof of positivity [57]. The other is the Lee-Li-
Zelevinsky construction of greedy elements (in particular, cluster variables) using compatible
pairs on Dyck paths [55]. We explore these connections and extensions to quantum cluster

algebras in Chapter 5.

1.2 Generalized Cluster Algebras

Generalized cluster algebras, introduced by Chekhov and Shapiro [16], allow for much more
flexible relations between cluster variables. In particular, in the classical cluster algebras
introduced by Fomin and Zelevinsky, each new cluster variable is obtained from a binomaial
exchange relation in known cluster variables. In a generalized cluster algebra, these binomial
exchange relations are replaced with polynomial exchange relations. Of course, in order to
be a satisfactory generalization of cluster algebras, we would want to ensure that Laurent

positivity holds. Chekhov and Shapiro showed that the Laurent phenomenon holds when



they introduced generalized cluster algebras in 2014 [16, Theorem 2.5], and they conjectured
that the positivity phenomenon should also hold. In Chapter 3, along with my coauthors
Kyungyong Lee and Lang Mou, we confirm Chekhov—-Shapiro’s conjecture by proving the
positivity of generalized cluster scattering diagrams, which implies Laurent positivity for
generalized cluster algebras.

In addition to enjoying many of the same properties as cluster algebras, generalized cluster
algebras appear naturally in a wide variety of contexts. They were first introduced to study
the Teichmiiller theory of Riemann surfaces with orbifold points [16], and have since arisen in
the context of exact WKB analysis [46], representations of quantum affine algebras [36] and
finite dimensional algebras [53], quantum cluster deformations [2], and SLs-invariant rings
[28]. Rupel extended the construction of the greedy basis to rank-2 reciprocal generalized
cluster algebras [79]. Scattering diagrams for generalized cluster algebras have recently been

developed by Mou [66] and Cheung-Kelley-Musiker [18], following the framework of [40].

1.3 Quantum Cluster Algebras

Quantum cluster algebras were introduced by Berenstein and Zelevinsky as non-commutative
deformations of cluster algebras and are related to canonical bases in quantum groups [4].
In the quantum setting, the cluster variables quasi-commute, i.e. commute up to a power
of a formal variable ¢q. As in the classical case, the Laurent phenomenon was established
immediately [4, Corollary 5.2] and positivity results followed years later. Using quantum
scattering diagrams, Davison established Laurent positivity for skew-symmetric quantum
cluster algebras [19].

Lee and Schiffler [56, Theorem 11] and Rupel [78, Theorem 6] generalized the Lee-Li-
Zelevinsky expansion formula (in the skew-symmetric and skew-symmetrizable cases, respec-
tively) to the non-commutative rank-2 setting, giving each collection a weight expressed as

an ordered product of two non-commuting initial cluster variables. Rupel later gave a non-



commutative analogue of the compatible pair expansion formula for cluster variables, which
specializes to a formula for the coefficients in the quantum rank-2 cluster algebra setting
[80, Corollary 5.4]. In particular, each compatible pair is weighted by a corresponding power
of a quantum parameter ¢, where the exponent is computed as a sum over all pairs of edges
in the maximal Dyck path.

The greedy basis for rank-2 cluster algebras was extended to the quantum rank-2 setting
by Lee, Li, Rupel, and Zelevinsky [54], though a quantum weighting on compatible pairs
has been constructed only in the cluster variable case [80]. The quantum theta basis was
recently constructed by Davison and Mandel [20], and they show that this basis satisfies the
strong positivity property. Both the quantum greedy and quantum theta bases contain the
quantum cluster monomials. 1t is suggested by Davison and Mandel, though not yet proved,

that the quantum rank-2 greedy and theta bases coincide.

1.4 Summary of Results

In Chapter 3, which is joint work with Kyungyong Lee and Lang Mou, we combine the
approaches of Lee—Schiffler [57,59] and Gross—Hacking—Keel-Kontsevich [40] to derive various
new positivity results for generalized cluster algebras. We show that each wall-function
coefficient in a rank-2 generalized cluster scattering diagram enumerates a new class of
combinatorial objects that we call tight gradings on a maximal Dyck path. The mazimal
Dyck path P(m,n) is the lattice path from (0, 0) to (m,n) that is closest to the main diagonal
without crossing strictly above it. A grading on P(m,n) is an assignment of a nonnegative
integer value to each edge of P(m,n). A grading is tight if it satisfies a certain combinatorial
compatibility condition. Pictorially, tight gradings can be represented by certain “tilings”
by rectangles on rotations of the maximal Dyck path, as in the image to the right. Each
tight grading has a monomial weight in the coefficients of P; and P,. In the classical cluster

algebra setting, this weight is either 0 or 1.



Theorem 1.4.1 (Theorem 3.5.14). In a generalized cluster scattering diagram of rank 2, each
wall-function coefficient is equal to the sum of weights of the corresponding tights gradings

on some maximal Dyck path.

1+ XPX3F +2XP X5 4+ B5XP XD + 14X12 X5 + - - F Fr

Figure 1.2: A cluster scattering diagram is depicted on the left, with the Badlands shown
in gray, and the wall-function for the central (purple) wall is shown below. The 14 tight
gradings corresponding to the coefficient of X{2X8 are depicted on the right.

Using the framework of [42], Theorem 1.4.1 also gives a combinatorial formula for com-
puting Gromov-Witten invariants of toric surfaces in terms of tight gradings.

Built on the rank-2 positivity demonstrated by our tight grading formula, we turn our
attention to developing the positivity of higher-rank scattering diagrams towards applications
in the generalized cluster setting. Extending our rank-2 positivity and combining with work
of Mou [66, Section 8.5] (see also [18]), we obtain the following positivity results in all
ranks, confirming a conjecture of Chekhov—Shapiro. A coefficient is said to be positive if it
is a polynomial in the coefficients of the initial exchange polynomials with positive integer

coeflicients.

Corollary 1.4.2 (Theorem 3.7.5, [16, Conjecture 5.1)). In a generalized cluster algebra of
any rank, the coefficients of the Laurent expansion of any generalized cluster variable are

positive.



The proof proceeds by establishing positivity of the wall-function coefficients by lifting the
positivity following from our rank 2 formula, similar to [40, Appendix C]. As a consequence,
we furthermore prove strong positivity of the generalized theta basis.

In Chapter 4, which is joint work with Kyungyong Lee, we make explicit connections
between the constructions underlying the greedy basis and the theta basis for rank-2 (quan-
tum) cluster algebras. It was shown in [17] via algebraic methods that these bases coincide.
The authors then posed the problem of finding a combinatorial proof by constructing an
explicit (weighted) bijection between broken lines and compatible pairs.

We handle this problem in the case of tame skew-symmetric cluster algebras of rank 2.
While we work in the general setting of quantum cluster algebras, our results are new even

in the classical setting.

Theorem 1.4.3 (Theorem 4.1.2). For the rank-2 skew-symmetric quantum cluster algebras
of finite and affine type, there is an explicit q-weighted bijection between compatible pairs

corresponding to quantum greedy basis elements and broken lines corresponding to quantum

/ =

o
L

Figure 1.3: On the left, we have a broken line on the Kronecker scattering diagram, whose
weight is 72 when we take ¢ = 1. On the right, we have one of the 72 compatible pairs
corresponding to this broken line.

theta basis elements.

While the problem posed in [17] seems quite difficult for wild type cluster algebras, we

can construct such a g-weighted bijection for a subclass of compatible pairs that arose in the



Lee-Schiffler proof of the positivity theorem.

Theorem 1.4.4 (Theorem 4.6.18). For quantum cluster monomials in rank-2 skew-symmetric
quantum cluster algebras of wild type, there is an explicit qg-weighted bijection between positive
compatible pairs (which comprise almost all compatible pairs) and broken lines of negative

angular momentum.

In Chapter 5, we simplify and generalize two formulas for the expansion of rank 2 cluster
variables involving Dyck path combinatorics. We start by providing a simplification of the
Lee—Schiffler expansion formula [57] using collections of colored Dyck subpaths. We then
use this simpler formula to prove the bijectivity of a particular map to compatible pairs,
objects introduced by Lee, Li, and Zelevinsky [55] to study the greedy basis, confirming two

conjectures of Lin.

Theorem 1.4.5 (Theorem 5.1.8, [61, Conjectures 3 & 4]). The map ® constructed by Lin
[61, Section 4.7] is a bijection between collections of colored Dyck subpaths and compatible

pairs contributing to the Laurent coefficients of cluster variables.

[ ]
@
Qoo

Figure 1.4: A collection of colored Dyck subpaths on a maximal Dyck path, as well as the
corresponding compatible pair (with included edges shown in bold) under the bijection ®.

This bijection gives an efficient method for generating all compatible pairs in the cluster
variable case. We use this bijection along with Rupel’s expansion formula for quantum greedy
basis elements [80], which sums over compatible pairs, to provide a quantum generalization

of Lee and Schiffler’s colored Dyck subpaths formula.

10



Theorem 1.4.6 (Theorem 5.1.11). Consider the quantum cluster algebra A, (r,r) with quan-
tum cluster variables Z; fori € Z. Let ¢, =0, co = 1, and ¢ = rcg_q — cr_2. Forn >4, we

have

7, = Zl—cn—l Z;Cn—z Z q%(B)ZIW(B)Z;(C”’l_%(B))
B

where the sum ranges over all collections B of colored Dyck subpaths on a certain Dyck path

D,, and the parameters ~;(5) are certain statistics easily read off from [3.

This new formula has the advantage of requiring less computation than that in [80,
Corollary 5.4] and explicitly calculating the coefficients in the quantum case, rather than
expressing each term as an ordered product as in [78]. It is also more elementary than the

expansion formula in [77], which is based on the theory of valued quiver representations.

1.5 About this dissertation

This dissertation is a compilation of three papers, the first two of which are joint works. The
first work, [12], appears here as Chapter 3 and is a joint work with Kyungyong Lee and Lang
Mou. An abridged announcement [13] of this work will be published in the Proceedings of the
National Academy of Sciences. The second work, [11], constitutes Chapter 4 and is joint work
with Kyungyong Lee. The third, [10], appears here as Chapter 5 and has been published in
Algebraic Combinatorics. In each case, I made minor typographical changes from the arXiv
or published versions, while the mathematical content remains largely unaltered.

While I performed the research presented in this dissertation, I was funded by the NSF
Graduate Research Fellowship Program under grant DGE 2140743 and the Jack Kent Cooke
Foundation. Any opinions, findings and conclusions or recommendations expressed in this
material are those of the author and do not necessarily reflect the views of the National

Science Foundation.
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Chapter 2

Background

Much of the complexity of positivity in cluster algebras is found in the rank 2 setting. We now
provide the basics on cluster algebras of rank 2, specifically their generalized and quantum
versions (which both specialize to the classical setting). We then also provide basics on
rank-2 cluster scattering diagrams and their generalizations. While this is meant to serve
as a gentler introduction, many of these notions are later introduced in further generality.
Some of this material draws from [10-13]. For background on classical cluster algebras, see

the excellent textbook [29].

2.1 Rank 2 Cluster Algebras

2.1.1 Generalized Cluster Algebras

Let k be any field of characteristic zero. We consider polynomials in k[py 1, ..., p1.¢,, Py, 2]
and k[pz,1, -, Paey, Py ég] 2], where we can treat the p; ;’s as formal variables or evaluate them

in k. We assume p; ¢, and ps 4, are nonzero and ¢y, 0y > 1. Let

P=1+ P11z + - +p17£1,12&71 + D1ey 24 and

P,=1+ Pzt _|_p2752,1z£271 +p2,g22£2.

12



We define further Py (z) := pllz 2Py (27Y) and Py(2) := JTjzbf’g(zfl). Note that if P, is
monic, then P; is the reciprocal polynomial to P;. If P, is furthermore palindromic, then

Consider the ring k(py1, ..., P1.oy, P21, -, P26, ) (T1, T2) of rational functions. We inductively

define rational functions xy € k(p11, ..., D161, D215 -, P22, ) (T1, T2) for k € Z by the rule:

Pi(x) if k=1 mod 4;
Py(zg) if k=2 mod 4;
Te1le—1 = §
Pq(zy) if k=3 mod 4;
| P2(zx) if k=0 mod 4.

Each x; is called a cluster pre-variable.

Lemma 2.1.1 ([16]). Each xy, is a Laurent polynomial in

R —1 —1 +1 +1
k T k[pl,lu "'7p1,f17p1y£17p2,17 -"7]72,[27192,42][171 y Lo ] .

Let X} be the element such that the coefficient of the (unique) lowest (total) degree
term of X is equal to 1, and X, = p‘ffelpg’fbxk for some ag,b, € 7Z. These X} are
called the generalized cluster variables. Let the generalized cluster algebra A(Py, P») be

the K[p1 1, ..., P16y P21, -y D2.sy|-subalgebra of k generated by the set { Xy }rez.

Remark 2.1.2. When P(2) = 1+ 2° and P»(y) = 1 + y¢, we recover the classical cluster
algebra A(b, c).

Generalized cluster algebras of all ranks are treated in Section 3.7.

2.1.2 Quantum Cluster Algebras

In the quantum cluster setting, the cluster variables no longer commute but quasi-commute,

meaning they commute up to a power of a formal parameter ¢q. Consider the quantum torus

13



T = Z[g" (XY XF X1 Xy = ¢ X X1). The quantum rank-2 r-Kronecker cluster algebra
A, (r,r) is the Z[g*!]-subalgebra of the skew field of fractions of 7~ generated by the quantum
cluster variables { X, }nez, which follow the recursion X, 1 X,—1 = ¢"X] + 1. The (classical)
r-Kronecker cluster algebra A(r,r) is obtained from A,(r,r) by specializing the parameter
q to 1, and the r-Kronecker cluster algebras comprise all skew-symmetric rank-2 cluster
algebras. Though there is a notion of skew-symmetrizable quantum cluster algebras (see
[4]), for the purposes of this dissertation, we only consider skew-symmetric quantum cluster

algebras.

2.2 Rank 2 Scattering Diagrams

2.2.1 Generalized Cluster Scattering Diagrams

Fix a rank-2 lattice M = Z2. Let Mzr = M ® R, and for a strictly convex rational cone

—

0 C Mg, let P =P, =0n M. We set Z[P] to be the completion of the monoid ring Z[P]

at the maximal monomial ideal m generated by {z™ :m € P\{0}}.

Definition 2.2.1. A wall is a pair (9, f;) consisting of a support 0 C Mg and an associated

—

wall-crossing function f, € Z[P,], where
e the support 0 is either a ray R<ow or a line Rw for some w € o N (M \{0});

e we have fy = fo(2¥) =1+ chxk“’ for some ¢, € Z.
k>1

Definition 2.2.2. A scattering diagram ® is a collection of walls such that

{0, /) €D: f #1 mod m*}

is finite for each £ > 0. The union of the supports of the walls is the support Supp(®D) of

the scattering diagram D.
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We associate a scattering diagram D (Py, P») to the cluster algebra A(P;, P5). Let the

“Initial” scattering diagram for A(P;, P») be
D(P1, P)in = ((R(1,0), (X)), (R(0,1), Py(X2))) -

The scattering diagram D ( Py, P») is then the consistent scattering diagram formed by adding
rays to D(Py, P2)in (see, for example, [17, Section 3| for details on consistency). It is shown
in [40, Theorem 1.7] that such a scattering diagram exists and is unique up to equivalence.
For classical cluster algebras, we use the shorthand ®, ) = D(1 +201 +y°) and ©, = D (rr)-

The scattering diagram ®(P;, P») has a (possibly infinite) set of cluster walls, whose
directions correspond to the d-vectors of the cluster variables. The set of cluster walls is
infinite for 105 > 4, where ¢; = deg(P;), and finite otherwise.

When we have 1/ > 4, there are walls in addition to the cluster walls that lie in the

closed cone given by

spanRSo { <2€1, 6152 + \/ﬁ%ﬁ% - 4€1€2> s <€1€2 + \/ 6%[3 - 4@162, 262) } .

This cone is known as the “Badlands” and contains infinitely many rays when ¢105 > 4. It
was recently shown by Gréifnitz and Luo [37] that the cluster scattering diagram ©(¢y, ¢s)
has a wall at every rational slope within the Badlands. However, the functions associated
to these walls are generally not understood, though some partial progress has been made

[1,25,73].

Remark 2.2.3. While scattering diagrams are usually parameterized in terms of g-vectors,
the setting of d-vectors is better suited for drawing connections to compatible pairs. Thus,
our definition of the cluster scattering diagram is equivalent to the d-vector scattering di-
agram in [17], and our theta functions are parameterized by d-vectors as well. The two

settings differ by a piece-wise linear bijection on the scattering diagram [17, Theorem 4.3].
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2.2.2 Broken Lines

We begin by introducing broken lines for scattering diagrams. Then, focusing specifically
on broken lines that only cross over cluster walls, we see how to assign a quantum weight
to each broken line in the setting of quantum cluster algebras. We additionally describe
the quantum weighting associated with crossing the unique non-cluster wall in the quantum

Kronecker scattering diagram.

Definition 2.2.4. Let my € M and a general point Q) € Mg \ Supp(D). A broken line
for mqy with endpoint @ is a piecewise linear continuous proper path ~: (—oo, 0] — Mg \{0}
with values —oco = 79 < 73 < --+ < 7p41 = 0 and an associated monomial ¢;z™ € k[M] for

each ¢ =0,...,¢ such that
1. v(0) =@ and ¢y = 1;
2. (1) = —m, for any T € (13, 7;41) for each i =0, ... ¢,

3. the subpath v

(r_1,m11) transversally crosses (the support of) a wall (0;, f;) at 7; for

1=1,...,¢

4. for i =0,...,0 — 1, ¢;;.12™+" is a monomial term of

p*mi,az‘(cixmi) = Cixmi ' fz

where n; is primitive in N and orthogonal to 9; in the direction n; - m; > 0.

We call the final coefficient ¢, the weight of a broken line v and denote ¢(y) == ¢,. We
refer to each ~y(1;11) for i = 0,...,0 — 1 as a bending of multiplicity k of « at the wall 0;,
where ¢; 2™ is the (k+1)-th term of ¢;z™ f/™ (ordered increasingly by exponent). Each
element m; € M is referred to as the exponent of v on the corresponding linear domain, and

we let m(7) denote the final exponent m, € M.
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2.2.3 Quantum Weights of Broken Lines

The combinatorics of Gaussian binomial coefficients is necessary for discussing the quantum

weight of broken lines. For k € Z~(, we define

¢ —q*

- q_1 qf(kfl) + qf(kf?)) I qk73 + qkfl c Z[qil].

[Klg -

This can be viewed as a quantum deformation of the integer k, since lim, ,;[k], = k. We
then define [k],! := [k],[k — 1], - - - [2]4[1], for £ > 1 and set [0],! := 1. For integers ¢ > k > 0,

the bar-invariant quantum binomial coefficient is the quantity

4 . [E]ql +1
(4), = s g i)

Definition 2.2.5. Let v be a broken line on the cluster scattering diagram ®, that bends
only over cluster walls. To each domain of linearity v(7;, 7;41), we associate a quantum weight

¢i,q determined by

(e
Coq = 1 and Cit1q = C@q( ) s
q2r

my;
where m; is the multiplicity of the bending at ~(7;+1). The quantum weight of ~ is the
quantum weight of the last domain of linearity.
If ~v is on the Kronecker scattering diagram ®,, we additionally allow bending on the
non-cluster wall. The quantum weight after this bending is given by ¢;11,, = ¢; o f ], where

f[m;] is the coefficient of 2™ in

flz) = (Z[i + 1]q4xk> .

k=0

For such broken lines, we associate a quantum monomial Monoy(y) = cg42" to the last

domain of linearity.

Remark 2.2.6. We must renormalize the setup in [20] in order to have the quantum cluster
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variables coincide with those in the setting of [80]. This renormalization is achieved by

replacing the quantum coefficient by its 2r-th power, i.e., applying the map q — ¢*".

Remark 2.2.7. While we have not explicitly defined the quantum cluster scattering dia-
grams, the quantum weight of a broken line in our setting matches the weight of the same
broken line on the associated quantum cluster scattering diagram. This is sufficient for the
work in this dissertation. To handle bending at the non-cluster wall in ®5, one can adapt

the methods used by Reading [73, Theorem 3.4] to the quantum case.

2.2.4 The Theta Basis

The theta basis, introduced by Gross—Hacking—Keel-Kontsevich [40], has elements expressed

as a sum over broken lines on scattering diagrams.

Definition 2.2.8. The theta function associated to my and @ is

Iqumy = ) c(y)2™

Y

where the sum is over all broken lines for my with endpoint Q).

The point @ is always chosen general enough for broken lines to avoid the origin (the
only singular locus in rank 2). The sum is generally infinite but indeed lies in mmoi[l?]
[40, Proposition 3.4]. When all walls of a scattering diagram have apex at the origin, as
is the case for scattering diagrams associated to cluster algebras, then we say ) € Mg is

generic if @ is not in | J,,,. v*.

Definition 2.2.9. Fixing a generic ) € ]Rzzo, the theta basis is the set of all theta functions

Yg.m for any m € Z2.

Additionally, on the scattering diagram ®,, we can define the quantum theta functions

and quantum theta basis by replacing Mono(vy) with Mono,(7y) in the above definition. Quan-
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tum theta bases were defined for arbitrary cluster algebras in recent work of Davison and

Mandel [20] in order to prove the strong positivity conjecture for quantum cluster algebras.
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Chapter 3

Generalized Positivity

This chapter is joint work with Kyungyong Lee and Lang Mou, based on the papers [12,13].
The authors thank Gregg Musiker and Lauren Williams for helpful suggestions. Special
thanks to Bernd Siebert for valuable discussions, and to Markus Reineke for pointing out
a minor mistake on an earlier version. The authors are grateful to Ryota Akagi, Hiilya
Arguz, Ben Davison, Sergey Fomin, Michael Gekhtman, Mark Gross, Sean Keel, Fang Li,
Li Li, Siyang Liu, Travis Mandel, Tomoki Nakanishi, Jie Pan, Fan Qin, Michael Shapiro
and Salvatore Stella for their correspondences and helpful discussions. The authors would
also like to thank the anonymous referees for their thoughtful suggestions. Kyungyong Lee
was supported by the University of Alabama, Korea Institute for Advanced Study, and the
NSF grants DMS 2042786 and DMS 2302620. Lang Mou was supported by the Deutsche
Forschungsgemeinschaft (DFG, German Research Foundation) — Project-ID 281071066 —
TRR 191.

3.1 Overview

In this chapter, we obtain new positivity results for the generalized cluster algebras of
Chekhov and Shapiro [16] where polynomial type exchange relations (as opposed to bi-

nomials) are used to generate cluster variables. Our proofs are built upon a novel counting
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formula for wall-functions to rank-2 generalized cluster scattering diagrams and the subse-
quent positivity of wall-functions in higher ranks.

Our discoveries stem from an effort to bridge the explicit combinatorial terms developed
in [55,57,59,79] and the more abstract constructions of [40] through scattering diagrams. One
precedent is that greedy bases and theta bases are actually the same in rank 2 [17]. However,
the explicit scattering diagram structure outside the Badlands is still elusive, even in rank
2. While one expects a non-trivial wall in every rational direction to appear in this region
(Section 3.11), the wall-function in general is notoriously hard to compute. Our formula
presented in Theorem 3.1.1 computes any such wall-function in terms of combinatorics on
Dyck paths. In fact, the formula itself is far more general than the ordinary cluster situation.
As explained in Section 3.1.1, the formula essentially computes the commutator of two
arbitrary generators of the tropical vertex group [42,48]. As rank-2 scattering diagrams
are already linked with other interesting objects [42, 76], our formula invites immediate
applications to Gromov—Witten invariants and quiver representations; see Section 3.6.

An immediate consequence of Theorem 3.1.1 is that any wall-function has nonnegative
integer coefficients. We extend this positivity to wall-functions in any rank-2 consistent
scattering diagram (Theorem 3.1.2) and in any higher-rank generalized cluster scattering
diagram (Theorem 3.1.3). The latter scattering diagrams encode structures of the associated
generalized cluster algebras [18,66]. The positivity of wall-functions allows us to prove
the positivity of the Laurent phenomenon for any generalized cluster algebra, previously
conjectured by Chekhov and Shapiro [16, Section 5]. The strong positivity, which says that
the structure constants in the multiplication of theta functions are nonnegative, also follows.

We now give more detailed description of the main results in Section 3.1.1 through 3.1.3.
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3.1.1 Formula for wall-functions

Let k be a field of characteristic zero. Following [42], we consider the automorphism group
A = Autypy (k[z*=1, = [t])

of the 1-parameter formal family of the two-dimensional torus. For a non-zero vector (a,b) €

Z? and a function f € k[z*!, y*![t] of the form

f=1+ta"y’ - g(a"y’,t), g(z,t) € k[2][t],

we define T{, ) 5 € A by

Tapyp(@)=f"z and Tapsly) ="y

Clearly T(;}b)’f =Tlap),f1 € A.

The tropical vertex group is the completion with respect to the maximal ideal (¢) C k[¢]
of the subgroup of A generated by all elements of the form T, ¢. This group and its close
variants arose in mirror symmetry [43,48], and subsequently also play important roles in
wall-crossing identities of invariants in triangulated categories [49,50].

One initial task to understand the tropical vertex group is to compute the ordered fac-
torization of the commutator of two generators. This turns out to be a rather hard question,
but investigations into it have led to links to interesting objects including relative Gromov—
Witten invariants [41,42] and moduli spaces of stable quiver representations [74-76]. Our
approach to this problem is combinatorial and is largely motivated by Fomin—Zelevinsky’s
cluster structure.

Let Pr =14 o pixa® and Py = 1+ 37,0 posy” be elements in k[z=', y='][t]. Here

pir € k[t], i = 1,2 are regarded as coefficients. As observed by Kontsevich and Soibelman
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[48], there exists a unique ordered factorization of the commutator

—

—1 -1
T(O,l),Pg “Tao.r - Toun.p, - (1,0),P1 — H Tiab), fram - (3.1.1)

b/a decreasing

The right-hand side of (3.1.1) is an infinite product ranging over all positive coprime pairs

(a,b). It is understood as the limit of finite products modulo each (") for n > 1.

Theorem 3.1.1 (Tight grading formula). Fiz coprime positive integers (a,b). For each
k > 1, choose integers (dyj, day) such that adyy — bdy, = £1, ka < dy g, and kb < dyy.
Then

flap) =1+ Z Z wt (w)a iy, (3.1.2)

k>1 w
where the second sum is over all tight gradings w on the Dyck path P(dik,d2y) of total
horizontal weight kb and total vertical weight ka, and wt(w) € K[t] is the weight monomial

in{pix |i=1,2,k > 1} associated to w.

Tight gradings, the main combinatorial ingredients in Theorem 3.1.1, have simple de-
scriptions in terms of combinatorics on the Dyck path P(d; 4, ds k) given in Section 3.3.2 and
Section 3.5.1. They form a subset of Rupel’s compatible gradings [79], whose definition was
inspired by the compatible pairs defined by Lee-Li-Zelevinsky in [55]. The formula (3.1.2)
was announced in [13, Theorem 3.5] with a proof sketch. We give two different proofs in
Section 3.5.4 and Section 3.5.5.

Theorem 3.1.1 is a special case of Theorem 3.5.14, where we give a combinatorial formula
of the m-th power of f, ) for any m > 1 using more general shadowed gradings. The more
general formula will be used to compute Euler characteristics of quiver moduli spaces; see
Corollary 3.6.2. It also yields explicit expressions of relative Gromov-Witten invariants on
weighted projective planes; see Theorem 3.6.5.

We give in Theorem 3.9.3 a formula for the commutator of two arbitrary generators

Tiarpr),f, and Tiayp,),5, in the tropical vertex group. The difference with Theorem 3.1.1
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is that the vectors (ai, b;) and (ag,bs) may only generate a proper rank-2 sub-lattice of
Z2*. One may compare this formula with Gross-Pandharipande-Siebert’s full commutator
formula [42, Section 5], which involves relative Gromov-Witten invariants defined through
orbifold blowups of toric surfaces and a process factorizing fi, fo into products of binomials.
Our formula is direct in terms of the coefficients of fi, fo and by counting combinatorial
objects. It is thus much simpler from the perspective of computation and can be efficiently

implemented through computer programs.

3.1.2 Positivity of scattering diagrams

In the main body of the chapter, the factorization (3.1.1) is packed in a structure called a
rank-2 consistent scattering diagram determined by two initial [ines. More generally such a
structure ® = Scat(D;,) can start with a countable collection Dy, of lines in R? and result in
adding a collection D \ Dy, of rays in R? to achieve consistency. Lines and rays are uniformly
called walls and are attached with wall-functions. Each fi) in (3.1.1) is the wall-function
associated to the ray R<y(a,b) while P, and P, are associated to the coordinate axes. We
will soon see this description in Section 3.2.2.

The starting point of the remaining discussion is the positivity demonstrated by the tight

ka, kb ;

grading formula (3.1.2). The combined coefficient for each term z"*y* is a polynomial with

nonnegative integer coefficients, that is, an element in
Nlpix |1 =1,2,k > 1],
where N denotes Z>( throughout. It turns out that this positivity is shared by any consistent

scattering diagram in rank 2.

Theorem 3.1.2 (Theorem 3.9.5). Let ©;, be an initial scattering diagram consisting of
lines. Any coefficient of any wall-function in Scat(Di,) can be expressed as a polynomial in

the coefficients of wall-functions in Dy, with nonnegative integer coefficients.
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We next utilize Theorem 3.1.2 to show the positivity of wall-functions of certain scatter-
ing diagrams living in higher dimensions. There will be immediate implications on several
positivity phenomena of generalized cluster algebras.

Briefly, a scattering diagram in R is a (countable) collection of codimension one rational
polyhedral cones, each with an attached power series, referred to as walls and their wall-
functions. The (ordinary) cluster scattering diagram of Gross—Hacking—Keel-Kontsevich
[40] is determined by a finite collection of initial walls through a higher dimensional consis-
tency condition that generalizes the equation (3.1.1). These scattering diagrams encode the
information of Fomin—Zelevinsky’s cluster algebras.

In more concrete terms, a generalized cluster scattering diagram ®g is the unique consis-

tent completion of an initial collection of walls

Dsin ={(H;, fi) |i=1,...,n}

such that Dg \ Dg i, consists only of non-incoming walls, a notion in higher dimensions gen-
eralizing rays in rank 2. Each H; is the coordinate hyperplane in RY (for n < N) with

vanishing ¢-th coordinate and

fi=14piaa™ + - 4 pigat™,

where each w; is a (column) vector in Z¥, ¢; is a positive integer, and p, ;. are formal variables.
The matrix (fwy, ..., yw,) is assumed to have full rank. Its top n x n submatrix needs to
be skew-symmetrizable, as required for exchange matrices that govern mutations in cluster
algebras. These scattering diagrams, constructed and studied in [18, 66|, generalize the
cluster scattering diagrams of [40], where each f; is a binomial 1 + z%%i. They encode the
information of Chekhov—Shapiro’s generalized cluster algebras [16].

A significant property of ordinary cluster scattering diagrams is the positivity of wall-

functions [40, Theorem 1.24], which says that any wall-function is a (possibly infinite) product
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of binomials of the form (14+z"). Thus, as a power series, every wall-function has nonnegative
integer coefficients. The proof in loc. cit heavily relies on the assumption that the initial
wall-functions are binomials. Our next main result shows the positivity of wall-functions in

the polynomial case.

Theorem 3.1.3 (Theorem 3.8.9). Any wall-function in a generalized cluster scattering dia-

gram Dg has coefficients in N[p; s | 1 <i<n,1 <s < /]

The proof of Theorem 3.1.3 relies on Theorem 3.1.2, the rank-2 positivity in full generality.
In Section 3.9.3, we give an order-by-order construction of ®g analogous to the algorithm
in [40, Appendix C|, where local scatterings are essentially governed by rank-2 behaviors.

Then the proof undergoes a careful induction that ensures positivity at each order.

Remark 3.1.4. It would be interesting to explore quiver representation-theoretic interpre-
tations of Dg beyond the rank-2 case (Section 3.6.1). Following Bridgeland [8], stability
scattering diagrams equivalent to a particular class of Dg are constructed in [52] through
representations of Jacobian algebras whose quivers have loops. Theorem 3.1.3 then implies
that the Euler characteristic type wall-function coefficients in [52] are all nonnegative inte-

gers.

3.1.3 Positivity of generalized cluster algebras

The remaining structural properties regarding the positivity of generalized cluster algebras
follow from Theorem 3.1.3, summarized below. This is a series of results extended from the

ordinary case [40].

Theorem 3.1.5. Let A (resp. U) denote the generalized cluster algebra (resp. upper cluster
algebra) associated to a generalized cluster structure (with coefficients and frozen directions)

of Chekhov-Shapiro as defined in Section 3.7.

(1) Ewvery cluster monomial in A is a Laurent polynomial in the cluster variables of any

cluster with coefficients in N[P] where P is the coefficient group. (Theorem 3.7.5)
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(2) When the cluster structure is generated by a seed data s (Section 3.8.1) that determines
Ds, we have the so-called theta functions {9, | m € ZN} constructed from Dg in certain
formal completion us (dependent on s) of U. Fach ¥, is a formal Laurent series

with coefficients in N[P]. The set of theta functions contain all cluster monomials.

(Theorem 3.8.17)

(3) Theta functions form a topological basis of U and satisfy the formal multiplicative

rule

79171 : 19172 - Z Oé(pbPQ;Q)ﬁq € u@a

qEL™
where each structure constant a(py, pa; q) is defined through broken lines and is in N[P].

(Theorem 3.8.19)

(4) The Z[P]-module

M = spangp{Un | m € ZV 9y, € U}

is closed under multiplication, hence a Z[P]-algebra. There are natural inclusions A C

M CU. (Theorem 3.8.21)

(5) Theta functions are characterized as the atomic elements in U® with respect to the

scattering atlas. (Theorem 3.8.24)

Theorem 3.1.5(1) confirms the positivity of the Laurent phenomenon for generalized clus-
ter algebras, previously conjectured by Chekhov and Shapiro [16]. It is proven in Section 3.8.3
through Theorem 3.1.5(2). We refer to Theorem 3.1.5(3) as the strong positivity. There is
an extensive discussion in [40] on when any of the inclusions A C M C U in the ordinary
case becomes equality, which we expect to naturally carry over to the generalized case but
do not discuss in this chapter. Theorem 3.1.5(5) is suggested to the authors by Ben Davison.

The proof follows Mandel’s [64] in the ordinary case.
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3.1.4 Structure of the chapter

The remainder of the chapter is organized as follows. In Section 3.2, we review rank-2
scattering diagrams and important constructions such as broken lines and theta functions.
Generalized cluster scattering diagrams in rank 2 are studied in detail in Section 3.2.2,
whose cluster complex structure leads to the definition of rank-2 generalized cluster algebras
in Section 3.2.3.

In Section 3.3.1, we define greedy elements for rank-2 generalized cluster algebras through
a positive recurrence of coefficients. Compatible gradings are defined in Section 3.3.2 and
are used to express greedy elements in Section 3.3.3.

We establish the equality between greedy elements and theta functions in Section 3.4,
generalizing [17]. This serves as a main ingredient in our first proof of Theorem 3.5.14 given
in Section 3.5.4.

In Section 3.5, we introduce the main combinatorial objects shadowed gradings and tight
gradings and prove Theorem 3.5.14, which is a more general formula covering Theorem 3.1.1.
Definitions and examples of shadowed and tight gradings are given in Section 3.5.1. Another
important ingredient towards Theorem 3.5.14 is the one-bending property regarding combi-
natorics of broken lines, introduced in Section 3.5.2. Two different proofs for Theorem 3.5.14
are given respectively in Sections 3.5.4 and 3.5.5.

In Section 3.6, we apply Theorem 3.5.14 to obtain combinatorial formulas for Euler
characteristics of quiver moduli spaces and relative Gromov—Witten invariants.

Sections 3.7 and 3.8 deal with positivity properties of generalized cluster algebras. We
review Chekhov—Shapiro’s generalized cluster structure in Section 3.7 and state the positivity
of Laurent phenomenon in Theorem 3.7.5, whose proof is given in Section 3.8.3. Generalized
cluster scattering diagrams are defined in Section 3.8.1. The cluster complex structure is
described in Section 3.8.2. Other structural results regarding generalized cluster algebras
such as the strong positivity and atomicity of theta functions are discussed in Sections 3.8.4

and 3.8.5.
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In Section 3.9, we fill in rather technical results on positivity of scattering diagrams.
We establish the full positivity in rank 2 in Sections 3.9.1 and 3.9.2. The proof of Theo-
rem 3.8.9, the positivity of higher-rank generalized cluster scattering diagrams, is completed
in Section 3.9.3.

Section 3.10 contains the proof of the compatible grading formula for greedy elements in
generalized cluster algebras. In Section 3.11, we give a combinatorial proof that the Badlands
wall-function coefficients are non-vanishing in rank-2 generalized cluster scattering diagrams

whose initial wall-functions have positive coefficients.

3.2 Rank 2 scattering diagrams and theta functions

In this section, we review rank-2 scattering diagrams, broken lines and theta functions.
Generalized cluster scattering diagrams in rank 2 are studied in detail in Section 3.2.2,
whose cluster complex structure leads to the definition of rank-2 generalized cluster algebras

in Section 3.2.3.

3.2.1 Scattering diagrams in rank 2

We introduce basic notions of rank-2 scattering diagrams following [38, Section 6.3]. Fix
a rank-2 lattice M = Z? and let N = Hom(M,Z). Let P be a finitely generated monoid
equipped with a map

r:P— M.

Denote by P* the group of units in P. Let m denote both the monoid ideal P\ P* in
P and the monomial ideal k[P \ P*| in the monoid algebra k[P] over a ground field k of

characteristic zero. Let

—_

k[P] = lim k[P] Jm*

be the m-adic completion of k[P].
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We say a monomial ideal I in k[P] is m-primary if its radical VT is m.

Definition 3.2.1. Fix r: P — M and let I be an m-primary ideal. A ray or line, uniformly

—

referred to as a wall, over k[P]/I or k[P] is the data ? of

e the support S, C Mg = M ® R given by
Sa =b— Rzoma or Sa =b— Rma

for some b € My and the direction —my € M \{0};

—_

e the wall-function f, is an element in k[P]/I or in k[P] such that

fo=1+ Z ™

meP(mo)
where P(my) = {m € P|r(m) € Rygmy} and f, =1 mod m.

Remark 3.2.2. A ray does not start at the origin when b # 0 and a line does not cross the
origin when b ¢ Rm,. A wall 0 is sometimes represented by the pair (S, f5), but two walls

can have the same pair of support and wall-function.

Definition 3.2.3. A scattering diagram ® over k[P]/I is a finite set of walls over k[P]/I. A

—_ —_

scattering diagram © over k[P] is a countable set of walls over k[P] such that for each k& > 0,
the subset

@k = {0 S ’ fa 7_é 1 mod mk+1}
is a scattering diagram over k[P]/m**!.

Definition 3.2.4. The support of ® is defined as

Supp(D) = U Sy C Mp.

€D
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The singular locus Sing(®D) of © is the union of the boundary point of every ray and the

zero-dimensional intersection locus of any pair of walls.

—

Associated to a wall 0 over k[P]/I or k[P] and a vector v € My transversal to S, is the
wall-crossing automorphism p,, € Aut(k[P]/I) or Aut(ﬂq‘ﬁ]). It is an algebra automorphism
defined by

puo(a™) = 2" f "™ for me P, (3.2.1)

where n € Hom(M,Z) is primitive and orthogonal to Sy such that n-v < 0, where - denotes
the natural pairing between Hom(M, Z) and M. Clearly p;% =P_yo.
A path (a smooth immersion) v: [0, 1] — Mg is called regular with respect to a scattering

diagram © over k[P]/I if it is a smooth immersion such that
* 7([0,1]) N Sing(D) = & and {~(0),7(1)} N Supp(D) = ;
e it crosses walls only transversally.

For a regular path ~, let

0<t < <ty<1

be a sequence of maximal length such that v(t;) € S;, for some wall 9; € © and that if
t; = t;, then 9; and 0; are two distinguished elements in D.

The path-ordered product of v is defined to be

Pyo = P, © 0 O Py € Aut(k[P]/1),

where 7(t) denotes the tangent vector dzl—gt). The order of ps4,),0, and Ps ()0, in the product

when t; = ¢; is irrelevant because they commute in Aut(k[P]/I).

A path 7 is regular with respect to a scattering diagram © over k[P] if it is regular with

respect to Dy, for each k£ > 0. The path-ordered product of ~ is defined to be

—_—

Pyo = {iglp77©k € Aut(k[P]),
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where each p, o, is considered to be in Aut(k[P]/m*+).

—

Definition 3.2.5. Two scattering diagrams © and ®’ (both over k[P]/I or k[P]) are said

to be equivalent and denoted as ® = D' if

p'y,’D = p%@’

for any path v that is regular to both.

In view of the above equivalence, it is convenient to consider a “wall” with support
S» = b+ Rsoymp and wall-function f;. It does not qualify either as a line or a ray in

Definition 3.2.1, but is equivalent to the union of a line and a ray

{(b+Rma, fo)} U{(b+Reomo, f). (3.2.2)

Definition 3.2.6. A scattering diagram ® is called consistent if the path-ordered product
P+ is the identity for any regular path ~ that is a closed loop, or, equivalently, p., o only

depends on the endpoints v(0) and ~(1).

Remark 3.2.7. It is straightforward to see that ® is consistent if and only if each Dy is
consistent. By definition, ®( is empty. If ®; only consists of lines, then it is consistent

because wall-crossing automorphisms in Aut(k[P]/m?) commute.

The following theorem is due to Kontsevich and Soibelman [48]. The version adopted
below can be found in [38, Theorem 6.38] where an order-by-order algorithmic construction
is given; see also [42, Theorem 1.4].

—_

Theorem 3.2.8. Let © be a scattering diagram (over k[P]/I or k[P]). There always exists
a consistent scattering diagram Scat(®) unique up to equivalence such that Scat(D)\ D

consists only of rays.
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The above theorem implies that Scat(®) only depends on the lines in ® because for any
ray in ® one can always add another ray with the exact same support but with the inverse
wall-function to cancel out their contribution to any path-ordered product.

Theorem 3.2.8 is functorial in the following sense.

e~ _—— o —

In the complete case, suppose that we have ¢: k[P;] — k[Py] such that p(k[P;(m)]) C

— —

k[P2(m)] for any m € M \{0}. For © a scattering diagram over k[P], we have

Scat(p(®)) = ¢(Scat(D)), (3.2.3)

—

as scattering diagrams over k[P5] by Theorem 3.2.8, where the operation ¢ keeps the support

of a wall and applies the map ¢ to the attached wall-function.

3.2.2 Generalized cluster scattering diagrams

In this subsection, we study a particular class of scattering diagrams that are relevant to
generalized cluster algebras in rank 2. They are fundamental to our study of positivity in
more general cases.

Let M = 7Z? with the standard unit vectors e; = (1,0) and e; = (0,1). Let 1, {5 be

positive integers. Choose the monoid

P=Pup,=M>M,; &M,

with r: P — M the projection to M, where M is the (multiplicative) monoid of monomials
in variables {p; | 0 < k < ¢;}. We set conventionally p; o = 1, thus M; 2 N, The monoid

M, embeds in P; = Z% the group of Laurent monomials. Denote

M:Ml@MQ and P:PI@PQ

To express monomials in k[P], let x and y denote respectively the monomials associated
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to e; and ey in M.

Definition 3.2.9. The generalized cluster scattering diagram associated to the pair (¢1,¢5)

—

is the consistent scattering diagram Scat(®;,) over k[P] (up to equivalence) where

gin = {(Rel, Pl), (REQ, Pg)},

81 52
P =1+ Zplkxk and P, =1+ meyk. (3.2.4)
k=1 k=1

This scattering diagram (and its close variants) has been considered many times in dif-
ferent contexts, for example in [18,41,42,66,76]. Since it is determined by the initial wall-
functions P, and P,, we denote it by Scat(P;, P;). This notation will be further extended
to Scat(f; | i € I) for a collection of wall-functions {f; | ¢ € I}, which represent the lines
(through the origin) they determine. This specializes to the ordinary cluster scattering dia-

gram D, ¢,y (cf. [40]) when Py = 1+ 2 and P, = 1 + y*.

Remark 3.2.10. Note that we are using the d-vector version of the scattering diagram

rather than the g-vector version, see [17] for a comparison.

Following the Kontsevich-Soibelman algorithm explained in the proof of [38, Theorem
6.38], one can choose ® = Scat(P;, P») (in its equivalent class) so that any added ray in
D\ ©;, has support in the strict third quadrant and is pointed at the origin, i.e., of the
form R<g(a,b) for (a,b) € Z2,. Further, rays with identical support can be combined into
one ray by multiplying their wall-functions together. Therefore, we can assume that ©
has distinct rays with non-trivial wall-functions fr_;(,p)- It is convenient to assign degrees
degpix = degpay = k, and thus a multi-degree in Z? to any (Laurent) monomials in P so
that for a monomial term pz*®y** in fr <o(ab), the multi-degree of p is (ka, kb) by homogeneity
constraints.

A first step towards understanding the structure of © is the following mutation operation.
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Take a representative of © as

{(Rey, P1)} U{(Rxpez, P2)} U {(R<o(a, b), frog@p) | @ >0,b> 0},

where (a,b) is over all primitive vectors such that fr_(p) is non-trivial. Namely we break
the wall (Rey, P») into two halves. The positive half is a wall in the sense of (3.2.2) and the
negative half is included in the third subset of the above union.

Define the piecewise linear transformation 7': Mg — Mg by for (ai,as) € Mg,

T(m) = (o, 02) =0 (3.2.5)

(a1 — l1a9, as) as < 0.

Define the monoid P := M & M) ® My with the projection r': P" — M, where M/ is the

monoid of monomials in {p;x/p1s | 0 <k <61} Let P = Pi/(p1g,2") € k[P].

Define the collection

T(D) = {(R(=e1), P1)} U{(Rxpe2, P2)} U{(R<oT'((a,0)), T(firco(ary)) | @ = 0,0 > 0},

where T( f(ap) (€, Y) = freotan) (2, 9/(pra2)).

—_—

Theorem 3.2.11. The set T(D) is a scattering diagram over k|P']. Furthermore it is equiv-

—

alent to Scat(Py, Py) as scattering diagrams over k[P'].

Proof. In the context of cluster scattering diagrams of Gross—Hacking—Keel-Kontsevich, this
result is well-known as the mutation invariance [40, Theorem 1.24]. In principle one obtains
a similar proof which involves generalizing the very hard Theorem 1.28 in [oc. cit. Here we
are in rank 2 so a simpler argument is available although more complex initial wall-functions
are allowed.

It suffices to show that (1) 7'(®) is indeed a scattering diagram over k[P'] and then (2) it

is consistent and contains the same collection of lines as Scat(P], P,). To show (1), we check
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that each pair

(RSOT((CL7 b))? T(ngo(a,b)))

—

qualifies as a wall over k[P/]. Let pz**y** be a monomial in a non-trivial fe_,s. It gets

transformed by T into

—kb, ka—l1kb, kb
PP, Yy,

which can be induced by the map
T "MeoP—-Me IED? (m7p17p2) = (T(m)’plpizdlegpszz)' (326)

It is enough to show that the first entry of the multi-degree of ppfﬂ’ is always non-positive.
This is equivalent to

ka—€1kb§0 < a/bgﬁl,

which follows directly from [41, Corollary 6]. This also implies that every ray of T'(D) lies in

the fourth quadrant. Notice that as in (3.2.2) the wall (Rsgea, P») in T(®) is equivalent to

{(Rea, Py)} U {(R<ges, Py 1)}

Hence T'(®) and Scat(P], P») can be regarded to have the same set of lines.
It only remains to show the consistency, that is, p, r@) = id for a simple loop ~ around
the origin. This can be checked analogously as in Step II of the proof of [40, Theorem 1.24],

which essentially follows from the consistency of ©. O

One immediate consequence of Theorem 3.2.11 is

£
Troon) =1+ Zplfglpz,kﬂﬁglkyka
k=1

which follows from T'(fr_y, 1)) = Pe-
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We also know from the proof of Theorem 3.2.11 that ® has no ray in the interior of

spang_ {(—1,0), (=1, —1)}.

Such a region will be called a “chamber” and many more can be obtained by applying
iterative mutations of scattering diagrams as follows.
Let M) be the monoid of monomials in {pas/pas, | 0 <k < b} Let Py = Py/(p2.e,y™?).

Denote for 7 € Z,

( ( 4
SC&t(Pl,PQ) M@Ml@Mg 0 mod 4
' Scat( P/, P) ' M o M| & M, 1 mod 4
DO = over PO = for =
Scat(Py, P}) M e M & M 2 mod 4
Scat(Py, Py) Mo M, & M, 3 mod 4.
\ \

This periodic sequence of scattering diagrams can be seen as obtained by iteratively applying
mutations in Theorem 3.2.11. We denote by 7T; the mutation operation turning ®® into
D0+ analogous to the mutation 7' defined earlier from ®© to ®M). It involves a piecewise
linear map T;: Mg — Mg as in (3.2.5) and a group homomorphism 7;: M @P — M & P as
in (3.2.6). The composition T;,37;2T;+1T; does not act on Mg by the identity map. Hence
it sends a wall @ € ©® to another one with different support, giving non-trivial implication
on the structure of D,

We use the above idea to generate a Z-sequence of “chambers” in ® = D). A connected
component in the complement of the closure of a scattering diagram’s support is called
a chamber. Each © has a positive chamber int(C?), the interior of the cone C® non-
negatively spanned by the incoming halves of the two initial walls, that is, the (i + 1)-th
(modulo 4) quadrant in Mk = R?. Define piecewise linear maps on Mg for i > 1

T =T, .- T\Ty,, T =7-}...77}, and T =id.

—1
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Define for 7 € Z cones

Ci = (T (D) C My,

Namely, we pull back int(C®) via the piecewise linear transform T to obtain a chamber
int(C;) in ®. Every C; and C;y; intersect at their common boundary, which is either the
support of a ray or a half line in ®. The associated wall-function can also be obtained by
pulling back from the initial wall-functions in ®®. The cones {C; | i € Z} form a discrete
part of ®, which is referred to as the cluster complex of ® where C; is called a cluster cone
while its interior is called a cluster chamber. The map T : My — Mg acts on the cluster
complex such that T®W(C;,4) = C;.

When (145 < 4, there are only finitely many C; and their union is Mg. Thus there are
finitely many rays in © \ ©;,. We depict in Figure 3.1 the case ¢; = 3 and ¢, = 1. All the
remaining cases can be obtained by specializing certain p; ; to zero (by the functoriality) and

possibly switching ¢; and ¢5. In Figure 3.1, the added rays are

R<o(3,1), 1+ p1sp2az’y),
RSO(Q, 1), 1+ p1,2P2,1x2y + p1,1p1,3p§’1x4y2 + p%73p§71x6y3> ,
R<0(3,2), 14 p1sp3,2°y?)

Reo(1,1), 1+ prapeazy + props #°y° + praps,2°y’) -

When ¢,/ > 4, the structure of the cluster complex is summarized in Theorem 3.2.13,
for which we need some preparation. Define vectors d,, = (dy.,, da.n) € M = Z? by setting
initially

dyg =ey, di=—e;, dy=—ey, dz=ey,

and for n # 1,2

l1d,, when n is odd,
dn+l —|— dn—l - (327)

l5d,, when n is even.
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Figure 3.1: Scat(Py, P2), where Py = 1+ p112 + p122® + p13z® and Py = 1 + pay.
The following properties of d,, are easily obtained by induction.
Lemma 3.2.12. We have (1) d,, € Z%, for n # 0,1,2,3; (2) {d,,dny1} is a basis of M;

(3) fOTTL # 07 1727‘?’)

dl;n/gla (dz,n—l)/gz EN, n=0 mod 4,
(v +1)/01, doy/ls €N, n=1 mod 4,

dl;n/gla (dg,n‘i‘l)/gg GN, n =2 mod 4,

(dv., — 1)/l, doy/ls €N, n=3 mod 4.
We define

— 1 — 1
Pi(z) = o 2P (271 and  Pay(z) = - 2Py (271, (3.2.8)

Notice that they both have constant term 1. For (u,v) € Z2, let W((u,v)) = qu’/élp;f.

Theorem 3.2.13. Outside the closed cone “Badlands”
Ogl’gQ = spanRSO { (261, 6162 + \/ é%gg - 461@2) ; (6162 + \/ f%f% — 46162, 262) } y
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the rays in © \ Dy, are precisely

{Rsodn, Gula®my™)) [n € Z\{0,1,2,3}}

where for n # 1,2,

.

Py(W(d,, — e3)z) n=0 mod 4,
Pi(W(d, +e1)z) n=1 mod 4,
Ca(2) = B
Py(W(d,, + €2)2) n =2 mod 4,
P (W(d,, —e1)z) n=3 mod 4.
\

Proof. When P, and P, are binomials, this structure is well-known from [40, Example 1.15];
see also [17, Section 4]. When P; and P, are monic polynomials, this result can already
be extracted from [41, Section 5]. In the current setting, the stated description of rays is
obtained by working out the cones C,,, n € Z and the wall-functions on their boundary rays.

Inductively we have

Cn = spang_ {dyi1, dnjo}-

The attached wall-functions on R<(d,, are also obtained inductively from iterative mutations
in Theorem 3.2.11. Notice that there is no ray in the interior of C,,. The limits of R<(d,, when
n — 400 and n — —oo are respectively the two boundaries of Cy, 4, (which degenerates to

a single ray when ¢;¢5 = 4). Therefore we have exhausted all added rays outside Cy, 4,. O

The next two examples are when ¢1¢5 = 4. In these cases, the cluster complex is infinite

but the cone Cy, ¢, is one-dimensional.

Example 3.2.14. Let {4 = {5 = 2. We take the initial wall-functions

P =14 s12)(14 sx) and Pp=(1+t1y)(1+ tay),

40



which are related to the polynomials in (3.2.4) by the substitution

P11 = S1+ 82, P21 =11 +1l2, pP12=51S2, p22=tils.

The closed cone Cao is a single ray R<o(1,1). The associated wall-function is computed by

Reineke and Weist [76] to be

(1 + sit1zy) (1 + sitoxy) (1 + sot1zy) (1 + saotazy)

ngo(l,l) = (1 N 8182t1t2$2y2)4
_ (p1,1D222Y* 4 P2,1Y) (D1,2D21 %Y + P112) n 1
(1 - p172p272x2y2)4 (1 - p1,2p272x2y2)2'

We see that in the expansion (where x and y are omitted), every coefficient is a polynomial

of p1.1,P1.2, P21, D22 With nonnegative integer coefficients:

k+3 k42
Z(k + 1)plf,2p§72 + [( 3 ) + ( 3 )} p1,1P2,1P]f,2p§,2

k>0

k+3 k+3
+< ; >p§,1p’f,§1p’§,z+< 3 )p?,lp’f,zp’z“él- (3.2.9)

A combinatorial interpretation of each term is given in Theorem 3.5.14. The objects corre-
sponding to (k+ 1)p’f72p’§72 are classified in Example 3.5.7. These are precisely the terms that

appear in the ordinary cluster case.

Example 3.2.15. Let /o =4 and ¢, = 1. We take the initial wall-functions

4

Pr=]J(1+siw) =1+ praz + proa® + prsz® + praz’  and Py =1+ pyy.
i=1

The closed cone Cy; is a single ray R<o(2,1). The wall-function is again computed in [76]

to be
I  hicicjead + sisjpaiz®y)
Ro@) (1 — praps 2iy?)?

To simplify notations we let v = y = pa1 = 1 as they can be recovered from homogeneity
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constraints. We can rewrite

H1§i<j§4(1 + 8i5;) _ 1+pio+pia " (p1ap1a+p13) (P11 + P13)
(1 - p174)4 (1 - 101,4)2 (1 - 101,4)4

The power series expansion of fr_y2,1) then has nonnegative integer coefficients. Ezxplicitly

the expansion (with x and y omitted) is

k+3
2(21{7 + 1)p’f,4pgf€1 + (k + 1)]?1,229]19,4103?1Jr1 + ( 3 )pilplﬁlpg{?g
k>0

k+3\ (k42 b
+ [( 3 ) + ( 3 )} p1,1p1,3pl1€,4p§f€1+2 + < 3 )p?,sp'f,w%ﬁ”. (3.2.10)

A combinatorial interpretation of each term is given in Theorem 3.5.14. The objects cor-
responding to (2k + l)p’lfjﬂpgf“1 are classified in Example 3.5.8, which are precisely the terms

that appear in the ordinary cluster case.

When ¢,¢5 > 4, the structure of ® within Cy, 4, is rather elusive. One aim of this chapter
is to understand the rays and their wall-functions within Cy, »,. Theorem 3.5.14 in particular
provides a combinatorial formula for the wall-function of every such ray. We further discuss
in Section 3.11 that every ray within Cj, 4, is non-trivial and give a lower bound for wall-

function coefficients.

3.2.3 Broken lines and theta functions

—_—

Let © be a scattering diagram over k[P] as in Section 3.2.1.

Definition 3.2.16. Let mg € P and Q € Mg\ Supp(®). A broken line [ for mgy with

endpoint () is a piecewise linear continuous map
B: (~00,0] — M\ Sing(D)

with values —oo =179 < 73 < -+ < 7y41 = 0 and an associated monomial ¢;z"™ (with ¢; € k
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and m; € P) for each domain of linearity (7;,7;41), ¢ =0, ..., ¢ such that
1. B(0) =Q and ¢ = 1;
2. () = —r(m;) for any 7 € (7, Tip1) for each i = 0,...,¢;

3. [ transversally crosses (the support of) some wall at 7; for i = 1,..., ¢, that is, neither

—r(m;_1) nor —r(m;) is tangent to the wall.

4. fori=0,...,0—1, ¢; 2™+ is a monomial term (other than ¢;z™) of the power series

m; n;-r(m;)
cix™ H DZ i :

{0€D|B(7:)ESv}

where n; is primitive in N and orthogonal to any 0 with 5(7;) € S, such that n;-r(m;) >

0.
When r(mg) = 0, there is only the “static” broken line at @) for mg and any endpoint Q.

Definition 3.2.17. The theta function associated to mgy and @) is

VQimy = Z Mono(f)
B

where the (formal) sum is over all broken lines for mg with endpoint ) and Mono(3) = c,z™*
is the last monomial of .

—

Remark 3.2.18. The theta function 9¢ ,,, can be viewed as an element in ™°k[P]. In fact,
broken lines and theta functions can be defined for @j over k[P]/m**!. Then ¥g , is the
limit of theta functions in ®; where each one is necessarily a finite sum in 2™k[P]/m**!.

More detail is given in the proof of [40, Proposition 3.4].

Theorem 3.2.19 ([14], [40, Theorem 3.5]). Let © be a consistent scattering diagram, and

let mg € P and Q,Q" € Mg\ Supp(®D) be two points. Suppose further that the coordinates of
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Q are linearly independent over Q, and the same is true for Q. Then for any reqular path

v with endpoints v(0) = Q and v(1) = @', we have
V' .mo = P12 (U mo)-
Let © be Scat(Py, P) as in Section 3.2.2. Define the weight of a broken line § to be
c(B) = cez™ J2" ™), (3.2.11)

a monomial in k[M]. Let m(3) := r(my). Thus ¢(8)z™"® = Mono(3).

Corollary 3.2.20. Let mg € P. For any mg, € M, the sum

> B

m(ﬁ) =Mfin

over all broken lines 3 for mqy with endpoint () such that m(3) = mgy, is independent of Q
chosen generally in the same C, forn € Z. If mg, is tangent to the ray C, N C,y1, then the

sum s independent of Q) chosen generally in C, UC, 1.

Proof. The first half is a direct corollary of Theorem 3.2.19. To see the second half, we
choose general Q € C,, Q" € C,.1, and a regular path v with v(0) = @ and (1) = @’. The
path-ordered product p, o is a single wall-crossing automorphism associated to the wall 0
whose support is C, NCp+1. Then any monomial 2™ in the expansion of P, o(2™) must have
that r(m') = r(m) + kmy, for some k£ € N. In particular, r(m’) is tangent to C,, NC,41 if and
only if 7(m) is. Then the result follows by comparing the monomials containing ™ with

r(m) = mgy, on the two sides of Vg my = P40(VQme)- O

Proposition 3.2.21 (cf. [40, Proposition 3.6]). The mutation T in Theorem 3.2.11 defines
a one-to-one correspondence 3 +— T(B) between broken lines for mg € P with endpoint

Q = (q1,q2) € Mg for ® = Scat(Py, P») and broken lines for T'(mg) with endpoint T'(Q) for
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®' = Scat(P], P») such that

T'(Mono( 5 <0,
Mono(T(8)) — ( 8) «q

Mono(5) g2 > 0.

Proof. One constructs the bijection in the same way as in the proof of [40, Proposition

3.6]. 0

Proposition 3.2.22. Let mg € C,NM for somen € Z and Q) be in the interior of C,,. Then
ﬁQ,mo = gm0,

Proof. There is always the straight broken line without bending which contributes to z™° in
VQ.mo- We need to show that this is the only broken line.

When n = 0, Cp is the first quadrant. For a broken line 3, if there is ¢t € (—o0,0) such
that 3(t) € Z%, and B(t) ¢ R%,, then 8 can never end at @ in the interior of Cy. This
is because 8 can further bend only at the negative x-axis, y-axis, or the rays in the third
quadrant. So ((t) (whenever defined) always stays in 7%, and thus § can never reach the
first quadrant. Therefore we have proven the case n = 0.

For any other n € Z, by applying Proposition 3.2.21 to a sequence of mutations we have
a bijection between the broken lines for my with endpoint @) for ® and the broken lines for
T™ (mg) with endpoint T (Q) for ®™. Both T™(Q) and T™ (mg) are in the positive
chamber of ™. There is thus only one straight broken line by the case n = 0. It is pulled

back to be the straight broken line 5 in ® with Mono(f) = 2. O

Let @, denote a general point in the first quadrant RQZO. It follows directly from Propo-

sition 3.2.22 and Theorem 3.2.19 that for any m in C,, N M,

VQpm =pyo(@™), (3.2.12)
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where v is a regular path from @ € int(C,) to Q.
We now consider a sequence of theta functions known as cluster variables. This is an
unorthodox way to introduce cluster variables, but it will soon be clear that they satisfy

(generalized) cluster exchange relations [16,31]. Denote 0,, = U¢g, m.

Definition 3.2.23. The cluster variables {x, | n € Z} are defined to be
Ty =1V_aq,.

Lemma 3.2.24. The cluster variables satisfy the following cluster exchange relations
(1) moxe = Pi(x1),
(2) z123 = Po(x9),
(3) Tn1Tpi1 = Culwy) forn # 1,2,

where (,(z) = 298¢, (1/2).

Proof. We first check (1) and (2). By Proposition 3.2.22, we have z; = x and o = y. Notice
zo = V(0,—1) and x3 = V(_10). By (3.2.12), we have xo = z; ' Pi(z) and z3 = z7 ' Pa(2).

For any n € Z, let ~, be a regular path going from the interior of C,, to the first quadrant
Co. For some n # 1,2, let v be a regular path going from C,_; to C,_s by crossing the wall
(R<ody, Cn). Then we have

p’%@(x_dl;n«kly_d%n«kl) — x_dl;n+1y_dQ;n+1Cn(xd1;nyd2;n)

de di.n—di.n de do;n—da:n ~ —din,,~d2;n
— pdeg(Cn)diin—dy; 1y 8 (Cn)d2;n —da; 10, (™ dngy~d2in)

— mdl;nflyd%nflEn(x_dl;ny_dQ;n)‘
Applying p,, , o to both sides of the above equation, we obtain

p%_l,@ (:L'_d1;n+1y—d2;n+1) — p%_%@ (xd1;n—1yd2;n—1) En (p%_QQ (z_d14"y_d2;“)) ‘
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Now by (3.2.12), we have for n > 3,
Tnt1 = xr:ilén(xn) O

3.2.4 Theta functions are universal Laurent

Recall the notations in Section 3.2.2. In that situation the monoid P decomposes as M & M,
where M = M[; @ M, embeds in [P the group of Laurent monomials in {p; ; | i =1,2,1 < j <
¢;}. Elements in Z[P] are regarded as coefficients.

Let F denote the field of rational functions Frac(k[P]). The generalized cluster algebra
A = A(Py, P) is defined to be the Z[P]-subalgebra in F generated by all cluster variables

{z, | n € Z}. The generalized upper cluster algebra is defined to be

U=UP,Py) =) Z[P|lz}" zi},] C F. (3.2.13)

neL

An element in U is called universal Laurent as it belongs to every Z[P|[zE!, x7},].

Proposition 3.2.25. For any m € M, the theta function ¥,, belongs to U. Hence A CU.

Proof. This is a slight generalization from [17, Theorem 3.9(b)(c)] to our setting. For each
Cy, choose a general point @, in its interior. If m € N2, we have 9,, = Jg,m = 2™ by
Proposition 3.2.22. If m ¢ N2, for any broken line 3 for m with endpoint Qq, the vector
mg € M = 7Z* has at least one negative coordinate. Then there are finitely many walls
where any such 8 can bend. Moreover only finitely many terms on these wall-functions are
relevant. Then ¥, can be equivalently computed in ©; for a large k. Therefore, 9, is a
Laurent monomials. This shows 9, € Z[P][zF!, 23] for any m € M.

For any n € Z, we first show that 9g,, ,, is in Z[P][z7", 23']. By Proposition 3.2.21, there
is a piecewise linear transformation 7™ : My — My that takes C, to the positive chamber

of ®™ which induces a one-to-one correspondence between broken lines in ® and those in

D™, Since T™(Q,,) lies in the positive chamber of D) there are finitely many broken
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lines by the first paragraph. Thus there are too only finitely many broken lines for dq, n,
which means 9q, ., € Z[P|[z7, 23]
Each cluster variable z,, corresponds to the ray C,_» N C,_1 in the cluster complex. The

primitive integral generator of this ray is —d,, (see Definition 3.2.23). Any pair {d,,d, 11}

is a basis of M (Lemma 3.2.12). Then for any m € M we have
90, m € Z[P][zFdn1 gFdni2],
Therefore for a regular path v from @), to @)y, we have by Theorem 3.2.19 that
Ui = P30 (0um) € L[Pl[x711, 274]. O

Definition 3.2.26. The set of theta functions {1, | m € M} is called the generalized theta

basis of U.

Remark 3.2.27. One can prove that theta functions {¢,, | m € M} form a Z[P]-basis of
U analogously as in [40]. This also follows from the fact that theta functions equal so-called

greedy elements, proven in Section 3.4, and that the greedy elements form a basis of U.

3.3 Greedy bases for rank-2 generalized cluster alge-
bras

Following Lee—Li—Zelevinsky [55] in the cluster algebra setting and Rupel [79] in the palin-
dromic generalized cluster algebra setting, we define the generalized greedy basis for rank-2
generalized cluster algebras. We will then, following these previous works, show that the

coefficients can be realized as counts of combinatorial objects called compatible gradings.
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3.3.1 Generalized greedy elements

Let Tr, = Z[P| [z}, x;},] for k € Z. Therefore U = (N, ,, Tr from (3.2.13).

Definition 3.3.1. An element = € T}, is pointed at (dy,ds) € Z* in the k™ cluster if it can

be expressed in the form
r = wédlfﬁz?fi Z co(p, Q)22 44
p,q=0
for some ¢(p, q) € Z[P] and ¢(0,0) = 1.

An element pointed in the initial cluster 77 is simply called pointed.

Definition 3.3.2. For a sequence of variables p, = (pg)i_; where { € Zs; U {oo} with

deg pr = k, we write for any m > 0

(1 + Zpk:ck> = Z Tmn(De)2",

k>1 n>0

defining 7, ,,(ps) as a homogeneous polynomial in (pg); of degree n. We write for m > 0

<1 + Zpkxk> = Z gm,n<p0)xnv

k>1 n>0
defining ¢, ,(ps) as a homogeneous polynomial in (pg); of degree n.

We take the conventions that m, 0(pe) = Gm.o(pe) = 1 for any m € Z and that 7., ,(ps) =

Smn(Pe) = 0 when m < 0 and n # 0.

Lemma 3.3.3. For any s > 1

Z Tm,s—k (Do) Sm k(Do) = 0.

k=0

Proof. By Definition 3.3.2, we have (ano 7rm7n(p.)x") (ano gmm(p.)x”) = 1. The state-

ment then follows from isolating the s™ coefficient of this product. O]
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The above lemma implies

7Tm73(p.) = Z _ﬂ-m,s—k(po)gm,k(po)- (331)

k=1

This can be seen as a recursive definition of 7y, s(ps) for m,s > 1. The fact that any 7., s(pe)
has nonnegative integer coefficients is less obvious from this definition. Next we consider a
two-dimensional recursion generalizing (3.3.1).

For an element f in any polynomial ring Y = Zly, ..., y,] where y1, ..., y, are algebraically
independent, and for e = (ey,...,e,) € N let [y°]f = [yi* -+ yS*]f be the coefficient of

yit---ysr in f. For a pair of elements f and g in Y, we define

T-max(f,g) = Y max([y’]/, [y]9)y"-

ecNn
Consider two sequences of variables p; s = (pi,k)iizl for i = 1,2 and ¢; € Z>, U {o0}.

Definition 3.3.4. Fix (dy,ds) € Z*. Define c(p,q) € Z[p1.. Upa,] for any (p,q) € N? by the

base case ¢(0,0) = 1 and the recursion

p q

c(p, q) = T-max (Z —c(p =k, @)Sap—q(Pre)s ) —c(prq— k)cdlp,k(pz,-)> :

k=1 k=1

Remark 3.3.5. It is not hard to determine all ¢(p, ¢) unless both d; and dy are positive. In
fact, we have by (3.3.1) that

1. when d; <0,dy <0, every ¢(p,q) = 0 except ¢(0,0) = 1;
2. when d; <0,dy > 0, every ¢(p, q) = 0 except ¢(p,0) = T4, »(P1.e);

3. when dy > 0,dy <0, every ¢(p, q) = 0 except ¢(0,q) = T4, 4(P20)-
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Definition 3.3.6. Define d,(0,0) = d_(0,0) := ¢(0,0) = 1, and for (p,q) # (0,0),

p

di(p,q) = c(p,q) = > _ —c(p =k, Q)sar—qr(Pra),
d_(p,q) = c(p,q) = >_ —¢(p,q — k)sa, pr(p2s).
k=1

By definition, both d4(p,q) are polynomials with nonnegative integer coefficients.

Lemma 3.3.7. We have

c(p,q) = dp(p,q) + Y Targa(pra)ds(p — 5,9)

s=1

q
=d_(p,q) + > _ Tar—ps(p2e)d_(p,q — 9).
s=1

Proof. We prove the first equality by induction on p. By the definition of d (p,q), it is

equivalent to show
p
> —clp =k, @)sa—qi(pre Z% as(pre)di(p = s,q). (3.3.2)

k=1 s=1

We only need to deal with the case when dy — ¢ > 1. Assume that the first equality is true

for ¢(0,q),...,c(p —1,q). Then we can write the left-hand side of (3.3.2) as

p—k
Z —Sda—q,k pl Z’ﬁdQ—q,t(pL')d-‘r(p — k- ta q)
t=0

= Z de(p—5,0) ) —Tdy—q.s—k(PLe)Sda—q,k(PLa)-
1 k=1

Applying (3.3.1), the above equals the right-hand side of (3.3.2).

The second equality of the statement can be proven similarly by induction on q. O]

A consequence of Lemma 3.3.7 is that each ¢(p, ¢) has nonnegative integer coefficients.
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Definition 3.3.8. For (di,dy) € Z?, we define the greedy element

wldy, dy) = a7 My ™ Z c(p, q)ziz; € ﬁﬁfdlf;dzN[Pl,o U pz,el[1, z2].
(p.q)eN?

According to Remark 3.3.5, the greedy elements are clear in the following cases

/

a7 My ™ di1 <0,dy <0,

wldy, dy] = oy By ™ (1 + Zk21p17k9§’f)dl dy > 0,dy <0, (3.3.3)

- — d

When p; . and pye are both finite sequences, in the cases of (3.3.3), x[dy, ds] is a finite
sum, thus a pointed element in 77 (Definition 3.3.1). When d; and dy are positive, z|d;, ds]
is also a finite sum. This fact is non-trivial from the definition and is a consequence of the
combinatorial formula of x[d;, ds] given in Theorem 3.3.14, where each ¢(p, ¢) is interpreted

as the weighted count of combinatorial objects called compatible gradings.

3.3.2 Compatible gradings

Definition 3.3.9. A North-East (NE) path P is a lattice path in (Z x R) U (R x Z) C R?
starting at (0,0) and ending at (dy, dy) € N2, proceeding by only unit north and east steps.
We also view P as the set of its unit north and east steps, where we refer to each step as an

edge.

e Given a set C' of edges in P, we denote the set of horizontal edges (east steps) by Cg
and the set of vertical edges (north steps) by Cn. We let |C| denote the number of

edges in C.

_>
e Foredges e and f in P, let ef denote the subpath proceeding east from e to f (including

both e and f), continuing cyclically around P if e is to the north or east of f.

92



Note that if e = f, then e—jk = {e}. If e is the edge adjacent to f and to the northeast of
f, then (?f =P.

Consider the rectangle R(dy,ds) with vertices (0,0), (0,ds), (dq,0), and (dy,dy) with a
main diagonal from (0,0) to (di,ds). A Dyck path is an NE path from (0,0) to (dy,dy) that
never passes strictly above the main diagonal of R(d;,dy). The Dyck paths from (0,0) to
(dy,ds) form a partially ordered set by comparing the heights at all vertices. The mazimal
Dyck path P(dy,ds) is the maximal element under this partial order. When d; and dy are
relatively prime, the maximal Dyck path P(d;, dy) corresponds to the lower Christoffel word
of slope dy/d;. We label the horizontal edges from left to right by wy, us, ..., us and the

vertical edges from bottom to top by vy, vs, ..., vg,.

Example 3.3.10. In Figure 3.2, the mazimal Dyck path P(6,4) is shown in the top left and

P(7,4) is shown in the top right.

Motivated by Lee-Schiffler [57], Lee, Li, and Zelevinsky [55] introduced combinatorial
objects called compatible pairs to construct the greedy basis for rank-2 cluster algebras,
consisting of indecomposable positive elements including the cluster monomials. Rupel [79,
80] extended this construction to the setting of generalized rank-2 cluster algebras by defining
compatible gradings.

A grading w : P — N assigns a nonnegative integer to every edge of the NE path P. For

any grading w and for any set of edges C' C P, let w(C) = Zw(e).
ecC

Definition 3.3.11. Let P be an NE path. A grading w : P — N is called compatible if
for every pair of u € Pg and v € Pn with w(u)w(v) > 0, there exists an edge e along the
subpath w0 so that at least one of the following holds:

eePn\{v} and |uén|=w (utg);
(3.3.4)

ecPg\{u} and |elg|=w(eln).
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Example 3.3.12. For each i € {1,2,3}, let w; : P(i + 5,4) — N be the grading given by
wi(ur) = wi(uz) = 2, wi(vs) = wi(vs) = 3, and w;(e) = 0 for every edge e in P(i + 5,4) \
{uy, ug,v3,v4} (see Figure 3.2 for i = 1,2). Then wy is not compatible, but wy and ws are
compatible. The main difference between wy and wsy is that the edge e = uy in P(7,4) satisfies

the second condition in (3.53.4) for u = uy and v = vy, as both sides of the equation equal 6.

3.3.3 Generalized greedy element formula

We now give a combinatorial interpretation of the coefficients of generalized greedy elements
using compatible gradings, as presented in Theorem 3.3.14. This generalizes the work of
Rupel [78, Theorem 2.15] to the non-palindromic setting, which will be needed in our dis-
cussion on the positivity of higher-rank scattering diagrams in Section 3.9. The proof of
Theorem 3.3.14, which is inspired by Rupel’s work, will be given in Section 3.10.

Let M denote the multiplicative monoid of monomials in p; ¢ U pa .

Definition 3.3.13. The weight of a grading w : P(dy,d2) — Z>¢ is the monomial

d1 d2
w) = HpZ,w(ui) le,w(vj) € M.
i=1 j=1

Fix (dy,dy) € Z%. Let CG(dy,ds, p,q) = CG(p, q) denote the set of all compatible gradings

w on P([d1]+, [da]+) such that w(Pg) = ¢ and w(Pn) = p. Define the weighted sum

|CGp,q) = > wt(w) e NM].

weCG(p,q)

The coefficients ¢(p, ¢) of a generalized greedy element are then given as weighted sums of

compatible gradings on a fixed Dyck path with a fixed total vertical and horizontal grading.

Theorem 3.3.14. For any (dy,ds) € Z?, the greedy element z[dy, ds] can be computed as

xldy, do] = S Z wh(w)zs PN g Pe) (3.3.5)

o4



where the sum is over all compatible gradings w on P([d1]+,[ds]s). In other words, for any
(p,q) € N2, we have
c(p,q) = | CG(p, q)|-

When ¢4, ¢y < 0o, we set in Definition 3.3.13 that p; ,, = 0 for any k& > ¢, and p,;, = 0 for
any k > ly. Then in this case, it follows from (3.3.5) that x[d;, ds] is always a finite sum as
there are only finitely many gradings with non-zero weights.

We will show in Corollary 3.10.7 that z[d;, d] is not only a pointed element in 77, but
also belongs to any other 7, (hence in & which actually equals A(P;, P,)). Moreover, the

set of all greedy elements

{z[dy, ds] | (d1,do) € Z%}

is in fact a Z[P|-basis of A(Py, P»). This statement generalizes [55, Theorem 1.7(c)] and can
be proven analogously as in [55, Section 6]. This basis will be referred to as the generalized

greedy basis.

3.4 The generalized greedy basis equals the general-
ized theta basis

It was shown by Cheung, Gross, Muller, Musiker, Rupel, Stella, and Williams that, in
the setting of cluster algebras, the greedy basis equals the theta basis [17]. Their proof is
algebraic, using a characterization of greedy elements by their support and properties of

rank-2 scattering diagrams. We extend their results to the generalized setting.

Theorem 3.4.1. The generalized greedy basis equals the generalized theta basis. More pre-

cisely, 0_(a, dp) = x|d1, ds] for any (d,ds) € M.

Before presenting the proof, we establish a couple of lemmas. First, we give a support

condition that can be used to identify generalized greedy elements, following [17, Scholium
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2.6]. A crucial part of this argument is the compatible grading formula for coefficients of

generalized greedy elements, which is developed in the previous section (see Theorem 3.3.14).
Definition 3.4.2. Let Rj , be a region in My = R? defined as follows:

(1) If d1,dz < 0, then Ry, = {(—d1, —d2)},

(2) If d; <0 < dy, then Ry, 4, = {(my, —dy) : —dy < my < —d;y + l1ds},

(3) I dy <0< dy, then Ry , = {(—di,mz) : —dy < my < —dy + lod, },

(4) Otherwise, consider the vertices O = (0,0), A = (—dy + {1d2, —ds), B = (—d;, —ds), and
C = (—dy, —dy + lady). Then R, 4, 1s the interior of the polygon OABC along with the
closed line segments AB and BC (see [17, Figure 1]).

Given a Laurent polynomial f =Y _ . c¢,2™ in k[Z & Z%][27, 23], the support of f

is the set {m € Z” : ¢;, # 0}. Rupel showed that the region Rj , contains the support of
the generalized greedy element x[d;, ds] when Py and P; satisfy certain restrictions. In fact,

this result also holds with these restrictions removed.

Proposition 3.4.3 ([79, Proposition 4.22]). The support of the generalized greedy element

x[dy, dy] is contained in Ry ,, .

Proof. Rupel showed that this holds when P, and P, are palindromic polynomials by con-
sidering the generalized greedy coefficients as counts of compatible gradings ([79, Theorem
2.15]). In the previous section, we extend this interpretation to the non-palindromic setting
(see Theorem 3.3.14). Rupel’s argument then also holds without requiring P; and P» to be

palindromic. O
We then obtain the following characterization of generalized greedy elements.

Lemma 3.4.4 ([17, Scholium 2.6]). If z € A(Py, P») is any element containing the monomial

x7 Py with coefficient 1 and whose support is contained in Rg, 4, then z = x[dy, dy].
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Proof. This follows directly from the proof of [17, Theorem 2.5] and the proof of [17, Scholium

2.6, both of which carry through in the generalized cluster algebra setting. O]

Thus, it is enough to show that the support of each generalized theta basis element is
contained in Ry , for a corresponding choice of dy, dy. This is shown in the classical setting
in [17, Section 5], and their methods work essentially verbatim in the generalized case. Their
results do not rely on the structure of the scattering diagram, other than that all walls are
along the coordinate axes or in the third quadrant, which holds for the generalized cluster
scattering diagrams. This culminates in bounds on the final exponent of the broken lines
contributing to the generalized theta basis, yielding the desired bounds on the support of

the theta basis elements.

Definition 3.4.5. Given a broken line (3, fix a point ¢ = (g1, g2) € Mg on the linear portion

B (r;_1,7)- The angular momentum of B (at q) is given by the dot product (g2, —¢q1) - r(m;).

The angular momentum of a broken line does not depend on the choice of ¢, as shown
in [17, Lemma 5.3]. Broken lines of positive (resp. negative) angular momentum proceed
counter-clockwise (resp. clockwise) around the origin. The behavior of broken lines terminat-
ing in the first quadrant can be characterized based on the sign of their angular momentum
[17, Lemma 5.4]. If 5 is a broken line of positive (resp. negative) angular momentum, then
the slopes of the linear domains of 8 decrease (resp. increase) at each bend, except possibly
at the boundary of the first quadrant.

Fix a general point @4 in the first quadrant of Mg = R?, and denote ¢, ,, = 0, for
m € M.

Lemma 3.4.6 ([17, Lemma 5.5]). Let v be a broken line in Scat(Py, P») which begins in
the third quadrant, with endpoint Q4 in the first quadrant. Denote the initial exponent by

(—dy1, —ds) and the final exponent by m(y) = (my, ma).
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1. If v has positive angular momentum, then —dy < my < 0 and

—d; <my < <ﬁ—€1) ma,
dy

where the upper bound is achieved only when (mq, mg) = (—dy + l1dy, —ds).

2. If v has negative angular momentum, then —dy < my < 0 and

d
—dy <my < (d_2_£2>m17

1
where the upper bound is achieved only when (my, ms) = (—dy, —ds + lady).
We now have all the tools necessary to prove Theorem 3.4.1.

Proof of Theorem 3.4.1. We proceed by showing that the theta function ¥(_g, _4,) satisfies
the conditions of Lemma 3.4.4, following the approach of [17, Proof of Theorem 5.1]. First,
note that a broken line with the same initial and terminal momentum in Scat(P;, P») must
not bend, as any bending would increase one of the entries of the exponent. There is a unique
broken line terminating at @) that does not bend and has terminal momentum (—d;, —ds),

da

which contributes the term z7%25;% to V(—dy,—do)- Hence 275 ® appears with coefficient

1 in ¥(_4, —a,). For the support condition, we split into four cases.

1) If dy,dy < 0, then by Proposition 3.2.22 we have ¥(_g, _q,) = 27 % 2;%, so the support
(—d1,—d2) 1 2

is simply {(~dy, —da)} = R, 4.

(2) If d; < 0 < dy, then a broken line with initial momentum (—d;, —ds) terminating at
@+ can bend only at the z-axis. This follows because any other bending would need to
occur to the left of @), , and such a broken line can never move in the positive = direction
to return to ). Thus, the terminal momentums of broken lines that contribute to

¥ (_ay,—dy) are precisely (—dyi, —ds) +i(¢1,0) for any integer i € {0,1,...,¢}.

(3) If dy < 0 < dy, then an analogous argument to that in Case (2) applies.
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(4) If dy,dy > 0, then we can apply Lemma 3.4.6 to conclude that the final exponent of any

broken line  contributing to ¥(_g4, —4,) must have final exponent contained in Rg , .

Therefore, the terminal momentum of any broken line contributing to 9¥(_4, —a,), and hence
the support of ¥(_g4, —4,), is contained in R , . Applying Lemma 3.4.4, we can conclude

that 19(—d1,—d2) = Ji[dl, dg] ]

3.5 Shadowed gradings and tight gradings

We define new combinatorial objects called tight gradings that give a combinatorial interpre-
tation of the wall-function coefficients in rank-2 generalized cluster scattering diagrams. By
considering a larger class of gradings called shadowed gradings, we also give a combinatorial
interpretation of the coefficients of powers of the wall-functions. The latter is useful for com-
puting Euler characteristics of quiver moduli (see Section 3.6.1) and relative Gromov—Witten
invariant in toric surfaces (see Section 3.6.2).

In this section, we begin by defining shadowed gradings and tight gradings. We then
describe certain conditions under which we can isolate a unique broken line that corresponds
to a set of shadowed gradings. Utilizing these conditions, we relate the combinatorial ap-
proach of Lee-Li—Zelevinsky and the scattering diagram approach of Gross—Hacking—Keel—-
Kontsevich [40,55]. This yields a directly computable, manifestly positive, and elementary

but highly nontrivial formula describing rank-2 consistent scattering diagrams.

3.5.1 Shadowed gradings and tight gradings

We now introduce shadowed gradings and tight gradings, which are subsets of the compatible
gradings defined by Rupel [79] and inspired by the compatible pairs of Lee-Li—Zelevinsky
[55] (see Section 3.3.2). We first require the notion of the “shadow” of a set of edges in an
NE path.
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Definition 3.5.1. Fix an NE path P and a grading w: P — N. For each edge e in P, we

define its shadow, denoted by sh(e) or sh(e;w), as follows.

e If ¢ is horizontal, then its shadow is (e0)n, where v € Py is chosen such that |(e0)n| =
w((e0)g) and e has minimal length under this condition. If no such v exists, let

sh(e) = Pn.

e If ¢ is vertical, then its shadow is (ué)g, where u € Py is chosen such that |(ué)g| =
w((ué)n) and ué has minimal length under this condition. If no such u exists, let

sh(e) = Pg.
For S C P, let the shadow of S be sh(S) = (J..qsh(e).
Note that if w(e) = 0, then sh(e) = 0.

Example 3.5.2. Consider wy as in Example 3.5.12. Then we have sh(ug) = {v1,v2} and
sh(uy) = {v1,..., 0} = sh({ui,us}). We also have sh(vs) = {uy,us,ug} and sh(vy) =

{u27 Ugs - - ,U7} = Sh({v37 U4})'
We then define a subset of compatible gradings where the vertical edges with nonzero

grading value are contained in the shadow of the horizontal edges, or vice versa.

Definition 3.5.3. A shadowed grading on P is a compatible grading satisfying either

Sg Csh(Pn) or Sn Csh(Pg),

where S is the set of edges e in P with w(e) > 0.

The notion of shadowed gradings generalizes the notion of tight gradings, as first defined

in [13] and partially motivated by [11].

Definition 3.5.4. Let w be a grading on P with p = w(Pn) and ¢ = w(Pg). The grading

w is a tight grading if w is a shadowed grading satisfying p < d;, ¢ < ds, and

pdy — qdy = +ged(p,q) .
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Figure 3.2: In the top images, we depict gradings w; and ws on the Dyck paths P(6,4)
and P(7,4) from Example 3.3.12, where edges with no weight shown are assigned weight
0. Below, we depict the corresponding rectangular tilings. The grading w; has overlapping
rectangles and hence is not compatible, while the grading w- is.

We now explain how to represent shadowed gradings as rectangular tilings. This is
important for the illustration of shadowed and tight gradings. First, rotate (i.e. cyclically
shift) the maximal Dyck path so that the shadow of each horizontal (resp. vertical) edge
does not extend beyond the left (resp. top) boundary of the rotated path. Such a rotation
always exists provided w(Pn) < dy and w(Pg) < ds, which always holds for tight gradings.
Then draw blue rectangles above each horizontal edge e with total height equal to |sh(e)|,
partitioned into the vertical grading values contributing to the shadow. Similarly, we draw
red rectangles to the left of each edge in Pn. The grading is compatible only if the resulting
rectangles are non-overlapping. The condition on the shadows can be easily read off by
seeing if every blue rectangle has a red rectangle above, or if every red rectangle has a blue

rectangle to the left.

Remark 3.5.5. The word “tight” is coined by the tight space between blue and red rect-

angles.

Example 3.5.6. (1) The grading ws as in Example 3.3.12 (and displayed on the right of
Figure 3.2) is shadowed. Howewver, it is not tight because (di,ds) = (7,4) does not satisfy
pdy — qdy = £ ged(p, q) for (p.q) = (6,4).

(2) Let (p,q) = (2,1) and (dy,dy) = (3,1). Let w: P(3,1) — N be a grading such that
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w(uy) =1, w(ug) = w(uz) =0, and w(vy) = 2. Then w is tight as displayed on the left of
Figure 3.5.

(3) Let (p,q) = (4,2) and (dy,ds) = (5,2). Let w: P(5,2) — N be a grading such that
w(ur) = wlug) =w(vy) =1, w(ve) =3, and w(uz) = w(uy) = w(us) = 0. Then w is tight as
displayed in the middle of Figure 3.3.

(4) Let (p,q) = (6,3) and (dy,dy) = (7,3). Let w: P(7,3) — N be a grading such that
w(vy) = w(vs) = 3, w(u) = w(u) = w(uz) = 1, and w(v1) = w(ug) = w(us) = wlug) =
w(uy) = 0. Then w is tight as displayed on the right of Figure 3.3.

(5) Let (p,q) = (12,8) and (d1,ds) = (14,9). There are a total of 14 tight gradings w such
that w(h) = 2 for exactly four horizontal edges h, w(v) = 3 for exactly four vertical edges v,

and w(e) = 0 for all other edges on P(14,9).

N |
N | —| H N
Emm | HEE

L

Figure 3.3: The three tight gradings in Example 3.5.6(2)(3)(4).

We now discuss two families of tight gradings with relevance to the rank-2 cluster scat-
tering diagrams of affine type, i.e., Scat(1 + 21, 1 + y*) where ¢,/5 = 4. This connection is

made explicit in Example 3.5.16 and Example 3.5.17.

Example 3.5.7. Let Pi(z) = 1+ p1o2? and Py(y) = 1+ paosy®. For k € N, consider the
path P(2k,2k +1). There are k+ 1 tight gradings of weight p’fgp’gg, that is, tight gradings w
where w(h) = 2 for exactly k horizontal edges h, w(v) = 2 for exactly k vertical edges v, and
w(e) = 0 for all other edges e.

It is straightforward to describe these gradings explicitly as follows. Fizi € {0,1,... k}.

Let SE = {'LL1+Z', U244y - - - ,uk+i} and let SN = {Ul, Vo, ... ,'Ui} U {Uk+2+2', Vk434iy - - - ,U2k+1},
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where the sets in the union can be empty if t =0 ori = k. Then the grading

2 Zf e € Sg U SN
w(e) =
0 otherwise.

s one of the desired tight gradings, and varying the choice of © yields all such tight gradings.

NN ] ] |-

Figure 3.4: The four tight gradings in the setting of Example 3.5.7 when k = 3.

I | -

I | -
I | -
| -

Example 3.5.8. Let Pi(z) = 1+ p142* and Pa(y) = 1 +pa1y. Forn € N, consider the path
P4k +1,2k). There are 2k + 1 tight gradings of weight p’f’4p§ﬁ. These are the tight gradings
w such that w(h) =1 for exactly 2k horizontal edges h, w(v) = 4 for exactly k vertical edges
v, and w(e) =0 for all other edges e.

We can describe these gradings explicitly as follows. Fiz i € {0,1,...,k — 1} and s €
{0, 1}, with the restriction that if i = k then s = 0. Let Sy = {Vkt1-i, Vkt2—iy- - -, Vop—i} and
let Sg = {ui,ug, ... Ugr—2i 1} U{tUap_0irs} U {Usk_2i102, Uak—2i13, - - -, Uskr1}, where the sets

in the union can be empty if © = 0. Then the grading

2 ’if@ESEUSN
w(e) =

0 otherwise.

1s one of the desired tight gradings, and varying the choice of i yields all but one of the
2k + 1 such tight gradings. The last tight grading can be obtained by considering Sg =

{Uokro, U3,y - -+ Uskr1} and Sn = {v1,va, ..., vk}, with the grading w constructed as above.

63



| | | | |

00 00 m (= m (= m |m

am |m am | |m m mm m m |m m mm

LI [ 1] mmwm [T |mw [[[] (mm [[[] (mm [T 1]

Figure 3.5: The five tight gradings in the setting of Example 3.5.8 when k = 2.

3.5.2 One-bending property

The bend-type of a broken line is the tuple (r(my),...,7(my)) € M. In a scattering
diagram ®, for a fixed endpoint ), every broken line g with a given bend-type has identical
image in Mg. This can be seen by working backwards from @) to reconstruct the broken line.

Consider a generalized cluster scattering diagram © = Scat(P;, P,).

Definition 3.5.9. Let (dy,dy) € N? and coprime (a,b) € N? such that

d1b — dga 7é 0.

Let 8 be a (possible) broken line in ® such that it has initial exponent (—d;, —ds), one
unique bend at the wall (R<q(a,b), fr_y(a)), and final exponent (ka — dy, kb — dy) for k > 1.
We say that the pair (di, d2) and (ka, kb) satisfies the one-bending property (with respect to

®) if any broken line that

has initial exponent (—d;, —dy) and final exponent (—d; + ka, —ds + kb), and ~ (3.5.1)

does not bend at positive coordinate axes (3.5.2)

has the same bend-type as .

Remark 3.5.10. Let (dy,ds) and (ka, kb) satisfy the one-bending property. Depending on
the choice of terminal point () € Mg, there is either exactly one broken line or no broken

lines satisfying (3.5.1) and (3.5.2) and terminating at ). In particular, there will be one
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such broken line if

{(ql, g2) CR?: g < min (ZZiZi a, Z—fql)} if dib — doa > 0,
Qe

{(CIL ¢2) € R?: gp > max (;]zZ:‘Z a, Z—fCh)} if d1b — daa <0,
and no such broken lines otherwise.
Lemma 3.5.11. If (di,ds) and (ka, kb) satisfy

@, k
b kab + 1

| &

kab+ 1
kb?

IN

>dy
=

U

2
then they satisfy the one-bending property.

Proof. We prove for the first case and the second case is similar. It suffices to show that
there is no broken line satisfying (3.5.1) and (3.5.2) that bends at least twice. Suppose that
there is one such . Notice that § can only bend at walls strictly below R<y(dy, d2), that is,
walls R<g(a’, ') such that

dl a

—_— > .
dy Y
Denote the amount of bending cumulated between R<(dy, d2) and R<(a,b) (inclusive) by

(a1,b1) € N2, Denote the amount of bending cumulated between R<q(a, b) (exclusive) and

R<0(0,1) (inclusive) by (ag,bs) € N2 Thus (a1, b1) + (ag, be) = (ka, kb). Now we have

kab+ 1 S di a1 a a9

_— > — > = > —.
kb2 T dy by~ b by
We note that since § bends at least twice, the last three inequalities are all strict. We derive

kab+1 a1 «a
W>b—l>gandb1§kbthat

from

ab1+%>alb>ab1 = ab; +1 > a1b > ab;.
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There is no integer solution for (ay, b;) and hence such a broken line § does not exist. [
Corollary 3.5.12. Let (a,b) € N? be coprime and k € N.

(1) If (dy,dy) = (kab + 1,kb?) or (ka®, kab+ 1), then (dy,dy) and (ka, kb) satisfy the one-

bending property.

(2) Ifdy > mka when dib—dya < 0 or dy > mkb when dib—dsa > 0 where m = |d1b—dsal,

then (dy,ds) and (ka, kb) satisfy the one-bending property.

(3) For anym > 0, there exist infinitely many (dy, dz) such that (dy, ds2) and (ka, kb) satisfy

the one-bending property and that m = |d;b — dyal.

Proof. Statement (1) is a direct corollary of Lemma 3.5.11. We prove (2) when m = dyb—daa,

and the other case is similar. Again by Lemma 3.5.11, it suffices to check

kab+1 a 1 dy 1 m
T T T > s > e dy, > mkb.
Wb R 4 K2 = dob 2=

For (3), choose some (dy,ds) € N? so that m = |db — dya|. By (2), for sufficiently large

N, (dy + Na,ds + Nb) and (ka, kb) satisfy the one-bending property. ]

Consider the ordinary cluster scattering diagram D, »,) = Scat(1l + z‘*, 1 + y*2). More

one-bending pairs can be found and will be useful in later applications. Notice that in this

case, the total amount of bending of a broken line can only be of the form (k¢ya, klsb), where

k € N and (a,b) € N? is coprime.
Lemma 3.5.13. Let (a,b) € N? be coprime and k > 1.

1. If b < £y, then the vectors (dy,dy) = (k1@ + 1, klyb) and (kl1a, klyb) satisfy the one-

bending property with respect to Dy, 4,).

2. If a < {y, then the vectors (dy,dy) = (klya, klab+ 1) and (klya, klob) satisfy the one-

bending property with respect to D, 4,)-
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Proof. We prove (1) and the other case is similar. As in the proof of Lemma 3.5.11, it suffices

to show that there is no integer solution a; < ka, b; < kb for the inequality

klia+ 1

€1a1 éla _ bl T _
— > > —= < b _— > b > bya.
Kb Goby Oy 16+ g > 010> 0ia

Since by < kb < kf,, we have that a,b belongs to an open interval without any integer in
it.

]
The above lemma applies in particular to the central ray R<o(¢1a, ¢2b) with (a,b) = (1,1).

3.5.3 Formula for wall-functions

Fix two positive integers /1, ¢5. Consider the generalized cluster scattering diagram

fl 62
® = Scat (1 + Zpl,kl‘k, 1+ szkyk) .

k=1 k=1

Let (a,b) € N? be coprime. Let m be a positive integer. Then we can express the m-th
power of the wall-function fr_ (s by

(frco@pn) ™ =1+ DA™ (ka, kb)z oy, (3.5.3)
k>1

where each coefficient A™(a, b) is a polynomial in {p;; | i =1,2,1 < j < {;}. When m = 1,
we simply denote A(ka, kb) = AV (ka, kb).

Theorem 3.5.14 (Shadowed grading formula).

(frcotam)™ =14y > whlw)z*ry"

, (3.5.4)
k>1 w

where the second sum is over all shadowed gradings on the Dyck path P(dy,dsy) of total
horizontal weight kb and total vertical weight ka for any (dy k,day) € N? such that
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o dy; > ka and dy ), > kD,
o (dik,doy) and (ka,kb) satisfy the one-bending property,
m = |ad2,k — bdl,k"~

For any tuple Q = (g;)}_, € N, define the weighted sum w(Q) := Zﬁzquj. For tuples
Q= (qi,j)gi:l € N% i = 1,2, denote p;* = H] 1p?]j. Then the expression (3.5.3) can be
refined as

(freo@n)™ = > Z A (Qu, Qo)p peatey™. (3.5.5)

k>0 w(Qy)=
w(Qz) kb

It follows from Theorem 3.5.14 that for each (Qy, Q2) such that w(Q;) = ka, w(Qs) =

)\((:lz)(Qla Q) = Hw ) w is shadowed, wt(w) = p?lpgb}

)

that is, the number of shadowed gradings on P(d; j, d2 ) whose weight polynomial is p;! p??
The fact that this number computes )\gz)(Ql, Q>) implies it does not depend on the choice
of (dyk,dsy). This turns out to be a rather delicate property of shadowed gradings from the

view of combinatorics.

Remark 3.5.15. When m = 1, any dy; > ka, dyy > kb such that |adey — bday| = 1
satisfy the one-bending property by Corollary 3.5.12(2). In this case, shadowed gradings are

precisely tight gradings and the formula (3.5.4) was announced in [13, Theorem 3.5].

We can use the formula (3.5.4) to directly calculate the wall-function of the single wall

comprising the Badlands in an affine cluster scattering diagram.

Example 3.5.16. Consider the cluster scattering diagram 29y. It follows from Theo-
rem 3.5.14 and Fxample 3.5.7 that

facony = > (k4 Da”y™*.

k>0
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This was known to experts [49] and was shown using quiver representations by Reineke [74].

Example 3.5.17. Consider the cluster scattering diagram ®4yy. It follows from Theo-
rem 3.5.14 and Fxample 3.5.8 that

f]RSO(QJ) = 2(2]{? + 1)1’4ky2k .

k>0

This has been previously calculated by Reading [73] using limits of F-polynomial expressions.

3.5.4 Proof of Theorem 3.5.14

We now prove the shadowed grading formula for the coefficients of powers of wall-functions,
as described in Section 3.5.3. This proof relies on the fact that the generalized greedy and
generalized theta bases coincide, a result established in Section 3.4. We use the one-bending
property from Section 3.5.2 to refine the equality of these bases, allowing us to find the
shadowed gradings corresponding to a particularly nice broken line. This broken line is
chosen to have weight equal to a chosen coefficient of the power of a wall-function, yielding
the desired formula in terms of shadowed gradings.

For the entirety of this subsection, fix a, b, k, and m as in Section 3.5.3, and set d; := dy
and dy = da .

Recall that CG(p, q) is the set of compatible gradings w on P = P([d]y, [d2]+) with
p=w(Pn) and ¢ = w(Pg). We let CG'(p,q) C CG(p,q) consist of the compatible gradings
with w(Pn \sh(Pg)) = t. Similarly, we let CG’ (p,q) € CG(p,q) consist of the gradings
with w(Pg \ sh(Pn)) = t. Let

CG'(p,q) ifbdy > ady,
CG'(p,q) =

CG' (p,q) otherwise,

and let | CG(p,q)| = > et (kayy WHw) € N[M]. We show in the following lemma that
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CG°(p, q) is precisely the set of shadowed gradings in CG(p, q).

Lemma 3.5.18. One of CGY.(p, q) is empty unless p = q = 0. Precisely, when (p,q) # (0,0),

(2) CG°(p,q) = @ if qdi > pds.

Proof. By symmetry, it is enough to prove the first case, where we assume

d
< T Suppose

q
p

such a compatible grading w exists. By assumption, we have wgﬁ@fg)) = g. Hence there

w(w)

w(sh(u))

must be some horizontal edge u such that < 1%. Choose v to be the unique vertical

edge such that |(ud)n| = w(u).
By the compatibility of w, we must have |(w0)g| > w(sh(u)) + 1. However, by the
modular definition of the maximal Dyck path (see, for example, [6, Lemma 1.3]), we then

must have that w(sh(u))dy < w(u)d;. However, this yields a contradiction since we have

w(u) <

d
w(sh(u)) < i ]

y<a

Fix an endpoint Q = (Q1,Q2) € R2, such that the quantity (—m+ ka)Q2 — (—n+kb)Q;
is positive if bd; < dsa, and negative otherwise. Let BL(ka, kb) denote the set of broken lines
with initial exponent (—d;, —ds) and final exponent (—d; + ka, —dy + kb) that terminate at
Q. Let BL!(ka, kb) denote the subset of broken lines in BL(ka, kb) that bend at the positive

y-axis with multiplicity ¢. Given a set B of broken lines, let |B| =} ;5 c(8).

Lemma 3.5.19. For allt € {0,1,...,kb}, we have
| BL!(ka, kb)| = | CG(ka, kb)| .

Proof. We handle the case when bd; > ad,, with the other case following analogously. We
proceed by induction on the quantity kb —¢. The base case kb —t = 0 is readily checked, as

both quantities are simply a product of two binomial coefficients.
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For the inductive step, we first note that the sets CG(ka, kb—t) and BL(ka, kb—t) can be
refined as CG(ka, kb—t) = | CG*(ka, kb—t) and BL(ka, kb—t) = U™ BL* (ka, kb—1).

Since these unions are disjoint, we have

kb—t
| CG(ka, kb —t)| = Y | CG*(ka, kb — t)],
s=0
kb—t
|BL(ka, kb —t)| = | BL*(ka, kb —t)] .
s=0
Applying Theorem 3.4.1 yields
kb—t kb—t
> | CGo(ka, kb —t)| = > | BL(ka, kb —t)|.
s=0 s=0

Using the inductive hypothesis, we have | CG*(ka, kb — t)| = | BL*(ka, kb — t)| for s > 0.
Hence we can also conclude | CG%(ka, kb — t)| = | BL(ka, kb — t)|. By separating out the

contribution of the edges in Py \ sh(Pg) to the weight of each compatible grading, we see
| CG'(ka, kb)| = T4, —kat(p2.e)| CG®(ka, kb —t)].

We also have

| BL!(ka, kb)| = ma, —ga(p2,e)| BL(ka, kb —t)| ,

which can be seen examining the preimage of the map taking each broken line in BL(ka, kb)
to a broken line in BL’(ka, kb—t) by forgetting the last bending. We can therefore conclude
| BL!(ka, kb)| = | CG*(ka, kb)|, as desired. O

Proposition 3.5.20. We have | BL’(ka, kb)| = A\ (ka, kb).

Proof. 1t follows directly from Corollary 3.5.12(2) and Remark 3.5.10 (using our choice of
Q) that BL°(ka, kb) consists of a single broken line. This broken line, which we denote by
5, bends with multiplicity £ at the wall of slope g with no other bendings. By hypothesis,

we have |(di,dy) - (—=b,a)|] = m. Thus, the weight associated to the bending of 5 over 0
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with multiplicity k is given by the coefficient of 2**y*® in (f,)™, which is precisely A(ka, kb).
Since 3 is the unique broken line in BL%(ka, kb) and 8 only bends once, we can conclude

that | BL?(ka, kb)| = | 3] = A\ (ka, kb), as desired. O

Remark 3.5.21. In the cluster algebra case, a tight grading has weight 1 if it takes values in
{0, ¢1} on the vertical edges and {0, £2} on the horizontal edges, and weight 0 otherwise. If we
restrict to considering only these gradings, then the total weight of gradings in CG'(ka, kb)
is the same as its cardinality. Thus, in order for | CG'(ka, kb)| to be nonzero, ¢t must be a

multiple of /.

The first main theorem now readily follows.

Proof of Theorem 3.5.14. By Lemma 3.5.18, the gradings in CG"(ka, kb) are precisely the
shadowed gradings contributing to the formula in Theorem 3.5.14. Hence the main result

follows directly by combining the equalities in Lemma 3.5.19 and Proposition 3.5.20 when
t=0. O

3.5.5 Another proof of Theorem 3.5.14

We provide an alternative proof that does not rely on the results in Section 3.4.
We first prove some simple properties of shadowed gradings, allowing us to relate them

to the the polynomials d, (p,q) and d_(p, q).

Lemma 3.5.22. We have

p
|CG(p,q)| = Tarqspre)

s=0

q
- Z Td1—p,s (p2,o)
s=0

Proof. The first equality follows by viewing s as total value of w on the horizontal edges

outside of sh(S:), so [CG(p,q)| = >.0_,|CGi(p — s,¢)]. Each summand of the form
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Tdy—q,s(P1,e) %(p—s,q)| on the right hand side is then equal to |CG? (p,q)|, where

Tdy—q.s(P1.e) accounts for the weight contributed by the horizontal edges outside sh(Sy) and
|CG9r(p — 8,q)| accounts for the remaining weight of all vertical edges and the horizontal
edges in sh(Sn). The second equality follows similarly, reversing the roles of vertical and

horizontal edges. O

Proposition 3.5.23. Fiz (dy,ds). For any (p,q) € N2, we have

|CGY(p,q)| =ds(p,q) and |CG (p.q)| = d_(p.q).

Proof. Recall di(p,q) from Definition 3.3.6. We prove by induction on (p, q). The base case
is

| CGY(0,0)] =d;(0,0)=1 and |CG"(0,0)| =d_(0,0) = 1.

Then the result follows from Lemma 3.5.22, Lemma 3.3.7, and |CG(p, q)| = ¢(p,q) from
Theorem 3.3.14. [l

Corollary 3.5.24. The polynomials d+(p,q) satisfy
Zﬂ-dz —q,s pl )d-‘r _Sq Zﬂ-dl —p,s p2 (paq_s)
s=0

When (p,q) # (0,0), we have

dy(p,q) =0 when diq < dyp;

d_(p,q) =0 when diq > dap.

Proof. This is a direct corollary of Lemma 3.5.18, Lemma 3.5.22, and Proposition 3.5.23. [

As a consequence of Proposition 3.5.23, we present the following sharpened recursive

formula of ¢(p, q), which generalizes [55, Proposition 1.6] and [79, Proposition 2.13].
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Proposition 3.5.25. Fiz (dy,ds) € N2. The polynomials c(p, q) satisfy the following recur-

ston )
> —clp =k Q)sar-qn(pre)  if dig < dop;
k=1
cp,g) =1,
> —clp,q = k)saypi(p2e)  if dig > dap.
k=1

Proof. With the emphasis on d+(p,q), the stated recursion of ¢(p,q) follows immediately
from Corollary 3.5.24 and Definition 3.3.6. We also see that ¢(p, ¢) is attained by one of two

polynomials in Definition 3.3.4. O]

Fix (di,dy) € N%. Let (p,q) € N> and ¢t € N. Let

BL! (p,q) = BL (dy,d2,p,q) (resp. BL(p,q) = BL!(dy,d>,p,q))

denote the set of broken lines with initial exponent (—d;, —dy), final exponent (—d; +p, —ds+
q), and endpoint @, € R? (resp. Q_ € R%,) chosen close enough to the positive z-axis
(resp. positive y-axis) such that the bend at the positive z-axis (resp. positive y-axis)

corresponds to the monomial z* (resp. y*).

Lemma 3.5.26. We have

| BLY (9, ¢)| = Tay—qu(p1,6)| BLL(p — £, q)],

’ BLE (p7 Q)| = ﬂ-dl*p,t<p2,o)| BL[l (p, q— t)’

Proof. When it is non-empty, erasing the last bending of any broken line in BLY, (p, q) (resp.
BL! (p, q)) induces a surjection to BLi(p —t,q) (resp. BL? (p,q —t)). The computation of
the weights follows from the initial wall-functions on the axes.

If BL. (p, q) is empty, then either 74,4 +(p1o) = 0 or BL (p — ¢, q) is empty. The same is

true for the — case. O

Lemma 3.5.27. One of BL.(p, q) is empty unless p = q = 0. Precisely, when (p,q) # (0,0),
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(1) BL&(I% q) = @ if qdi < dap,

(2) BLY(p,q) = @ if qdi > dap.

Proof. Since the broken lines in consideration do not bend at positive axes, the slopes of
their linearity domains can only continue to increase or decrease from the start. Therefore,
the order of the terminal slope and the initial slope determines which one of the two sets
BLY (p,¢) and BL? (p, q) is empty, unless the broken lines do not bend at all, which is the

case p =¢q = 0. ]

Lemma 3.5.28.
P q
Z defq,t(pl,o)‘ BL?F(p - ta Q)| = Zﬂ-dlfp,t(pZo)‘ BLg (pa q— t)‘
t=0 t=0
Proof. By Lemma 3.5.26, it is equivalent to show
q

> IBLY(p,q)l = Y |BL (p.q

t=0 t=0

3

The left-hand side computes the coefficient of zP~%y7~% in the theta function J¢, (—a, —dy)-

The right-hand side does the same for ¥¢g_ (4, —a,). By Corollary 3.2.20, they equal. O

Proposition 3.5.29. Fiz (dy,ds). For any (p,q) € N2, we have

|BLS (p,q)| = d+-(p,q) and |BL"(p,q)| = d_(p.q).

Proof. Compare the recursion of | BLY (p, ¢)| determined by Lemma 3.5.27 and Lemma 3.5.28

with the recursion of d+(p, q) given in Corollary 3.5.24. O

Let (dy,ds) and (ka, kb) satisfy the one-bending property Definition 3.5.9 with d; > ka
and dy > kb.
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Proof of Theorem 3.5.14. We first deal with the case where dy > ka and dy > kb. Suppose
that

m:dlb—d2a>0.

By the one-bending assumption, every broken line § in BLi(ka, kb) is of the same bend-
type, that is, the only bend is at the ray R<q(a,b) with multiplicity m. Notice that 5 indeed
reaches the first quadrant. The sum of weight monomials of every 3 in BLS (ka, kb) gives

the coefficient A™ (ka, kb) of z**y** in (fa_,(a))™. Hence by Proposition 3.5.29
A™ (ka, kb) = | BLS (ka, kb)| = d, (ka, kb).

The situation where m = dya — d1b > 0 is similar.
Suppose that d; = ka or dy = kb. A one-bending broken line 8 at R<(a,b) with initial
exponent (—d;, —dy) and final exponent (ka — dy, kb — dy) does not reach the first quadrant.

So it does not belong to BLY.(ka, kb). Suppose dy = kb. Then again
m = dib — dea > 0.

Consider the theta function ¥ _q, —4,) for @ chosen generally in the fourth quadrant. By
the one-bending property, the sum of the weight of the aforementioned one-bending g with
endpoint @ is the coefficient A(™ (ka, kb). Meanwhile, it also computes the coefficient of
ghamdiyhb=dz — gha=di in 5 4 4. By Corollary 3.2.20, A'™(ka, kb) equals the coefficient

of zF~% in ¥, (4, —a4,). The latter actually equals
| BL (ka, kb)| = dy (ka, kb)

because any broken line contributes to =% must not bend at positive xz-axis, thus belonging

to BLY(ka, kb). The situation when d; = ka is similar.

76



Summarizing we have shown

dy(ka,kb)  if dib — dya > 0,
A (ka, kb) =

d_(ka,kb) i dyb— dsa < 0.

Finally the polynomials di(ka, kb) are related to weighted counts of shadowed gradings by
Lemma 3.5.18 and Proposition 3.5.23. O

3.5.6 A universal scattering diagram
Recall the monoid Py, 4, in Section 3.2.2. For ¢} > ¢, and ¢, > {5, consider the algebra map

—

k[?e'ﬁzé] — k[j}h,ﬁz]

that evaluates p;; = pa; = 0 for ¢ > ¢; and j > (5.

For any ¢ > 1, denote
Pl(e) =1+piz+- - +pa’ and PQ(K) =1+pay+- -+’
By the functoriality (3.2.3), we have

® (Scat (lel), PQ(%))) = Scat <P1(€1)7 P2(€2)> ,

The scattering diagrams associated to all (¢1,¢3) € N? thus have a (projective) limit, viewed
as a universal scattering diagram. By the tight grading formula Theorem 3.5.14, the limiting

wall-function on R<g(a,b) is given by

Do 2 Aaa(QuQapptatey”, (3.5.6)
kb

k>0 w(Q1)=ka w(Q2)=
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where A\, ;5(Q1, Q2) is the number of tight gradings of weight polynomial p;** pgb. To recover
the wall-function in Scat(Pl(Zl), PQ(M), simply let the variables p;;, i > ¢, and pyj, j > {5 be
zero. This amounts to considering the subset of tight gradings w whose value on horizontal
edges is bounded above by ¢ and on vertical edges is bounded above by /¢;.

We note that the limiting structure is more general than the scattering diagrams in
Definition 3.2.3 as the monoid in the limit is not finitely generated. However, one can
nonetheless assign degree k to the variable p;; and have a filtration of ideals m®) C k[%]
generated by elements of degree at least k. Then we can still define scattering diagrams with
finitely many walls over k[P]/m*) and a limiting object of those is regarded as a scattering

diagram over the completion k[P] = limk[P]/m*) just as in Definition 3.2.3. Wall-crossing
—

automorphisms and consistency can be discussed analogously.

3.6 Applications of the tight and shadowed grading
formulas

Since rank-2 scattering diagrams are known to encode interesting invariants [41, 42,74, 76,
we explore these links in terms of tight and shadowed gradings in this section. We give
formulas for computing Euler characteristics of quiver moduli spaces in Section 3.6.1 and

relative Gromov—Witten invariants on toric surfaces in Section 3.6.2.

3.6.1 Euler characteristics of quiver moduli

We review a result of Reineke and Weist [76] expressing wall-function coefficients in terms of
Euler characteristics of certain moduli spaces of quiver representations. Then we establish
the link to tight gradings in Corollary 3.6.2.

In [76] (as well as [41,42]), the coefficients in the initial wall-functions differ with those

78



in Section 3.2.2. Precisely, we consider polynomials

Zl 62
P =] +sz) and Py=]](1+t) (3.6.1)

i=1 j=1

and the scattering diagram Scat(P;, P;). This setup can be accommodated in the framework
of Section 3.2.1 and Section 3.2.2 by choosing the monoid P = M &M, &M, where M; = N%
is the (multiplicative) monoid of monomials in {si, ..., s, } and My = N2 is the monoid of
monomials in {¢y,...,%,}. The coefficients p;  and pyj used in Section 3.2.2 are elementary
symmetric polynomials respectively in s; and in ¢; by comparing (3.6.1) with (3.2.4).

Let K = K({1,{5) be the complete bipartite quiver with ¢; sinks {s1,...,s,} and /5

sources {t1,...,ts}. For example, K(3,2) is depicted in Figure 3.6.

S1
\ tl
S92
to
S3 /

Figure 3.6: The quiver K(3,2)

Let Py = (di,)1<i<e, and Py = (da;)1<j<s, be tuples of nonnegative integers. They will
be referred to as ordered partitions once we fix the sums |Py| = Y dy; and [Py = > dy ;.

As the notation suggests, P; and P, represent two monomials

fl Z2
sP1 = H st ¢ M; and tF2:= Ht;l?’j € M,
j=1

%
=1

Meanwhile they also represent a dimension vector (Pq,P3) on the quiver K such that the
dimension on the sink s; is d;; and on the source ; is d ;.

Let V; = C%i fori =1,...,¢; and W; = C% for j = 1,...4y. Consider the following
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affine space of representations of K (in C-vector spaces)

rep(Py, Po) = {(fij)i<i<t1<j<t, | fij € Home (W, Vi)}.

Let G = Hflzl GL(V;) x H52:1 GL(W;). Then G acts on the two spaces

51 32
rep'(Py, Py) i=1ep(P1,Py) x [[Vi and  rep”(Py, Py) = rep(P1,Py) x [ [W;

i=1 j=1

respectively by
(gi-hy) - (figovi) = (gifighi ' gvi) and (gi, hy) - (fig,w;) = (gifighi ', hjwy).

The superscripts ! and " stand for respectively front and back framing, where the vectors v;
and w; are called framing vectors. Elements in rep®(Py, Py) are called framed representations.

We further consider back or front framed representations that are stable in the following
sense. We call (f;;,w;) € rep”(P1,Ps) (resp. (fi;,vi;) € rep (P, Py)) stable if for every

tuple U; € W; of subspaces, we have

6ol Py I
> dim fi;(U) = 5 > U,
2.2 P, 2
i=1 j= Jj=
with strictly inequality if w; € U; (resp. v; € 252:1 fi.;(U;)) for every j (resp. 7). It is clear
that framed stable representations are closed under the action of G.

By [76, Corollary 5.4] (based on the construction of [26]), there are smooth irreducible
varieties MP" (P, Py) and M!(Py, Py) as moduli spaces parametrizing respectively back and
front framed stable representations up to the action of G. We use x(-) to denote the Euler

characteristic of a complex variety in analytic topology.
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Theorem 3.6.1 ([76, Theorem 6.1]). For any coprime (a,b) € N?, we have

fR<0ab) Z Z Z MP(Py, Py))sPHP2 kg

k>0 |Py|=ka [P2|=kb

fR<0ab Z Z Z ME(Py, Py))sFrP2ghaykt,

k>0 [P1|=ka [P2|=kb

For coprime (a,b) € N? and k& > 1, consider (di,dy) = (kab + 1,kb*). By Corol-
lary 3.5.12(2), the vectors (dy,ds) and (ka, kb) satisfy the one-bending property (Defini-
tion 3.5.9). Notice that a - kb* — b - (kab+ 1) = —b. Recall from Section 3.5.3 that by
Theorem 3.5.14, )\((lbl))(Ql,Qg) is the number of shadowed gradings on P(kab + 1,kb?) of
weight monomial p@'p¥ where w(Q;) = ka and w(Q,) = kb. Similarly, Afﬁ;(Ql, Q2) is the
number of shadowed gradings on P(ka?, kab + 1) of weight monomial p;** p§2.

We now write down explicit formulas of Euler characteristics of framed stable quiver

moduli in terms of counts of shadowed gradings.
Corollary 3.6.2. For any coprime (a,b) € N2, ordered partitions |Py| = ka, |Ps| = kb, we

have

(M P17P2 Z Z )\ Q17Q2 :UP11/L§227

w(Q1)=ka w(Q2)=kb

XMIPLP)) = Y Ny (Qu, Qo) e,
w(Q1)=ka w(Qz2)=kb

where pp! for i =1,2 are nonnegative integers defined by the expansions

p?lz Z “Pl Proand p? = Z IuQ2tP2 (3.6.2)
[P1]=w(Q1) [P2|=w(Q2)
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Proof. By Theorem 3.5.14, we can express (fRSO(a,b))b as

>OY Y ANQu Q.

k>0 w(Q1)=ka w(Qz)=kb

b a
Y Y | Y A%Qu Qup@ @ | PPy,

k>0 |P1|=ka \ w(Q1)=ka
[Pal=kb \w(Qo)=kb

Comparing the above coefficients with the ones in Theorem 3.6.1 we have the desired equa-

tion. The other case is similar. O

3.6.2 Formula for relative Gromov—Witten invariants

In [42], Gross, Pandharipande, and Siebert expressed the wall-function fr_ (s in terms of
relative Gromov—Witten invariants on toric surfaces. We briefly recall their results and give
a combinatorial formula for these invariants in Theorem 3.6.5.

For (a,b) positive and coprime, let X = X, denote the toric surface over C associated
to the complete fan generated by rays R>((0,1), R>o(1,0), and R<g(a,b). The three rays
correspond to three toric divisors in X which we denote as D1, Dy, and Dy;.

Fix two positive integers ¢; and f5. As in Section 3.6.1, let P; = (d1,)1<i<s, and Py =

(d2,j)1<j<e, be ordered partitions such that
61 €2
Py =Y dii=ka and [Py|= dy; =kb
i=1 j=1

for some k > 1. Consider v: X[(P1,P3)] — X the blow-up of X along ¢; and ¢y general
points respectively of D; and Dy away from the 0-dimensional toric stratum S (i.e., three

toric fixed points). Denote

out —

X°[(P1,Py)] = X[(P1,Py)]\v 1(S) and D2, = Doy \ v (9).
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Let 5 € Hy(X,Z) be the homology class determined by the intersection numbers
6'D1:ak7 ﬂDQZbkv B'Dout:k-

Define the homology class

0 4o
Bl(P1, Py)] =v*(B) - Z dii[Er] = da[Ba ] € Hy(X[(P1, Py)], Z).

=1

where F,; ; and Ej ; are the exceptional divisors over the blown-up points on D; and D.
There is a moduli space 9 of relative stable maps of genus 0 curves into X°[(Py, P2)]

representing the homology class 3[(Py, Py)] with full tangency order k at an unspecified point

in Dy

ot~ LThe moduli space 9N is proper of virtual dimension zero and thus the integration

over the virtual fundamental class defines a Gromov—-Witten type invariant

N, y[(P1, Py)] = / leqQ.

Mvir

We refer the reader to [42, Section 4] for more details on the construction of the moduli

space and the definition of N, ;[(P1,P2)].

Theorem 3.6.3 (|42, Theorem 5.4]). For any positive coprime (a,b), we have

108 facg@n) = O, > kNap[(P1,Py)]sT1tF2atey. (3.6.3)

k>1 |Py|=ka
|Pa|=kb

Combined the above theorem of Gross—Pandharipande—Siebert with the tight grading

formula Theorem 3.5.14, we have the following direct corollary.
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Corollary 3.6.4. We have for any m > 1,

Z Z kN, [(Py, Py)]sP1 P2yt

k’>1 ‘P1| ka
|Pa|=kb

log 1—{—2 Z )x Ql,Q2>p1 L2 gk kb

k=1 w(Qu)=k
w(Qz):kb

Next we present a formula for each single N, ,[(Py, P2)] that is linear on counts of com-

patible gradings without involving taking logarithms.

Theorem 3.6.5. For any (a,b) coprime, k > 1 and ordered partitions |Pi| = ka and
|Pso| = kb, we have

k
1
Nap[(P1,Py)] EZ

() Z )\ QbQQ)M%M%-
w(Q

(Q2)

Proof. Denote fr_y@ap) = 1+ Y. In the infinite series

Lo (=D*'
Ing[RSO(a,b):Y—§Y _|_..._|_TY 4
every term with z*¢** is contained in the part
Lo (=D 2 k
Y — 5Y +-- 4 TY =copt+ep(l+Y)+ep(I+Y) + - +ar(l+Y)". (3.6.4)

By Theorem 3.5.14, combining the terms with 2*¢y** we obtain

Zcm > AN Qi Qo) peateyt

i=1 w(Q1)=Fka
w(Q2)=kb

where each )\ (Ql, Q2) counts shadowed gradings. Expand this sum using the expression
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(3.6.2) of p¥ in terms of s¥* and P2 and then compare with the right-hand side of (3.6.3).

We see that Nqp)[(P1,P5)] is expressed as desired modulo that ¢;;, = # (f) To compute

these numbers, we write each term on the left-hand side of (3.6.4) as

EV Ty BV gy i ) i (J) (1+Y)!

J J = ]

Then we have

1
Nasl(PLPo)l = D A (Qu, Qu)ii s,
where )\22, are honest coefficients of fr_(ap)-
Example 3.6.6. Let {1 = 3 and {5 = 2. Consider the ordered partitions
P1:3+O—|—0 and P2:3+0

They correspond respectively to the monomials s3 and t3. Only when Q = pil and Qg = pg’l,

we have non-zero coefficients
ugll =1 and ugj =1.
Then the formula in Theorem 3.6.5 gives

1 3 1
Nua[(340.3+0+0)] = 5 (3A§Ti (b 1,95,) = SATA (L1 p8.0) + AT <pi1,p§,1>) .
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Using compatible gradings, we can see that only the third term is non-trivial
3
/\g,%(pihpg,l) =1L

For this particular grading (depicted in Figure 3.7), one can choose (dy,ds) = (12,9), which
with (ka, kb) = (3, 3) satisfy the one-bending property by Corollary 3.5.12. Notice dib—dsa =
3. Therefore, we have computed Ny 1[(3+0,3+040)] = 1/9, which coincides with the multiple
cover formula [9] and [42, Proposition 5.2].

Figure 3.7: A shadowed grading of weight monomial pilp%’l

3.7 Generalized cluster structures

3.7.1 Generalized cluster structures

Fomin and Zelevinsky’s cluster algebra [31] has been generalized by Chekhov and Shapiro
[16] to incorporate polynomial exchange relations (as opposed to binomials). We review the
basic notions here.

Let P be a torsion-free (multiplicative) abelian group, known as the coefficient group
[3,31]. Let n be a positive integer and I denote the index set {1,...,n}. We take a field F
isomorphic to the field of rational functions in n independent variables over Frac(ZP), the

fraction field of ZP the group ring of P.
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Definition 3.7.1. A seed in F is a triple ¥ = (x, p, B), where

e the cluster x = {x1,...,x,} is an algebraically independent subset that generates F

over Frac(ZP);
e the exzchange matriz B = (b; ;) is a skew-symmetrizable n x n integer matrix;

e the coefficient tuples p = (p1,...,Pn) consist of, for each i € I, an (¢; + 1)-tuple

P = (Dio,---,Die) of elements in P for ¢; = ged(b;; | j € I).

For the above data, we refer to any x; € x a cluster variable and a monomial in x a

cluster monomial. For k € I, we define x}. € F by the exchange relation

L

may, = Pux) = ks [] gk 11 xES_Ek)bj’k/Zk. (3.7.1)
b

s=0 i,k>0 bj,k<0
The set x — {x} U {z}} is clearly again an algebraically independent generating set for F.

Definition 3.7.2. We say that a seed ¥’ = (x’,p’, B’) in F is obtained from ¥ by a seed

mutation in direction k € I if
o X' =x— {x;} U{x}} where x} is defined as in (3.7.1);

e the tuples p; = (pi g, .-, Pj,,) satisfy when i = k

/
Prs = Phty—s,  tor s =0,... 0

and when i # k, for s =0,...,¢;

Sbk,i/ei pi,s

p;,s pk,ek Dio ,
= (3.7.2)
W e iy, <0,

Dio
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o B' = (b};) is the Fomin—Zelevinsky matriz mutation of B in direction k (denoted as

B' = iy (B)) given by

—bij if i =korj=k,
bij = (3.7.3)
bij + [=bik)+-bx; + bir[brjl+ otherwise.

It is straightforward to check that a seed mutation is involutive, that is, in the situation
of Definition 3.7.2, the seed X is also obtained from ¥’ by a seed mutation in direction k.
It is worth mentioning that a seed mutation is non-deterministic. For example one sees in
(3.7.2) that uniformly multiplying an element in P’ to every pj., s = 0,...,{; does not affect
the equality.

Let T,, be the n-regular (infinite) tree such that the n edges incident to any vertex are

distinctively labeled by {1,...,n}.

Definition 3.7.3. A generalized cluster structure in F is an association of seeds

v Y, veT,,

k

such that for any k-labeled edge v v' in T,,, the seeds X, and X,/ are obtained from each
other by a seed mutation in direction k. When ¢; = 1 for every ¢ € I, this is what we refer

to as Fomin—Zelevinsky’s ordinary cluster structure [3,31].

For a seed ¥, = (x,, pv, By) associated with v € T,,, we often use the following notations

to denote the gadgets in Definition 3.7.1:

Xy = {Il;m v 7In;v}a Py = (pi;v>?:17 Pijw = (pzs)?:(]a Bv = (bf’]) (374)

The first property one would hope a generalized cluster structure to inherit from that of
ordinary cluster structures is the Laurent phenomenon [31, Theorem 3.1]. This is indeed the

case.
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Theorem 3.7.4 ([16, Theorem 2.5]). In a generalized cluster structure, any cluster variable
is expressed in terms of any given cluster as a Laurent polynomial with coefficients in ZP,
that is, for any v and v’ in T, and any i € I we have

+1 +1
T € ZPTT,, - 25 ).

The following is a main result of this chapter, the positivity of Laurent phenomenon. Its

proof will be given in Section 3.8.3.

Theorem 3.7.5. Any cluster variable, when expressed as a Laurent polynomial in any given
cluster, has coefficients in NIP, the subset in ZIP of linear combinations in P with nonnegative

integer coefficients.

Remark 3.7.6. In the case of ordinary cluster structures, the positivity was conjectured
originally by Fomin and Zelevinsky in [31], which was first proven by Lee and Schiffler [59]
when B is skew-symmetric and then by Gross, Hacking, Keel, and Kontsevich [40] when B
is skew-symmetrizable. A less general version of Theorem 3.7.5 was conjectured by Chekhov

and Shapiro [16, Section 5] where the coefficient tuples are required to be reciprocal.

3.7.2 Frozen directions and coefficients

In this subsection, every cluster structure is by default generalized. The cluster structure
introduced so far can be slightly upgraded by introducing frozen directions of mutations.
This amounts to choosing a subset I,y C I for unfrozen directions and forbidding mutations

in frozen directions I, = I \ L. By permuting the indices, we can always assume
L ={1,...,|Lg|} C I

So a cluster structure with frozen directions will be defined on the tree T); ;. Only the

first |I,¢| columns of the exchange matrices will be relevant in exchange relations (3.7.1) and
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matrix mutations (3.7.3).
Since no mutation is performed in frozen directions, all clusters share the same set of
frozen cluster variables

{x; | i€ I}

Notice that in an exchange polynomial Py (x) we can single out a monomial in frozen variables,

combine it with py s, and treat them together as a coefficient. The new coefficients

sbi k[l (s—Li)bj i /L
O | I =

{iE]fr‘bi,k>0} {je]frlbj7k<0}

follow the same mutation rule in Definition 3.7.2. Hence a cluster structure with frozen
directions can be regarded as a special case of Definition 3.7.3 with the square exchange
matrices (b;;)ijer,. One nuance is to invert frozen variables so that the new coefficients
naturally live in the product of P and the (multiplicative) group of all Laurent monomials

in frozen variables.

Remark 3.7.7. Starting with a cluster structure without frozen directions, we can add
frozen directions by extending a square exchange matrix B by adding rows below it, obtaining
a rectangular exchange matrix B. This construction will be useful as later the scattering
diagram technique behaves particularly well when B is of full rank, which can always be

achieved by extension.

We now discuss how the behavior of cluster variables interacts with seed mutation on
coefficients, following Fraser [34, Section 2.4]. For a seed ¥ = (x, p, B) (with possible frozen

directions), define for ¢ € I, s = 1,...,¢;, monomials

Giss = o T (3.7.5)

Dbio jel

Consider two cluster structures v — X, and v — X/, v € Ti1,|- For a particular vertex

v af | *

vy € Tigy|, We say Xy, ~ E;O if i@ € Pfor any ¢ € I and 9 5., = QLSWO for any ¢ € I+ and

N
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Proposition 3.7.8 ([34, Lemma 2.10)). If for two cluster structures

v Y, and v X veT;

uf‘7

there is some vertex vy such that X, ~ X, , then we have ¥, ~ 3 for any v € Tz .

Definition 3.7.9. Given a (generalized) cluster structure, the associated (generalized) clus-

ter algebra A is the ZIP-subalgebra of F generated by all cluster variables

U Xy = {xip |1 € [,v € T,}.

'UET’VL

The (generalized) upper cluster algebra U is defined to be the intersection

() zP[zf) | i€ ).
veTy,
It follows from Proposition 3.7.8 that in any cluster structure where ¥ is associated to a
given vertex vy, any cluster variable in any seed is well-defined up to a factor in P. Therefore
we shall use the notations A = A(X) and U = U(X) for any seed ¥ in the cluster structure

since Y is sufficient to determine both A and &. By Theorem 3.7.4, A is contained in U.

Remark 3.7.10. Another manipulation on a seed ¥ that does not change A(X) is to scale
the coefficient tuple p; = (pig,...,pie) by some uniform factor p € P. It follows from
Proposition 3.7.8 that any cluster variable is again well-defined up to a factor in P. Thus
to address the positivity in Theorem 3.7.5, we can always assume that there is some seed
where every p; o = 1 for i € I. Moreover, we can take the free abelian group P’ generated by
symbols

{pi,s | 1€ ]ufy 1 S S S &},

with the natural group homomorphism ¢ to P suggested by the notation. Cluster variables
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generated in the new cluster structure are subtraction-free rational expressions in || variables
with coefficients in . Then 1) induces a map that sends a cluster variable in the new cluster
structure to the corresponding cluster variable in the old cluster structure. Therefore once

the positivity of Laurent phenomenon is established for ', it also holds for P.

3.8 (Generalized cluster scattering diagrams

3.8.1 Definitions

We now introduce a construction generalizing Gross—Hacking-Keel-Kontsevich’s cluster scat-
tering diagram [40] mostly carried out by Mou [66] and Cheung, Kelley, and Musiker [18].
Here we take a perspective of [7] that both coefficients and frozen directions are present. We
impose no reciprocal conditions on coefficients to match the generality in Section 3.7.1.

The generalized cluster scattering diagram ®g we are about to define is essentially at-
tached to a seed ¥ = (x,p, B) where B is a |I| x |I| rectangular exchange matrix and
pio = 1 for any i € Is. The coefficient group PP is taken to be the (multiplicative) abelian
group freely generated by

{pijliely1<j<}.

For easier comparison with [40], we closely follow the language therein (see also [39]) where

the information in ¥ can be easily extracted from the so-called fized data and seed data.
Definition 3.8.1. The fixed data I' consists of

e a lattice N of finite rank with a skew-symmetric bilinear form w: N x N — Q;

e an unfrozen sublattice Ny C N, a saturated sublattice of N;

e an index set I = {1,...,rank N} and a subset I,; = {1,...,rank Ny};

e positive integers d; for ¢ € I with greatest common divisor 1;
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e a sublattice N° C N of finite index such that w(Nys, N°) C Z and w(N, Ny N N°) C Z;
e M = Hom(N,Z);
e a free (multiplicative) abelian group P of finite rank.

Definition 3.8.2. Given the fixed data I', a seed data s = (e, p) consists of € = (e;);e; € N

and p = (p;)ier,, Where p; = (pij)1<j<¢; and p; ; € P such that
1. {e; | i € I} is a basis for N;
2. {e; | i € Iy} is a basis for Nyg;
3. {die; | i € I} is a basis for N°;
4. for i € Iy, the element w; = w(—, d;e;)/{; is primitive in M,
5. {pij | i € LIy, 1 < j < {;} is a free generating set for P.
We impose the following injectivity assumption.
Injectivity assumption: The map

Ny NN — M, v~ w(—,v) (3.8.1)

is injective.
Before defining scattering diagrams, we briefly explain how to obtain a seed ¥ = (x, p, E)
from I" and s = (e,p). The ambient field F is the fraction field of Frac(ZP)[M]. Let

{ef € M | i € I} denote the dual basis of e. The cluster x in X is

{z;|i €I} ={a%

iel}.

The coefficient tuples p = (pi)icr,, are copied from s. For i € I and j € I, let

b@j = W(€i, dj@j) € 7.
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Then we put B= (bi;) € ZH¥Iuil - The condition that each ¢; divides the i-th column of B
is ensured by (4) of Definition 3.8.2. The injectivity assumption is then equivalent to that
B is of full rank.

Remark 3.8.3. It is straightforward to construct fixed and seed data from a seed . Let
N =Z and {e; | i € I} be the standard basis. For i € Iy, let d; be integers with greatest
common divisor 1 such that the diagonal matrix (d;0; ;)i jer,, is a left skew-symmetrizer for

the first |Iy¢| rows of B. We specify the form w, which is determined by w(e;, e;) for 4,5 € I.

Let )
b@j/dj 1 €1 and j € Iy,
w<€i76j) = —bjﬂ'/di 1€ Iyt andj < Ifr,
0 i€ lyand €l

\

For any j € Iy = I\ Iy, set d; = lem(d; | @ € I,s). With these choices, the conditions in

Definition 3.8.1 and Definition 3.8.2 are all satisfied.

The scattering diagram ®g will live in the vector space Mg = M ® R. As in the rank-2
case, we need a monoid P with a monoid map r: P — M. For our purposes in higher ranks,
the choice will soon be specified.

Denote by P® = P? the sub-monoid of P generated by all p; s, which is isomorphic to

Dicr,, N (written additively). Let
P =Py =MaeP®
equipped with the monoid map
r:P— M, (m,p)— m.

Recall that k denotes a ground field of characteristic zero. Analogous to the rank-2 situation,
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define ideals (the same notation for both)
m:=P\ P and m:=Kk[P\P*] CKk[P],

where P~ is all units in P, which is {(m,1) | m € M} in the current case. Monomials in
k[P] are associated with elements in P, thus simply denoted as pz™ for (m,p) € P.
The following definitions of a wall and a scattering diagram are with respect to the fixed

data ' and a seed data s.
Definition 3.8.4. A wall is the data 0 of

e the support S, a convex rational polyhedral cone of codimension one in Myr with

primitive normal vector

n, € Nt = N = {Zaiei

1€l

a; € N} \ {0};

—

e the wall-function f,, an element in k[P]/I of an m-primary ideal I or in k[P] =
limk[P]/m* satisfying
—
fb =1+ Z C(m7p)pxm’

(m,p)e?

where r(m,p) =m € Roow(—,ny) N M.

For a wall 9, the primitive generator m, of Rsow(—,ny) N M is called its direction. Any

monomial pz™ that appears in f, then has m = km, for some integer k > 1.

Definition 3.8.5. A scattering diagram over k[P]/I for an m-primary ideal I is a finite

—_

collection of walls whose wall-functions are in k[P]/I. A scattering diagram © over k[P] is a
countable collection of walls whose wall-functions are in k/[iﬂ such that for each £ > 0, the
set

D, ={0€D| fr#1 mod mF!}

is a scattering diagram over k[P]/m**L.
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As in the rank-2 situation, we write

Supp(®) = U Sy and Sing(9) = U 05, U U(S° N Sy) (3.8.2)

€D €D 0,0/

for the support and singular locus of ® where the last union is taken over all pairs of walls
such that the intersection of their supports is of dimension dim My — 2.

Wall-crossing automorphisms are defined by the higher-rank analogue of (3.2.1), which
act on the complete algebra k/ﬁ] The notion of a path-ordered product p, = p,» is also
extended verbatim to the higher-rank situation for a regular path - that avoids Sing(®)
and whose endpoints avoid Supp(®). The equivalence relation between scattering diagrams

and the consistency of a scattering diagram are defined in the same way as respectively in

Definition 3.2.5 and Definition 3.2.6.

Definition 3.8.6. A wall 0 is said to be incoming if its direction m, (or equivalently

w(—,ny)) is contained in the support S,. Otherwise it is called non-incoming or outgoing.

Consider the initial scattering diagram

l;
Oins ={0; |7 € Ly} where S, = eiL and fp, =1+ Zpi71xjw".

Jj=1

Clearly every wall in ®;, ¢ is incoming.
The following result slightly generalizes [40, Theorem 1.12] and is again a consequence

of [51, 2.1.6]; see [66, Section 6.2] and [18, Section 3.2].
Theorem 3.8.7. There is a scattering diagram D satisfying:
1. ®g is consistent,
2. Dg C Ding,

3. D\ Dins consists only of outgoing walls.
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Moreover, g is unique up to equivalence.

When p; o and p; 4, specialize to 1 and any p; ;, j ¢ {0, ¢;} specializes to 0 (then f;, becom-
ing a binomial) for any i € I, then Dy is what now known as the cluster scattering diagram
of Gross—Hacking—Keel-Kontsevich [40, Section 1.1]. We call Dy defined by Theorem 3.8.7

a generalized cluster scattering diagram.

Remark 3.8.8. When [,y = [ and |I| = 2, then ®4 can be easily transformed to the
generalized cluster scattering diagram © considered in Section 3.2.2 by a piecewise linear

transformation as in Theorem 3.2.11.

Our main novel result concerning g is the positivity of its wall-functions, Theorem 3.8.9,

from which all remaining positivity results follow. The proof will be given in Section 3.9.

Theorem 3.8.9. There is a representative (in the equivalence class) of O such that for any

—

wall 0 € Dy, the wall-function f, belongs to N[P], that is,

=1+ Z Clm,p)PT"

(m,p)eP

has nonnegative integer coefficients c(m p).

3.8.2 The cluster complex structure

The scattering diagram g possesses a cluster complez structure as in the rank-2 situation.
This structure is important for uncovering the connection with the corresponding generalized
cluster algebra and is thus essential to the proof of Theorem 3.7.5. In the ordinary case, the
cluster complex structure is described in [40]. In the generalized case, the underlying cone
complex is exactly the same [18,66], which only depends on the exchange matrix B. The
more involved part in this generalization is the description of wall-functions (Theorem 3.8.14)

due to the complication of coefficients.
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We need some preparations. Let B be a skew-symmetrizable n x n matrix associated to

a chosen root vy € T,,. Then for each v € T,,, we define inductively c-vectors

) = (c@

J5v

j:l,...,n) eN'or Z%,, for i=1,...,n
by the following rule. Set initially

V= (6, li=1,....n), i=1,....n,

vo

k

the standard unit vectors in Z". For an edge v v"in T,,, their associated c-vectors satisfy

—c® if i = k;
cl) =S el 4y [c®)], if i # k and b7, < 0; (3.8.3)

Cgi) 4 b};i[—c(’f)h if i # k and b], > 0.
k , K

v

Notice that the relation (3.8.3) is reflexive for v and v’. Therefore, we have well-defined !
for any v by propagating (3.8.3) along T,, starting from vg. The c-vectors were developed

by Fomin and Zelevinsky in [32] as a useful tool to study the dynamics of coefficients.

Theorem 3.8.10 (|40, Corollary 5.5]). The c-vectors are always sign coherent, that is, each

c-vector cff) fori=1,...,n andv €T, is either in N" or ZZ,.

Remark 3.8.11. The sign coherence of c-vectors was conjectured in [32, Conjecture 5.4 and

Proposition 5.6(iii)]. In the skew-symmetric case, it was proven by Derksen, Weyman and

Zelevinsky [22] using quiver representations. More generally, for any skew-symmetrizable ex-

change matrix, the sign coherence was proven in [40] using scattering diagram techniques. It
(1)

also follows that the vectors ¢y, ..., cq(fl) form a basis in Z"; see the proof of [32, Proposition

5.6].
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It is straightforward from the recurrence (3.8.3) that

cz(?) +1 or -1

;v

is divisible by ¢;, and cﬁ is divisible by ¢; when j # 1.

Definition 3.8.12. Define non-negative integers

ek £ 1] L

o €— eN if i = 7;
iy = |C(’)| (3.8.4)

2— €N if i £ j.

Remark 3.8.13. When /¢; = 1 or 2, there is ambiguity on hf?) However, it does not affect

the description in Theorem 3.8.14.

For given seed data s with e = {ey,...,e,} and B = (b, ;) = w(e;, d;e;) for i,5 € Ly.
we define another set of vectors g, € Ny = Z" again indexed by i € Iy = {1,...,n} and
v € T,. These are called dual g-vectors. The relation they need to satisfy is analogous to

(3.8.3) but with respect to —BT. Explicitly we set initially

* - y —
Gimg =€y t=1,....m,

and for v—%—¢' in T,,, put the relation
(
s if i = k;
iz = Giw — ViG] + if i # k and b, < 0; (3.8.5)
|90 = Vikl—giule  ifi# k and b, > 0.
For the same reason as c-vectors, they are sign-coherent by Theorem 3.8.10 and (g7.,,, - - ., gp..,)

form a basis of Ny. Moreover, g7, (in the basis e) and cgi) always have the same sign (see
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(71, (2,7)]), which we denote by

1 1fc e N”,

Eiw =

-1 ife) €2y,

Define for each v € T,,, the convex cone

Ch={me My | (m,g5,) 20, i € Ly} C Mg.
It has n facets
Si;v = (gzv)L ﬂC:“, 1 € Iy

One can verify inductively that

d;
Wiy = w(—, zei;vgz‘;v) e M. (3.8.6)

)

Now we are ready to state the cluster complex structure of ®g.

Theorem 3.8.14. There is a pure |I|-dimensional cone complex AF in Mg whose top-

dimensional cones are

{C}|veT,}.

In its equivalent class, ®g has a representative containing the collection of walls

Q(A:) = {(Si;v; fi;v) | 1€ qu,’U € Tn}

where
B . .
1+szsHp] A ngzhz(;);: ’Cz(;zz))|_1
Jiw = 9 . (3.8.7)
Piti—s sh(i () ()
1+ J i if Lihyy = |ciy| +1
; Die; H
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such that ©s \ D(AL) has support disjoint from (the codimension < 1 strata of) AF.

Proof. The cone complex A is understood and has equivalent description in [40, Section 4
and 5]. We thus focus on deriving the claimed expression of wall-functions from [66, Theorem
7.10]. There ®4 has initial wall-functions for i = 1,...,n

£;
(1 + Ifi,jmwi)
j=1

where ¢; ; are formal variables. While these were denoted as p; ; in [66], we change everything
there from the letter p to ¢ in order to avoid conflict with our coefficients p; ;. In fact, we

can regard p; ; as symmetric polynomials of ¢, ; by equating

4;

4;

L+ pisa™ =[]+ tiya™). (3.8.8)
s=1 7=1

In particular we have p; ,, = Hf;l tij.

The wall-function f;., is expressed in [66, Theorem 7.10] as

7 _ 1 if ng) €N,
H (1+ by z")  where &, =
i=1 -1 ifel) ez,

and each ¢; ;,, is a monomial in {¢;,; | ¢ € Iy, j = 1,...,4;}. The exponent vector of t; ., is
termed as a generalized c-vector and has the same sign €;,, as c’ ([66, Proposition 3.17]). By
(66, Lemma 3.15 and Lemma 3.16], the monomial ¢; ,, (simultaneously for all j =1,...,¢;)

is of the form
z) 1 ) 1)+1 )

zv bC)
£;

% £ Zz
,.] p’l K-L Hpjé or 7‘€z pje

J# J#i

We assume the former case and the latter one can be similarly treated. Now there are two

further cases.
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Case 1: ¢V € Z%. This means

GRY) =) —1 and ;R\ = )

z,v

Then we can express f;., as

4

<1+tzkaj” “"“) —1+szsHpJ - e,

k=1
proving the first scenario of (3.8.7).
Case 2: ¢!V € Z%y. In this case, we have

GRY) = —c 11 and 4R =~

J ]v R

We can then express f;., as

£;

<1+t2—ka]3v w1v> _1+Zp;Z;SH ;LLZ_

s=1 7=1

SWi; 'u

k=1

This verifies the second scenario of (3.8.7). O

3.8.3 Theta functions and positivity of the Laurent phenomenon

Broken lines can also be defined in higher ranks. It suffices for our purposes to consider the
initial exponent in M. We treat k[P®| as the coefficient ring and thus express a monomial

(with coefficient) in k[P] as cx™ where ¢ € k[P®] and m € M.

Definition 3.8.15. Let mg € M \ {0} and @ € Mg \ Supp(®). A broken line [ for mg with

endpoint () is a piecewise linear continuous proper path

B: (—00,0] = Mg\ Sing(D)
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—

with values —0o = 79 < 73 < -+ < 741 = 0 and an associated monomial ¢;z™ € k[P] for

each interval (7;,7;11), i =0,...,¢ such that
1. B(0) =Q and ¢ = 1;
2. B(T) = —m, for any 7 € (73, 7;41) for each i =0, ... ¢,

3. the subpath

(ri1,m1) transversally crosses the support of some wall at 7; for i =

v =1
4. fori=0,...,0—1, ¢;12™+! is a monomial term (other than ¢;x™) of the power series
cix™ H T

{0€D|B(mi)€Ss}

where n; is primitive in N and orthogonal to any ® with 8(7;) € S, such that n;-r(m;) >

0.

As in rank 2, a theta function is defined to be the formal sum of the final monomial terms

of broken lines. Precisely, the theta function associated to mg and @ is
Dgumg = Y _ c(B)z™ ), (3.8.9)
B

the sum of all final monomials over all broken line for mg with endpoint Q).

We summarize in below the main properties of theta functions that we will need.

Proposition 3.8.16. Let © be a scattering diagram. Let mo € M \ {0} and Q € Mg\
Supp(D).

1. The theta function U¢q m, lives in xmo]k/[f]\D].
2. Let ® = Dg, and let Q € Int(CF) and m € CF N M. Then 9¢g,m = ™.

Proof. (1) generalizes [40, Proposition 3.4]. The settings slightly differ as our monoid P

contains the coefficient part P®. The proof nonetheless does not change.

103



(2) generalizes [40, Corollary 3.9]. It follows from generalizing [40, Proposition 3.8] and
[40, Proposition 3.6] to our setting. The former is the special case when v = vy and carries
over by the same argument. The latter is a bijection between certain broken lines in 4 and
D,.(s)- We have not defined the mutation j;(s) but it can be understood as in [66, Definition
6.3] by unveiling the relation between the variables ¢; ; and p; s (3.8.8). Then we can refer to

(66, Proposition 8.9]. O

Let X be a seed arising from I and s = (e, p) as in Section 3.8.1. Consider the generalized

cluster algebra A = A(Y).

Theorem 3.8.17. There is a generalized cluster structure such that ¥,, = ¥ and the cluster

monomials in A (with frozen variables inverted)

a; € N,bj € Z,U € T[uf|}

a; J
{ I =TT =5

i€l JE€Ig

are precisely the theta functions

{Ygm | me A nM}

for a general Q € C .

Proof. In the ordinary case, this is [40, Theorem 4.9]. The generalized case is discussed
in [66, Section 8.4] (and also in [18] with reciprocal coefficients) and essentially relies on
Theorem 3.8.14 the cluster complex structure of ®5. We elaborate more as the setup here
differs slightly.

In [66], we assume [, = [ namely without any frozen directions. Hence in that case
the maximal cones in AT are all simplicial whose (primitive) generators are called g-vectors.

With frozen directions, we can still define g-vectors (using the same recurrence)

{gi;v e M ’ 1 € [uf}.
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The difference caused by frozen directions is that the recurrence to define g-vectors only uses
the rectangular exchange matrix B (and its mutations). Another option is to extend I to
I per the construction in Remark 3.8.3. Now we have a |I| x |I| square exchange matrix
which can be used to define the dual g-vectors {g;, € N | i € I} for any v € T|;;. Then
{9iw € M | i € I} can be defined to be the dual basis in M and we only take the ones with
1 € Ly

The vectors {gi., | i € Ly} are dual to {g},, | i € Iy} in the sense that (gi.,, g5.,) = i

The cone C; has the description

spanRzO{gi;v | i€ Iy} @ @Ref.

i€l

Any m € CF N M is a sum of a nonnegative integral sum of {g;, | ¢ € Iy} and a vector
my € ;¢ Ze;. In [66], the mutation of a seed is deterministic so we can generate a cluster
structure from ¥,, = X, which can be extracted from Theorem 3.8.14. In particular, by

(66, Proposition 8.1], the unfrozen cluster variable z;,, is given by

—

Tiw = Py (275) € k[P] (3.8.10)

for a regular path 7 going from C; to C; . Any wall-crossing automorphism acts trivially on
2™+ which is a Laurent monomial of frozen variables {z% | i € I}. Now we see that any

cluster monomial (with frozen variables inverted) equals
p(2™) € k[P]

for m in AF N M.
To see that any p.(z™) for m € Al N M is a theta function, we first have by Proposi-
tion 3.8.16

19@1}:771 = xm
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for any m € C/ N M and any @, in the interior of C;. Then using a higher-rank analogue

of Theorem 3.2.19 (see [40, Theorem 3.5] and [14]), we have

P, (™) = py(VQum) = Yo.m- (3.8.11)

for a general @ € Cf. O

Now we show the positivity of Laurent phenomenon for cluster monomials in any gener-
alized cluster structure (with possible frozen directions). See the statement in Theorem 3.7.5

and terminologies in Section 3.7.1.

Proof of Theorem 3.7.5. If suffices to show this when the (rectangular) exchange matrix B
has full rank. If not, we can add more frozen directions by adding rows to B to get a full
rank matrix. Evaluating added frozen variables at 1 recovers original cluster monomials.

Another simplification is to assume p; o = 1 for any ¢ € I¢ as discussed in Remark 3.7.10.
Now with the injectivity assumption (3.8.1) ensured by the full rank of B, the generalized
cluster structure is contained within the scattering diagram ®g where s can be constructed
from a seed ¥ = (x, p, B) as in Remark 3.8.3.

Now every cluster monomial is a theta function ¥¢g,, by Theorem 3.8.17. Now the
positivity of the Laurent phenomenon follows from Theorem 3.7.4 and that the weight c()

of every broken line 7 is in NP® due to the positivity of wall-functions Theorem 3.8.9. [J

There are variants of Chekhov—Shapiro’s generalized cluster structures, for example
[35,66,70], where certain restrictions are imposed on coefficients so that coefficients are “nor-
malized” and thus mutations are deterministic. These settings can nonetheless be viewed
as special cases of Definition 3.7.3 as pointed out in loc. cit. Therefore, the positivity Theo-

rem 3.7.5 is still valid in those settings.
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3.8.4 Strong positivity of theta functions

We define structure constants for theta functions following [40, Definition-Lemma 6.2], with
the difference that now they are not just integers but in the coefficient ring Z[P®]. The
argument carries over and the positivity follows directly from Theorem 3.8.9. Remind that

we are given a generalized cluster scattering diagram ®s.

Definition-Lemma 3.8.18. Let py,ps,q € M. Let 2 € Mg be chosen generally. There are
at most finitely many pairs of broken lines 71, v2 with mg(y1) = p1, mo(y2) = p2 and both

ending at z, and m(y;) + m(y2) = ¢. Define

x(prp2;q) = Y, e(n)e(n)

(71,72)

where the finite sum is over the aforementioned pairs of broken lines. Hence o, (p1, po; q) is

in N[P®] by Theorem 3.8.9.

Now we can describe the product structure of theta functions using «.(p1, p2; q). Let @
be general in C;. Write 4,, = Uy, q for any m € M. The fact that the structure constants

a(p1,p2; q) are in N[P?] is what we refer to as the strong positivity.

Theorem 3.8.19 (cf. [40, Proposition 6.4(3)]). The theta functions {V, | ¢ € M} form a
topological basis of certain formal completion of a variant U® of the upper cluster algebra U.

For any p1,ps € M, we have

—

Op, - Upy = Y a(pr, p2; 0V, € K[P] (3.8.12)
qeEM

where o (p1, P2, q) = 0q)(P1, 25 q) for 2(q) chosen sufficiently near q and is independent of

this choice.

Proof. The proof essentially follows that of [40, Proposition 6.4(3)]. We first understand
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conceptually where the theta functions live. In fact, for each v € T,, we have the algebra
ZP¥) [z, | i€ I] C F.

Denote the intersection of all these algebras by U® (by U if taking the coefficient ring Z[P]
instead). It contains all cluster monomials. In fact, when expressing z;, in another cluster
X, it is the theta function dg , 4, for some general @, € CJ; by (3.8.10) and (3.8.11), so

the coefficients are actually in N[P®]. Take the completion
U = HmU® /1"
—

with respect to the ideal I generated by {p;s | i € Iu,1 < s < ¢;}. For the same reason U
contains cluster monomials, U® contains the theta functions {0 | m e M}.
We note that U®/I = k[M] since letting p; s = 0 makes any Jg , 4, a single monomial

a9, This phenomenon is phrased in [40, Corollary 5.3] as the central fiber of the family

S

orin = A%, x, 1s the torus Ty. Here we are directly taking the regular functions instead

of considering the relevant schemes. The family is in the ordinary case, thus recovered by

restricting to all p; s = 0 except for the leading ones {p; 4, | ¢ € L}, which correspond to the
coordinates {X7,..., X, }.

Back to the product structure, now it suffices to show (3.8.12) in U®/I*! for each
k > 0. Now the theta functions can be defined using the finite scattering diagram (Dg)y
over k[P]/m**1. As argued in the first paragraph of the proof of [40, Proposition 6.4], theta
functions {9, | ¢ € M} form a Z[P®]/I*'-basis for U®/I"; it is clear when k = 0 as
Y, = z? and one can use Nakayama’s lemma to lift the basis {9 | ¢ € M} to {V, | ¢ € M}
in U®/I"1. We thus say that {9, | ¢ € M} form a topological basis of ue.

For a given k > 1, express ¥,, - U,, in the basis {¥, | ¢ € M}. Notice we can choose

any general terminal point for this expression because for different terminal points, theta

functions are transformed under a path-ordered product which does not change coefficients
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in k[P®]/I*. For a given ¢ € M, choose a general terminal point z close enough to ¢ so that

they belong to the same chamber. By the definition of o, we have

Ve = Vapy = Zaz(phPZ; r)a’. (3.8.13)

However, among all broken lines for all ), ,, » € M, there is only one broken line (whose
image is z+R>(q) with associated final monomial 29, which gives the theta function 9, , = x9.
Thus the coefficient of 9, , can be read off by the coefficient of z? on the right-hand side
of (3.8.13), namely «,(p1,p2;q). This proves the product formula in order k. To see the
independence of z for all k, we observe exactly as in the proof of [40, Definition-Lemma 6.2]
that for given p1, ps, ¢ only finitely many wall-function terms in © are relevant to the possible
pairs of broken lines computing v, (p1, p2; q) (for any general z). Hence one can choose a big

enough £ and use ®y to define a(py, po; q). O]

In general, the cluster complex A is only a proper subset of Mg. Theta functions outside
A7 may not be Laurent but a formal sum. The following observation generalizes [40, Propo-

sition 7.1] immediately once we have the positivity of wall-crossing functions Theorem 3.8.9.

Proposition 3.8.20. Let mg € M. If for some general point Q € C} for v € T, there are
only finitely many broken lines for mq with endpoint QQ, the same is true for any general point
Q € C, for any other v' € T,. In this case, the theta function ¥y, is a positive universal

Laurent polynomaal.
We can now extend [40, Theorem 7.5] to the generalized case.

Theorem 3.8.21. Let © C M be the collection of m such that the theta function 9., is a

finite sum, that is, by Proposition 3.8.20 a universal Laurent polynomaial.

1. ATNMCeo.

2. For py,py € O,

79?1 ’ Q9172 - Z a(p17p2§ 7‘)197«

r
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is a finite sum with coefficients in N[P®]. If a(p1,pe;r) # 0, then r € ©.
3. © is a saturated monoid in M.

4. The k[P]-module
M = spangp{U, | m € O}

is an associative Z[P]-algebra with a Z[P]-basis given by {J,, | m € ©}. We have

natural inclusions

ACMCU.

Proof. The proof uses the exact same arguments as in [40, Theorem 7.5] but relies on the
generalized positivity Theorem 3.8.9. We note that the inclusion A C M sends a cluster
monomial to the corresponding theta function given by Theorem 3.8.17 and the second

inclusion M C U is guaranteed by Proposition 3.8.20. O

Remark 3.8.22. In the ordinary case, the algebra M is denoted as mid(A) (where A
denotes the cluster variety) and called the middle cluster algebra in [40]. It is interesting to

ask whether the generalized and ordinary situations share the same O.

3.8.5 Theta functions are atomic

A non-zero element in the upper cluster algebra U is called universally positive [27] if it is a

Laurent polynomial with coefficients in N[IP| in every cluster, that is, it is in the subset

() NPz [ielcu.

UGTqu‘

Such an element is furthermore called indecomposable or atomic if it cannot be written as
a sum of two universally positive elements. Any cluster monomial is universally positive by

Theorem 3.7.5 and is atomic since it is a monomial in some cluster.
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Theta functions are not necessarily in ¢4 but live in the completion Us. We follow

Mandel’s definition [64] of atomicity using the scattering diagram Ds.

Definition 3.8.23. A non-zero element f € U% is called universally positive with respect

—

to the scattering atlas if regarded as an element in k[P], for any general @) € CI, any general

Q' € Mg \ Supp(Ds), and a regular path v from @ to @', the element

—_

p,(f) € k[P

is a formal Laurent series with coefficients in N[P®]. It is in addition called atomic if it
cannot be written as a sum of two elements that are universally positive with respect to the

scattering atlas.

Theorem 3.8.24 (cf. [64, Theorem 1]). The theta functions {V, | ¢ € M} (up to a scalar

in P) are exactly the atomic elements on//{?B with respect to the scattering atlas.

Proof. 1t follows directly from Theorem 3.8.9 and ([40, Theorem 3.5] and [14])

Py (ﬁQ,q) = ﬁQ’,q

that theta functions are universally positive with respect to the scattering atlas. Then it
remains to show that for any f universally positive with respect to the scattering atlas, the

expansion
f=2_ad

has a, € N[P?] for any ¢ € M. However, for r € M, we can take @)’ sufficiently close to r as

in the proof of Theorem 3.8.19 so that in the expansion

py(f) = Z cqx?,

qeM

we have a, = ¢, € N[P?] by the universal positive assumption on f. O
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3.9 Positivity of wall-functions

This section is devoted to positivity of scattering diagrams. We prove in Section 3.9.2 that
in rank 2, any consistent scattering diagram is positive with respect to the initial coefficients.
In Section 3.9.3, we prove Theorem 3.8.9, the positivity of higher-rank generalized cluster

scattering diagrams.

3.9.1 The non-standard case

The scattering diagrams considered in Section 3.2.2 are regarded as standard, as the direc-
tions of the two initial walls are standard unit vectors e; and ey. The non-standard case can
be treated by the change-of-lattice trick already mentioned in the proof of [40, Proposition
C.13].

Let M = 7Z2. Suppose that mi,my € M are primitive, linearly independent, but may
only generate a rank-2 proper sublattice M° C M. The dual N° := Homgz(M?°,Z) naturally
contains N := Homg(M,Z) as a sublattice.

For any m € M, denote m* :={n € N®R | n-m = 0}. We define the index of m to be
ind(m) = |(m* O N°)/(m* O V)],
that is, the order of the finite cyclic group (m* N N°)/(m* N N). For example, we have
ind(m;) = ind(mg) = |M/M°| = ¢. (3.9.1)

Notice that ind(m) only depends on the line Rm. We then define ind(d) := ind(m,), where
mgy is the direction of either a ray or a line 0.

Take P = M & M to be the monoid in Section 3.2.2 with the projection r: P — M. Let
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Din = {01,02} where

4;
Se, =Rm; and f, =fi =1+ ZP@kkai, i=1,2.
k=1

By Theorem 3.2.8, we can assume that there is at most one added ray in ® with support
R<o(pmy + gmy) for any positive coprime pair (p, q). Assuming that my, my form a basis of

M, we can express the attached wall-function as

ngo(pmlJrqmz) =1+ Z )\(dp, dQ)xdpm1+dqm2, (3.9.2)

d>1
where A(dp, dq) € N[M] is computed in Theorem 3.5.14.

Definition 3.9.1. Define \(dp, dg;¢) for coprime (p,q) € N?, d € N, £ € N by the following
procedure. First we evaluate A(¢dp, fdq) at p;x = 0 for any k not divisible by ¢. Then we

substitute any p; s by pi -
Example 3.9.2. Let (p,q) = (1,1),d =1, { = 2. For {1 = ly = 2, we compute \(1,1;2).

By Theorem 3.5.1/4, we have

A(2,2) = pi1p2,2 + p371p1,2 + 2p12p2,2-
After the evaluation at p11 = pa1 = 0, we get 2py apao. Substituting p;o by pi1, we oblain
ML 1 2) = 2p1.1D2,1-
The following formula computes wall-functions in the non-standard case.

Theorem 3.9.3. The wall-function in® on any ray R<om® with m® = pmy+qms and (p, q)

positive coprime is

ind(m?©°)
Jrcome = (1 + > Aldp,dg; ﬁ)xdpml+dqm2> _

d>1
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where € is defined in (3.9.1) and £/ind(m°) belongs to N. Hence every coefficient in the

expansion of fr_yme 15 @ polynomial in p;; with nonnegative integer coefficients.

Proof. Let 0 be a wall in ®. The associated wall-crossing automorphism is
2™ e ™ fai"'m/,
where n is primitive in N and orthogonal to m;. Notice that the index of 9 is equivalently
ind(9) := max{d € N | n/d € N°}.

Namely n° := n/ind(0) is primitive in N°.

Consider the scattering diagram

D0 = {(sa,f;“d“)) ‘a e @}

We claim that it is the consistent scattering diagram Scat(f}, f5) for the lattice M°. In fact,

for m' € M°, the wall-crossing automorphism associated to (S, fgnd(a)) can be expressed as
xm’ '_> .Tm, (flﬂd(b))inom/ o xm/ in-m’
0 = 0

where n and n° are respectively the primitive normal vectors of S, in N and N°. It follows
immediately that ©° is consistent because so is ©. Thus by the uniqueness, we have ©° =
Scat(f{, f3)-

In retrospect, we can use ®° to represent ®. This in particular implies that any wall-
function f of ® is always a power series of ™ for some primitive m® in M°. Precisely,
consider (p, q) positive coprime and m°® = pmy + gmgy € M°. The wall-function fg —ome N D

is then recovered by

.
fecome = <f[§§0m0>1 o (3.9.3)
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where fg_ .. denotes the wall-function in ©°. This is not so ideal as taking the power of a
fraction may break the integrality and the positivity.

However, we can change the lattice one more time. Consider the scattering diagram
D' = Scat(f1, f3)
again with respect to M° where for i = 1,2

fl= fi@™) =14 praz'™™.
d>1
For the ray with support R<om® where m® = pm; + gmy for (p, q) positive coprime, denote

the wall-function by fr_ ... By (3.9.2) and the substitution Definition 3.9.1, we have

Jiogme =1+ Z A(dp, dg; €)gemdams

d>1

Now consider the wall-crossing automorphism associated to the above ray in ®’ on

grbmitatme with o, € 7:

xa1£m1+a2£m2 — xa1€m1+a2€m2<

+0 —
fﬂ%gomo) (paz qal)-

Observe that these wall-crossings can be viewed as in a scattering diagram for M’ generated

by ¢m; and ¢my. Therefore, by turning every fg_ .. into

14
Fome = < Faome | 2™ x”’h‘) : (3.9.4)

we obtain a consistent scattering diagram for M° with the initial wall-functions ff and f&.

By the uniqueness, this is exactly ©°, hence justifying the previously defined notation f;.
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Now combining (3.9.3) with (3.9.4), the wall-function for © can be recovered as
nd(m9)
frzome = | 1+ D A(dp, dg; )"0 m2) 7
d>1

as stated in the theorem. Since for any m € M, we have
€(mLﬁN°) CmTNNCmtnN°,

the index ind(m°) divides /. O

Corollary 3.9.4. Let ©;, = {01,02} be a scattering diagram of two lines, where
fo=1+ Y carmekP, i=1.2
meP(m;)

Then there is a consistent scattering diagram in the equivalent class of Scat(D,) such that

any coefficient ¢, € k of any wall-function

fo=1+ Z Cmx™

meP(my)

can be expressed as a polynomial in {c;,, | i = 1,2, m € P} with nonnegative integer coeffi-

cients.

Proof. Notice that we do not assume P = M @& M and thus ©;, is not exactly of the form in
Theorem 3.9.3. It suffices to show the positivity at each order & > 1 for Scat(®;, ). For fixed
k, we can choose large (1, (s and consider a close variant ©® = Scat(f1, fo) of the scattering

diagram in Theorem 3.9.3 where
L;
fi=1+ Zpi,ka
k=1

with the monoid My, 4, the monomials in {p;;, | i = 1,2,1 < k < ¢;} equipped with
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r’: My, 4, — M such that 1'(p; ) = km;. Then consider the algebra homomorphism

28 k[Mfl,ﬁz] — k[?]v Qo(pi,k) = Z Ci,mxm~
r(m)=km;
By the functoriality (3.2.3), we have (D) = Scat(¢(f1), ©(f2)). The positive integers 1, {5
are sufficiently large so that f;, = ¢(f;) mod m**!. Then the positivity of Scat(D,), =

©(D)y, follows from that of ® by Theorem 3.9.3.

O

3.9.2 Full positivity in rank 2

We now show that any rank-2 consistent scattering diagram is positive with respect to the
initial coefficients.

Let ©;, = {05 | s € S} be a scattering diagram (as defined in Section 3.2.1) of lines,
where S is a countable index set. We do not require the lines to pass through the origin.

The initial wall-functions are expressed as
fo=14+ D> coma™ k[P
meP(maoy)

Theorem 3.9.5. There exists a consistent scattering diagram 2 in the equivalent class of

Scat(Din) such that any coefficient ¢, € k of any wall-function
fo=1+ Z Cma™
meP

can be expressed as a polynomial in {csm | s € S,m € P} with nonnegative integer coeffi-

cients, which we call a positive polynomial.

Proof. We prove by inductively constructing a finite scattering diagram ®;, over k[P]/m*+?
for each k > 1 such that ®;, = Scat(Di,)r and that the positivity holds for ©. This is

clearly true for k = 1 as we simply take ©; = (Dj,);. We add to the induction hypothesis
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that ©y is a union of (Dj,); and a set of rays such that no two rays have the same support.
Step 1: Reduction to the cone case.
We first reduce to the case where every initial line passes through the origin, which we
refer to as the cone case.

For a singular point p € Sing(®Dy), define
Di(p) ={0 €Dk |pe S}

When viewed as over k[P]/mF*2, D, (p) may fail to be consistent at p. Translating the
support of every wall in D, (p) by —p, we obtain a scattering diagram D1°¢(p) centered at
the origin, which can be viewed as a local version of Dy (p) at p. Denote the set of lines in
Di(p) by Digsa(p)-

Assuming the inductive construction is valid in the cone case, we can modify D (p) as
follows. We can add a finite collection Dy [p] of new rays based at p whose wall-functions are
in 1 +mft1\ m**2 and modify existing rays 0 — 0 by only updating their wall-functions
f» by adding monomials in m*™! \ m**2 where the coefficients of add terms are positive

polynomials such that
D(p) = Delp] U {2 [0 € Dy(p), p = 05} U {0 € Dy(p) | p € S\ 0S5}
is consistent at p over k[P]/m**2. Notice that this means

Dl¢(p) = Scat(DC (p)) mod mF2

k,in

Globally, we construct

Dpp1 = @t U | @ulpl U{d [0 €Dh, p=05}).

p € Sing(Dy)
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We show that the induction hypothesis holds for ®y;.

Clearly ©y 1 is positive. To show D1 = Scat(Din )11, it suffices to show the consistency
for ;1 because they share the same set of lines. Then we can check locally at each
singular point p € Sing(®y41). Suppose that p € Sing(Dy). For each d € ©41(p) such that
p € Sy \ 0S,, we write

for=r - (1+& modmh?

where ¢ is the part of f, in m*™1\ m**2. The wall-crossing automorphism (and its inverse)
associated to 1 + ¢ commutes with others modulo m**2. In the path-ordered product of a
small loop around p, such wall-crossing automorphism and its inverse both appear once and
thus cancel out. Therefore to check the consistency at p, we can replace f, with f;. After
the replacement for every such 0, D, 1(p) is equivalent to 35k(p), hence consistent. A new
singular point p € Sing(Dy41) \ Sing(Dy) must be in the interior of some newly added ray.
There is no ray based at p. For consistency at p, we can again ignore any newly added ray
that contains p in its interior. The rest walls containing p are all in the same or the opposite
direction, whose wall-crossing automorphisms commute and cancel out in the path-ordered
product of a small loop around p. Thus ®j,; is consistent at p.

Then the induction hypothesis is proven for k£ + 1 by assuming that this can be done for
the cone case.

Step 2: Perturbation trick.

We use the perturbation trick to handle the cone case. Choose for each 0 € Dy, a
sufficiently general vector v, € Mg and consider the perturbed scattering diagram D!, with
supports S, + v, but the same wall-functions. After the perturbation, at most two initial
lines intersect at any given point.

By the induction hypothesis, we have constructed positive ©j. equivalent to Scat(D/ )y,
where ®] = (D1,);. Because of the perturbation, for each p € Sing(®}), there are at most
two lines in (@;lﬁf (p))l, that is, at most two lines are non-trivial modulo m?. We want

to show 5;(19) is positive at each p. Notice that this is equivalent to show the induction
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hypothesis at k£ + 1 for the initial scattering diagram @;lﬁf (p). Once this is established, we
can construct ©j_, as in Step 1. To get D1, we then translate every wall in D), back to
pass through or based at the origin. Therefore it suffices to prove the induction step in the
cone case with at most two non-trivial lines in (Dj, )1

Step 3: Reduction to two initial lines.

By Step 2, we assume in the cone case that only 9; and 9, are non-trivial in (©;,);. We
may assume that S = {1,..., N} since only finitely many initial lines are non-trivial up to
a sufficiently large order. We want to show the induction hypothesis at k& + 1, that is, on
any ray in Dj1 = Scat(D,)xi1, every term c,x? in mF1\ m*2 has positive polynomial

coefficient c,. Notice that
b= Z @i,sPi,s
2,8

for a; s € N, where p; ; € P appears in f,,. If any a; s # 0 for some s # 1,2, then at most k
of a; s are non-zero. The crucial point is that c,2” can be viewed as a term of order at most

k after the change of monoid trick as follows. Express each f;, as

Ls
fo.=1+ E ¢isP  mod mht2,
i=1

Consider the monoid

N
M:@@N'€i7s

s=1 i=1

with 7/: Ml — M such that 7/(e; s) = 7(p;s). Denote m’" = M \{0}. Consider the scattering

s:l,...,N>.

By the functoriality (3.2.3), we can obtain c,2? by a wall-function term cplels‘”vse“ in ©.

diagram

i=1

Ls
9D’ = Scat <1 + Z CisTT*

Notice that now Y-, Sa;ei is in (m’)7 \(m’)’*! for some j < k. So we apply the induction
hypothesis at k£ to this situation to conclude that c, is positive with respect to the initial

coeflicients.
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Now we are left with p as a linear combination of p; ; for s = 1,2 only. Notice that these
same terms appear in Scat(d1,02) as one can simply let aPis = 0 for s # 1,2. Therefore
we have reduced the problem to prove the induction hypothesis at k + 1 for the case of two
initial lines.

Step 4. When ®;, only consists of two initial lines, the positivity follows immediately
from Corollary 3.9.4.

Now the induction is complete. O

3.9.3 Positivity in higher ranks

We proceed to prove Theorem 3.8.9 the positivity of wall-functions in ®g as defined in
Section 3.8.1. The strategy is to construct a sequence of scattering diagrams (Dy)g>; such
that each Dy is over k/[ﬁ /m*1 has positive wall-functions, and is equivalent to (Ds).

We first realize the singular locus (3.8.2) of a finite scattering diagram as a cone complex.
The support of each wall, as a polyhedral cone, is a finite intersection of closed linear half-
spaces. Consider the collection of these half-spaces and their other halves from all the walls

in ©. Some of their intersections are contained in Sing(®) and Sing(®) is a union of these

intersections. They give rise to a cone complex structure on Sing(®).

Definition 3.9.6. For any scattering diagram ® of finitely many walls, the singular locus
Sing(®) can be realized as the union of the maximal cones of a cone complex of dimension
dim Mg — 2 such that for each such cone j and = € Int(j) (the interior points of j), the set of
walls

ed|zres)

is independent of x. With such a realization, the maximal cones are called joints. In

particular, any facet of S is a union of joints with disjoint interiors.

The aforementioned cone complex structure on Sing(®) clearly satisfies the requirement

in the above definition, thus giving a choice of joints.
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Let ®; be (Dj,5)1. Concretely, the walls in (D;,5)1 are still 9; for i € I with the support

Sh, = el-l and the wall-function
fo, =1+ pina™ 4 -+ pmixéiwi

because each monomial is in m \ m?. Tt is consistent as the wall-crossing automorphisms

commute over k[P]/m?.

Example 3.9.7. For ©q, we have

n

Supp(®,) = U e and Sing(D,) = U%‘L Nej.

i=1 i)

The joints of ®1 are as follows. Let Hf for e € {+,—} be the half space
Hi = {m € Mg | sgn((ex,m)) = ¢}.

A joint is the closure of

e Ner N m H*
ki

fori#j and e, € {+,—}.

Definition 3.9.8. A scattering diagram © is called consistent at a joint j if the path-
ordered product associated to a small loop around j is identity. It is called consistent if it is
consistent at each of its joint. This is equivalent to the previous definition in Section 3.8.1
where the consistency means the path-ordered product of any regular path only depends on

the endpoints.

Remark 3.9.9. By the definition of joints, the set of walls (whose support) containing a
given joint is well-defined. There are two situations that a wall can contain a joint j: (1) j is

contained in 05y; (2) int(j) is contained in int(S;). To check the consistency at j, the small
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loop around j is chosen to cross a wall of the first kind once and a wall of the second kind

twice.

Lemma 3.9.10 ([40, Definition-Lemma C.2]). Let ® be a finite scattering diagram as in
Section 3.8.1. Let j be a joint of ®. Then either every wall containing j has direction
tangent to j or every wall containing j has direction not tangent toj. In the first case we call

the joint parallel; in the second case, perpendicular.

Now we inductively construct for any k& > 1, a finite scattering diagram @, over k[P]/m*+1

to satisfy the following four assumptions.
(A1) Dy is consistent over k[P]/m*+1 that is, consistent at each joint.
(A2) Any wall-function has positive coefficients, i.e., in N[P]/m**!.

(A3) Any non-initial wall 0 is outgoing and always has support of the form
Sa = FD + RSOW(_a na)
where [, C 05, is a facet. In particular, F, is the only facet not tangent to the

direction of 9. We say that 0 or S, is based at Fj.

(A4) Any perpendicular joint j is contained in the facet of at most one outgoing wall in each

possible direction.

The base case D, clearly satisfies all four assumptions.

Now we construct .1 by essentially modifying existing walls in ®; and adding new
walls based at perpendicular joints of ®j. Precisely, the construction comprises three steps.

Step 1: subdivision of outgoing walls.

By the assumption (A3), every outgoing wall 0 € ©;, has support

Sa = FD "‘RSOW(—,HQ)
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where F is a facet not tangent to w(—, n,). Being in the boundary of S, the facet F; inherits

part of the cone complex realization of Sing(®y). Thus we can subdivide F;, into joints
Fo=nU---Ujs.

Note that these joints are all perpendicular. Accordingly 9 is subdivided into walls 9y, ..., 0,

with smaller supports
So, = i1+ Reow(—, 1), ..., Sas = Js + Row(—, ma),
and with wall-functions

foo==l,=l.

We replace ®, with an equivalent scattering diagram by implementing the above subdivision
on every outgoing wall. Clearly it still satisfies the four assumptions. The set of joints remains
unchanged. We also note that an initial wall never gets subdivided as it is incoming.

Step 2: rank-2 scattering at perpendicular joints.

Consider at each perpendicular joint j of ® the scattering diagram
Dj={0€D,|jC S},

that is, the collection of walls whose support contains j. Let A; denote the tangent space of
(any interior point of) j. It can thus be viewed as a (dim Mg — 2)-dimensional subspace of

Mpg. We next construct a rank-2 scattering diagram §j with respect to the lattice
M; = w(—,A") N M,

living in the subspace Mg = w(—, A]L) C Mpg. These are of rank 2 because of the injectivity

assumption on the form w(—, —).

124



The monoid for §j is

|qu‘

P={peP|r(p) € M} = M & P® = M; & ON".
i=1

Let m; denote P; \ P as well as the corresponding monomial ideal in k[®P;]. For each 0 € Dj,
define a wall 0 with the support
Sg = Sa N M,R

and the wall-function f; = f,. Clearly by the particular form of the wall-function, the
direction of 9 is mz = my € Rsow(—,ny) N M where ny € NT is the normal vector of 0.
One should carefully check that when S; is a ray, it must be of the form R<ymj instead of
R>gmy. By the assumption (A3), this is indeed the case.

Now we define the scattering diagram
51' = {5 | 0 < QJ}

The walls in this rank-2 scattering diagram are either lines or rays. By the assumption (A4),
rays are in distinct directions (but may overlap with lines).

We then take the consistent completion Scat(®;) over k[Pj] /mjk”. This is equivalent to
the consistent completion of only lines in ﬁj, as studied in Section 3.9.2. Notice that §j is
already consistent over ]k[Pj]/mjk+1 because by (Al) ©; is consistent at j. Therefore, by the

positivity Theorem 3.9.5 we can obtain a representative of Scat(®D;) by

1. adding new rays d(ng) with support Sy(ne) = R<ow(—,n¢) and wall-function f(ny) with
only non-trivial monomial terms in m*+1 \ m¥+2 with positive integer coefficients for

distinct ng € Af NNT;

2. for any existing ray 0 in ®;, adding positive terms in m**1 \ m¥*2 to f; (and calling it
f5)-
The crucial point here is that the positivity is guaranteed by Theorem 3.9.5.
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Step 3: constructing Dy 1.

For each new ray added in (1), define a wall in Mg with the support
j + Reow(—,n0)

and the same wall-function fy(,,). Since j is perpendicular, such a wall is outgoing as the
support must not contain w(—,ngy). Denote this (finite) collection of walls by D(j).

Now we define

@k-i-l = (gin,s)k—i-l U U (9(]) U {(Sba fai) | ] g 85070 € QJ}> )
j

where Uj is over all perpendicular joints in ®;. We note that each existing outgoing 0 € Dy,
appears exactly once in the union because it only contains a unique perpendicular joint after
the subdivision in Step 1. We have finished the construction of Dy ;.

We next elaborate on why ©, satisfies assumptions (A2) to (A4). We then discuss the
consistency assumption (A1), which will be proven in Lemma 3.9.12.

For (A2), as pointed out earlier, the positivity is preserved by Theorem 3.9.5. Any wall
in D41 (except the initial ones) is either in some D(j) or of the form (S, f;) arising from

some 0 € ®; such that j C 95;,. Clearly both kinds are outgoing. Any such 9 has support of

the form

i+ Reow(—,m)

where j is regarded as Fy. So (A3) is satisfied by ..

The statement of (A4) involves joints in ®;,; upon a cone complex realization of
Sing(®+1). Since Sing(Dy41) contains Sing(Dy), we can require that the cone complex of
Sing(®x41), when restricted on Sing(®y), is a refinement of the cone complex of Sing(Dy).
We then have the following two cases for any perpendicular joint j’ in Dy 4.

Case 1. Suppose that j’ is contained in a perpendicular joint j of ®,. Notice that the

126



outgoing walls in D (j) and the outgoing walls of the form (.5;, f3) are all in distinct directions.
Thus we only need to show if there is a wall o' € ©,.,; based at another perpendicular joint

j1 (of Dg) such that Sy contains j’, the only case can happen is

int(j') C int(Sy).

Otherwise assume that j’ is contained in 0S,. Notice that we have

Sy =j1 + Reow(—, nor),

where j; is the only facet not tangent to the direction w(—,ny ). Thus j’ is contained in j;.
Then j; and j (both as joints of ©;) have maximal dimensional intersection, a contradiction.

Case 2. Suppose that j’ is not contained in any perpendicular joint of ®,. Assume that
j’ is contained in a facet of a wall @ € ;1. Then it must be contained in the only possible
facet that is not tangent to the direction. However, such a facet is always a perpendicular
joint of Dy, a contradiction. This argument also implies that any such perpendicular joint j’

of ®j11 is not in the boundary of any wall.
Lemma 3.9.11. Dy, is consistent at each perpendicular joint i’ over k[P]/m~+2.

Proof. The analysis proceeds by considering the same two cases on whether j’ is contained
in a perpendicular joint j of ©y, as when we show (A4).

When j’ is contained in some perpendicular j of ®j, we check all walls 0 containing j/,
namely the scattering diagram ®j. The idea is then to derive the consistency of Dy from

Scat(®;). There are two kinds of

i C0S, or int(j') Cint(S,).

127



The walls of the first kind are exactly those in

D()U{(S. f3) 1) € 05,0 € Dj}.

For the second kind, we can get rid of those whose wall-functions are purely in order k + 1
since their wall-crossing automorphisms commute with others over k[P]/m**2. The remaining
walls of the second kind are from walls in ®. The possible difference on the wall-function

is only in order k + 1, as mentioned in the construction, namely f; versus f5. Notice that

fs=Ffs- (14 fy— f5) mod m*+2,

The wall-crossing automorphism associated to the function 1+ f; — f5 commute with others
over k[P]/m**2 Therefore, we can replace fi with fy = f, and such a wall rolls back to the
version in ®j. Now we see that the consistency of Dy is equivalent to that of Scat (5j).
The case where j’ is not contained in any perpendicular joint of ©,, is simpler. We have
understood that j’ is not in the boundary of any wall. Such a joint is created only because of
the intersection with new walls, i.e., the ones in ©(j) for some j. Those walls always contain

i’ of the form

int(j") C int(S,).

Thus as argued earlier, we can get rid of those walls and are left with only existing walls in

9, containing j’. The only possibility is that the walls

{pe®|j C S}

are all in the same direction; otherwise j’ would have been in a perpendicular joint of .
Since j’ is not in the boundary of any wall, these walls all pass through j’. The consistency

around j’ is then clear. O

128



We apply Lemma 3.9.11 to show
Lemma 3.9.12. Dy, is consistent over k[P]/mF+2.

Proof. The strategy is to compare D1 with (Dg)xs1 and to show they are equivalent. The
scattering diagram (Dg)gy1 is over k[P]/m*+2 consistent and contains finitely many outgoing
walls besides the initial walls. We note that the existence of (D)1 does not depend on the
constructive process described here. See Theorem 3.8.7 and also [40, Theorem 1.21], which
are both incarnation of [51, Theorem 2.1.6].

Firstly, these two scattering diagrams are equivalent over m**!, for they are consistent
and share the same collection of incoming walls. It is convenient to consider their difference
D' as a scattering diagram. In fact, one can subdivide walls in Dy, and (Dg)g;1 and add

walls with trivial wall-functions so that they have walls labeled by the same index set S
D1 =1{0;]11€ S} and (Dg)gr1 ={c;|1€ S}
such that S, = S, for every ¢ € S. Their difference is ® = {9} | i € S} where

So =5y, and  fo = fo, -1

¢

The wall-function fyy must be of the form 1 + & where £ € m**' \ m**2 since it is trivial
modulo mF*!,

Take another representative of ®’ such that there are only non-trivial walls and they
intersect only at codimension two. Notice that in this representative, walls are all outgoing
since both Dy, and (Dg)ry1 have the exact same collection of incoming walls.

Assume that there are non-trivial walls in a hyperplane ng. Let j be a joint (for ®’) in
ng . If it is not tangent to w(—, ng), we claim that there are walls in ny- on both sides of j with
the same wall-function. In fact, by Lemma 3.9.11, ®;; is consistent at every perpendicular

k+2

joint modulo m***. Hence D’ is also consistent at j (as (Dg)x+1 is consistent overall). Since
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the wall-crossing automorphisms associated to those fy all commute, the claim follows. Now
take the union U (which is a polyhedral cone but not necessarily convex) of all walls in ng.
Each facet of U is tangent to w(—,ng). This forces the whole line Rw(—,ng) to lie in the

boundary of U, giving the presence of a non-trivial incoming wall in ®’, a contradiction. We

can then conclude that ®’ is trivial and therefore ®;; and (Dg)y41 are equivalent. O

Now we have obtained a sequence (Dy)x>1 of consistent scattering diagram over k[P]/m*+1
with finitely many walls without any incoming walls besides the initials. For the final step,
we ensure that the limit when k& — oo exists as a scattering diagram over ]k/[ﬂ\)] Notice that
in this order by order construction, we either add a new outgoing wall or add higher order
terms to the wall-function of an existing outgoing wall. The limit ®, is taken to consist of
Dins and any outgoing wall that first appears in some ®;, with the wall-function being the

limit of the wall-functions on the (support of the) same wall in ®;, i > k. Evidently for each

k > 1 we have

—_

It follows that ©. is consistent and has every wall-function in N[P]. By the uniqueness in

Theorem 3.8.7, ®, is equivalent to ®g. This is the end of the proof of Theorem 3.8.9.

3.10 Proof of the generalized greedy element formula

In this section, we prove the expansion formula for generalized greedy elements in terms of
compatible gradings given by Theorem 3.3.14. The majority of the proof closely follows that
of [79, Theorem 2.15], and we discuss only those portions that require modification here.
Namely, we generalize some of the necessary lemmas to the case where P, and P, are not

necessarily palindromic.
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3.10.1 Cluster variables up to a scalar

Recall the notations in Section 3.2.2 and the definition of cluster variables x; from Defini-
tion 3.2.23. We define elements {7 | k € Z} C F = Frac(k[P]) and will show z;/z) € P.
These scaled cluster variables will be convenient for our proofs in Sections 3.10.2 and 3.10.3.

Let 1 = x1 and Zy = x9. We inductively define z, € F for k € Z by the rule:

) if k=1 mod 4,
Py(Zy) if k=2 mod 4,

Tp+1Tk—1 =

if k=3 mod 4,

)
z) ifk=0 mod 4.

Lemma 3.10.1. For any k € Z, the quotient xy, /Ty, is a Laurent monomial in py g, and pag,.

More precisely, we have

(
W(d, —es) ifk=0 mod 4,
N W(dg+e) ifk=1 mod 4,
l’k/l’k =

W(dg+e) ifk=2 mod 4,

W(dy —e1) ifk=3 mod 4.

\

Proof. 1t suffices to show that /W (dy £ ¢;) satisfy the exchange relations of z;. We check
for k =1 mod 4 the following relation and the remaining cases are similar. Notice that by

Lemma 3.2.24, we have

W (dy, +e)"
Py
W(dy, + e1)™
1o W(dk—1 — e2)W(dp1 + €2)

Tp1Thy1 = ColTp) = Py (zx/W(dk + €1)),

Py ().

Lp—1Tk+1 =

Now the desired relation follows from W (dy, +e1)® = p1o, W (di_1 — €)W (dj11 + €2), which
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is result of

dkfl + dk+1 - gldk . D

3.10.2 The strong Laurent phenomenon

We begin by establishing the strong Laurent phenomenon for the rank-2 generalized cluster
algebras A(Py, P»), which is the Z[P|-subalgebra of F generated by all scaled cluster variables

Zj. By Lemma 3.10.1, this notion coincides with the A(Py, P») defined in Section 3.2.4.

Theorem 3.10.2 (following [79, Theorem 2.2]). For any k € Z, we have

A(Ph P2) = Z[P] [%—hxk, Tk+1, xk+2} .

Proof. By Lemma 3.10.1, it is enough to work with cluster pre-variables instead of clus-
ter variables. We show via induction on m that z,, € Z[P|[xx_1, Tk, ki1, Trio], hence
A(Py, Py) C Z[P][xg—1, Tk, Tpt1, Try2]. Consider the element %ﬁ;+1§m+4, where without loss

of generality we assume m =2 mod 4. We have

~0  ~ ~01 ~
~ T4 1Tm+4 ~ l’m+1P1(fL'm+3)
LTy — — = pl,ElfL‘m - ~
pl,fl pl,é1$m+2
- - 2, .
~ Pi(Tpy1) | ProPr(Tma) — T Pr(Timgs)
- xm - ~ + ~
Tm42 P16 Tm4-2
- p "
P Pi(Tmg1) — Ty P (Tis)
P16 Tm+2
41 ~t ~t ~l1—t
. Zt:opl,t(xm+lxm+3 - 1)$m+1
P16, Tm+-2

Using that P, has constant term 1, we have

Tri1 Ty — 1 = (Pa(Tmg2))' — 1 € T2 Z[P)[2n o]
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for every ¢ > 0. Thus,

Zflzo pl,t(ﬁm—lﬁm—:& - 1)~fé+i

— € Z[P][xm+1, Tima) -
Tm+2

We then can see that =, € Z[P|[Zm+1, Tmi2, Tmis, Tmia), and using a similar argument

we obtain Z,, € Z[P|[m_4, Tm—_3, Tm_2, Tm—_1]. We can then conclude that

fm S Z[]P)] [xk—la Tky Th+1, xk+2] C 774

for every k € Z. Since we have by definition that Z[P][xy_1, Xk, Tri1, Tri2] € A(Py, Ps), the

desired equality follows. O

We now show that the cluster algebra A(P;, P,) equals the corresponding upper cluster
algebra U, as defined in Section 3.2.4, and moreover that it is the intersection of the Laurent

polynomial ring of three consecutive clusters.

Theorem 3.10.3 (Strong Laurent Phenomenon, following [79, Theorem 2.5]). For any m €

7, we have
m+1
APPLP)=(Te= ) T
keZ k=m—1

Proof. By Theorem 3.10.2, it is enough to show that

Z[P] [mk*h Tky Tk41, xk+2] - ﬁnfl N 7;n N Tm+1 .

The containment of Z[P|[xg_1, Tk, Tri1, Trao] into Tpo1 N Tpy N Thpaq follows from Proposi-

tion 3.2.25. We show the other containment by taking the decomposition

T = 2Pl 2] + Z[Pl[wm, 5] + Z[PI[E, T

and proving containment of the intersection of each summand with 7, 1 N 7T, 11.
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We begin by establishing the following:

Z[P] i 00 > 2

T N Z[PH -1 -1 ] NT. Z[P} [xmfll'm+2] if by =1y =1 (3 10 1)
m—1 T s Tint1 m+1 — - LY.

ZP| [T, T2 2pys]  if £y =0

ZP|[@m 17t o Tpya]  if by =0

\

Without loss of generality, we assume m =1 mod 4. In order to simplify the exchange
relations, we often work with the scaled cluster pre-variables rather than cluster variables
due to Lemma 3.10.1.

We first show that the ring on the right of (3.10.1) is contained in the intersection on the
left of (3.10.1). By Proposition 3.2.25, each ring on the right is contained in 7,,—1 N Tp41, SO

-1 -1

it remains to show containment in Z[P|[z,,", z,,]. This containment is clear for ¢,£, > 2.

When ¢, = {5 = 1, we have

Tm-1Zmi2 = Pi(Tm) T4 Po (BT, € Z[P)[z,) )]

When ¢; = 0 or ¢, = 0, where without loss of generality we assume the former, we have
Tm—1 =T, and

Trp1@mr2 = T i1 BT T, = 026 Pa(T)40)T," € ZIPl[ay,! 2]

In each of these cases, we can now readily see that the generators of the ring on the right of

(3.10.1) are contained in Z[P][z;}, 2, 4].

We now handle the other containment of (3.10.1) case-by-case. Consider an element

y € Z[P)[z;;}, 2, 1], and express y as

_ st
y= Z Cs,tTpp, Lot

5,620
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with finitely many nonzero coefficients ¢,; € Z[P]. We then have

t (s Ty = —t pl,é Lin L1 -
>0 P (Tm) >0 b1 (z::1) 1

=S =S
y = j : Zszo Cstlm . Z ZSZO CstToy bt

If y € Tp_1, then for all t > 0 we have Z;;?(—Stf)’;p’i o € Z[P|[x
1 Y

polynomial by Ci(z!). So we can now express y as

~1], where we denote this

y=>Y C(&"T, ", (3.10.2)
t>0
= Z Co(T NPy (T,) az;flt%;ﬁrl
t>0
_th _1 plhpl ( 7:11) m+1
t>0

Similarly, if y € 7,41, we have

Y= ZC, m+1 ~m€ﬁi Tpngo = ZO/ m+1 )p3 ZQ_S@;@IH)ffn (3.10.3)

t>0 t>0

for some polynomials C’(z;,% ) € Z[P][z;;'4].
From this point, the proof follows essentially verbatim from Rupel’s work [79, Theorem
2.5], but we include the remainder of the argument here for completeness.

If dy = 0, then 7' = 7,1 and (3.10.2) becomes

y= Z Ot@mﬂﬁfﬁbfmq € Z[P] [@"m—lerlwrza Tm+2] -
>0

Similarly, if d; = 0 then

y= Z C;(fmfl)fiii15;+2 € Z[P|[x -1, xfrzb—lme&] :

s>0

We now consider when ¢,¢, # 0. Let o(t) be maximal such that ¢, # 0, and using
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the last equality in (3.10.2) we must have o(t) > ¢;t. Similarly, let 7(s) maximal such that
Csr(s) 7 0, and we have 7(s) > lys.

Suppose t is maximal such that c,; # 0 for some choice of s. Then ¢, ) (o)) 7 0, and
T(o(t)) > lyo(t) > €1lst. For £10y > 2 and t > 0 this implies 7(co(t)) > t, which contradicts
the maximality of ¢. Thus we must have ¢t = 0 and, similarly, s = 0 when ¢1/5; > 2. Hence
y € Z[P)].

Now suppose ¢; = ¢5 = 1. Then we have 7(o(t)) > o(t) > t, and by the maximality
of t these are equalities. Using induction on the maximal value ¢ such that ¢, # 0, we
can see that y € Z[P|[xpy,_1Tmi2]. The base case t = 0 is clear. When ¢ > 0, the element
Y—CrpTh, 1 Th, ., is contained in Z[P][z,,_1 22, hence y is also contained in Z[P][@y,—12Zm2].
Thus (3.10.1) is proved.

It then remains to show the equality
7:71—1 N Z[P] [xma IilJrl] - Z[]P)] ['/Em—17 Lmy xm—i—l] C Tm+1 .

The inclusion of Z[P|[%y—1, Tm, Tmi1] into Ty N Z[P][,,, 254 ] is clear. For the other

inclusion, note that any y € Z[P|[z,,, z;.. ] can be written in the form
N
Y= D g

t=—N

for some positive integer N and coefficients ¢; € Z[P][x,,]. We then have

N N
~ N~_ C_¢
Y= E Ctplt(xm)xmt—l =+ E :Pt(jf )f‘ftm—l'
t=0 t=1 = 1\m

If y € Tno1, then we must have 5=t € Z[P][27;!] for all 1 < ¢ < N. Since (%) has
1 m
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constant term 1, this implies % € Z[P][x,,]. Thus we have
1(Tm

N N
C_
Yy = Z thm+1 + Z Tif)i'im_l € Z[P] [l’mfl, T, .’L‘erl] .
t=0 t=1 m

We can similarly obtain Z[P][zE!, 2,,1] N Tons1r = Z[P][@0, i1, Tmsy2] € Tre1. Combining

these inclusions yields

Tt N T N Tt = Tt N (Z[P) [, 240 ] + Z[P) [T, 2] + Z[P) [z, @) N T
= Tn1 NZ[P)] [x;nla x;11+1] N Tot1 + ZP][Tm—1, Ty Trnga]
+ Z[]P)] [.'L'm, Tm+1, xm+2]

- Z[P] [xk*h Lky Lk+1, xk+2] )

as desired. O

3.10.3 Proof of the compatible grading formula

This section closely follows the approach of Rupel in [79], with necessary adjustments made
to extend the argument to the case when P, and P, are not palindromic. In the compatible
grading formula given by Theorem 3.3.14, the horizontal edges of the Dyck path are weighted
by the coefficients of P, and the vertical edges are weighted by the coefficients of P;. We

introduce auxiliary variants of this weighting, replacing P; with P;.

Definition 3.10.4. For a grading w : E(dy,ds) — Z>q, we define

d da
wt'(w) = sz@_w(ui) Hpr(Uj) S k[z& @ Zl’z] , and

i=1 j=1

dl d2
wt” (w) = HpQ,w(ui) levfl—w(’uj) c k[z" @ 7).

i=1 j=1

We need to introduce the following auxiliary variants of the generalized greedy elements.
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Definition 3.10.5. We define 2'[dy, dy] = z] " x5, ® 2(51752)Wt’(w)xT(PN)x‘;(PE), and simi-

larly let 2 [dl, dg] — Il—d1x2—d2 2(51752) Wt//(w)xT(PN)x‘;(PE)‘

We now consider two automorphisms of the field of rational functions F. These maps are
defined by their behavior on a generating set and given by o7 : (21, 22) — (21,20) and o3 :
(x1,22) — (x3,22). In the case that P, and P, are palindromic, these are the usual reflection
automorphisms o;, where o;(z,,) = %2;_,. We show that applying these automorphisms
to a varient of some generalized greedy element results in a “mutated” generalized greedy

element.

Proposition 3.10.6 (following [79, Proposition 2.17]). For any (di,dy) € Z? the elements
x[dy, ds] defined by (3.3.5) satisfy

0'1<.I‘/[d1, dg]) = I[dl, gl[dl]—l- — d2] and O'Q(SL’//[dl, dg]) = x[ﬁg[dgh — dl, dg] .

Proof. By symmetry, it is enough to establish the second identity. We do so by handling
several cases.

First, suppose dy,ds < 0. Then P([d;]4, [d2]+) = P(0,0) is a single point, so we have
oo (2" [dy, ds)) = oo (27 My ) = a3 M ay® = a¥ ;2 Py(25) "

We can also directly compute x[ls[ds], — dy,ds] = x[—d;, ds] using Theorem 3.3.14. Since
Plodil, o] = P-ay,0, we have x[—dy, dy] = 2 a5 2 Py(x5) ", as desired.
Next, suppose d; < 0 < dy. Then P([d1]+, [da]+) consists of dy vertical edges. Similar to

the previous case, we have x”[dy, ds] = :L‘l p1 0 Pi(z1)%. Applying oy, we have

oo (2" [dy, da)) = w3 My 2ply, Pi(xs)™

= $C1h$2 p1 o Pa(2a)” WPy (Py(mg)zy )™

Note that every vertical edge in Dy,q,-4, 4, has at least ¢, vertical edges in front of it. Thus
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any compatible grading with vertical weights bounded by /5 can be constructed by taking
a set of vertical edges and any horizontal edges not contained in the shadow of the vertical
edges. Focusing just a vertical edge and the edges in its shadow, which is identical to Dy, 1,

we can see that

3 wi(w)ayPVas P =y Pr(Py(wa)ar )al:

w€Cpy 1
We can view compatible gradings on Dy,4,—4, .4, as & collection of dy compatible gradings
on Dy, along with compatible gradings on —d; additional horizontal edges. So, using the

compatible grading definition, we have

_ _ - _ da _
x[€2d2 — dl, dQ] = Il €2d2+dlfL’2 d2 (pLél Pl(PQ(Z'Q)ZEI 1)) PQ(.TQ) h

= 'y iy, Pa(w2) " Pu(Py(w)zy )™ .

Lastly, suppose 0 < dy, dy. Then z"[dy, dy] = z7 %25, ® Z wt (w) 2™ 25 P2) Hence

wECdl ,do

oa(a"ldr, do]) = w5y ™y wt! (w)af TV

wECdl ,do

__—lado+dy1 . —d2 2 eZdQ_W(PN) W(PN)—dl "J(PE)
=] x5 g wt" (w)x; Py(z5) Tq :

wECdl’d?

Let C5',, denote the set of compatible gradings on P(dy,dz) such that Sg C sh(Sn),
where S is the set of edges with nonzero value in the grading. Given a grading w € C2?7d2,

define the grading 6(w) := (Q(Sk), ¥}, n) on Dyydy—d, 4, as in [79, Section 4.2]. By definition,
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we have wt(f(w)) = wt”(w). Then by [79, Lemma 4.4 and Proposition 4.20], we have

w[lady — dy, dy] = $1_€2d2+d1952_d2 Z Wt(wl)xf(PN)ﬁf;/(PE)

/
w Ec[f2d2—d1]+,d2

:xl—fzdz—i-dlx;dz Z Wt(Q(W))x?drw(PN)x;(PE)

weesh

dy,dg
_ x1—€2d2+d1x2—d2 Z PQ(Z,Z)DJ('PE)*dl Wt”(w)xﬁzdrw(PN)x;(PE).
Wecdl,dg
Thus in all cases, we can conclude oo(z”[dy, d3]) = x[lads — dy, ds). O

Corollary 3.10.7 (following [79, Corollary 2.18]). For any (dy,ds) € Z* the generalized

greedy element x[dy, ds] € Ty defined by (3.3.5) is contained in A(Py, Py).

Proof. First note that '[dy, ds] and z"[d,, ds] are contained in Ty for any di,d, € Z*. By
definition, for any z € 7T, we have 01(z) € Ty and o3(z) € T3. The result then follows

directly from Theorem 3.10.3 and Proposition 3.10.6. ]

Proof of Theorem 3.3.14. This can be proved in the same way as [79, Theorem 2.15], except
with the above results replacing their more specialized analogues in [79]. In particular, we
replace references to [79, Proposition 2.17] with Proposition 3.10.6 and [79, Corollary 2.18§]

with Corollary 3.10.7, and the remainder of the argument proceeds unchanged. O

3.11 Every Badlands wall coefficient is non-trivial

As a direct application of our results, we can prove that for any rank-2 generalized cluster
scattering diagram, every wall-function coefficient of every wall in the Badlands is strictly
positive. The Badlands of the scattering diagram ® := Scat(Py, P») is the same region as
the Badlands of Dy, 4,.

The density of the Badlands in ®,, ¢, was suggested by various sources, including [40,

Example 1.15], [42, Example 1.6], and [43, Example 1.4], before recently being proved by
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Gréfnitz and Luo [37]. In fact, Grafnitz and Luo prove the stronger result that every wall-
function coefficient of walls in the Badlands is strictly positive (except those that trivially
vanish by the choice of ¢1,¢5). In the skew-symmetric case, density was proven in 2010 by
Gross—Pandharipande [41] and strict positivity of every wall-function coefficient was proven
in 2021 by Davison-Mandel [21]. All the previous approaches use either representation theory
or deformations of scattering diagrams. Using our tight grading formula, we give a lower
bound on every wall-function coefficient in the Badlands of generalized scattering diagrams,
which in particular establishes strict positivity. As a consequence, we recover the results of

[21,37,41] using elementary combinatorics.

Theorem 3.11.1. Suppose the coefficients of P, and P, are contained in Rsy. Fiz a,b
coprime such that the wall of slope g is in the Badlands of ® := Scat(Py, P»), and fit k € Z~q
such that ¢, divides ka and {5 divides kb. Then the wall-function coefficient A(ka, kb) in ©

is at least k -plftz/flpgl}/f.

Proof. We proceed by using the tight grading formula Theorem 3.5.14 (with m = 1) and
constructing k distinct tight gradings contributing to the coefficient A(ka, kb). Fix ¢, ¢y
such that ka = ¢10; and kb = ¢35, and choose (dy,dy) according to Theorem 3.5.14. Fix
i € {0,...,k—1}, and define the origin to be the minimal (z,y) € N? such that dyz —dyy = 1.
We then work on the (z 4 y)-th cyclic shift of P(d;, ds), which cyclically shifts the leftmost
x+y edges of P(dy, dy) to the right end. We then label the horizontal (resp. vertical) edges by
u; (resp. v;) from left-to-right (resp. bottom-to-top). Let w be the grading that assigns value
c to horizontal edges u; for 1 < j < ¢y, value b to vertical edges v; for colo —c1+1 < j < cols,
and value 0 to all other edges.

Consider the top left point of the vertical blocks in each column (call the set of these
points R), and the top left point of the horizontal blocks in each row (call the set B). If the

Dyck path starts at the origin (0,0), then the points in R lie to the left of the line

k—1

1

d
Yy = (—€2+d—2>x+02€2—

1
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Similarly, the points in B lie to the right of the line

1 n 61(01 — 6262) — _k;l
= X .
SRR "

In order to show that points in R are to the left of the point in B of the same height, it is

sufficient to show that the intersection point of these lines is to the left of the y-axis. Let

o= 3—2. These lines intersect when

alacgly — cly) + %—2’“

62@2 — 616204 + 51

Tr =

The numerator is always positive by our choice of a. Thus, it is sufficient to have f,a? —

(100 + €1 < 0. But the roots of this quadratic are precisely

Uily & /B — 40,0,
205 ’

The greater of these two roots is the slope of the right boundary of the Badlands.
Repeating the same process swapping b and ¢ handles all walls on the interior of the
Badlands. For /¢y, ¢, such that ¢,/ # 4, the boundary of the Badlands will have irrational
slope. Thus the result is proved for the entirety of the Badlands in all cases except the affine
cases. In the affine cases, where ¢1/5 = 4, constructions of tight gradings corresponding to

each wall-function coefficient are given in Example 3.5.7 and Example 3.5.8. O

By specializing Theorem 3.11.1, we recover the results of [37, Theorem 1], [41, Section
4.7], and [21, Example 4.10].
In the case when P; and P, have positive coefficients (in an ordered field), we can then

guarantee that every wall appears within the Badlands.

Corollary 3.11.2. Let k be an ordered field, and suppose the coefficients of Py and P are
nonnegative elements of k. Then for ® = Scat(Py, P»), there are walls of every rational

slope within the Badlands.
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Proof. Asis shown in Theorem 3.11.1, there are tight gradings of non-zero weight correspond-
ing to each wall-function coefficient in the Badlands. By our assumption on the coefficients of
P, and P, the weights of these tight gradings are in fact positive. Thus, by Theorem 3.3.14,

the wall-function coefficient are sums of positive elements and hence are positive. O

An alternative proof of Corollary 3.11.2 can be obtained using the results of Grafnitz and

Luo for cluster scattering diagrams and applying our positivity result Theorem 3.8.9.

Remark 3.11.3. If we allow the coefficients of P; and P, to be negative, the results of
Theorem 3.11.1. While the tight gradings constructed in Theorem 3.11.1 still contribute to
the wall-function coefficients, the weights of the tight gradings may cancel out. An explicit
example of this phenomenon is given below. We do not know if Corollary 3.11.2 can also fail

in this setting.

Example 3.11.4. Using our combinatorial formula for wall-function coefficients, we can
show that certain coefficients vanish. For example, suppose Pi(z) = 1+ p132® and Py(y) =
1 4 p21y + pa2y?, where we assume p13, pa1, and pas are nonzero. In order to calculate
the degree-3 coefficient of fr_,1,1) in Scat(Py, ), which we denote by A(3,3), we can take
a weighted sum over tight gradings using Theorem 3.5.14. In particular, it is the weighted

sum of the seven tight gradings on P(4,3) below.

sl el il el el s

Figure 3.8: For Pj(x) and P»(y) chosen as in Example 3.11.4, these are the seven tight
gradings on P(4, 3) with both total vertical and horizontal grade equal to 3 that have nonzero
weight.

The leftmost siz gradings have weight psp2ip22 and the rightmost grading has weight

p13p3,. Thus we have X(3,3) = 6p1sp21pa2 + Pr3p3,, so we can conclude that this wall-

2
. . . P
function coefficient vanishes whenever pyo = —=%=.
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Chapter 4

Broken Lines and Compatible Pairs

for Rank 2 Quantum Cluster Algebras

This chapter is joint work with Kyungyong Lee, based on the paper [11]. We are thankful to
Tlke Canakci, Philipp Lampe, Li Li, Travis Mandel, Fan Qin, and Dylan Rupel for helping us
to resolve the connections between various bases for the quantum Kronecker cluster algebra.
We additionally thank Mark Gross, Gregg Musiker, Lang Mou, Salvatore Stella, and Harold
Williams for their helpful comments, as well as Lauren Williams for many fruitful discussions
throughout the course of this work. Kyungyong Lee was supported by the University of
Alabama, Korea Institute for Advanced Study, and the NSF grants DMS 2042786 and DMS

2302620.

4.1 Overview

This chapter focuses on establishing combinatorial connections between the two classes of
objects that appear in the Lee-Schiffler [59] and Gross-Hacking Keel-Kontsevich [40] of
positivity: compatible pairs corresponding to greedy basis elements and broken lines corre-
sponding to theta basis elements. Though we work in the more general setting of quantum

cluster algebras, our results are new even in the classical setting.
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Though the constructions appear rather different, for rank-2 cluster algebras the theta
basis is the same as the greedy basis. Cheung, Gross, Muller, Musiker, Rupel, Stella, and
Williams thus posed the open problem of finding a combinatorial explanation for this phe-

nomenon.

Problem 4.1.1 ([17, Remark 5.6]). Find a combinatorial proof that the greedy basis equals
the theta basis by constructing an explicit (weighted) bijection between broken lines and com-

patible pairs.

Our main results connect almost all objects involved in the Lee-Li—Zelevinsky and Gross—
Hacking—Keel-Kontsevich formulas for the cluster monomials in the quantum r-Kronecker
cluster algebra. We say that a map from compatible pairs to broken lines is a q-weighted
bijection if the sum of quantum weights of compatible pairs in the inverse image of each
broken line equals the quantum weight of the broken line.

In the case of the quantum type Ay cluster algebra A,(1, 1) and the quantum Kronecker
cluster algebra A4,(2,2), we can construct a g-weighted bijection between all compatible
pairs corresponding to greedy basis elements and all broken lines corresponding to theta
basis elements. The greedy and theta bases for A4,(1, 1) consist entirely of quantum cluster
monomials, so the two bases coincide. However, there are elements of the quantum greedy
and theta bases of A,(2,2) that are not quantum cluster monomials. Building off prior work
of [65] and [23], we show that the quantum greedy basis and quantum theta basis coincide
for A,(2,2) (see subsection 4.7.3).

We additionally describe a quantum weighting on the compatible pairs corresponding
to greedy basis elements of A,(2,2) that are not cluster monomials. Along with Rupel’s
quantum weighting for compatible pairs, this gives a quantum weighting on all compatible
pairs corresponding to greedy basis elements of A,(2,2). We then introduce the cascade of a
compatible pair and use this to construct a map to the broken lines for A, (2, 2) that respects

the quantum weights.
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Theorem 4.1.2 (see 4.6.18, 4.7.6, and 4.7.9). For A,(r,r) where r =1 or 2, there is an
explicit q-weighted bijection between compatible pairs corresponding to quantum greedy basis

elements and broken lines corresponding to quantum theta basis elements.

By specializing the parameter ¢ to 1, this yields a solution to 4.1.1 for the type A, cluster

algebra and the Kronecker cluster algebra.

Corollary 4.1.3. For the type As cluster algebra A(1,1) and the Kronecker cluster algebra
A(2,2), there is an explicit (weighted) bijection between compatible pairs and broken lines

corresponding to theta basis elements.

While 4.1.1 seems quite difficult for A(r,r) where » > 2, we can construct such a
g-weighted bijection for a subclass of compatible pairs that arose in Lee and Schiffler’s
proof of the positivity property [59, Theorem 3.22]. The positive compatible pairs are the
compatible pairs (S, S2) where 7| S| does not exceed the horizontal length of the Dyck path.!
Asymptotically, almost all compatible pairs corresponding to (quantum) cluster monomials
are positive (see 4.2.7). The positive compatible pairs correspond to broken lines with
negative angular momentum (see subsection 4.4.4 for details). For the (quantum) cluster
monomials, these are precisely the broken lines that do not cross over the “Badlands” region

of the scattering diagram.

Theorem 4.1.4 (see 4.6.18). For quantum cluster monomials in A,(r,r) where r > 2, there
is an explicit q-weighted bijection between positive compatible pairs (which comprise almost

all compatible pairs) and broken lines of negative angular momentum.

By specializing ¢ to 1, this yields a partial answer to 4.1.1 for skew-symmetric rank-2

cluster algebras.

Corollary 4.1.5. For cluster monomials in A(r,r) where r > 2, there is an explicit
(weighted) bijection between positive compatible pairs (which comprise almost all compatible

pairs) and broken lines of negative angular momentum.

"'Without loss of generality, we assume that the horizontal length of the Dyck path is no less than the
vertical length.
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A major obstruction in extending this bijection to the entire theta basis for r > 2 is
that the corresponding scattering diagram is not well-understood. In particular, there are
infinitely many non-cluster walls that are dense in the full-dimensional “Badlands” region
of the scattering diagram (see, for example, [73, Figure 2|) that have not been explicitly
described. As a consequence, there is no known combinatorial description of the broken lines
on these scattering diagrams, though some progress has been made [1,25,73]. Conversely,
the compatible pairs have a simple combinatorial description, so constructing an explicit
bijection would yield the same for the broken lines.

The structure of the paper is as follows. In section 4.2, we provide preliminaries concern-
ing compatible pairs on maximal Dyck paths and Rupel’s quantum grading. We introduce
the cascade of a compatible pair in section 4.3 and relate the cascade to the previously-
studied shadow of a compatible pair. section 4.4 contains preliminaries on quantum scatter-
ing diagrams and broken lines. In section 4.5, we calculate the quantum weights of certain
broken lines appearing in the theta basis of the quantum r-Kronecker cluster algebra. We
then construct a g-weighted bijection between positive compatible pairs and broken lines of
negative angular momentum corresponding to (quantum) cluster monomials in section 4.6.
We extend this bijection to all broken lines appearing in the theta basis of the quantum
Kronecker cluster algebra in section 4.7, where we also discuss the relation between several

bases of this cluster algebra.

4.2 Preliminaries: Compatible Pairs

4.2.1 Maximal Dyck Paths

Fix ¢, h € Z>(. Consider a rectangle with vertices (0,0), (0, ), (¢,0), and (¢, h) with a main
diagonal from (0,0) to (¢, h).
Definition 4.2.1. A Dyck path is a lattice path in Z? starting at (0,0) and ending at a

lattice point (¢, h) where ¢, h > 0, proceeding by only unit north and east steps and never
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passing strictly above the main diagonal. Given a collection C of disjoint subpaths of a
Dyck path, we denote the set of east steps by C}, the set of north steps by Cs, and the total
number of edges by |C|. The length of the Dyck path P is the quantity |P|. We denote the
set of lattice points contained in the Dyck path P, ordered from left to right and including

both endpoints, by V(P) = {wo, w1, ..., wp}.

The Dyck paths from (0, 0) to (¢, h) form a partially ordered set by comparing the heights
at all vertices. The mazimal Dyck path P (¢, h) is the maximal element under this partial

order.

Definition 4.2.2. For nonnegative integers ¢ and h, the mazimal Dyck path P(¢, h) is the
path proceeding by unit north and east steps from (0,0) to (¢, k) that is closest to the main

diagonal without crossing strictly above it.

In the setting of combinatorics on words, maximal Dyck paths are also known as Christof-
fel words. The maximal Dyck path P (¢, h) corresponds to the lower Christoffel word of slope
h/l; see [6] for further details on Christoffel words.

Let the horizontal (resp. vertical) edges of P = P({, h) be labeled by n; for 1 < i < ¢
(resp. vj for 1 < j < h), with the indices increasing to the east (resp. north). Given an
edge e in P, let p. denote the left endpoint of e if e is horizontal or the top endpoint of e
if e is vertical. For distinct edges e, f in P (¢, h), let e_f denote the subpath proceeding east
from p. to py, continuing cyclically around P(¢, h) if e is to the east of f. Similarly, for
distinct vertices w;, w; € V(P), let sz; denote the subpath proceeding east from w; to wj;,
continuing cyclically if needed.

In the framework of Lee-Li—Zelevinsky [55], the cluster variables correspond to a family

of maximal Dyck paths with a similar recursive structure.

Definition 4.2.3. Let {c,}22, be the sequence of integers defined recursively by:

co=—-1,¢0=0, and ¢, =7rc,_1 —¢,_o forn > 1.
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For n > 3, the maximal Dyck path associated to the cluster variable X, is C, :=
P(cn-1,¢n—2). The Dyck paths corresponding to cluster monomials are those of the form

Placpi1 + Ben, acy, + Be,—q) for integers n > 1 and «, 5 > 0.

4.2.2 Compatible Pairs

We now define compatible pairs, certain collections of edges on a Dyck path P, originally

introduced in [55].

Definition 4.2.4. For any pair of vertices u,w € P({, h), let |uwl|;, (resp. |uwl|y) denote the
number of horizontal (resp. vertical) edges of uw. Given a set of horizontal edges S7 and a
set of vertical edges Sy in P (¢, h), the pair (S7,Ss) is compatible if, for every edge e in S

%
and every edge f in S, there exists a lattice point ¢ # pe, py in the subpath ef such that
— —
[ty = rltpy N Sof or [pet|z = r|pet NS

The expansion formula for cluster variables given by Lee, Li, and Zelevinsky has mono-
mials corresponding to compatible pairs on C,,. Their expansion formula works in the more
general setting of elements of the greedy basis, which contains the cluster variables. For
further details on the greedy basis, see [55]. We present their formula in the special case of
classical cluster variables x,, which are a specialization of the quantum cluster variables X,

obtained by setting ¢ = 1.

Theorem 4.2.5. [55, Theorem 1.11] For each n > 3, the (classical) cluster variable x,, in

A(r,r) is given by

. —Cn—-1_,—Cn—-2 T‘SQ| T‘Sll
Tp = Ty Ty § Ty Ty o,

(S1,52)

where the sum is over all compatible pairs (S, Ss) in C,.

Let CP(P) denote the set of all compatible pairs on P. Let CP(¢, h,a,b) be the set
of pairs (S1,52) € CP(P(¢,h)) such that |S;| = a and |S3] = b. In the cluster vari-

149



able case, CP(c,_1,¢,_2,a,b) is the set of compatible pairs corresponding to the monomial

b—c,,_ —Cns - . .
7'y in the Laurent polynomial expansion of X,.

Definition 4.2.6. We say that a compatible pair in CP(¢, h, a,b) is positive if rb < ¢.

The class of positive compatible pairs arose naturally in Lee and Schiffler’s proof of the
positivity conjecture for cluster algebras from quivers (see, for example, the first term in
[59, Theorem 3.22]). In this paper, we will primarily be focused on positive compatible pairs
on maximal Dyck paths corresponding to cluster monomials. We now show that on these

Dyck paths, the positive compatible pairs comprise almost all compatible pairs.

Lemma 4.2.7. Fix o, € Z>o. Let P, be the maximal Dyck path corresponding to the
cluster monomial X;;XffH in A(r,r) for v > 3 and let CP,(P,) be the set of compatible

pairs on P, that are positive. Then

L 1CPLP)]

— =1,
n—o0 |CP(PR)|

Proof. We will only explicitly handle the cluster variable case, but the cluster monomial
case follows from an analogous argument. Let P = P(cpy1,¢n), and let CPpg(P) =
CP(P)\ CP,(P). By considering, for each j € {0,1,...,¢, 2}, the compatible pairs with
Sa] = b < ¢pg < 2,41 and Sy disjoint from sh(S,) (see section 4.3 for this construction),

we obtain that

Cn—2 Cn—2
C C
CP > ") 9ent1-Tb > 9Cnt1—TCr—2 o

b=0 k=0

If rb > cyyq, then b > ¢, — ¢,_2. Each vertical edge in S5 has at least » — 1 horizontal edges

immediately preceding it that cannot be in S;. Thus, we have

cn Cn—2
C c
CP a F < E n ‘ZC" -1 (T l)b < f20n+1—(7"—1)(cn—cn,2) E n )
| ’ d( )| B (l ) k=0 k

b=cpn—cn—2

150



Since ¢ > (r — 1)c¢,_y for each k, we have
(r—1)(cp — Cneg) —TCpo > ((r —1)> =2r +1)cp_g > cp_s.

We can therefore see that

[CPL(P)| _ [CPuaa(P) _ e, s

"erm) T qeery S

which goes to 0 as n approaches infinity. O

4.2.3 Quantum Weighting on Compatible Pairs

In [80, Corollary 5.7], Rupel gives a quantum weighting to compatible gradings [80, Definition
1.2] corresponding to a generalization of quantum cluster variables. In the case of quantum
cluster variables, the corresponding compatible gradings can be viewed as compatible pairs.

The quantum cluster algebra we work with is the principal quantization of the rank-2
cluster algebra associated to the r-Kronecker quiver, which consists of two vertices with
r arrows between them. While there are several choices for quantizing cluster algebras,

we focus on the unique choice that is bar-invariant, i.e., invariant under the bar-involution

f(q) :== f(g™") for f € Z[¢g*"] and fX"X5? = fX$2X™ for aj,ay € Z. The sequence
of quantum cluster variables is periodic when r = 1, and otherwise all X,, are distinct.
Whenever it is clear from context, we shorten “quantum cluster variable” to “cluster variable”
and “quantum cluster monomial” to “cluster monomial”.

For ease of computation later, we translate each compatible pair into a finite word,
following [10], so that we can utilize the language of combinatorics on words. We work
over the alphabet A = {h,v, H,V} and let A* denote the set of finite words on A. Each
compatible pair corresponds to a word in A* by reading the edges from bottom left to top
right. The letters h and H (resp. v and V') represent horizontal (resp. vertical) edges, with

the capital letter denoting those edges in S; (resp. S5).
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We now describe Rupel’s construction of a quantum weighting for compatible gradings,
though only in the specialization to quantum cluster monomials. Viewing compatible pairs
as words, this weighting takes the form of a morphism w, : ZA* — Z, where ZA* is the
group of formal Z-sums of words in A*.

The function w, is defined on words of length 2 in A* by:
wy(hv) = wy(Hv) = wy(hV) =1, wy,(Hh) = w,(vV) =7, w,(VH)=1r*—-1,
and for x,y € A, we set w,(ry) = —w,(yx). This last conditions implies that we have
wy(hh) = w,(HH) = wy(vv) = wy (VV) = 0.
For a word 0 = 0109 -- -0, € A*, where each o; is a letter in A, we set

we(o) = > wy(oi0y).

1<i<j<e

We then extend w, additively to formal Z-sums of any words on A. By considering the word

in A* corresponding to a compatible pair, we also allow w, to be applied to compatible pairs.

Remark 4.2.8. Note that the quantity w,(51,S2) corresponds to the quantity /3, + 7, in
Rupel’s work [80, Corollary 5.7].

The quantity w,(Si, S2) is the quantum weight of the compatible pair (S,.52), as con-
structed by Rupel [80]. This allows us to calculate the Laurent expansion of quantum cluster

variables as follows.

Theorem 4.2.9 ([80, Corollary 5.7]). Consider the quantum cluster algebra A,(r,r) with

quantum cluster variables X; for 1 € Z. Forn > 4, we have

— — —Cn— S —Ctn— S
Xn _ E : ql Cn—1 cn_2+wq(S1,Sg)X1 Cn—1+T7] 2\X2 Cn—2+7|S1]
(51,52)
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and

_ _ —Cn— S —Cp— S
X3, = E { ql Cn—1 Cn—2+w€1(sl’52)X20 1+7] 2|X1 Cn—2+r| 1\’
(51,52)

where both sums range over all compatible pairs on C,.

Note that the shift factor of ¢! ~¢»~17¢-2 must be included to have the resulting expression

be bar-invariant.

4.3 Shadows and Cascades in Compatible Pairs

We begin by recalling some results about shadows of edges in compatible pairs, as defined
by Lee-Li—Zelevinsky. We then introduce a new notion called the cascade of a compatible

pair and establish connections between the two notions.

4.3.1 Shadows

In their study of compatible pairs, Li, Lee, and Zelevinsky [55] introduced the notion of the

“shadow” of a set of vertical edges.

Definition 4.3.1. For a vertical edge v € Sy with upper endpoint w, we define its local
shadow, denoted sh(v; Ss), to be the set of horizontal edges in the shortest subpath 77/ of P
such that [nv|; = 7|72 N Sy|. In this case, we say that the edges  and v are shadow-paired
with each other. If there is no such subpath 77—>V, then we define the local shadow to be P;.
For V' C Sy, let sh(V; Sy) = U sh(v; S), and write sh(Sy) := sh(S3; 53). Anedgen € Py
vev

is called shadowed if it is in sh(S;), and we say that the edge v € Sy shadows each edge in
sh(v; Ss).

Definition 4.3.2. We say that an edge n € P; is right-shadowed if it is in the local shadow
sh(v;Ss) of some v € Sy where v is to the right of 5. An edge that is shadowed but not

right-shadowed is called left-shadowed.

153



\
N

[ [ (
[

Figure 4.1: In the left image, we let Sy be the set of red vertical edges on P(16,6), i.e.,
{v; : 2 <i < 6}. In the right image, we let Sy be the set of red vertical edges on P(24, 23), i.e.,
{1, v2, V4, V5, V7, U8, 16, V18, V19, Va1, Vag, Va3 }. In each image, every edge v; in Sy is connected
by a blue arc to the horizontal edge that is cascade-paired with v; (where r = 3 in the left
image and r = 2 in the right image). Note that any horizontal edge that lies below an arc
but is not connected to any arc belongs to cas,,(S2) for some 1 < m < r.

4.3.2 Cascades

In this section, we construct the cascade of the vertical edges in a compatible pair. This
construction is crucial to the definition of the bijection between broken lines and compatible
pairs given in section 4.6 and section 4.7. We then draw connections between shadows in
compatible pairs arising in the study of A,(r,r) and cascades.

For each positive integer m, we associate m horizontal edges to each vertical edge v},
where the i*" horizontal edge associated to v; is assigned the label V](-i). We then consider
the set of labels

Py = {1\ . je[1,h] and i € [1,m]}.

Definition 4.3.3. Given Sy C P, such that r|Sy| < |Py|, we construct the cascade of S,
denoted by cas(Ss), as follows. Let V' be the list of edges in Sy ordered from bottom to top.

We will modify a list L of elements from PQ(T), with L initially being empty.

The name cascade comes from the following visualization: View the path P along with the vertical ray
emanating from its leftmost vertex as the walls of a 2-dimensional fountain. Each edge in S5 has a stream

of water emanating from its left side that flows into a horizontal edge in Ps '\ (U;::ll casm(S2)>. Naturally,

streams flow downward when possible. Those streams which cannot flow downward instead “increase the
water level” of the “pool” at the bottom of the cascade by 1.
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(1) Remove the first element, v;, from V. Add r labels V](-l), VJ(-2), e V](»T) e P to the front

of the list L.

(2) If there are any unlabeled horizontal edges to the left of v;, label the rightmost such
edge with the first label in L and remove this element from L. Repeat until there are

no such unlabeled horizontal edges or L is empty. Go back to Step 1 unless V' is empty.

(3) If all horizontal edges to the left of v; are labeled and L is nonempty, label the leftmost
unlabeled horizontal edge by the first element of L, removing this label from L. Repeat
until L is empty or there are no unlabeled horizontal edges.

We then set the cascade cas(Sy) to be the set of edges in H that are paired with some
edge in Sy via the above process. For m < r, we say that the horizontal edge labeled by I/](»m)
via the above process is m-cascade-paired with v; € Sy, and we let cas,,(S2) denote the set
of horizontal edges that are m-cascade-paired with some edge of S;. When m = r, we omit
the prefix m— and simply say that the edge labeled by VJ(»T) is cascade-paired with v; € Ss.

Any horizontal edge m-cascade-paired, for some choice of m, with v; is to its left (resp.
right) in cas(Ss) is called left-filled (resp. right-filled). Any horizontal edge that is not paired
in cas(.Sy) is called wnfilled. For any edge v € Ss, the local cascade of v, denoted by cas(v; Ss),

is the set of horizontal edges between the leftmost and rightmost horizontal edges paired with

v; (including these edges).

Remark 4.3.4. As one may note in Figure 4.1, arcs can be drawn between each v; € Sy
and the horizontal edge cascade-paired to it such that all arcs lie above the path P and are
non-crossing. This is in fact true for any set Sy C Py where r|Sa| < |[Py|. It is straightforward

to show this by induction on the size of S5.

Proposition 4.3.5. Suppose (r — 1)h < ¢ < rh. Then for any (S1,5) € CPcs(f,h) such

that r|Sa| < £, we have Sy C cas,(S53).

Proof. Each vertical edge in P (¢, h) is immediately preceded by at least r — 1 horizontal

edges. Thus, U’ul1 cas;(S2) consists of the  — 1 horizontal edges preceding each edge in Ss.

=
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The (at most r) horizontal edges immediately preceding an edge in S, cannot be in S; by the

compatibility restrictions. Therefore, we have S; C cas(Ss) \ (U::_l1 cas;(S2)) = cas,(Sz). O

4.3.3 Relationship between Cascades and Shadows

The cascade of a set of vertical edges is equal to the size of its shadow. In this section,
we construct a bijection between these two sets of edges that respects compatibility. This
allows us to later adapt some results of Lee-Li—Zelevinsky on shadows to the setting of
cascades, which is necessary for the resulting quantum weights to agree with Rupel’s quantum
weighting.

Let CPg,(¢, h,a,b) be the set of pairs (S1,S52) in CP(¢, h,a,b) such that S; C sh(S,).
Similarly, let CPc.s(¢, h,a,b) be the set of pairs (Si,S2) in CP(¢, h,a,b) such that S; C
cas(Ss).

Definition 4.3.6. Let £ = max{m € [( + h] : |wowy|1 = r|lwot,, N Sa|}. Let niy, ..., m,
be the list of left-filled edges and n;,,...,n;, be the list of left-shadowed edges in P;, where
both lists are ordered from left to right.

We define an involution ¢ : P; — P that swaps each 7;, with n;, and leaves all remaining
edges unchanged.

We then define the map A : CP(¢, h,a,b) — CP(, h, a, b) taking a compatible pair (57, Ss)
to

A(S1, S2) := (¢(S1), S2), where «(S1) ={u(n) € Py:ne Si}.

Figure 4.2: An illustration of the map A applied to the compatible pair (Si, .S3) in P(21,8),
where r = 3, S1 = {ms, M0, M1}, and Sy = {v1, 19, 5,14, v5,15}. Following 4.3.6, we
have (i1,i2) = (17,18) and (j1,j2) = (20,21). We thus have A(Sy) = {m7,ms,m21}. The
compatible pair A(Sy, S2) = (A(S1), S2) is depicted on the right.
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Lemma 4.3.7. Suppose (S1,52) is a compatible pair. Let n; ¢ Sy and n; € Sy be such
that any edge in Sy that shadows m; also shadows n;, i < j, and n; and n; are either both
left-shadowed or both right-shadowed. Then ((S1 U {n;})\{n;},S2) is also a compatible pair.

Proof. 1t is enough to show that the compatibility condition holds for any vertical edge
v € S, such that 7; is in sh(v; Sy) (and hence so is 7;). Then we have 7,0 C ;0.

Since v shadows 7;, then |ev|; < r|e? N S,| for all e € 7;2. By the definition of compati-
bility, there must be some e € 7, such that |n;e|y = 7|7;¢ N Sy

Let n;, be the leftmost horizontal edge 77777_j>ﬂ51. We then have that |n;v|o = |m:1k]2+|nkv 2

We already have that r|nyv N Si| < |mev|2. We therefore have
rlniv O (S1\n;)| = rlney 0 S1] < nevla < nivls,

as desired. ]
Lemma 4.3.8. The map X\ preserves compatibility on any compatible pair.

Proof. The map A can be obtained by successive iterations of the operation in 4.3.7, which
preserves compatibility. In particular, we replace each edge €’ in sh(Ss) NS with its corre-
sponding edge e in cas(Sy). Either the edges e and ¢’ coincide, e is not shadowed, or they

satisfy the conditions of 4.3.7. m

Lemma 4.3.9. For compatible pairs on Dyck paths corresponding to cluster monomials, A\~

preserves compatibility.

Proof. For cluster monomial Dyck paths, compatibility only needs to be considered on a
single path (without wrapping around cyclically) according to [79, Remark 2.21]. Since A
only involves edges that are not right-shadowed, any subset of these can be included while

preserving compatibility. O

Corollary 4.3.10. Let P({, h) correspond to a cluster monomial. Then for any a,b € Z>q
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such that rb < ¢, we have
| CPsn (4, hya,b)| = | CPeus({, hya,b)|.

Lemma 4.3.11. Let (A(S1),S2) = A(S1,S52). Then a vertical edge v € Sy is shadowing an

edge in Sy if and only v is filling an edge in A(S7).

Remark 4.3.12. The definition of shadow and remote shadow in [55] does not seem to be
compatible with Rupel’s quantum grading. Thus, we introduce the cascade framework in
order for the resulting partition of S, to yield the correct set of quantum weights via Rupel’s
assignment. However, we could alternatively have used the original shadow definitions from

[55] and instead introduced a new quantum grading.

4.4 Preliminaries: Scattering Diagrams and Broken
Lines

While we provide the necessary details to construct rank-2 cluster scattering diagrams, we
refer to [20, Section 2] for full details on quantum scattering diagrams. We then define broken
lines on these scattering diagrams, including how to assign quantum weights to broken lines

crossing over cluster walls.

4.4.1 Scattering Diagrams

Fix a rank-2 lattice M = Z2. Let Mr = M ® R, and for a strictly convex rational cone

—

o C Mg, let P =P, =0NM. We set Z|P] to be the completion of the monoid ring Z[P]

at the maximal monomial ideal m generated by {z™ :m € P\{0}}.

Definition 4.4.1. A wall is a pair (9, f;) consisting of a support 9 C Mg and an associated

—

wall-crossing function f, € Z[P,], where
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e the support 0 is either a ray R<ow or a line Rw for some w € o N (M \{0});
e we have f, = fo(z") =1+ chmkw for some ¢, € Z.
k>1

Definition 4.4.2. A scattering diagram ® is a collection of walls such that

{0, /) €D fy#1 mod m*}

is finite for each k& > 0. The union of the supports of the walls is the support Supp(®D) of

the scattering diagram 9.

We associate a scattering diagram ®, to the cluster algebra A(r,r). Let the “initial”

scattering diagram for A(r,r) be
gr,in = ((R(L 0)7 1+ x71n)7 (R(()? 1)7 1+ Qfg)) :

The scattering diagram ®,. is then the consistent scattering diagram formed by adding rays to
D;.in (see, for example, [17, Section 3] for details on consistency). It is shown in [40, Theorem
1.7] that such a scattering diagram exists and is unique up to equivalence. The scattering

diagram ®,. contains cluster walls of the form
(R<o(Cmy Cme1), 1+ 2725 1) and (Rg(Cmo1, Cm), 1+ 277" 2hom)

for all m > 2, and these walls are distinct for r > 2.

For r > 2, there are walls in addition to the cluster walls that lie in the closed cone
spanned by (2r, —r? + rm) This cone is known as the “Badlands” and contains
infinitely many rays for » > 3. It was recently shown by Davison and Mandel [20] that D,
has a wall at every rational slope within the Badlands. However, the functions associated
to these walls are generally not understood, though some partial progress has been made

[1,25,73).
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Remark 4.4.3. While scattering diagrams are usually parameterized in terms of g-vectors,
the setting of d-vectors is better suited for drawing connections to compatible pairs. Thus,
our definition of the scattering diagram ®, is equivalent to the d-vector scattering diagram
@‘(im) in [17], and our theta functions are parameterized by d-vectors as well. The two

settings differ by a piece-wise linear bijection on the scattering diagram [17, Theorem 4.3].

4.4.2 The Kronecker Scattering Diagram

We now describe a more explicit construction of the scattering diagram for the Kronecker
cluster algebra.

In this case, we have
Doim = {(R(=1,0), 1+ z7), (R(0,1), 1+ z3) } .

The remaining walls of slope # 1 can be obtained via an iterative process, described in

[17, Section 3. This process yields the walls

Dy = U {(]Rgo(f +1,0),1+ xf(“”x?f) : (Rgo(ﬁ, C+1),1+ a:féxg(ul))} :

£>1

Lastly, there is one additional wall that is not described by this process, given by
2, = <R<0(1,1), Z(j+1)x§jx§j> .
§=0

Its support is a ray of slope 1 eminating from the origin, and its wall-crossing function
was originally computed in the classical case by Reineke [74, Section 6] using representation
theory.

The scattering diagram associated to the cluster algebra A(2,2) is then given by

Dy =D UD,U {01}
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Figure 4.3: The walls of the scattering diagram ®, are depicted above. The only non-cluster
wall is 91, the wall of slope 1, shown in red.

We refer to the walls in A(2,2) by their slope, i.e.,

0/41) = (R< 0 (+1,0),1 +$1(£+1)x2£> ,

g+1 (R <0 f 14 + 1 -+ $%€$§(€+1)) s

(R l—l—ml) , and
= (R(0

R(0 1+a:2).

4.4.3 Broken Lines and the Theta Basis

We begin by introducing broken lines for classical scattering diagrams. Then, focusing
specifically on broken lines that only cross over cluster walls, we see how to assign a quantum
weight to each wall crossing in a quantum cluster scattering diagram. We additionally
describe the quantum weighting associated with crossing the unique non-cluster wall in the

quantum Kronecker scattering diagram.
Definition 4.4.4. Let ® be a consistent scattering diagram in Mg. Fix an initial exponent
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vo € M and terminal point Q@ € Mg \ Supp(®). A broken line v on © with ends (Q,m) is
the data of a continuous map v : (—o0,0] — Mg \{0}, values —co =79 < 7 --- < 77 = 0,

and for each i = 1,...,¢, and associated monomial ¢;z" € Z[M] such that

(i) 7(0) = Q and ¢o = 1;

(i) v'(1) = —wvp for all 7 < 7y, and for each i = 1,...,¢, we have (1) = —v; for all

T € (Tiz1, Ti);

(iii) for each i =1,...,¢ — 1, the point v(7;) is where v transversally crosses a wall 9(7) of

D;

(iv) ¢;y12V* is a monomial term of

AU £V
i Jai)

where n is a primitive normal vector of d(7) such that v; - n > 0.

The element v; € Z?* is the exponent of the domain of linearity v(7;, 7541). We refer to
each v(1;) fori =1,...,0—1 as a bending of multiplicity m; of v at the wall 9(i), where v; 1
is the (m; + 1)-th term of ¢;z% a”(z)” (ordered increasingly by exponent).

The combinatorics of Gaussian binomial coefficients is necessary for discussing the quan-

tum weight of broken lines. For k € Z>(, we define

- q_1 qf(kfl) + qf(kf?)) I qk73 + qkfl c Z[qil].

[Klg -

This can be viewed as a quantum deformation of the integer k, since lim, ,;[k], = k. We
then define [k],! := [k],[k — 1], - - - [2]4[1], for £ > 1 and set [0],! := 1. For integers ¢ > k > 0,

the bar-invariant quantum binomial coefficient is the quantity

Yy 4], +1
(k) = Ay 2ol )
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Definition 4.4.5. Let v be a broken line on the quantum cluster scattering diagram 2.,
that bends only over cluster walls. To each domain of linearity v(7;, 7;41), we associate a

quantum weight c; , determined by

Vi n
coq=1and ciy14 = Cig ,
m’i q2r

where m; is the multiplicity of the bending at ~y(7;11). The quantum weight of ~ is the
quantum weight of the last domain of linearity.

If ~ is on the scattering diagram ©,, we additionally allow bending on the non-cluster
wall. The quantum weight after this bending is given by c;41,4 = ¢; o f[m], where f[m;] is

the coeflicient of 2™ in

fla) = (Z[z’ - 11q4xk) -

k=0
For such broken lines, we associate a quantum monomial Monoy(y) = cg 42" to the last

domain of linearity.

Example 4.4.6. The broken line v in Figure 4.4 has quantum weight

o) ((_127 _111) (2, _3)>q4 <(—6, —7)1- (1, —2)>q4 <(—2, —5)1. (—1,0)>q4

-(),0),6),

:q760+2q*52+3q*44_'_4q736+5q728+6q720_’_7q712+8q74+8q4

+7q12+6q20+5q28+4q36+3q44+2q52+q60

Remark 4.4.7. We must renormalize the setup in [20] in order to have the quantum cluster
variables coincide with those in the setting of [80]. This renormalization is achieved by

replacing the quantum coefficient by its 2r-th power, i.e., applying the map ¢q — ¢*".

Remark 4.4.8. While we have not explicitly defined the quantum cluster scattering dia-

grams, the quantum weight of a broken line in our setting matches the weight of the same
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Figure 4.4: A broken line v with terminal point (0.25, 0.375) is depicted on the scattering
diagram ®, (shown in Figure 4.3). The exponent of each domain of linearity of v is shown
as an element of Z2. The quantum weight of v is computed in 4.4.6.

broken line on the associated quantum cluster scattering diagram. To handle bending at the

non-cluster wall in @5, one can adapt the methods used by Reading [73, Theorem 3.4] to

the quantum case.

When all walls of ©® have apex at the origin, as is the case for scattering diagrams

associated to cluster algebras, then we say ) € My is generic if @ is not in (J, ¢,/ vt

Definition 4.4.9. Fix a scattering diagram ©, m € M \{0}, and @ € Mg\ Supp(®D). The

theta function V¢, is defined by

Vom = Z Mono(7)
v

where the sum is taken over all broken lines that have endpoint () and initial exponent m.
Fixing a generic ) € RQZO, the theta basis is the set of all theta functions v¢ ., for any

m € Z2.

Additionally, on the scattering diagram ®,, we can define the quantum theta functions

and quantum theta basis by replacing Mono(~y) with Mono,(7y) in the above definition. Quan-
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(—10,—9)
(—12,—11)

(—12,-11)

Figure 4.5: Two broken lines on ®, with initial slope (=12, —11) are shown above. Though
there are infinitely many walls in ®5, we do not depict those with slope in the range
(2/3,1) U (1,2). The red line has positive angular momentum, while the blue broken line
has negative angular momentum and is the same as in Figure 4.4. The terminal point
(¢1,92) = (0.25,0.375) is shown in black in the first quadrant. The points at which the
broken lines bend are shown as nodes of the corresponding color, and the exponent for each
domain of linearity is shown nearby in the corresponding color.

tum theta bases were defined for arbitrary cluster algebras in recent work of Davison and

Mandel [20] in order to prove the strong positivity conjecture for quantum cluster algebras.

4.4.4 Angular Momentum

We now discuss an invariant of broken lines in rank 2 scattering diagrams that will help us
distinguish which broken lines cross the Badlands. Suppose that we are considering the set

of compatible pairs corresponding to a monomial X?' X2? in the cluster variable X,.

Definition 4.4.10. Fix a point (1, g2) on the linear portion with slope (my,ms) of a broken

line terminating in the first quadrant. The angular momentum of the broken line at that
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point is the quantity gamq, — gime.
Lemma 4.4.11 ([17, Lemma 5.3]). The angular momentum is constant on a broken line.

We will be primarily interested in whether the angular momentum is positive or negative.
The terminal exponent of a broken line can sometimes determine the sign of its angular

momentum, and otherwise its sign also depends on the choice of terminal point.

Lemma 4.4.12. Let 7y be a broken line in ©, terminating at (qi,q2) in the first quadrant

—cpn—1+rb y—cn_2+ra
1 X

that contributes to the monomial X 9 i the quantum cluster variable X,.

Then
1. if rb > ¢,_1, the angular momentum of v is positive,
2. if ra > c,_a, the angular momentum of v is negative,

3. otherwise, the angular momentum of v can be either positive, zero, or negative depend-

ing on the choice of (q1,q2)-

Proof. Since q1,q2 > 0, this implies that in cases (1) and (2), the angular momentum is
never 0. The claims about the corresponding signs in cases (1) and (2) follow from the signs
of the terms in the formula for angular momentum. Since there are no walls in the interior
of the first quadrant, it follows that m; = —c¢,_1 + rb and my = —c¢,,_o + ra cannot both be
positive. Thus, case 3 handles when both m; and my are negative, in which case choosing

q1 > q2 or qo > ¢ will change the sign of the angular momentum. O

Remark 4.4.13. Since we are primarily interested in broken lines with negative angular
momentum, unless otherwise specified we take the terminal point (¢;,¢2) to be a generic
point in the first quadrant where ¢o > ¢;. Specifically, for each fixed initial slope m, the
quantities ¢; and ¢o are chosen (depending on m) such that every broken line with initial
slope m and terminal point (q;,¢2) that does not satisfy case (1) of 4.4.12 has negative

angular momentum.
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Lemma 4.4.14 ([17, Lemma 5.4]). Let v be a broken line in ®, terminating in the first
quadrant. If v has positive (resp. negative) angular momentum, then the slope of the linear
portions of v decreases (resp. increases) at each bend, except possibly at the boundary of the

first quadrant.

Remark 4.4.15. It follows that a broken line with initial exponent (my, ms) will only bend at
walls of slope less than (resp. greater than) 2 if the broken line has negative (resp. positive)
angular momentum. Thus, v is a broken line with negative angular momentum associated

to a cluster monomial in ®,., then v only bends at walls above the Badlands.

Definition 4.4.16. Suppose we have integers ¢; > 0 and m; > 1 for each i € {1,... k},
where the ¢; are decreasing. Let £ = [({1,m1), (la,m2), ..., ({x, my)] be a sequence of integer
pairs. Let L [(] = L. [((1,m1), (b2, m2), ..., (€, my)] be the broken line in ©, with initial
slope (—¢,_1, —¢,_2) that bends at the wall of slope % with multiplicity m; and terminates
at (q1,q2). By convention, the wall of slope _Tl or % is the y-axis.

Similarly, let £ [(] = L}, [(€1,m1), (€2, m2), ..., (€k, mz)] be the broken line in D, with
initial slope (—¢,_1, —¢,_2) that bends at the wall of slope % with multiplicity m; and
terminates at (qi,q2). Note that £ [¢] has negative angular momentum while £ [f] has

positive angular momentum. When r = 2, we also consider broken lines of the form

L} [(00,meo), (€1, m1), (€2, m2), ..., (€x,my)], where the broken line bends over the wall of

Ce+1
Cy

slope 1 = limy_, with multiplicity me..

Example 4.4.17. The blue broken line in Figure 4.5 is L4 14((3,1),(2,1),(0,2)], and the red
broken line is L3 14[(c0,1),(2,1), (0,3)].
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4.5 Weights of Broken Lines

4.5.1 The Cluster Variable Case

For any integer r, and for any real numbers «, 3, let f] ; denote the sequence where f, 5(0) =

a, fr (1) =8, and fI 5(k+ 1) =rf 5(k) — fr 5(k — 1) for k > 1.

Lemma 4.5.1. For any k € Z>( and real numbers «, 3, we have

Crr1 — o = fé,@(k)

Proof. Let g(k) = cpy18 — cpae. We first see that

g(k) = (Tck - Ckfl)ﬁ - (Tckfl - Ck72)04
= T’(Ckﬁ - Ck—lOé) - (Ck—lﬁ - Ck—zOé)

=rglk—1) —g(k—2).

Moreover, we have g(0) = a and g(1) = 3, so we can conclude g(k) = f7 (k). O

Corollary 4.5.2. For any n > { € Z~q, we have

CnCei1 — Cnt1Cr = Cn—p41

and

Cn+1Ce+1 — CnCp = Cpyy -

Proof. For the first statement, apply 4.5.1 with a = ¢,.1 and 3 = ¢p,. It is then straightfor-

ward to check that f” () = ch_ps1-

Ch+41,Ch

For the second statement, apply 4.5.1 with o = ¢;, and 8 = ¢j, 1. It is then straightfor-

ward to check that f7 () = chie- O

ChCh+1
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Proposition 4.5.3. The quantum weight of L., ,[({1,m1), ..., (b, my)] is

k
H cn—fi—i-l -r Z]<z mfj Czj—éﬁ-l
mi q27‘

=1

Proof. We prove this by induction on the number of crossings. Note that the broken line

Lo [(6,my), ..., (be—1,mp-1)] has terminal exponent

k—1 k—1
_Cn+1 + § mjcfj+17 —Cp, + E mjcfj .
j=1 7j=1

Using 4.5.2, we can calculate that the dot product of this terminal exponent and the primitive

co - L o .
normal vector to the wall of slope T 18 d = Chq 11 T’Zj<k My, Co,—g4+1. The desired

formula is then readily calculated by multiplying the quantum weight of

‘C;,n—i-Q[(gl? ma), ..., (Ce—1,Mp_1)]

by the binomial coefficient ( ) ) m

d
mi q2r
Remark 4.5.4. In the above statement, m; is the multiplicity of the bending of v at the

y-axis.
Proposition 4.5.5. The quantum weight of L, o[((x,m1), ..., (Cx,mu)] is
k
H (Cn—i-fi =T Zj<i My, CZj-&)
. mZ 2r .
1=1 q

Proof. This follows from a similar argument to that for 4.5.3, except using the second

equality in 4.5.2 rather than the first. O]

Definition 4.5.6. Let BL(¢, h,a,b) be the collection of broken lines with initial exponent
(—¢, —h) and terminal exponent (—¢+1rb, —h+ra). Let BL_(¢, h,a,b) (resp. BL,.(¢, h,a,b))

be the set of broken lines in BL(/, h, a, b) with negative (resp. positive) angular momentum.
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Given a set of broken lines B, let |B|, denote the sum of the weights of the broken lines

in B. We define |B| € Z to be the value of |B|, under the substitution ¢ = 1.

Lemma 4.5.7. If rb < ¢, we have that

a . _rb
|BL_(¢ni1 s, b)g = > (C " " ) | BL_ (Cn, oy, (@ — t) — b,a — 1),
t=0 q27‘

Proof. Fix a broken line v = L ,[(¢1,m1), ..., (lg, mg)] in BL_(cpy1, ¢, a,b). Let ¢ denote
the multiplicity of the crossing over the y-axis, i.e., t = my if {;, = 0 and ¢ = 0 otherwise. If
t=0,let v =L, [((r —1,m1), ..., (lg—1 — 1,mp_1)], and otherwise let v = L . [({; —

1,mq),...,(lx—1,my)]. Note that we have v € BL_(¢,, ¢p—1,7(a—t)—b,a—t). By 4.5.3, we

Cn4+1—Tb

have |y|, = ( :

)q|7’|q. Note that the map from « to 4’ is bijective (considered as a map
on unweighted broken lines). Therefore, summing over all choices of v in BL_(¢,41, ¢y, a,b)

yields the desired equality. O

4.5.2 The Kronecker Case

We first handle broken lines of positive angular momentum and then broken lines of initial
exponent (—h, —h). The latter are the broken lines corresponding to the theta basis elements

of A,(2,2) that are not cluster monomials.

Proposition 4.5.8. In the Kronecker scattering diagram s, the quantum weight of the

broken line ﬁ;fnﬂ[(oo, Meoo), (U1, m1), ..., (b, )] s

k
o+ 10 [ ((n T~ o) _nizf'“ ma; (£ = 6")) g

i=1
Lemma 4.5.9. In the Kronecker scattering diagram ®s, we have that
b

h—2
BLyn+ Ladl =Y (") IBLub - 10— 200 - o)
q4

t=0
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whenever 2a < h + 1.

Proof. Fix a broken line v = L, 5[(00, muo), (€1, m1), ..., (lx,mi)] in BLy(h+ 1, h,a,b).
Let t denote the multiplicity of the crossing over the z-axis, i.e., t = my if {4z =0 and t =0
otherwise. If ¢ = 0, let 4’ be the broken line £, ,[(00, mo), ((1—=1,m1), ..., (Ce—1—1,mp1)],
and otherwise let 7/ = L, ,[(00,mu), (01 — 1,my), ..., (lx — 1,my)]. Note that we have
v € BLy(h,h —1,b—1t,2(b—t) —a). By 4.5.8, we have |y|, = (Chzzb)q|7’|q. Note that the
map from 7y to 7/ is bijective (considered as a map on unweighted broken lines). Therefore,

summing over all choices of v in BL, (h + 1, h, a, b) yields the desired equality. ]

Proposition 4.5.10. Suppose r = 2 and 2b < h. The quantum weight of the broken line in

BL_(h, h,a,b) crossing at the wall ¥y, g, +1) with multiplicity m; for 6y > -+ > £, > —1 is

H (h i lj;nj( ej>)q4_

Proof. Denote this broken line by . Let p; be the exponent of v after bending at the wall

00, /(6;41), and let po = (—h, —h). It is straightforward to prove by induction that we have

j=—1 j=-—1

Thus, the dot product of p;_; with the primitive normal vector to the wall d, /¢, 41) is
-1
Pi—1 - (—gi,éi + 1) = h — Z Qmj(fj — ﬁl) .

The weight of the broken line is then the product of the quantum binomial coefficients

(pi—l'(fgiyei+1)) O
\

my q
Lemma 4.5.11. Ifr =2 and 2b < h, we have that

a

h —2b
BL_(h,h,a,b)|, = BL_(h,h,2(a —t) —b,a —1)|,.
| (h, h,a,b)lq Z( " )q4| (h, h,2(a —t) a—1t)lg

t=0
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Proof. The proof is essentially the same as that of 4.5.9, but adapted for the initial exponent

(=h,—h). Consider the broken line v € BL_(h,h,a,b) that bends over the wall 7* with

multiplicity my for £ > 0. Let my = t. We then map v to " € | BL_(h,h,2(a—t) —b,a —1)]

that bends over the wall fj—f with multiplicity my for ¢ > 0. By 4.5.10, we can see that
h—2b

we(v) = (7 )q4wq(7’ ). The desired equality follows from summing over all possible values

of mg =t. O

4.6 A Bijection for r-Kronecker Cluster Monomials

4.6.1 Construction of the Bijection

We now construct a ¢g-weighted bijection between positive compatible pairs and broken lines
of negative angular momentum associated to quantum cluster monomials in the r-Kronecker
cluster algebra. That is, for £ > rb, we construct a map ¢ : CP({, h,a,b) — BL_(¢, h,a,b)

such that, for a broken line v € BL_ (¢, h,a,b), we have

Yo w(S1,8) = Iyl

(S1,52)€p™1(v)

Definition 4.6.1. A vertical edge v is overshadowing if the horizontal edge shadow-paired
with v is in S;. A vertical edge v is overflowing if the horizontal edge cascade-paired with

visin S;.

We say that a vertical edge of P is protruding if it has fewer than r horizontal edges
to its immediate left. Note that, by the compatibility condition, if a vertical edge is over-
shadowing or overflowing, then it is protruding. We denote the protruding edges of P by
Vpro,15 - - - » Vprorh—e, Ordered from bottom to top.

Suppose (r—1)h < ¢ < rh. Let ¢’ = h and b’ = rh—/, and consider the paths P = P({, h)
and P’ = P(¢',1'). Note that the path P’ is obtained from P by replacing the sequence of
steps E""'N with EN and E"N with E.
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Definition 4.6.2. We define a map 6 : CP(P) — CP(P) taking (Sy,55) to (51, S), where
e S = {ni€ P :v; € P\ Sy}, and
o Sy = {v; € P": vy, is overflowing}

Remark 4.6.3. It is not clear from the definition that the resulting set of edges in the image
of is a compatible pair. This fact is proven in 4.6.8. Moreover, when restricted to the set

CPeas(?, h,a,b), the map 5yields a compatible pair in CP(¢',h/,h — b, a).

Let (SY), Séi)) =f0ofo---00(S,S,) fori > 0. Let b; = |S§i)|. Note that the sequence b;

is weakly decreasing, and we have b; = 0 for sufficiently large 1.

Definition 4.6.4. Let P(¢,h) be a Dyck path corresponding to a cluster monomial. We
define ¢ : CP({, h,a,b) — BL_(¢, h,a,b) to be the map taking a compatible pair (Si,Ss) to

the broken line that crosses the wall of slope %1 with multiplicity b;_1 — (rb; — bi41).

Ci

A potential direction for further work would be extending this bijection to all broken
lines that arise in the theta bases of rank-2 (quantum) cluster algebras. This problem was
posed in the classical case in [17, Remark 3.6], as this would give a combinatorial proof that
the greedy and theta bases coincide. In the quantum setting, it is not yet known if these
bases coincide, though this was suggested to be true in [20, Section 1.4]. For the quantum
Kronecker cluster algebra, we show at the end of section 4.7 that the quantum greedy and

theta bases indeed coincide.

4.6.2 Proof of Compatibility

We begin by recalling a map 6 that takes a compatible pair to another compatible pair on
a different Dyck path. This map originally appeared in the work of Lee-Li—Zelevinsky and

was used in their proof of 4.2.5.

Definition 4.6.5 ([55, Lemma 3.5]). If (r—1)h < ¢ < rh, then the map 0 : CP..s(¢, h,a,b) —
CP(¢',h',h — b, a) taking (S, S2) to (57, 5%) is defined as follows:
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o S ={n; € P':vpy1 is overshadowing}, and
° Sé = {l/j epP . Vv € P\SQ}

Remark 4.6.6. Our definition of the Lee-Li-Zelevinsky map 6 differs from their original
formulation. Moreover, we apply 6 to compatible pairs (rather than sets of horizontal edges).
It is straightforward to show that the two definitions are equivalent (up to conjugating the

underlying Dyck path and including the vertical edges).

We now prove that any set of edges (51, S2) in the image of 0 is indeed a compatible pair.

To do this, we utilize that the map 6 has this property.

Theorem 4.6.7. We have 0(S1,5) = (FoA)(Sy,Ss) for any compatible pair (Sy,Ss) in
CPu (0, hya,b).

Proof. Note that A does not affect Sy and both 6 and greplace Sy with its complement. The
map 6 depends on which edges of Sy are overshadowing in (S, .S2), while the map ] depends
analogously on which edges of S5 are overflowing in A(Sy, S2). By 4.3.11, the overshadowing
edges of (57, 52) coincide with the overflowing edges of A\(Si, S2). Therefore, we can conclude

that the maps are the same. O

Corollary 4.6.8. For compatible pairs on Dyck paths corresponding to cluster monomials,

the map 5]97’6567‘1}63 compatibility.

Proof. By 4.3.9, the map A~! preserves compatibility for the cluster monomials (which
includes the setting in which 0 is defined). By 4.6.7, we have 0 =600 AL Since the map 6

preserves compatibility (see [55, Lemma 3.5]), we can conclude that 0 does as well. O]

4.6.3 Preservation of Quantum Weight

We now show that, on a path P(¢,h) corresponding to a cluster monomial, the map ]

preserves the quantum weights of compatible pairs. Thus, the map ¢ : CP({, h,a,b) —
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BL_ (¢, h,a,b) is a ¢-weighted bijection (see 4.6.18). Throughout this section, let (S, S5) =

6(51,52).

Proposition 4.6.9. Let w € {h,v, H,V}* be the word associated to a compatible pair in
CP(l, h,a,b) where P({,h) corresponds to a cluster monomial. If we swap an instance h
with an H to its right such that the segment o between them satisfies |on| + |on| = rlov|,

then the quantum weight increases by 2r.

Proof. Note that the above expression does not take into account |o,|. Moreover, the quan-
tum weight contributed from portions of w outside the segment ho H (or Hoh) are unaffected.

We can then calculate that

wy(Hoh) = w,(Hh) + wy(log|HH + |oy|HV + |oy|Hh + |0y, |Hv)
+wy(log|Hh + |oy|Vh + |on|hh + |, |vh)
=r+lov|(1—1*) + lonlr + |ou| + loulr — lov] —|ou|
=r+lov|(1 =% + (rlov] = lor|)r + |lon|r — |ov|

=r
and

wy(hoH) = wy(hH) + wy(|og|hH + |oy|hV + |oy|hh + |0y |hv)
+wy(log|HH + |oy|VH + |op|hH + |oy|vH)
= —1r — |og|r + |lov| + |ou] + lov|(r* — 1) — |on|r — |oy|

= —1 = (rlov| = owl)r + lov| +|ov|(r® = 1) — |on|r

=—r.

The resulting change in the quantum weight is then w,(Hoh — hoH) = 2r, as desired. [
Let L be a set of letters. Let |W|, denote the number of entries of W that are in L (with
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Y2

s

Figure 4.6: An illustration of the construction in 4.6.10.
multiplicity). For integers s; and words W, let ‘Zlgigk siWi|L = Zlgigk si| Wi L.

Lemma 4.6.10. Fiz a positive compatible pair (S1,S2) on C,. Suppose that the horizontal

edge m; ¢ S is cascade-paired with v; € Sy and that n; is to the left of v;. Then
wy(S1 U {113}, S2) = wq(S1, 82) = wy(S1, S5 U {y}) = w,(S1, 55).

Proof. We begin by decomposing C, into several paths. Let p; be the leftmost point along
C, at the same height at 7;. Let p, be the left endpoint of n; and let ps be the top endpoint
of v;. Let X be subpath of C, consisting of all edges below p;, and let Y be the path from
p1 to po. Let S be the path from py to ps, and let Z be the subpath of C, consisting of all
edges to the right of ps.

We similarly decompose C,,_; into several paths. Let X be the image of X, S be the
image of Y U {n;} U S with v removed, and Z be the image of Z.

Expanding out the pairs of edges that involve n; in C,, we have

wq(Sl U {7’]%}, Sg) — wq(Sl, Sg) = wq(XYHSZ — XYhSZ)

=r|S+Z—-X-Y|pu+rX+Y -S—Zv
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and

wq(§1,§2 U {773}) — wq(§1,§2) = T’)? + §— Z|v,V + TQ‘Z — 5(1 — g‘H .

Thus, we want to show that the quantity

aZ:T’(|S—|—Z—X—Y|h7]{+|2_)/Z_§|U,V)

+ 2 (|X+Y—S—Z|V+|5<‘+§—21H>
vanishes. By the definition of the map p, we have
P X oy — [ X|ng = | X oy and 7| 2|y — | Z)nm = | 2oy -

Hence

P\ X = Zly +11Z = X|pg+7|Z — X|oy =1 Z — X|, .

Plugging this into our expression for «, we find
o =7 (1= Ylnw = ISloy ) + 72 (IV = Sly + X+ 8 = Zlu+12 - X, .

By the definition of the map p, we have |W|y = [W|, and |W|, = |[W |y for W = X, S, Z.

We also must have |Y|,y = 0. Thus, we can further simplify a to
a =7 (18 = Ylnw = 18hy ) +72 (1Sl — ISlv) -

We furthermore have

r[Sloy — Y + Sl —1 =S|y + 1,

hence we have
a=2r|S|hy — 27”2]S|V +2r = =2r(r|Sly — [S|hy —1).
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P1 P2 P3
18

Figure 4.7: An illustration of the construction in 4.6.11.

Since the shadow of v; extends to 7;, we have r|S|y — |S|pp —1 = 0. We can therefore

conclude that a = 0, as desired. O

Lemma 4.6.11. Fiz a positive compatible pair (S1,S2) on C,. Suppose that the horizontal

edge n; ¢ S is cascade-paired with v; € Sy and that n; is to the right of vj. Then
wy(S1 U {11}, S2) = wy(S1, 82) = w,(S1, S5 U {u;1}) = w,(Sh, S5)

Proof. We proceed via analogous methods to the proof of 4.6.10. We start by decomposing
C, into several paths. Let p; be the left endpoint of 7; and let ps be the right endpoint of
7;- Let ps be the rightmost point along C, at the same height as n;. Let S be subpath of
C,, consisting of all edges below p;, and let Y be the path from p; to ps. Let S be the path
from psy to p3, and let Z be the subpath of C,, consisting of all edges to the right of or above
ps. Note that sh(r;; S2) = SUY U {n;}.

We similarly decompose C,,_; into several paths. Let S be the image of S with v

removed, and let Z be the image of {ni}uYuZ.
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Expanding out the pairs of edges that involve n; in C,, we have

wq(51 U {’I]l}, SQ) — wq(Sl, Sg) = wq(SYHZ — SYhZ)
=Y+ Z—Slphu+rS-Y — Z|v

=r|Y + 27— S|pu+7r%5 - Z|y

and

we(S1, S2 U {n}) — wy(S1,82) = 7[S = Zl,w +1*|Z — S|y .
Thus, we want to show that the quantity

a=r <|Y—|—Z—S|h,HﬂL |Z—§|v7V> +r? <|S_Z|V+ |§_Z|H>

vanishes.

By the definition of the map p, we have
r|Slow = |SIha =S|y + 1

and

P Zlov =Y + Zlnw — 1= |Z|oy .

Substituting these into our expression for o, we have

o« =7 (I + Zls +1Zhy) + 12 (=12l + 18 = Zly — IS].) +r

— 2 (\Z—sm \§—Z|H) .

We furthermore have that |S|, = |S|y and |Z|, = |Z|z. We can thus conclude that

a = 0, as desired.
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Lemma 4.6.12. For any compatible pair (S, S2) with S; C cas(S,), we have
wq(S1 U (Py\sh(S2)), S2) = wy(Si,S2).
Proof. This follows because, for any m € Zx(, we have
we(Vh +mhh + (r —m)Hh) = wy(VH +mhH + (r —m)HH)

and w,(hv) = wy,(Hv). O

Lemma 4.6.13. If rb < { and the path P({,h) corresponds to a cluster monomial, then
the restriction of the 0 to the set CPeas(l, h,a,b) preserves the quantum weight of compatible

DAITS.

Proof. We first see that ] preserves quantum weights when Sy is empty, since the quantum

weight of (0, S2) only depends on the number of 4, j € [h] such that v; € Sy and v; ¢ S;. An

analogous statement holds for 6(0, Sy) = (0, 0).
One can then add on horizontal edges to the compatible pair one-by-one. The fact that

the quantum weight is preserved under this operation follows from 4.6.10 and 4.6.11. [

We lastly show that the compatible pairs satisfy an analogous recursion to that for the

broken lines 4.5.7.

Lemma 4.6.14. If rb < c¢,+1, We have that

R g——
| CP(cnt1, Cnya,b)|g :Z ( +1t ) | CP(cy, cpo1,m(a—1t) —b,a —t)],.
t=0 a*"

Proof. We first note that

| CP(Cnt1, s a,0)]g = | J I{(S1, 82) € CP(Cny, cnya,b) < | cas(Sz) N S| =t}
t=0
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Hence, by 4.6.9 and 4.6.13, we have

|CP(Cn+1vana7b)|q = Z t

t=0

: Cn - Tb
( ! ) | CPcas(Cn—f—l;Cn,CL — t,b)|q,
q2r

Then, applying 0 to A, := CPas(¢pi1, cn,a — t,b) and using 4.6.12, we have

| A, |, = [{(S1,52) € CP(cn, o1, —bya—t) : Py \ cas(S2) C S},

= ’ CPcas(cm Cn—1, 7“(@ - t) - b7 a — t)‘q :
The desired equality follows from substituting the above expression in the summation. []

4.6.4 From Cluster Variables to Cluster Monomials

The quantum analogs of cluster monomials for A,(r,r) the bar-invariant quantum cluster
monomials, which are elements in T~ of the form ¢*/ X X" 41

While we have restricted the proofs in this section to the cluster variable case for sim-
plicity, the same methods can be readily adapted to the case of cluster monomials. In this
subsection, we outline the main steps of this adaptation to the cluster monomial case.

Let ¢,[a, 5] = ac, + Pc,—1. Note that the sequence c,[a, 5] still satisfies the recursion

Cni1ley, B] = regla, B] — cn-1]a, B], and that ¢, = ¢,[1,0].

Remark 4.6.15. The statement and proofs of 4.5.2, 4.5.3, and 4.5.7 hold true if ¢, is
replaced with ¢,[a, §] whenever n € {h — ¢+ 1,h — 1,h,h + 1,h 4+ £}. Thus, the quantity

| BL_(¢h11]e, 8], eule, 8], a,b)|, is given by

i (Cn[a7 /B] : b) 27‘| BL—(C”[avﬁ]v Cn—l[a?ﬁL rt — b’ t)|q )

a—1
t=0

In order to study the compatible pairs associated to cluster monomials, we first address

how to construct cascades.
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Remark 4.6.16. The path P(ac, + Bcpi1, ac,—1 + Be,) can be constructed by appending
copies of the paths P(c,, c,_1) or P(cpy1,¢n). Proceeding from left to right, the i subpath
appended is P(cp41,¢,) whenever the i*® edge of P(a, 3) is horizontal and is P(cy, ch_1)

otherwise.

Definition 4.6.17. Let P = P(«ac, + Bepir, a1 + Pen) be a maximal Dyck path corre-
sponding to a cluster monomial in A(r,r). Decompose P into o + 8 subpaths {P;}1<i<a+s
of the form P(c,, cn_1) or P(cpi1,cn). Then, for Sy C Py, the cascade of Sy is computed

locally on each subpath P; according to 4.3.3.

Having constructed cascades, the definition of the map 0 can then be extended directly
to the cluster monomial case. The proof that ] preserves quantum weights follows identically
from that in subsection 4.6.3 except that now cascades are considered locally on each subpath
P;. That is, one can readily check that the quantum weight is preserved for compatible pairs
with no horizontal edge, and then one can iteratively add in horizontal edges using 4.6.10

and 4.6.11. From this, we can conclude that | CP(c,11]ev, f], enla, 8], a,b)|, is given by

Z (Cn[g, o a) q2r| CP(cnla, B], cnla, Bl,rt — b, 1), -

a—t
t=0

Combining this with 4.6.15, we can conclude that, in the cluster monomial setting, 0 is
a weighted bijection that preserves quantum weights. Thus, we can conclude that ¢ is a

g-weighted bijection in the cluster monomial case.

Theorem 4.6.18. If rb < ¢ and the path P({,h) corresponds to a cluster monomial, then

the map ¢ : CP({,h,a,b) — BL_(¢, h,a,b) is a q-weighted bijection.

Proof. By the above discussion, it is enough to consider the cluster variable case. The map
@ is defined by taking successive applications of the map 6 and extracting the associated
quantum binomial coefficient, which also corresponds to a bending of a broken line at one

wall of the scattering diagram. A recursion for the quantum weights of the compatible
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pairs in terms of 0 is given in 4.6.14 that matches the recursion given for broken lines
of negative angular momentum 4.5.7. Thus, we can conclude that ¢ is a bijection that

preserves quantum weights. L]

By 4.2.7, 4.6.18 applies to almost all compatible pairs on paths corresponding to cluster

monomials.

4.7 A Bijection for the Kronecker Theta Basis

In this section, we now study a map between all compatible pairs and broken lines corre-
sponding to theta basis elements of the quantum Kronecker cluster algebra A,(2,2). We
then show that the theta basis for the quantum Kronecker cluster algebra coincides with

many other bases, including the quantum triangular, greedy, and bracelets bases.

4.7.1 Positive angular momentum

In order to handle the positive angular momentum case, we first extend our map 0. The
fact that this map indeed preserves compatibility is shown in 4.7.3. We will be primarily
interested in the cascade structure of P(n—3,n—2), which is obtained from C, by a reflection.
Since we are working in the reflected Dyck path, we take the convention that |S;| = b and

|S2| = a in this subsection.

Definition 4.7.1. Suppose 2a < h—1 and r = 2. We define a map 0 CPeas(h—1,h,b,a) —
CP(h,h+ 1,h — a,b) taking a compatible pair (S;,S3) on P = P(h — 1, h) to a compatible
pair (§1, §2) on P'=P(h,h+ 1) by

° §1 = {T]i cP: v; € 77\52},
¢ S, \{Vn, Vhs1} = {vj € P' : vy, is overflowing}, and

e v, € P’ (resp. vp1 € P’) isincluded in §2 if the horizontal edge that is 1-cascade-paired

(resp. 2-cascade-paired) with v, € P is in 5.
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Figure 4.8: An illustration of the map ] applied to the compatible pair (57, S;) on P(12,13),
where S1 = {ns5,m6, 18, M0} and Sy = {1, v3, vy, 11, 12, 113}

Remark 4.7.2. In a sense, 4.7.1 is a natural extension of 4.6.2. This is because, by
definition, a vertical edge is overflowing if and only if the horizontal edge that is r-cascade-
paired with it is in S;. The only difference is that in this case, we need to also consider
whether the horizontal edge that is 1-cascade-paired with each vertical edge is in S;. This is
only possible for the vertical edge v}, € P, hence why the last condition is added to handle

this case.

Proposition 4.7.3. If2a < h—1, then the map 0 CPeas(h—1,h,b,a) — CP(h, h+1, h—a,b)

preserves compatibility.

Proof. 1t is a straightforward consequence of the definition of compatibility that a pair
(S1,52) on P(h —1,h) is compatible if and only if, whenever v; is in Ss, there is no vertical
edge at height j — 1 or j — 2 (where the height of 7 is 0).

Suppose (51, S2) is a compatible pair on P(h—1, h), and let 5(51, Sy) = (§1, §2) Suppose
vj € Sy for some Jj < h. Then v; € S, is overshadowing, which implies that 7 = 1 or
vj_1 € Sy. Hence, n; and n;_; are not in §1. Moreover, if v, € Sy, then 7, ¢ §1. Combining
this with the characterization of compatible pairs above, we can conclude that (51, §2) is

compatible. n

Another distinction of the positive angular momentum case is that the size of Sy is only

non-decreasing, rather than strictly decreasing as in the negative angular momentum case.
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i

Figure 4.9: This figure depicts a compatible pair where |S;| = |S§i)| for all 4 > 0. In this
example, we have a,, = 3.

We can characterize the compatible pairs for which applying 0 does not decrease S| as

follows.

Proposition 4.7.4. Suppose (S1,S2) is a compatible pair on P(h—1,h), and let 6(Sy, Ss) =
(§1,§2) If |Sa| = ]gg\, then (S1,S9) is of the form

So={v€P ke[lLiUlh—j+1,h}.

Sy {m:keli+1,2Uh—2j+1,h—j]}.

Moreover, we have that, if 0(Sy, S2) = (S}, S}), then | S| = |S,|.

Proof. Consider a collection C' of contiguous vertical edges in Sy. If the collection does not
contain v, then cas(C') contains the horizontal edge preceding each edge in C'. These cannot
be included Sy, so |cas(C)NS;| < |C|. Moreover, if v; is the lowest edge in C for j > 2, then
nj—1 must not be in S in order to maintain compatibility. Hence |S; N cas(C)| < |C| — 1.

The only cases that were excluded in the above consideration are when 14 or v, isin C'. In
both cases, the above arguments show that | cas(C)NS;| < |C|. Thus, if | cas(C)N S| < |C],
then C' must be a contiguous set of vertical edges at the top or bottom of P, and S} Ncas(C')
must be maximal while maintaining the compatibility condition.

Lastly, note that if we apply 0 to a compatible pair of this form, the resulting compatible

pair is also of this form. O
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Definition 4.7.5. The map ¢ takes the compatible pair (S, Ss) € CP(h — 1, h,b,a) to the
broken line in BLy (h,h — 1,b,a) that crosses the wall 9; with multiplicity a., and the wall

0(i—1)/; with multiplicity a;,—1 — (2a; — a;41).

Theorem 4.7.6. If 2a < h — 1, the map ¢ is a q-weighted bijection from CP(h — 1, h,b,a)
to BL.(h,h —1,b,a).

Proof. The proof follows similarly to that of 4.6.18, since the map ¢ is still defined by
taking successive applications of the map 0 and extracting the associated quantum binomial
coefficient. One can obtain a quantum recursion for the compatible pairs using 4.7.3 and
4.7.4 that matches the recursion given for broken lines of positive angular momentum given

in 4.5.9. Thus, we can conclude that ¢ is a bijection that preserves quantum weights. [

4.7.2 The theta basis element with initial exponent (m,m)

The only elements of the theta basis in \A,(2, 2) that are not cluster monomials are the theta
functions Jg, (m,m) (Where @ is a generic point in the first quadrant). In contrast to the cluster
monomial case, a quantum weighting for the corresponding compatible pairs on P(m, m) has
not yet been constructed. We begin by defining such a quantization. This quantization is
defined recursively, rather than as a sum over pairs of edges as in Rupel’s quantization. This
definition is convenient for our recursive approach to the bijection, though we expect that a
more natural generalization of Rupel’s quantization can be formulated.

The quantum weighting will be defined recursively using the map 6 between compatible
pairs constructed by Lee-Li-Zelevinsky (see 4.6.5 for the definition). Note that we use the
map 6 rather than 0 because the statement in 4.3.9 fails for the Dyck path P(m,m). This
recursion involves choosing a term of a quantum binomial coefficient according to the image
of a compatible pair under 6.

The quantum binomial coefficient (Z)q is naturally viewed as a sum over size-k subsets

of [h] of monomial terms, i.e, (Z)q = 4° > ety )=k ¢*>%se77 for some constant ¢ = c(h, k).
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Figure 4.10: The leftmost diagram represents a compatible pair in CP_(12,12,3,6). The
middle image is its image under #, which is a compatible pair in CP_(12,12,7,3). The
rightmost image is the compatible pair in CP_ (12,12, 9, 1) resulting from another application
of 6. Any subsequent applications of 8 result in the empty compatible pair.

Given a size-k subset J C [h], let (U}})q denote the exponent of the monomial corresponding

to J in (Z)q.

Definition 4.7.7. The quantum weight w,(S1, S2) of a compatible pair (S5, S2) on P(m,m)
can be determined recursively as follows:

As a base case, we set wy(P1,0) = 0.

Let U = Py \sh(S2) = {my,...,m:, } be the set of horizontal edges that are not in the
shadow of Sy, where 4 < --- <ij,. Then U\ Sy = {n;, : j € J} for some J C {1,...,h}. We

then set

! / h
un(S1,50) = (5,5 + ()
q4
where (Si, Sé) = 9(51, SQ)

Note that, if (S7,.55) = 0(S1, S2), then |S]| > min(m, |S1]+1) and |S5| < max(0,|Ss|—1).
Thus, any compatible pair is sent to (Py,()) under finitely many applications of 6, so 4.7.7
is well-defined.

Using the quantum weighting, we can construct a map from compatible pairs to broken

lines that respects quantum weights. Let (Sfi), Séi)) =fo---060(51,5,).

7

Definition 4.7.8. Let ¢ : CP(m,m,a,b) — BL_(m,m,a,b) be the map taking the com-

patible pair (Si,S2) to the broken line that bending at the wall 91/, with multiplicity
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B 1850 = 218,71~ 151,
Theorem 4.7.9. If 2b < m, the map ¢ : CP(m, m,a,b) — BL_(m,m,a,b) is a q-weighted
bijection.

Proof. The size of the set J in applying 4.7.7 to the compatible pair (Sy), Sée)) is precisely
h+ ]SSZH)] — 2\S§Z)| - |S£Z)\. Thus, the binomial coefficient factor that a broken line attains
by bending at the wall 9(,_1)/, is the same as the binomial coefficient in 4.7.7 attained by

applying 6 to the set of corresponding compatible pairs. O

Note that the positive angular momentum case is symmetric to the negative angular
momentum case by reflecting the scattering diagram along the line y = z. As a result of
the bijectivity of ¢, we obtain an expansion formula in terms of compatible pairs for the

quantum theta basis element 0, ;) 4-

Theorem 4.7.10. The theta basis element Vg mm) in Aq(2,2) is given by

ﬂQ,(m,m) = Z qwq(sl’SQ)X;m+r|SQ|X;m+T|Sl‘ ’
(51,52)

where the sum ranges over all compatible pairs on P(m,m).

Proof. By definition, the theta function ¥¢ () can be expressed as a sum over broken lines.
Using 4.7.9, the expansion formula in terms of compatible pairs follows directly by applying

the bijection ¢ to the corresponding broken lines. O]

4.7.3 Equivalence of bases for the quantum Kronecker cluster al-

gebra

Lastly, we show that, for the quantum Kronecker cluster algebra, the quantum theta basis

coincides with a number of other bases. The bases we consider are

1. the quantum bracelets basis [83, Definition 4.9],
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2. the quantum theta basis [20, Proposition 3.1]*,

3. the basis B consisting of the quantum cluster monomials and {z,},>1 in [23, Definition

3.4],
4. the quantum triangular basis [5, Theorem 1.4], and

5. the quantum greedy basis [54, Theorem 9.

The following discussion concerns only the quantum Kronecker cluster algebra, though
these bases may coincide in a more general setting. All bases mentioned contain the cluster
monomials, so it is enough to show that the remaining elements coincide.

The fact that (1) and (2) coincide is due to the recent work of Mandel and Qin [65,
Theorem 1.4], who showed that the theta and bracelets bases coincide in a much more
general setting.

To show that (2) and (3) coincide, it is enough to check that (the specialization of)
Y9,1,-1,00) and 2z, are equal. This is because the z,’s satisfy the Chebyshev recursion of
the first kind by definition, while Mandel and Qin [65, Example 5.8] showed that the same
recursion holds for the theta functions ¥¢ s —n00). By comparing [15, Lemma 3.3] and
(65, Lemma 8.4], it is readily seen that 2 = ¢ (1,-1,0,0)|y1=ys=1-

The bases (3) and (4) can be shown to coincide by recent work of Li [60, Theorem 1.2]
which determine the support of triangular basis elements for skew-symmetric rank-2 quantum
cluster algebras. It is then straightforward to check that the supports of the elements z, are
equal to the supports of the non-cluster-monomial elements in the triangular basis, so the
bases coincide.

We can then show that (3) and (5) coincide by directly verifying that the elements z,

satisfy the recursion given in [54, Theorem 7], which characterizes the greedy basis. We do

*This work uses a quantization of the cluster algebra with principal coefficients. In this case, the mutable
variables commute, while the principal coefficients y; and ys quasi-commute. In order to reconcile this with
the coefficient-free case, one can reorder ylil and y2il if necessary and then specialize the principal coefficients
to 1.
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so using the Laurent expansion of z, given by the work of Ding-Xu. It follows directly from

23, Proposition 4.4] that z, = s, — s,_9, where s, is the element

n—r n—p —(2p—n)(2r—n —n r—n
Sn= Y < ) ( . )q (2p=n)(2r=n) y2p=n x2r—n_ (4.7.1)
q q

p+r<n p

This is a special case of the g-analogue of the following lemma, which can be easily proved

by the standard generating function method.

Lemma 4.7.11. For any nonnegative integers n,p,r with p > r, we have

zp:(_lyc(n;_l;r)P<k)(n—2r2—k—1) o,

k=0
where P(x) is any polynomial in x of degree < r — 1.

Remark 4.7.12. We note that the basis consisting of the cluster monomials and {s,},>1
that appears in the work of Canak¢ and Lampe [15, Definition 4.15]* is not identical to these
other bases. It instead coincides (after specializing and possibly reordering the principal
coefficients) with the basis S from the work of Ding-Xu [23, Definition 3.4]. The elements
s, are related to the elements z, in the basis B, and their Laurent expansion is given in
Equation 4.7.1. The work of Canak¢ and Lampe was later generalized to quantum cluster

algebras from unpunctured orbifolds by Min Huang [45].
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Chapter 5

Dyck Path Expansion Formulas for
Rank-2 Cluster Algebras

This chapter is a solo work based on the paper [10]. The author thanks her advisor, Lauren
Williams, for introducing her to the various interesting expansion formulas for low-rank clus-
ter algebras and for discussions at many stages of this research. She thanks the anonymous
referees for their detailed comments and thoughtful suggestions. The author is grateful to
Kyungyong Lee, Feiyang Lin, Gregg Musiker, and Ralf Schiffler for their helpful correspon-
dence and comments about this work. She additionally thanks Kyungyong Lee for suggesting
the generalization of 5.1.4 to the case of cluster algebras with coefficients. A portion of this
work was completed while the author was visiting I'Institut de Recherche en Informatique

Fondamentale, and the author extends her gratitude to Sylvie Corteel for hosting her.

5.1 Overview

In this chapter, we start by providing a simplification of Lee—Schiffler’s formula for rank-2
cluster variables in terms of colored Dyck subpath conditions. We then use our simpler
formula to prove Lin’s conjectures [61, Conjectures 3 & 4] that the map constructed between

collections of colored Dyck subpaths and compatible pairs is indeed a bijection. (Our meth-
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ods do not rely on the technical reformulation presented by Lin.) This bijection gives an
efficient method for generating all compatible pairs in the cluster variable case. We then use
the bijection along with Rupel’s quantum weighting of compatible pairs [80] to provide a
quantum version of Lee and Schiffler’s rank-2 expansion formula for cluster variables. This
new formula has the advantage of requiring less computation than that in [80, Corollary 5.4]
and explicitly calculating the coefficients in the quantum case, rather than expressing each
term as an ordered product as in [78]. It is also more elementary than the expansion formula
in [77], which is based on the theory of valued quiver representations.

The chapter is organized as follows. Section 5.2 contains some preliminaries concerning
maximal Dyck paths. The proof of the simplification of Lee and Schiffler’s [57] colored
Dyck subpath conditions is the focus of Section 5.3. Section 5.4 contains the proof of Lin’s
conjectures [61, Conjectures 3 & 4], establishing a bijection between collections of colored
Dyck subpaths from the Lee-Schiffler [57] setting and compatible pairs from the Lee-Li-
Zelevinsky [55] setting. This bijection is applied to Rupel’s [80] quantum weighting on
compatible pairs to yield a quantum analogue of Lee—Schiffler’s [57] expansion formula in
Section 5.5. We conclude with a discussion of further directions in Section 5.6.

We now state more precisely the results proven in this chapter. For a positive integer r

and variables X7, Xo, we consider the sequence {X,},cz of expressions recursively defined

by

Xr+1
Xnpr = . (5.1.1)

This sequence is precisely the set of variables of the rank-2 cluster algebra A(r, r) associated
to the r-Kronecker quiver, which consists of two vertices with r arrows between them. The
sequence is periodic when » = 1, and otherwise all X,, are distinct. For background on

cluster algebras, see [29].

Definition 5.1.1. For nonnegative integers a and b, the maximal Dyck path P(a,b) is the

path proceeding by unit north and east steps from (0,0) to (a,b) that is closest to the line
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segment between (0,0) and (a,b) without crossing strictly above it. For two vertices u,w

along such a path, let s(u,w) denote the slope of the line segment between them.

Let {¢,}22, be the sequence of non-negative integers defined recursively by:

c1=0,c=1, and ¢, =rcy_1 — g for r > 2. (5.1.2)

Let C,, = P(cn_1,Cn2) and D,, = P(cp_1 — Cp_2,¢n_2). We label the leftmost vertex at each
height of D,, by v; for i = 0,...,¢,_o, with the subindex increasing from south to north;
such vertices are called northwest corners. Let (i, k) be the subpath spanning from v; to vy
for any 0 < i < k < b. An example of the maximal Dyck path Dy = P(5,3) when r = 3 is

shown in Figure 5.1.

Lemma 5.1.2. Let t(i) be the minimum integer greater than i such that s(vi, vy) > s. Then

we have t(i) — i = ¢ — WCy—1 for a unique choice of 2 <w <r—1and3 <m<n-—2.

This result allows us to simplify the expansion formula of Lee and Schiffler, which is
briefly described below. The next few definitions and Corollary 5.1.4 emulate the results of
Lee and Schiffler, except for slight modifications due to the simplified coloring conditions

above.

Definition 5.1.3 (cf. Definition 5.3.1). For any 0 < i < k < ¢,_9, let (i, k) be the subpath

of D,, from v; to vy, which is assigned a color as follows:
(1) If s(v;,vy) < s for all t such that i < t < k, then (¢, k) is blue.

(2*) Otherwise, let m, w be chosen with respect to i as in Lemma 5.1.2. Then we say (i, k)

is (m, w)-brown.}

A subpath of D, is a path of the form (i, k) or a single edge a;. We denote the set of
such subpaths by P'(D,,). We define the set F'(D,,) to contain any collection of subpaths in

P'(D,,) satisfying that

IThe color brown was chosen because it is the combination of Lee and Schiffler’s red and green cases.
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(i) no two subpaths share an edge,
(ii) two subpaths share a vertex only if at least one of them is a single edge, and

(iii) at least one of the ¢,,_1—we,, o edges preceding each (m, w)-brown subpath is contained

in another subpath.

Given 5 € F'(D,), the quantity |3|; is defined additively over the subpaths, taking value
k — i on 7(i, k) and value 0 on single edges. The quantity |3|s is the total number of edges

in 8. This yields the following expansion formula for the cluster variables.

Corollary 5.1.4 (analogue of [57, Theorem 9]). Consider the cluster algebra A(r,r) with

cluster variables X; for i € Z. For n > 3, we have

Xn — X;cn_lX;Cn_Q Z XI|5‘1X;’(Cn—1—|/B|2)
BEF!'(Dn)
and

XS—n — X;Cn—le—Cn—Z Z X;’|ﬁ|1XI(Cn71—‘B|2) .
BEF'(Dy)

A generalization of the above expansion result to the case of skew-symmetric rank-2 clus-

ter algebras with coefficients is presented at the end of Subsection 5.3.3 (see Corollary 5.3.19).

Example 5.1.5. For r = 3, the collection of colored subpaths 8 = {v(0,1), ag,7(2,3)} is
in F'(Ds). This collection is depicted in Figure 5.1 by thickened paths of the corresponding
colors, where the single vertical edge ag is represented by a thick orange edge. Note that in

this case, we have |B|; = 2 and |5z = 6.

We now define the compatible pairs in C,, introduced by Lee-Li—Zelevinsky [55], and we
will show that these are in bijection with collections of colored Dyck subpaths of D,,. Given
two vertices u,w in a maximal Dyck path P(a,b), let u denote the subpath proceeding
east from u to w, continuing cyclically around P(a,b) if u is to the east of w. Let |uwl|;

(resp. |uw|y) denote the number of horizontal (resp. vertical) edges of uw. Given a set of
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Figure 5.1: The leftmost image shows the maximal Dyck path D5 for r = 3, along with the
corresponding 5 X 3 grid and main diagonal. The northwest corners are labeled and depicted
as filled vertices. The center image is the collection 5 of colored Dyck subpaths in F'(Ds)
from Example 5.1.5, consisting of the blue subpath «(0,1), the single edge g (shown in
orange), and the (3,2)-brown subpath 7(2,3). The rightmost image is the compatible pair
on Cs that g maps to under ®, where an edge is thickened whenever it is included in the
compatible pair.

horizontal edges S; and vertical edges Sy in P(a,b), the pair (S1,52) is compatible if, for
every edge in S7 with left vertex u and every edge Sy with top vertex w, there exists a lattice

point t # u, w in the subpath b such that
g —
|tU)|1 = T|tw N S2|2 or |Ut‘2 = T|Ut N 51’1 .

Let the horizontal (resp. vertical) edges of C,, be labeled by n; (resp. v;), increasing to the
east (resp. north). Lin defined the following map ¢ from F'(D,,) to pairs (S, S2) in C,,. Note
that while we define ® as a map on blue/brown colored subpaths, it was originally defined
for Lee—Schiffler’s blue/green/red colored subpaths, and the two definitions are essentially

identical.

Definition 5.1.6 ([61]). Given € F'(D,), let ®(3) = (P1(8), P2(8)), where

®4(5) = {n; : a; is not a part of any subpath of 5},

Oy (5) = {v; : v(i,k) €  for some i < j < k}.

Example 5.1.7. The compatible pair ({ns,ns},{v1,v3}) obtained by applying ® to the col-

lection of subpaths B € F'(Ds) from Example 5.1.5 is shown in Figure 5.1.
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Theorem 5.1.8. The map ® is a bijection between collections of colored subpaths in F'(D,,)

and compatible pairs in C,.

Switching to the quantum setting, we will now work inside the quantum torus 7 :=
ZIG N ZT, ZF - 202, = ¢*Z,Zy). The quantum rank-2 r-Kronecker cluster algebra A, (7, 7)
is the Z[q™!] subalgebra of the skew field of fractions of 7~ generated by the quantum cluster
variables {Z,}nez, which follow the recursion Z,,17,_1 = ¢"Z! + 1 (cf. Equation 5.1.1).
We use the bijectivity of ® along with Rupel’s quantum weighting on compatible pairs [80]
to construct a quantum weighting of collections of colored subpaths.

For = {p1,...,B:} € F'(D,), where §; appears to the left of 5;,1, we define the set
of complimentary subpaths By, B1,...,B.. For 1 < i < t—1, let B; contain all edges and
northwest corners between the end of §; and the start of 5,1, where a northwest corner on
the boundary of a path is included in §; unless it is the right endpoint of a brown or blue
subpath. We set /3, to be the portion of the path before 8; excluding vy, and we set §; to
be the portion of the path after 3, including v, ,. Note that it is possible for some 5; to be

empty. Let |3i|; (resp. |Bi]2) denote the number of northwest corners (resp. edges) in f3;.

Definition 5.1.9. For = {f1,...,5:} € F'(D,), we let

0a(5) = (en s+ ena = 1)+ Y r[Fl (Z(—m«wg)

=1

+ (r|B;11 — *|Bj2) (Z(_Dha,@.h) ’

i=1

where 1,.; takes value 1 when ¢ < j and 0 otherwise. We then set

ug(B) = wy(B) = (o1 4 ng = 1) + (o = 7|Bl1)(n = 7[Bl2) -

Example 5.1.10. For the collection 8 € F'(Ds) from Ezample 5.1.5, we have By = B35 = 0),
B = {au, a5}, and By = {va}. We thus have wy(B) = 10.
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We prove that the quantum cluster variable Laurent coefficients can be expressed as a

sum over weighted collections of subpaths in F'(D,,).

Theorem 5.1.11. Consider the quantum cluster algebra A,(r,r) with quantum cluster vari-

ables Z; fori € 7. For n > 4, we have

Ly = Zl_cnilzz_cTHQ Z quq(ﬁ)ZIm‘lZ;(Cn—lf‘ﬂb)
BEF'(Dn)

and

Zoon =2y 272 N g gyl Zrlena o)
BEF'(Dn)

5.2 Preliminaries

Let » > 2 be fixed throughout this paper. Both the Lee-Schiffier and Lee—Li—Zelevinsky
expansion formulas involve sums over certain collections of edges in a maximal Dyck path.
Moreover, the width and height of these Dyck paths have certain recursive properties that
are used in the proofs of both formulas. We begin by setting up a framework for studying
these paths and describing their recursive behavior.

Recall the sequence ¢, defined recursively by Equation 5.1.2. While the indexing of
the sequence {c,},>1 is identical to the indexing in the work of Lee and Schiffler [57], the
indexing is shifted by one from that defined by Lin [61], i.e. it is equivalent to {c,—1}n>1
in Lin’s work. It is straightforward to check that for n > 1, the quantities ¢, and ¢, are
relatively prime, hence so are ¢, and ¢,.1 — ¢,. Thus, the only vertices of D,, and C,, that
lie on the main diagonal are the first and last.

Fix a,b € N. Consider a rectangle with vertices (0,0), (0,b), (a,0), and (a,b) having a

designated diagonal from (0, 0) to (a,b).

Definition 5.2.1. A Dyck path is a lattice path in Z? starting at (0,0) and ending at a

lattice point (a,b) where a,b > 0, proceeding by only unit north and east steps and never
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Figure 5.2: The maximal Dyck paths Dg (above) and Cg (below) are shown with some of
their vertex and edge labels for » = 3. Each northwest corner of Dg is labeled with both its
corresponding w; and v; label. Some edges of Cg are labeled; the v;’s refer to the vertical
edge left of the label, and the 7;’s refer to the horizontal edge below the label.

passing strictly above the diagonal. Given a Dyck path P, we denote the number of east
steps by |P|; and the number of north steps by |Pl,. The length of the Dyck path P is
the quantity |P|; + |P|2. We denote the set of lattice points contained in the Dyck path P,

ordered from left to right and including both endpoints, by V(P) = {wo, w1, ..., wp|,+|p|,}-

The Dyck paths from (0, 0) to (a, b) form a partially ordered set by comparing the heights
at all vertices. The maximal Dyck path P(a,b), as defined in Definition 5.1.1, is the maximal
element under this partial order. We focus on the following two classes of maximal Dyck
paths, defined for n > 3, C,, = P(c,_1,¢n—2) and D,, = P(cp_1 — Cpn_9,Cn_2)-

Recall that a vertex of a maximal Dyck path P is a northwest corner if there are no
vertices directly north of (equivalently, to the east of) it. In D, these are precisely the
vertices labeled by v; for some 0 < i < ¢,,_s.

When a and b are relatively prime, as is the case for C, and D,,, we can associate to this
Dyck path the (lower) Christoffel word of slope 2 on the alphabet { £, N}. This word can be

constructed by reading the edges of the maximal Dyck path from (0,0) to (a,b), recording
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an F for each east step and an N for each north step. For further background on Christoffel

words, see [6].

Example 5.2.2. Let r = 3. The Christoffel words corresponding to the maximal Dyck paths

D and Cg depicted in Figure 5.2 are

E’NE*NENE?NE*NENE?NEN and E3NE*NE*NE*NE3NE*NE*NE?N ,

respectively.

Remark 5.2.3. The Christoffel word corresponding to C, is obtained by applying the mor-
phism 0 = {E — E, N — EN}, i.e. the map that replaces each instance of the letter N with
the string E'N, to the Christoffel word corresponding to D,,. This follows directly from, for

example, [6, Lemma 2.2].

Observation 5.2.4. It is straightforward to calculate that

V(C3) ={(0,0),(1,0)} and V(C4) = {(0,0),(1,0),...,(r,0),(r, 1)}

As we shall see, both of these families of Dyck paths have a recursive structure. The

following lemma is a special case of a result of Rupel.

Lemma 5.2.5 ([78, Lemma 3|). For all n > 4, the maximal Dyck path D,, consists of r — 1
copies of D, _1 followed by a copy of D, _1 with a prefiz D,_s removed. In particular, D,,_,

(resp. Cn—1) is a subpath of D, (resp. C,).

This allows us to define the limit of these paths, which can be realized by taking a union

of finite subpaths.

Definition 5.2.6. Let C (resp. D) be the infinite path on Z? formed by the union (J,,54Ch
(resp. U, >3 Pn). We identify the paths C,, and D,, with the prefix of the same length of C

and D, respectively. Thus, the vertices of D are labeled by w; and the northwest corners
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by v;, as described after Definition 5.1.1 in Section 5.1. Similarly, horizontal edges of C are

labeled by n; and the vertical edges are labeled by v;.

5.3 Simplification of the Colored Dyck Subpaths Con-
ditions

5.3.1 Lee—Schiffler Expansion Formula

We first recall the original expansion formula given by Lee and Schiffler [57] for rank-two
skew-symmetric cluster variables. This requires us to set up the language of colored subpaths
in a Dyck path via Lee and Schiffler’s conventions, which differs from that in Section 5.1.
We then describe the map between certain non-overlapping collections of colored subpaths,
namely from F(D,,) as defined by Lee-Schiffler to the set F'(D,,) which we defined after

Definition 5.1.3 in Section 5.1.

Cn—2
Cn—1—Cp—2"

Let s denote the slope of the main diagonal of D,,, so s =

Definition 5.3.1 ([57], cf. Definition 5.1.3). For any 0 < i < k < ¢,_9, let (i, k) be the

subpath of D,, defined as follows:

(1) If s(v;,vy) < s for all ¢ such that ¢ < ¢t < k, then «a(i, k) is defined to be the subpath

from v; to vg; each such subpath is called blue.
(2) If s(v;,v¢) > s for some i <t <k, then

(2-a) if the smallest such ¢ is of the form i + ¢,, — we,,—1 for some 3 < m < n — 2 and
1 <w <r—2, then a(i, k) is defined to be the subpath from v; to vg; each such

subpath is called (1, w)-green.

(2-b) otherwise, a(i, k) is set to be the subpath from the vertex immediately below v; to

vg; each such subpath is called red.
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Each such pair i, k corresponds to precisely one subpath of D,,. Denote the single edges

of D,, be by ay,...,a., , proceeding from southwest to northeast, and let
P(D,) ={ali,k) :0<i<k<c,o}U{on,...,ac, ,}.

The formula involves sums over collections of subsets of P(D,) satisfying certain non-

overlapping requirements. In particular, Lee and Schiffler set

F(D,) ={{b1,..., 0t} :t>0,5;, € P(D,,) for all 1 < j <t,
if j # j' then §; and 3; have no common edge,
if 3; = a(i, k) and Sy = a(i', k') then ¢ # k' and ¢’ # k,
and if §; is (m, w)-green then at least one of the
(Cm—1 — Wey_2) edges preceding v; is contained

in some f;/} .

For any collection of subpaths [, we associate two non-negative integers |3|; and |3]s.
The first quantity |5]; is defined to be 0 on single edges and k — i on «(i, k), then extended
additively on unions of these subpaths. The second quantity || is the total number of
edges a; covered by the subpaths in 8. We can now state the original formulation of Lee

and Schiffler’s expansion result.

Theorem 5.3.2 ([57, Theorem 9]). For n > 3, we have

Xn — X;Cn_lX;cn_Q Z XI‘Bth(Cn—I—W‘Q)
BEF(Dn)
and

Xy, = X2—cn—1X1—cn—2 Z X;"\ﬁhl,;(cnq—\ﬁb) .
BEF(Dy)

In order to show that our expansion formula Corollary 5.1.4 is equivalent to Theo-
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N
Figure 5.3: The top image depicts a collection of colored Dyck subpaths in F(Ds), consisting
of the blue path a(0,1), the single edge a4, the red path «(2,5), the single edge a1¢, and
the (3,1)-green path «(6,8). By applying the map x to the top collection, we obtain the
collection of colored Dyck subpaths in F'(Dg) depicted in the bottom image. This collection

consists of the blue path (0, 1), the single edges ay and «g, the (3,2)-brown path v(2,5),
the single edge ay6, and the (4,2)-brown path (6, 8).

rem 5.3.2, we define the map x which connects the colored subpaths in both settings.

Definition 5.3.3. We define a map x : F(D,,) — F'(D,,) that modifies the colored subpaths
of 5 € F(D,,) via the following rules:

e cach red subpath is split into two subpaths: its leftmost edge (viewed as a single edge)

and the remainder of the path, which is a (3,7 — 1)-brown subpath;

e cach (m,w)-green subpath changes color to become an (m, w)-brown subpath if w > 1

or an (m+ 1,7 — 1)-subpath if w = 1;
e the blue subpaths and single edges remain unchanged.

Note that the set of edges covered by f is preserved under y. Lemma 5.3.18 establishes
that y is well-defined and is in fact a weight-preserving bijection with respect to |G|, and

|B|2. The statement and proof of Lemma 5.3.18 appear in Subsection 5.3.3.
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5.3.2 Vertices and Slopes in D,

We now prove several results relating to the position of vertices in D,, and the slopes of the
line segments between northwest corners of D,,. To help illuminate the recursive structure
of the infinite path D, which contains each D,, as a prefix, we define a map taking vertices

to northwest corners in D.

Definition 5.3.4. Let p: V(D) — V(D) be the map sending w;, the i® vertex of D, to v;,

the i*® northwest corner of D.
The following result describes the behavior of p in terms of coordinates.

Lemma 5.3.5. If w; € V(D) has coordinates (x,y), then we have

plwi) = ((r =D+ (r = 2)y,x +y) .

Proof. Fix n large enough such that (z,y) € V(D,,). For each (z,y) € V(D,,), the claim is

equivalent to showing that the following inequalities hold:

T+y < _ Cn1 < r+y+1
(r=Dz+(r—-2)y ~ cn—co1 (r=1Dax+(r—2)y’

In order to prove the first inequality, we first note that

Cp—2 >

8|

)
Cp—1 — Cp—2

which holds since (x,y) € V(D,,). Cross multiplying and adding yc,_» to both sides yields

Cn—2 > Y

Cn—1 _a:—i-y
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Hence we have

Cn—1 o Cn—1
Cn—Cpo1 (r—1)cho1 — Cpoa
B 1

(r—1)— =2
. 1
Sr-n-%
r+vy

as desired.

We can prove the second inequality similarly. Since we have Ci%fQ < %1, then cross
n— n—

multiplying and adding (y + 1)c,_» to both sides yields

Cp— 1
2 Y+ ‘
Cn—1 $+y+1

Thus, we can conclude

Cn—1 1 1 r+y+1
= . < < . O
Cpn—Cpq (r—1)— o= (r—-1)- :C—Z;’-—?E—l (r—=1z+(r—2)y

We now study the slopes of the line segments between northwest corners of D, as these
play a central role in the definition of colored Dyck subpaths in both our setting and the
Lee—Schiffler setting. We will utilize several classical results concerning maximal Dyck paths

and Christoffel words, which can be found, for example, in [6].

Definition 5.3.6. For n > 3, we define the function m, : {0,1,...,¢,.1} — Z by

(1) == xCpn_g — (i — x)(Cho1 — Cp_2) where w; = (x,i — ) € D, .

Remark 5.3.7. Note that we have 7,(0) = m,(c,—1) = 0. It is a standard result from

the theory of Christoffel words (see, for example, [6, Lemma 1.3]) that the sequence m,(1),

204



Tn(2), ..., Tp(cp_1) is a permutation of the elements {0, 1,...,¢, 1 — 1}, and this is order-
isomorphic to the sequence of distances from each vertex to the line segment between wy

and w,, ,. Thus, s(w;, w;) > s = s(wp, w,, ,) in D, if and only if m,(j) < m,(7).

Example 5.3.8. For r = 3, the values 7s(0),m6(1),...,m(21) are given by the following

sequence:

0,8,16,3,11,19,6,14,1,9,17, 4, 12,20, 7,15,2, 10, 18, 5,13, 0.
We now prove some relations between the sequences {m,(i)};"," and {m,_1(7)}:"y*

Lemma 5.3.9. For any vertex with coordinates (x,y) in D,_1 where n > 4, we have

To(rz + (r—1)y) = m1(z +y).

Proof. By Lemma 5.2.5 and Lemma 5.3.5, both (z, y) and p(wy1y) = ((r—1)z+(r—2)y, x+y)
are vertices of D,,. Hence, we can expand the right-hand side using Definition 5.3.6 and apply

the relation ¢,, = r¢,—1 — ¢,,—2 to obtain

To(re + (r—1y) = ((r = Da+ (r = 2)y)ca—2 — (x + y)(co1 — cr2)
= ((r=1z+(r —2)y)cn—2 — (x+y)((r — 1)cn—2 — cn-3)
= —ycn o+ (T+y)en_3

= TCp—3 — ?J(Cn—z - cn—3) .

Comparing with Definition 5.3.6, we see that the final quantity is precisely m,_1(z + y), as
desired. []

Lemma 5.3.10. Forn > 3, the set {(z,y) € V(D,) : mo(x +y) € {0,...,ch2 — 1}} is pre-

cisely the set of northwest corners of D,,.

Proof. We proceed inductively on n. The base case n = 3 is straightforward to check.

Remark 5.3.7 implies that 7,'(0) = {vg,v., ,} and that m,(i) takes each value among
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{1,2,...,¢,.1 — 1} exactly once for i € {2,3,...,¢,_1}. For each vertex (z,y) € D,_1,

we can evaluate

m(re+ (r—1y) =m(z+y) €{0,1,2,...,¢,0 — 1}.

Moreover, the unique vertex (2,y’) € D,, such that 2’ +y' = rz+ (r — 1)y is p(wy,). Since
the image of p applied to the set V(D,,_;) is the set of northwest corners of D,,, the desired

set equality holds. O]

Example 5.3.11. We can see the statement of Lemma 5.3.10 illustrated in comparing the
path Dg at the top of Figure 5.2 and Example 5.3.8. The northwest corners of Dg are the
vertices wy, Wy, W3, W, Wg, Wiy, Wi4, Wig, Wig, and wer. The subscripts of these northwest
corner are precisely the inputs i € {0,1,...,21} such that 0 < mg(i) <7 =cy— 1, as seen in

Ezxample 5.5.8.

Corollary 5.3.12. Applying the morphism A\ = {E + E""'N, N — E""2N} to the Christof-
fel word for D,, yields the Christoffel word for D, 1.

Applying the morphism 6 o X\ o 071 to the Christoffel word for C, yields the Christoffel
word for Cpy1, where 6 is the morphism {E — E, N — EN}.

Proof. Let w; denote the Christoffel word for D;. Applying the map p to V(D,) takes a
vertex (z,y) to ((r — 1)z + (r — 2)y,z + y). Hence, by Lemma 5.3.10, the index j of the k™

vertical edge a; in D44, t.e. the positions of y’s in w1, is equal to
rli{al :i < j,al is horizontal}| + (r — 1)|[{a] : i < j,al is vertical}| + 1.
This is precisely the position of y’s in the word A(wy,,), hence we can conclude that A(w,,) =

Wyy1. The second statement follows from Remark 5.2.3. [

Finally, we can determine the rest of the values of 7, from its values on the northwest

corners.
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Observation 5.3.13. Suppose that (i, j) € D, is not a northwest corner. Let (i, j) be the

corner vertex immediately preceding (4, 7). Then it follows from the definition of 7, that

7Tn(Z +.]) = ﬂ-n(i/ +.]) + (Z - Z./>6n72 .

5.3.3 Proof of the Simplification

We now show that the map x (see Definition 5.3.3) is well-defined and weight-preserving with
respect to 8]y and |5]e. This shows that our definition of F'(D,,) is, in a sense, equivalent

to that of Lee—Schiffler.

Observation 5.3.14. Lemma 5.3.9 states that the values of 7, on the northwest corners
of D, lie in the set {0,1,...,¢,_o — 1}. Since m, is injective on the interior of D,, this
implies that the values of 7, of the vertices which are not northwest corners constitute the

set {Cn_g, Cp—_o + 1, ey Cp_1 — ].}

The colors of paths in Lee and Schiffler’s setting depend on the number of northwest
corners that one needs to traverse from the starting endpoint of the path until the slope
to the northwest corner was at least the slope of the diagonal. We also consider the slopes
between vertices on D,, that are not necessarily northwest corners, which will help us to
derive results about the northwest corners. We in turn use this to determine which vertex
wq(;y to the east of a given vertex w; is the first such that the slope between w; and wy(; is

at least that of the diagonal.

Definition 5.3.15. For 0 < < ¢,_1, we define

dii)y=min({j € {i+1,i4+2,...,co1}:s(wi,w;) > s)})

=min({je{i+1,i+2,...,cno1}:m()) <m(i)}) .

Note that d(7) is well-defined since s(w;, w., ,) > s for all 0 < i < ¢,_1, and the fact that
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the two expressions are equivalent follows directly from Remark 5.3.7. We now show some

properties of how the functions d and p interact.

Corollary 5.3.16. Suppose w; is a northwest corner of D,, for n > 4. Let w; = p(wy) for
some wy € Dy_1, and let (x,y) = wqqry i Dp_y with d(7') —i' = mcp—9 — wen—3. Then we
have wqey = ((r — Do+ (r = 2)y,x +y), and d(i) — i = mcp—1 — WCp_.

If w; is not a northwest corner, then wq) is the northwest corner immediately following

w;. In particular, d(i) —i <r — 1.

Proof. By Observation 5.3.13, the function 7,(7) increases when the step preceding w; is
an east step. Since d(i) > ¢ is chosen minimally such that 7,(d(i)) < 7,(7), we must have
that wq) is preceded by a north step, .e. wq) is a northwest corner. Lemma 5.3.10 implies
that wy;) must then be the image of wyy under the correspondence between vertices of
D,,—1 and northwest corners of D,,. It is straightforward to check that the distances follow
the formula described under this correspondence. The second claim follows directly from

Observation 5.3.14. O]
From this, we can determine that the values d(i) — i are of a particular form.

Lemma 5.3.17. For all positive integers i, we have d(i) — i = ¢, — WCy—1 for a unique

choice of 2<w<r—1and3<m<n-—2.

Proof. We prove this via induction on n. The base case n = 3 is straightforward to check.
Suppose the statement holds on C,_;. Whenever w; is not a northwest corner of C,, then
we have d(i) —i < r by Corollary 5.3.16, so d(i) — i = ¢3 — wcy for some 2 < w < r —1 or
d(i) =r —1=c4 — (r — 1)cs. Otherwise, if w; is a northwest corner of C,, then w; = p(wy)
for some w; € C,_1. By assumption, d(i') — i’ = ¢, — we,,—1 for some appropriate choice of
m,w. Applying Corollary 5.3.16, we can conclude that d(i) — i = ¢, 1 — wep,.

The fact that this representation is unique follows immediately from the fact that, for all

m > 2, we have ¢, — (r — 1)cpm_1 > 1 — 2¢m—o. a
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We are now ready to establish that the value ¢(i) — i, as given in Lemma 5.1.2; can also

be represented as ¢, — we,,_1 for an appropriate choice of m, w.

Proof of Lemma 5.1.2. We prove this via induction on n, with the straightforward base case
n = 3. Fix a northwest corner v; = w; € C,, and let (i) be the minimum positive integer
such that s(v;,vy;)) > s. Since v; is a northwest corner, we have v; = p(wy) for some
wy € Cp—1. Applying Lemma 5.3.17, we have that d(i') —i' = ¢, —wc,,—; for a unique choice
of 2<w<r—1and 3 <m <n-—2. By Remark 5.3.7, we have that ¢(i) — i = d(i') — 7'

Thus, ¢(i) — i is of the desired form. O

The following lemma establishes that y preserves weights.

Lemma 5.3.18. For alln > 3, we have 8 € F(D,,) if and only if x(5) € F'(D,,). Moreover,

we have |B|; = |x(B)|; fori=1,2.

Proof of Lemma 5.3.18. Fix p € F(D,). Suppose «a(i, k) € . By Lemma 5.1.2; either we
have that «(i, k) is (m, w)-green, or we have that ¢(i) —¢ = 1. In this case, condition (2*) of
Definition 5.1.3 enforces that the edge immediately preceding (7, k) is contained in ;. By
the non-overlapping condition for membership in F(D,,), we have 3; # «a(i', k") for any i’, k'.
Thus, §; = a for some '. In particular, it does not contribute to |3|; and contributes 1 to

|32, which is the same as if we had considered «(i, k) to contain this preceding edge. O

We can now combine the results about the map x in order to prove the expansion formula

in our setting.

Proof of Corollary 5.1.4. This modified expansion formula follows directly from Lemma 5.1.2

and the expansion formula (Theorem 5.3.2) given by Lee and Schiffler [57]. O

We now furthermore discuss a generalization of Corollary 5.1.4 to the setting of the
framed r-Kronecker cluster algebra with principal coefficients. While there is a more general

theory of cluster algebras with coefficients (see, for example, [33]), we will give a brief explicit
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description of this cluster algebra here. For a positive integer r, initial cluster variables X, X5

and coefficient variables Y7, Ys, we consider the sequence {)?n}nEZ and {?n}nez defined by

~ yr ~ ~
Y11 = =", where Y] = Y] and Y; = Y'Y,
Ynfl
~ X' 1Y, ~ ~
X1 = "5;__ ! , where X; = X7 and X, = X5.
n—1

The use of tildes is to distinguish the settings with and without coefficients. Let P be the
tropical semifield Trop[Y;, Y2]. The framed r-Kronecker cluster algebra VZ(T, r) with principal
coefficients is the Z]P’[)? 1 )?2] algebra generated by the cluster variables {)?n}nez- Note that
when we specialize to the case Y, = Y, = 1, we recover the classical r-Kronecker cluster

algebra.

Corollary 5.3.19. Consider the framed r-Kronecker cluster algebra .Z(r, r) with principal
coefficients, having initial cluster variables X1, Xo and coefficient variables Y1,Ys. Forn > 4,

the cluster variable )?n 18 given by

Xvn _ X;Cn—lX;Cn—Z Z XlrwllXg(cn_l_lﬁ‘2)§/1w|2l/2lml
BEF'(Dn)

and

X3 =X, X2 Z X;’IﬁllXlr(cn—l—\Bla)yz—lﬂbyl—lﬂh '
BEF(Dn)

Proof. Setting deg(X;) = e; and deg(Y;) = (—1)"res_;, it is known that the cluster variable
)?n is a homogeneous Laurent polynomial by [33, Proposition 6.1]. Moreover, this degree is
readily calculated from the recurrence relations on g-vectors to be —c,_1e1 + ¢, eo for n > 2
and ¢_, 361 — C_ppe€g for n < 2 (see, for example, [61, Subsection 4.1]). This determines the

powers of Y} and Y5 that must appear in each monomial term, yielding the above expansion

formula directly from Corollary 5.1.4. O
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5.4 Bijection between Compatible Pairs and Colored

Subpaths of Dyck Paths

In this section, we prove a conjecture of Feiyang Lin that the map ®, constructed by Lin
and described in Definition 5.1.6, is a bijection between the collections of colored subpaths
introduced by Lee-Schiffler [57] and the compatible pairs introduced by Lee-Li-Zelevinsky
[55]. This shows the correspondence between the objects summed over by each set of authors
in their expansion formulas for rank-2 cluster algebras. Specifically, we show that Lin’s map
is a bijection between collections f of colored Dyck subpaths in F'(D,,) with a fixed |5|; and
|52 and compatible pairs on C,, consisting of || vertical edges and (¢,—1 — |3|2) horizontal

edges.

5.4.1 Compatible Pairs and Lin’s Map

The rank-2 cluster expansion formula given by Lee-Li-Zelevinsky [55] sums over certain
subsets of edges of a maximal Dyck path, known as compatible pairs, which we discuss here.
We will mainly work over C,, though sometimes we work in more generality. Let S; be a
subset of the vertical edges of a maximal Dyck path P(a,b), and let Sy be a subset of the
horizontal edges of P(a,b).

In order to study compatible pairs, Li, Lee, and Zelevinsky [55] introduced the notion of
the “shadow” of a set of edges. While they only defined shadows of subsets of vertical edges,
we extend this notion to subsets of horizontal edges as well. These notions will be used
throughout our construction of the bijection between collections of colored Dyck subpaths

and compatible pairs.

Definition 5.4.1. For a vertical edge v € S5 with upper endpoint w, we define its local
vertical shadow, denoted sh(v;Sy), to be the set of horizontal edges in the shortest subpath
t of P(a,b) such that |tw|, = r]t_u>J N Sa|2. Analogously, for a horizontal edge n € S; with

left endpoint u, we define its local horizontal shadow, denoted sh(n,Ss), to be the set of
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vertical edges in the shortest subpath ut of P(a,b) such that |ut|y = r|af> N Si|1. If there is
no such subpath tw or ut, respectively, then we define the local vertical (resp. horizontal)

shadow to be the entire set of horizontal (resp. vertical) edges in P(a,b).

For S C S; where i € {1,2}, let sh(S;S;) = U sh(a; S;), and write sh(.S;) := sh(S;;S;).

acsS

Observation 5.4.2. It is a straightforward consequence of Definition 5.4.1 that for S C 57,
we have |sh(S)| = min(b, r|S|). Similarly, for S C Sy, we have |sh(S)| = min(a, r|S])

The expansion formula for cluster variables given by Lee, Li, and Zelevinsky has mono-
mials corresponding to compatible pairs on C,. Their expansion formula works in the more
general setting of elements of the greedy basis, which contains the cluster variables. For
further details on the greedy basis, see [55]. We present their formula in the special case of

cluster variables.

Theorem 5.4.3. [55, Theorem 1.11] For each n > 1, the cluster variable X,, in A(r,r) is
given by

= Cn—1,,—Cn—2 7|S2|, r[S1]
Xn =14 Lo § Ty Ty

(81,52)

where the sum is over all compatible pairs (S1,52) in C,.

Lin’s map from collections of colored Dyck subpaths in D,, to compatible pairs in C,, is
described in Definition 5.1.6. An example is shown in Figure 5.4. Lin conjectured that the
map P is a bijection between the desired sets [61, Conjecture 3], which essentially involves
showing that ®(5) is indeed a compatible pair for every g € F'(D,,). We verify this claim
in the next subsection. Lin made partial progress toward this conjecture by showing that it
was sufficient to consider only compatible pairs satisfying a certain irreducibility condition
[61, Proposition 4.8.4, Conjecture 4]. We proceed by a different approach than Lin, so our
methods do not rely on this simplification.

In order to show the correspondence between the Lee-Schiffler and Lee-LiZelevinsky

expansion formulas, one needs to show not only bijectivity between the sets summed over, but
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Figure 5.4: The top image depicts a collection of colored Dyck subpaths in F'(Dg), identical
to that at the bottom of Figure 5.3. The bottom image depicts the corresponding compatible
pair (51, 52) in Cg, obtained by applying the map ® to the collection of colored Dyck subpaths.
The edges that are contained in either S; or S, are depicted by bold edges in the lower image.
In particular, we have S; = {ns,m5} and Sy = {v1,vs, vy, v5, 07,8} Thus wt((S1,52)) =
X8XS.

also that the resulting monomials correspond. Lin defined a weight function for collections

of colored subpaths and for compatible pairs that keeps track of the exponents associated to

these monomials.

Definition 5.4.4. We define the weight of a compatible pair (S, S3) by
wi((S1, 52)) = X[
and the weight of a collection of colored subpaths 5 € F'(D,,) by
wt,(3) = X{“IﬁllX;(cn—z—\Blz) _

Lin showed that ® is a weight-preserving map from a superset of F(D,,) to F(C,), and
conjectured that it restricted to a bijection between F(D,,) and F(C,). We prove this in the
next subsection. We convert Lin’s map into the setting of F'(D,,) instead of F(D,,) in order

to make easier reference to the results of the previous section, though it is straightforward
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to show the equivalence between these two settings.

5.4.2 Proof of Bijectivity

We now proceed to show that Lin’s map ® indeed takes every collection of colored subpaths
in F'(D,) to a unique compatible pair on C,. It then follows from the work of Lee—Schiffler
[57] and Lee-Li—Zelevinsky [55] that ® is a bijection. For 2 < w < r —1 and m > 3, we
define a,, ,, to be the quantity c,, —wc,,—1. We can use the quantities a,, ,, to define the size

of images of atomic colored paths under ®, as well as their shadows.

Observation 5.4.5. It is readily deduced from the recursive definition of the sequence ¢,

that for w,m > 1, we have ra,, » = Gmi1,w + CGm—1.0-

In order to establish that the conditions for compatibility correspond to the conditions
for membership in F'(D,,) via ®, we first show that this is true for certain simple colored

subpaths.

Definition 5.4.6. We call a subpath of D,, atomic if it consists of a single edge, is blue, or

is an (m, w)-brown path of the form (7,7 + @y uw)-

Lemma 5.4.7. Any subpath of D,, of the form (i, k) can be written uniquely as a union of

atomic components meeting only at vertices such that
(1) every component except the last is (m,w)-brown for some choice of m and w, and
(i1) the last component is either blue or (m,w)-brown.

Proof. 1f (i, k) is blue, then we are done. Otherwise, ¥(i,k) is (m,w)-brown for some
appropriate choice of m and w. In this case, we split the path into the atomic (m, w)-brown
path (4,7 + am4) and the path y(i + amw, k). We can then repeat this process on the

remaining portion (i + @, ., k) until the path is decomposed as desired. O
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_r

Figure 5.5: The figure depicts the decomposition of the collection 5 of subpaths from Fig-
ure 5.4 into its atomic components. The difference between this atomic decomposition and
the original collection f is that the (3,2)-brown path (2, 5) has been decomposed into the
(3,2)-brown path v(2,3) and the blue path v(3,5), which meet at the vertex vs. Since these
subpaths meet at a vertex, this collection of subpaths is not in F'(D,,).

Note that when we decompose a path into its atomic components, adjacent components
will necessarily overlap at a vertex. Thus, after this decomposition, the set of paths may no
longer be non-overlapping, and hence not in F'(D,,). An example is shown in Figure 5.5.

We now study the structure of the (m,w)-brown paths as Christoffel words. Recall the
morphism A = {F — E"'N,N — E"2N}.

Lemma 5.4.8. The Christoffel word for an atomic (m,w)-brown path is given by

Nm=2)(Er=v=I N where \° is the identity map, which has length a1

Proof. Let (i, k) be an atomic (m,w)-brown path, and let p denote the corresponding
Christoffel word. Fix i', k" € Z such that v; = p(wy) and v, = p(wy).

First note that if w; is not a northwest corner, then by Observation 5.3.14 we have
k' —4 <r. Thus, we have m = 3 and p = A\(E""“"'N) where r —w — 1 = k' — ¢ — 1, which
is of the desired form.

Now suppose that w; = v;» is a northwest corner. We automatically have that wy = v
is a northwest corner from Observation 5.3.14. We aim to show that v(i”, ¥”) is an (m—1, w)-
brown path. Thus, the statement would follow from induction, since the Christoffel word
corresponding to (i, k) is given by applying A to the word corresponding to v(i", k).

In order to show that ~(i”,k”) is an (m — 1,w)-brown path, we study the slopes from

s(wy, wyy;) for 1 < j < k' —i' = k—i. It readily follows from the recurrence for the sequence
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¢, and the formula for g given in Lemma 5.3.5 that

s(wy, wi’+j) — s(vo, ve,) = S(M(wz")yﬂ(wi’ﬂ)) - S(U07'Ucn+1) = S(%Uz'ﬂ') - S(onvcnﬂ) .

Since s(v;, vit;) — s(vo, Ve,,,) < 0 for 1 < j < k — 4 and s(v;, vx) > s(vo,ve,,,), the same
holds for s(wy, wy 1) — s(vg, v, ). That is, the slope from w; to any vertex on (i”, k") does
not exceed that of the diagonal, except the slope from w; to wy:.

We now just need to determine k" — ¢

, or equivalently, the number of vertical edges in
(@, k"). Since (i, k) as aym vertical edges, then we know ~(i”, k") has a,,, total edges.
Since the a,, ,,, uniquely determine w, m, we can conclude from the inductive hypothesis that

~v(@", k") is (m — 1, w)-brown. Moreover, by Observation 5.4.5, we have

(r— 1)aw—1,m + r(Qwm — aw—l,m) = Quw+1,m

so we can conclude that (7, k) has length a1 m. O

We are interested in the portion of the path spanned by the vertical shadow of the image
of an (m,w)-brown path. We determine the structure of this portion of the path with the

following result.

Corollary 5.4.9. The a,,_1,, edges preceding an (m,w)-brown path form an (m — 2, w)-

brown path or, when a,,_1., < T, a path corresponding to the Christoffel word E%m=1w~1N.

Proof. By definition, the edge preceding an (m,w)-brown path is vertical, so the latter
statement follows immediately.

We prove the first claim via induction on m. For m <5, we note that a,,_1, <7 —1,
and hence the preceding path is of the form E% -1+~ N  Let p denote the Christoffel word
formed by the a,,—2,, edges preceding an (m — 1, w)-brown path. Then, by Lemma 5.4.8, we
can obtain the word corresponding to the a,,_1,, edges preceding an (m,w)-brown path by

applying A to p. By the inductive hypothesis and Lemma 5.4.8, we can conclude that \(p)
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is an (m — 2, w)-brown path. O

Corollary 5.4.10. Let (i, k) be an (m,w)-brown path in D,, and let (S, S2) = @ ({~(i, k)}).

Then the shadow of Sy has length 41w + Gm—1 .-

Proof. By Lemma 5.4.8, it follows that S, consists of a,,,., consecutive vertical edges. Thus,
by Observation 5.4.2, the shadow will contain min(ra,, ., ¢,—1) horizontal edges. Applying
Observation 5.4.5, we see that ra,, ,w = @mt1.0 + @m—1,. We then have by the bounds on w

and m that

Tmw = Am+1,w + Am—1,w < (Cerl - QCm) + Cp—1 < Cm+1 <cCp1.

So we can conclude the length of the shadow is @410 + Gm—1.- O

We can now establish that the image under ® of an atomic (m,w)-brown path is a
compatible pair in C,. As we will later see, this encodes most of the complexity of the

compatibility conditions on C,.

Lemma 5.4.11. Let (i, k) be an atomic (m,w)-brown path in D, and y; be one of the

am—1,0 edges preceding v;. Then ®({y(i,k),v;}) is a compatible pair.

Proof. Let Sy = ®o({7(i,k)}). Let p’ denote the path formed by the a,,_1 ., edges preceding
v;, and let p = o(p’). It follows from Corollary 5.4.10 and Corollary 5.4.9 the shadow of ®,
spans a path of type pA?(p).

Let v be the path composed of a,, ., north steps and a,,_1 ., west steps starting from the
vertex immediately below ®(v;), defined as follows: for ¢ > 2, the i-th north step of v is
(¢—1)r units to the west of the (i —1)-st edge in Sy. By definition, v forms the eastern border
of the shadow of each edge of Sy except the last. Moreover, the position of west steps in v
is determined by the occurrence of subwords E™'N and E"N in A%(p). From the definition
of A, it follows that Christoffel word corresponding to the 90 degree clockwise rotation of v

is precisely A" (\2%(p)) = A(p).
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Figure 5.6: The yellow path from a; to as and the black path from as to as constitute a
portion of D. The thick black edges depict those that are contained in ®5(7y), where v is a
(6,2)-brown path. The shadow of ®5(7) contains all horizontal edges in the black and yellow
paths. The purple path from as to as shows the left endpoint of the shadow of the thick
vertical edges to its right. Note that the yellow and purple paths overlap in one edge.

We are now interested in the vertical distance from each horizontal edge n; of p to that
of A(p). This determines the maximum number M of horizontal edges to the right of and
including 7; that can be included in S while satisfying the compatibility conditions. Namely,
this distance is the maximum height of the shadow at n;, ¢.e. 7M. Using the same inductive
techniques as in Lemma 5.4.8, it is readily seen from the base case p = E"™N that this
distance is r(am—1,, — 7+ 1) when ¢ > 1. Hence, it is possible that any combination of these
edges is contained in S;. When ¢ = 1, the distance is ra,,—1,, — 1. Since this is less than
TQm—1.0 but greater than r(a,,—1., — 1), it is not possible that all edges of p are contained
in Sp, but it is possible that all but one are. That is, the pair (S,.53) is compatible if and

only if at least one edge of p is not contained in 5. [

Example 5.4.12. Figure 5.6 illustrates the construction in the proof of Lemma 5.4.11.
Observe that the purple path is a 90 degree counterclockwise rotation of a Dyck path. Letting
p = E2NEN denote the Christoffel word for the yellow path, observe that the Christoffel

word corresponding to the (90-degree clockwise rotation of the) purple path is given by A(p).
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Moreover, the Christoffel word corresponding to the black path is given by A\?(p). The vertical
distance between the purple and yellow paths is precisely the maximum height of the shadow

at each horizontal yellow edge such that the compatibility conditions are satisfied.

Lemma 5.4.13. Let B consist of a single atomic path and, if B is (m,w)-brown, one of the

U140 €dges preceding this path. Then ®(B) is a compatible pair.

Proof. We break into three cases based on the form of g. If 3 consists of a single edge,
then ®(5) has no vertical edges and hence is compatible. If § is (m,w)-brown, then this is
precisely the result of Lemma 5.4.11.

Thus, the only remaining case is when (4, k) is blue. Then it is the prefix of an atomic
(m, w)-brown path, obtained by extending 7(7, k) until its slope exceeds that of the diagonal.
Let (i, k") denote this atomic (m,w)-brown path, and let 5" = {v(i, k"), n;} where n; is the
(@m—1)-th edge preceding v;. In the previous case, we have shown that ®(/’) is compatible.
Note now that ®5(5) C $o(5') and sh(Py(5)) € Py(5’). Therefore, the compatibility of ()

follows directly from the compatibility of ®(5’). O

Now that we have handled the case of atomic paths, we show that we can determine the
compatibility of the image of many colored subpaths paths by restricting to the compatibility

conditions on each of its atomic components.

Definition 5.4.14. Given a pair (57, S2) on P(aq, az), and let (S7,S5) be a pair on P(a), a}).
We define the insertion of (S, S5) into (Si,Ss) at position (j1, j2) to be the pair (S}, S%) on

P(ay + ay, as + a}) determined as follows:

.
e; € Spand 1 <i < j,,or

" . . .
€ €5, = Qe €5, and jy <i<jp+al,or

kei_a;cESk and ji +a), <i < ag+aj,

for k € {1,2} and (j1,72) € V(P(a1,b1)). Here, each e; refers to the i horizontal or ‘!
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vertical edge of the corresponding path, where the orientation of the edge is determined by

the context.

Definition 5.4.15. We say that a compatible pair (S7,53) on P(a1,as) has non-spanning
shadows if

|zWayp|2 > rlxwep N S1| and |wox|y > r|wez M Sy
for all choices of vertices  in P(ay, as).

Lemma 5.4.16. Let (S1,52) and (S7,5%) be compatible pairs on the paths P(ay,as) and
P(a),d,), respectively, where (S7,S5) has non-spanning shadows. Then for any (j1,j2) €
V(P(ay,az)), the insertion (SY,S%) of (S1,5%) into (S, S2) at position (ji, j2) is a compatible

pair on P(ay + af, ag + ab).

Proof. Since (57, 55) is a compatible pair on P(a},a)) with non-spanning shadows, we have
rS] < ajy and rS) < af.

We can then see that for ¢; € S7 with 1 < i < j;, we have

[sh(ess SY)| < [sh(es; S1)| + | shles, SY)| < [shes; S1)| + ab

Similarly, for j, + a) < i < ay + al, we have

[sh(es; S3)] < [sh(ei—ay; S2)| + [ sheqy, S3) < [sh(es; S2)| + ay -

The lengths of the shadows at the other edges, with the corresponding shift in indices, is the
same as in the original paths. Thus, the horizontal and vertical shadows will never intersect,

so the pair is indeed compatible. O]

This allows us to combine our results on atomic paths in order to handle any collection

of subpaths in F'(D,,)

Theorem 5.4.17. If 5 € F'(D,,), then ®() is a compatible pair.
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Proof. Let (S1,52) = ®(8). We proceed by induction on the number of atomic components
in 3, which we denote by ¢. Note that if ¢ = 0, then S is empty and so (57, S2) is compatible.
If 8 has one atomic component, the compatibility follows directly from Lemma 5.4.13.
If we add a singular edge to 3, then the resulting pair is a subset of the original, and
hence compatible. Otherwise, suppose we add an atomic component to 3 that appears to the
left of all other atomic components. Then we can view the resulting path as the insertion of
the atomic path (along with the portion to the left of it) into the previous compatible pair.
It is straightforward to check for the atomic components that the corresponding compatible
pair has non-spanning shadows. Since both paths involved in the insertion are compatible,

we can conclude using Lemma 5.4.16 that ®(3) is compatible. O]
Lemma 5.4.18. Every compatible pair in C, is the image of some 3 € F'(D,,).

Proof. We know from Theorem 5.4.17 that ®(3) for § € F'(D,) is a compatible pair in
Cn. Moreover, we know from Theorem 5.3.2 and Theorem 5.4.3 that F'(D,,) and the set
of compatible pairs in C,, are equinumerous, since both are the result of the substitution
X; = Xy = 1. Lastly, we know from the work of Lin [61, Proposition 4.7.3] that & is

injective. Thus & is also surjective. 0

Combining the results proven above along with the work of Lee—Schiffler and Lee—Li—

Zelevinsky, we can prove the bijectivity of the map .

Proof of Theorem C. By Theorem 5.4.17 and Lemma 5.4.18, we can see that ® is a bijection
from F'(D,,) onto the set of compatible pairs in C,. Using the work of Lin [61, Proposition

4.7.3], we additionally see that ® is weight-preserving. O

5.5 Quantization of Colored Dyck Subpaths

In Lee and Schiffler’'s work on expanding rank-2 cluster variables, they showed that the co-

efficients of the Laurent expansion could be obtained by taking sums over certain collections
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of colored Dyck subpaths. Each such collection was taken to have weight 1. In order to
quantize this construction, we instead weight each collection by a power of a formal variable
q. We then show that an analogous formula holds for rank-2 quantum cluster variables with
an appropriate choice of g-weights, where setting ¢ = 1 recovers Lee and Schiffler’s formula.

As discussed by Lee-Li-Rupel-Zelevinky [54, Section 3], the combinatorial formula for
greedy basis elements of a rank-2 cluster algebra cannot be extended to the quantum setting
by merely weighting compatible pairs by a power of ¢, since positivity of these elements can
fail in general. However, Dylan Rupel [80, Corollary 5.4] established that the classical rank-2
formula for the quantum cluster variables, which are a proper subset of the greedy basis,
given by Lee-Li—Zelevinsky [55] could be extended in this way. We proceed by applying
the bijection established in the previous section to Rupel’s expansion formula over weighted
compatible pairs associated to quantum cluster variables.

An advantage of Theorem 5.1.11 is that it requires fewer computations compared to Ru-
pel’s formula in [80, Corollary 5.4]. Our formula requires O(|3]?) computations, where |3
is the number of subpaths in § € F'(D,). Rupel’s formula requires (c"*l'gc””) computa-
tions, which is generally much larger. Moreover, without knowledge of the bijection between
collections of colored subpaths and compatible pairs, it is unclear how to generate all com-
patible pairs. Naively, one must consider all collections of edges of C,, and check that the
compatibility condition holds for each pair of edges. It thus seems more efficient to generate
all collections in F'(D,,) and compute their quantum weights using Definition 5.1.9 than to
generate all compatible pairs on C,, and compute quantum weights using [80, Corollary 5.4].

In our proof of Theorem 5.1.11, we translate each compatible pair into a finite word so
that we can refer to the language of combinatorics on words. We will work over the alphabet
A = {h,v,H,V}, with A* denoting the set of finite words on A. For the purposes of this
section, we represent a compatible pair by a word in A*. The letters h and H (resp. v and

V') represent horizontal (resp. vertical) edges, with the capital letter denoting those edges in

Sy (resp. Sa).
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Figure 5.7: The top path depicts the compatible pair on Cg obtained by applying ® to Sy on
D¢, which has S; = {n1,7m2,...,m21} and Sy = (). The bottom path depicts the compatible
pair obtained by applying ® to the collection of colored Dyck subpaths shown in Figure 5.4.

Example 5.5.1. The word in A* corresponding to the top compatible pair in Figure 5.7 is
H3vHvH*vH3vH*vH*vH*vH?v .
The word in A* corresponding to the bottom compatible pair in Figure 5.7 is
h*VhHhoh*V RV RV Hhoh* VRV .

We define a morphism w, : ZA* — 7Z, where ZA* is the group of formal Z-sums of words

in A*. The function w, is defined on words of length 2 in A* as follows:
wy(h) = wy(Hv) = wy(hV) =1, wy(Hh) =w,(0V)=7r, w,(VH)=r>-1,
and for z,y € A, w,(zy) = —w,(yz). Note that in particular, this implies that
wy(hh) = wy(HH) = wy(vv) = w,(VV) =0.

The function w, naturally extends to formal Z-sums of words of length 2 on A. It is then
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extended to words of larger length by taking the formal sum over all length 2 (not necessarily
contiguous) subwords with multiplicity, and again extended naturally to formal Z-sums of
any words on A. We sometimes apply w, to a compatible pair; in this case, we interpret w,
as being applied to the corresponding word on A. We refer to w, as the quantum weight of a
word or compatible pair. Computing the value of w, on the word associated to a compatible
pair in this way is essentially calculating Rupel’s weighting on compatible pairs associated

to quantum cluster variables [80].

Example 5.5.2. Let t; (resp. ty) denote the word in A* corresponding to the top (resp.

bottom) compatible pair in Figure 5.7, computed in Example 5.5.1. Note that here we have
r = 3. Looking at all the length-2 subwords of t;, we can see that t; has 98 instances of the
subword Hv and 70 instances of the subword vH. The only other length-2 subwords of t, are

HH and vv, and we have w,(HH) = w,(vv) = 0. Thus, we can compute

wy(t1) = 98w, (Hv) + T0w,(vH) =98 -1+ 70 (—1) = 28.

Via a similar computation, we have

wy(t2) = 69wy (V) + 45w, (Vh) + 21w, (Hh) + 1Twy(hH) 4+ Tw,(vV') + bw,(Vv)
+ 5w, (VH) + Tw,(HV) 4+ 19w, (hv) + 19(vh) + 3w, (Hv) + w,(vH)
=69—-45+21-3—-17-3+7-3—-5-3+5-8—7-84+19—-19+3—-1

=28

As we will show, there are more efficient methods for computing these weights than looking

at all length-2 subwords.

For a word u € A* and a letter = € A, let (u), denote the number of instances of z in u.

In order to find a compact formula for the weights corresponding to collections of subpaths
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Lemma 5.5.3. Let By € F'(D,,) be the empty collection of colored Dyck subpaths on D,,.

For alln > 3, we have

Wq ((I)n(ﬁ@)) =Cp1+Cro—1.

Proof. We proceed by induction on n. For the base case n = 3, we have
r
wy (P3(Fp)) = wy(H"™v) = rw,(Hv) + <2> w(HH)=r=c3+cy— 1.

We now proceed to the inductive step. Let ¢ be the morphism {H — Hv,v — v}.
Observe that for a word u € { H, v}* that starts with H, ends with v, and has no consecutive

instances of v, we have

Let u; be the word associated to ®;(8p). Then, by Remark 5.2.3 and Lemma 5.3.5, u,, 41 can
be obtained by applying the morphism x = {H + H"v,v — H" v} to ¥ (u,). We can

readily calculate

wy(x(HH)) = wy(H"vH"v) = 2r = w,(HH) + 2w,(x(H)),
wy(x (V) = wy(H 'wH™v) = 2r — 2 = w,(vv) + 2w,(x(v)),
wy(X(Hv)) = w,(HvH ') = 2r = w,(Hv) + w,(H™v) + w,(H v),

wy(x(vH)) = w,(H 'wH™v) = 2r — 2 = wy(vH) + w,(H ') + w,(H ) .

Moreover, ¥ ~(u,) has ¢,_; — ¢, o instances of H and ¢, _» instances of v. Therefore, we
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have

We(Pns1(Bp) = we(x (V™" ()
= wy (Y™ (n)) + (o1 = n2)we(X(H)) + caatwy(x(v))
= (¥(un) = cn-2) +7(Cn1 = Cnz) + (r = 1)cnz
=(ch1+cno—1—cha)+c,

=c,+cp_1+1. ]

Having calculated the weight of the empty collection of paths in F'(D,), we wish to
calculate the quantum weight when we add in colored subpaths. Note that for the word
corresponding to the compatible pair, this involves swapping out certain instances of H for
h and v for V. We now calculate how such a substitution affects the quantum weight of the

word.

Lemma 5.5.4. Let ty,uy,to, us, ..., tmy, Uy, be words corresponding to compatible pairs. Fur-
thermore, suppose that t;,u; € {H,v}. Let o be the morphism {H +— h,v — V'}. Then we

have

Proof. Since w,(hV) = wy(Hv), we have w,(u;) = w, (o(u;)) for all i. Hence, we need only
to calculate the change in its value under w, after applying o to the length-2 subwords with
one letter from a w; and the other from a ;.

Let U; denote the value under w, of the sum over all length-2 subwords of [[;_; t;o(w;)
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with one letter in o(u;) and the other from some ¢;,. We then have

U= Y0 (6t FT0) = (1)

+ () m (wi)v (wy(HV) — wy(Hv))
+ () o (i) (wq(vh) — w,y(vH))

(o) (wa(0V) — wy(0) )
=Y (e (r(<tj>H<uz->h (o) — 7“2(75j)H(%:)V> . -

Applying the previous general result about compatible pairs to the specific case of C,
and using the connection between F'(D,,) and compatible pairs on C,, we can now prove the

quantum cluster variable expansion formula.

Proof of Theorem 5.1.11. Adding a path to 8 € F'(D,,) corresponds to applying the mor-

phism ¢ from Lemma 5.5.4 to the appropriate portion of the associated compatible word.
Note that |5i]2 = (8i)r and |Bi|1 = (8;)v. Similarly, |5_]]2 = (B_J)H and |6_j|1 = (5_])@ It
follows from Lemma 5.5.4, Lemma 5.5.3, and the definition of w, for words in A* that
wy(B) = Yw + Bu, where the terms on the right-hand side are those in [80, Corollary 5.4].

Thus, the expansion formula can be deduced directly from [80, Corollary 5.4]. O

Example 5.5.5. Let 5 = {p1,...,06} € F'(Dg) be the collection of colored Dyck subpaths

shown in Figure 5.4. Then we have By = B1 = fs = 0, Bo = {au}, Bz = {v2}, Bs = {au},

and Bs = {vg}. Applying Theorem 5.1.11, we have

wy(B) = (c5+cs — 1) +3(15 —4) — 9(5 — 1) + 3(5 — 1) + 3(6 — 13)
—9(2—4)+3(2—4)

— 28,

which confirms the second calculation in Fxample 5.5.2.
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5.6 Further Directions

Many of our methods rely on the highly structured nature of the maximal Dyck paths C,, and
D,,. We use this to better understand the conditions for a set of edges to form a compatible
pair on C,, in particular deriving a criterion for compatibility in terms of the sequences of
consecutive vertical edges. While C, is the relevant choice of maximal Dyck path for the
cluster variables, compatible pairs over arbitrary maximal Dyck paths were studied by Lee,
Li, and Zelevinsky [55] in their work on the greedy basis. One way to study compatibility is in
terms of forbidden edge sets, i.e. the minimal subsets of edges which violate the compatibility
condition for compatible pairs. It is easy to verify that for the staircase Dyck path P(a,a)
and r = 2, a set of edges is compatible if and only if it does not contain a horizontal edge and
the vertical edge immediately following it. From the proof of the bijectivity of ®, it follows
that on C, the forbidden edge sets are the images under ® of an (m, w)-brown path and the
Cm—1 — WCpy_o edges preceding it. It could be interesting to study whether the criterion for
compatibility can also be reduced for other families of maximal Dyck paths.

Having established that Lin’s map & is a bijection, we now have an explicit connection
between the combinatorial objects in two of the manifestly positive formulas for rank-two
cluster variables. A third manifestly positive formula was given by Cheung—Gross—Muller—
Musiker—Rupel-Stella-~Williams [17] and sums over broken lines in a rank-two scattering
diagram. In order to complete the unification of these known rank-two objects, it would be
interesting to find a bijection between compatible pairs and broken lines, as suggested by
the authors of [17]. This problem is still open even in the cluster variable case, but could be
considered more generally for the entire greedy basis.

While positivity fails in general for the quantum greedy basis [54, Section 3], it would be
interesting to know under what conditions positivity holds. Rupel’s formula [80, Corollary
5.4] establishes the positivity property for the quantum cluster variables, but perhaps this
is a special case of a more general phenomenon. If so, these elements may also admit a

quantum weighting of the associated compatible pairs, similar to that given by Rupel.
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