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Abstract

The theory of cluster algebras gives us a combinatorial framework for understanding the

previously opaque nature of certain algebras. Each cluster algebra is generated by its cluster

variables, which can be obtained via the recursive process of mutation. One remarkable

property of cluster algebras is Laurent positivity, which means that every cluster variable

can be written in a nice form; specifically, as a Laurent polynomial with positive integer

coefficients in the initial cluster variables. Laurent positivity for cluster algebras unifies

positivity phenomena in a variety of contexts, including Teichmüller theory, Gromov-Witten

theory, string theory, and tropical geometry.

Laurent positivity was conjectured by Fomin and Zelevinsky when they introduced cluster

algebras in 2002, but the proof remained elusive for over a decade. There have since been two

proofs: a combinatorial approach by Lee and Schiffler, and a geometric approach by Gross,

Hacking, Keel, and Kontsevich using a novel connection to scattering diagrams. Scatter-

ing diagrams themselves are powerful tools, originating from mirror symmetry, where they

track how certain geometric invariants (Gromov–Witten invariants and Donaldson–Thomas

invariants) change under varying stability conditions. Every cluster algebra is associated

with a cluster scattering diagram that encodes algebraic relations between cluster variables,

making them a useful tool in cluster algebra theory.

The work in this dissertation unifies these methods, aiming to deepen our understand-

ing of positivity in both cluster algebras and scattering diagrams. In Chapter 3, which is
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joint work with Kyungyong Lee and Lang Mou, we prove positivity for generalized cluster

algebras of all ranks, confirming a 2014 conjecture of Chekhov–Shapiro. We achieve this

by giving a directly computable, manifestly positive, and elementary but highly nontrivial

formula describing rank 2 generalized cluster scattering diagrams. This formula enumerates

a new class of Dyck path objects, called tight gradings, implying positivity of the scattering

diagrams in rank 2. In Chapter 4, which is joint work with Kyungyong Lee, we construct an

explicit bijection between broken lines on scattering diagrams and compatible pairs on Dyck

paths, which both play crucial roles in the proofs of cluster algebra positivity. In Chapter 5,

we give a new expansion formula for quantum cluster variables using colored subpaths of

Dyck paths, leveraging a connection we make to the compatible pair framework.

iv



Contents

Title page i

Copyright ii

Abstract iii

Table of Contents v

Acknowledgments vii

1 Introduction 1

1.1 Background and Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Generalized Cluster Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Quantum Cluster Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.4 Summary of Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.5 About this dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2 Background 12

2.1 Rank 2 Cluster Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2 Rank 2 Scattering Diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3 Generalized Positivity 20

3.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

v



3.2 Rank 2 scattering diagrams and theta functions . . . . . . . . . . . . . . . . 29

3.3 Greedy bases for rank-2 generalized cluster algebras . . . . . . . . . . . . . . 48

3.4 The generalized greedy basis equals the generalized theta basis . . . . . . . . 55

3.5 Shadowed gradings and tight gradings . . . . . . . . . . . . . . . . . . . . . 59

3.6 Applications of the tight and shadowed grading formulas . . . . . . . . . . . 78

3.7 Generalized cluster structures . . . . . . . . . . . . . . . . . . . . . . . . . . 86

3.8 Generalized cluster scattering diagrams . . . . . . . . . . . . . . . . . . . . . 92

3.9 Positivity of wall-functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

3.10 Proof of the generalized greedy element formula . . . . . . . . . . . . . . . . 130

3.11 Every Badlands wall coefficient is non-trivial . . . . . . . . . . . . . . . . . . 140

4 Broken Lines and Compatible Pairs for Rank 2 Quantum Cluster Algebras144

4.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

4.2 Preliminaries: Compatible Pairs . . . . . . . . . . . . . . . . . . . . . . . . . 147

4.3 Shadows and Cascades in Compatible Pairs . . . . . . . . . . . . . . . . . . 153

4.4 Preliminaries: Scattering Diagrams and Broken Lines . . . . . . . . . . . . . 158

4.5 Weights of Broken Lines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

4.6 A Bijection for r-Kronecker Cluster Monomials . . . . . . . . . . . . . . . . 172

4.7 A Bijection for the Kronecker Theta Basis . . . . . . . . . . . . . . . . . . . 183

5 Dyck Path Expansion Formulas for Rank-2 Cluster Algebras 191

5.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

5.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

5.3 Simplification of the Colored Dyck Subpaths Conditions . . . . . . . . . . . 200

5.4 Bijection between Compatible Pairs and Colored Subpaths of Dyck Paths . . 211

5.5 Quantization of Colored Dyck Subpaths . . . . . . . . . . . . . . . . . . . . 221

5.6 Further Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228

Bibliography 234

vi



Acknowledgments

I first want to express my deepest thanks to my advisor, Lauren Williams. Your expert guid-

ance and support throughout my PhD journey, both in shaping my mathematical research

and in navigating the academic landscape, have been invaluable. Your own career has long

been a source of inspiration to me, and working alongside you has been a crucial part of

making my experience at Harvard meaningful. I’m incredibly grateful to be your student,

and I’ll carry the lessons I’ve learned from you throughout my career.

I am extremely thankful to Kyungyong Lee, who has been both an incredible coauthor

and mentor. I appreciate the way you immediately welcomed me as a collaborator and

the countless hours you’ve invested in teaching me the fascinating combinatorics behind

positivity. Your insightful approach to problems has not only inspired me but also influenced

the way I think about mathematics.

Thank you to Lang Mou for sharing your valuable expertise in our joint work. What

began as a chance meeting at a conference a year ago has blossomed into one of the most

exciting collaborations I’ve been a part of. I’m truly grateful for your patience in teaching

me the intricacies of scattering diagrams, and I’m looking forward to continuing our exciting

work in the future.

I want to extend my heartfelt thanks to everyone made me feel welcome into the math-

ematical community and supported my growth as a researcher. Whether it was through

greeting me at conferences, inviting me to collaborate, or supporting my postdoc applica-

tions, your kindness and encouragement have meant the world to me. I’d like to give a special

vii
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Chapter 1

Introduction

1.1 Background and Motivation

Cluster algebras, originally devised as a combinatorial framework to address total positivity

[30, 63] and (dual) canonical bases [62] in Lie theory, have themselves given rise to a wide

range of intriguing algebraic and combinatorial questions. Each cluster algebra has a set

of distinguished generators, called cluster variables, which are recursively constructed via a

combinatorial rule called mutation from a finite set of initial cluster variables. When Fomin

and Zelevinsky introduced cluster algebras in 2002 [31], they proved the Laurent property for

cluster variables, stating that each cluster variable can be expressed uniquely as a Laurent

polynomial in the initial cluster variables with integer coefficients. They noticed that the

Laurent expansions of cluster variables always seem to have positive coefficients, and they

conjectured that this property holds for all cluster algebras [31, Section 3]. Their positivity

conjecture became one of the largest open problems in cluster algebra theory. After remaining

unsolved for more than a decade, this positivity was finally proven in the skew-symmetric

case by Lee–Schiffler [59] and later for all cluster algebras by Gross–Hacking–Keel–Kontsevich

[40]. The positivity phenomenon (or Laurent positivity) for cluster algebras turned out to

be a deep property that has driven plentiful research employing a wide range of techniques
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across combinatorics, representation theory and algebraic geometry [19,68,69,72].

Many of the biggest challenges in algebraic combinatorics center on understanding why

certain quantities are positive (see [81] for a historical overview). In the best case, one can

provide a combinatorial interpretation by explicitly constructing a set of objects that are

enumerated by the quantity in question. In the case of cluster algebras, positivity has been

approached both via providing combinatorial interpretations for Laurent coefficients and by

employing other algebraic and mirror-symmetric methods. Much of the early progress in

understanding Laurent positivity came from studying low-rank cluster algebras, where the

rank is the number of initial cluster variables. Other classes of cluster algebras for which we

have a better understanding of positivity included those from surfaces [67] and with acyclic

seeds [44, 47, 69, 72]. The rank-2 cluster algebras have the simplest mutation dynamics,

making it tractable to find explicit expansion formulas for cluster variables. On the other

hand, even rank 2 cluster algebras are complex enough to capture many of the intricacies

of Laurent positivity. This makes the rank-2 setting an ideal playground for understanding

positivity.

In 2011, Lee and Schiffler provided the first combinatorial formula for the Laurent expan-

sion of arbitrary skew-symmetric rank-2 cluster variables [57, Theorem 9]. They expressed

the coefficients as sums over certain collections of non-overlapping colored subpaths of a max-

imal Dyck path. Their manifestly positive formula can be used to prove Laurent positivity

for the rank 2 skew-symmetric cluster algebras, i.e. those that arise from directed graphs

called quivers, recovering the result of [24]. Their work hinted at a deep connection between

cluster algebra positivity and Dyck path combinatorics. Building on their rank 2 expansion

formula, Lee and Schiffler soon after proved the positivity conjecture for skew-symmetric

coefficient-free cluster algebras of rank 3 [58]. This work also relied on explicit, manifestly

positive formulas for computing Laurent coefficients, though these were significantly more

complicated than the rank 2 case. Leveraging the positivity of low-rank cluster algebras, they

then algebraically established positivity for skew-symmetric cluster algebras of all ranks [59].
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This monumental feat resolved the conjecture in the skew-symmetric setting, but it would

take very different methods to prove the conjecture in full generality for skew-symmetrizable

cluster algebras, i.e. those arising from skew-symmetrizable matrices.

The full positivity conjecture for cluster algebras was resolved by Gross, Hacking, Keel,

and Kontsevich [40] via a novel connection between cluster algebras and scattering diagrams

(or wall-crossing structures). Scattering diagrams emerged from efforts to construct mirror

manifolds [43,48] growing out of the Strominger–Yau–Zaslow conjecture [82] in mirror sym-

metry. Gross, Hacking, Keel, and Kontsevich gave an expansion formula for cluster variables

(in cluster algebras of arbitrary rank) as a sum over piecewise linear curves called broken lines

on cluster scattering diagrams. A scattering diagram in a real vector space is a collection

of codimension-one rational cones, referred to as walls, each associated with a formal power

series, called a wall-function. Although there are Coxeter-type symmetries and cluster-type

discrete structures governing the appearance of some rays [41], little is known about directly

computing the wall-functions in a full-dimensional sector known as the ”Badlands”. Gross,

Hacking, Keel, and Kontsevich proved in the rank-2 cluster setting that the wall-function

coefficients are always nonnegative, and they showed that rank 2 positivity can be lifted to

give cluster scattering diagram positivity in all ranks. The positivity of broken lines follows

directly from that of the scattering diagram, and so they obtain the celebrated Laurent

positivity for cluster algebras [40, Corollary 0.4].

Both the Lee–Schiffler and Gross–Hacking–Keel–Kontsevich approaches to positivity have

each led to the construction of nice bases for (upper) cluster algebras consisting of certain

indecomposable positive elements. Inspired by the Lee–Schiffler colored Dyck subpath for-

mula [57], Lee, Li, and Zelevinsky [55] defined the greedy basis for rank-2 cluster algebras.

They provided a combinatorial formula [55, Theorem 11] for the Laurent expansion of each

greedy basis element as a sum over compatible pairs, which are pairs of vertical and horizon-

tal edge sets in a maximal Dyck path that satisfy a compatibility condition. This expansion

formula was later used in Lee and Schiffler’s proof of positivity for cluster algebras from quiv-
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Figure 1.1: Three examples of rank-2 cluster scattering diagrams. Most cluster scattering
diagrams are of wild type and have walls of every rational slope in the Badlands, depicted
here as the red region.

ers [58, 59]. It is a significant feature of greedy bases that they give explicit combinatorial

information even outside the discrete cluster dynamics.

In the same work where they proved Laurent positivity, Gross–Hacking–Keel–Kontsevich

introduced the theta basis for (upper) cluster algebras, consisting of theta functions which

are parametrized by the integral tropical points in the dual X -cluster variety. The theta

functions are constructed by taking sums of monomials associated to broken lines on an

underlying scattering diagram. Due to the positivity of the scattering diagram developed

in [40], the theta functions, which contain all cluster monomials, satisfy Laurent positivity.

For the same reason, their multiplicative structure constants are also positive, a property

referred to as strong positivity.

Though the constructions of the greedy basis and the theta basis appear rather different,

these two bases actually coincide for rank-2 cluster algebras. This was proven by Cheung,

Gross, Muller, Musiker, Rupel, Stella, and Williams [17, Theorem 1.1], and their proof

is algebraic rather than combinatorial. In particular, the authors show that any pointed

element of a rank-2 cluster algebra with the same support as a greedy basis element must

be a scalar multiple of it. Since the theta basis elements are pointed, the authors prove

restrictions on the broken line behavior that implied their support must match that of a
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greedy element. This approach only considers the support of the theta basis elements rather

than treating broken lines individually, and hence does not yield a combinatorial approach

for understanding the connection between broken lines and compatible pairs.

So as we can see, there are many interesting and varied perspectives on positivity phe-

nomena in cluster algebras. But how are these different perspectives connected? This thesis

is devoted to creating these connections and extending these techniques to generalizations

of cluster algebras. We first look at connections between the combinatorial approaches to

positivity [55, 57, 59] and techniques using scattering diagrams from mirror symmetry [40].

These connections are motivated by the equality of the greedy basis and the theta basis,

suggesting that the combinatorics of Dyck paths and broken lines on scattering diagrams

are deeply related. We work in the setting of generalized cluster algebras in Chapter 3 and

quantum cluster algebras in Chapter 4. We then shift our focus to connecting two combina-

torial expansion formulas for rank 2 cluster variables. The first is the Lee–Schiffler colored

Dyck subpath formula that initiated their proof of positivity [57]. The other is the Lee–Li–

Zelevinsky construction of greedy elements (in particular, cluster variables) using compatible

pairs on Dyck paths [55]. We explore these connections and extensions to quantum cluster

algebras in Chapter 5.

1.2 Generalized Cluster Algebras

Generalized cluster algebras, introduced by Chekhov and Shapiro [16], allow for much more

flexible relations between cluster variables. In particular, in the classical cluster algebras

introduced by Fomin and Zelevinsky, each new cluster variable is obtained from a binomial

exchange relation in known cluster variables. In a generalized cluster algebra, these binomial

exchange relations are replaced with polynomial exchange relations. Of course, in order to

be a satisfactory generalization of cluster algebras, we would want to ensure that Laurent

positivity holds. Chekhov and Shapiro showed that the Laurent phenomenon holds when
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they introduced generalized cluster algebras in 2014 [16, Theorem 2.5], and they conjectured

that the positivity phenomenon should also hold. In Chapter 3, along with my coauthors

Kyungyong Lee and Lang Mou, we confirm Chekhov–Shapiro’s conjecture by proving the

positivity of generalized cluster scattering diagrams, which implies Laurent positivity for

generalized cluster algebras.

In addition to enjoying many of the same properties as cluster algebras, generalized cluster

algebras appear naturally in a wide variety of contexts. They were first introduced to study

the Teichmüller theory of Riemann surfaces with orbifold points [16], and have since arisen in

the context of exact WKB analysis [46], representations of quantum affine algebras [36] and

finite dimensional algebras [53], quantum cluster deformations [2], and SL3-invariant rings

[28]. Rupel extended the construction of the greedy basis to rank-2 reciprocal generalized

cluster algebras [79]. Scattering diagrams for generalized cluster algebras have recently been

developed by Mou [66] and Cheung–Kelley–Musiker [18], following the framework of [40].

1.3 Quantum Cluster Algebras

Quantum cluster algebras were introduced by Berenstein and Zelevinsky as non-commutative

deformations of cluster algebras and are related to canonical bases in quantum groups [4].

In the quantum setting, the cluster variables quasi-commute, i.e. commute up to a power

of a formal variable q. As in the classical case, the Laurent phenomenon was established

immediately [4, Corollary 5.2] and positivity results followed years later. Using quantum

scattering diagrams, Davison established Laurent positivity for skew-symmetric quantum

cluster algebras [19].

Lee and Schiffler [56, Theorem 11] and Rupel [78, Theorem 6] generalized the Lee–Li–

Zelevinsky expansion formula (in the skew-symmetric and skew-symmetrizable cases, respec-

tively) to the non-commutative rank-2 setting, giving each collection a weight expressed as

an ordered product of two non-commuting initial cluster variables. Rupel later gave a non-
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commutative analogue of the compatible pair expansion formula for cluster variables, which

specializes to a formula for the coefficients in the quantum rank-2 cluster algebra setting

[80, Corollary 5.4]. In particular, each compatible pair is weighted by a corresponding power

of a quantum parameter q, where the exponent is computed as a sum over all pairs of edges

in the maximal Dyck path.

The greedy basis for rank-2 cluster algebras was extended to the quantum rank-2 setting

by Lee, Li, Rupel, and Zelevinsky [54], though a quantum weighting on compatible pairs

has been constructed only in the cluster variable case [80]. The quantum theta basis was

recently constructed by Davison and Mandel [20], and they show that this basis satisfies the

strong positivity property. Both the quantum greedy and quantum theta bases contain the

quantum cluster monomials. It is suggested by Davison and Mandel, though not yet proved,

that the quantum rank-2 greedy and theta bases coincide.

1.4 Summary of Results

In Chapter 3, which is joint work with Kyungyong Lee and Lang Mou, we combine the

approaches of Lee–Schiffler [57,59] and Gross–Hacking–Keel–Kontsevich [40] to derive various

new positivity results for generalized cluster algebras. We show that each wall-function

coefficient in a rank-2 generalized cluster scattering diagram enumerates a new class of

combinatorial objects that we call tight gradings on a maximal Dyck path. The maximal

Dyck path P(m,n) is the lattice path from (0, 0) to (m,n) that is closest to the main diagonal

without crossing strictly above it. A grading on P(m,n) is an assignment of a nonnegative

integer value to each edge of P(m,n). A grading is tight if it satisfies a certain combinatorial

compatibility condition. Pictorially, tight gradings can be represented by certain “tilings”

by rectangles on rotations of the maximal Dyck path, as in the image to the right. Each

tight grading has a monomial weight in the coefficients of P1 and P2. In the classical cluster

algebra setting, this weight is either 0 or 1.
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Theorem 1.4.1 (Theorem 3.5.14). In a generalized cluster scattering diagram of rank 2, each

wall-function coefficient is equal to the sum of weights of the corresponding tights gradings

on some maximal Dyck path.

Figure 1.2: A cluster scattering diagram is depicted on the left, with the Badlands shown
in gray, and the wall-function for the central (purple) wall is shown below. The 14 tight
gradings corresponding to the coefficient of X12

1 X
8
2 are depicted on the right.

Using the framework of [42], Theorem 1.4.1 also gives a combinatorial formula for com-

puting Gromov-Witten invariants of toric surfaces in terms of tight gradings.

Built on the rank-2 positivity demonstrated by our tight grading formula, we turn our

attention to developing the positivity of higher-rank scattering diagrams towards applications

in the generalized cluster setting. Extending our rank-2 positivity and combining with work

of Mou [66, Section 8.5] (see also [18]), we obtain the following positivity results in all

ranks, confirming a conjecture of Chekhov–Shapiro. A coefficient is said to be positive if it

is a polynomial in the coefficients of the initial exchange polynomials with positive integer

coefficients.

Corollary 1.4.2 (Theorem 3.7.5, [16, Conjecture 5.1]). In a generalized cluster algebra of

any rank, the coefficients of the Laurent expansion of any generalized cluster variable are

positive.
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The proof proceeds by establishing positivity of the wall-function coefficients by lifting the

positivity following from our rank 2 formula, similar to [40, Appendix C]. As a consequence,

we furthermore prove strong positivity of the generalized theta basis.

In Chapter 4, which is joint work with Kyungyong Lee, we make explicit connections

between the constructions underlying the greedy basis and the theta basis for rank-2 (quan-

tum) cluster algebras. It was shown in [17] via algebraic methods that these bases coincide.

The authors then posed the problem of finding a combinatorial proof by constructing an

explicit (weighted) bijection between broken lines and compatible pairs.

We handle this problem in the case of tame skew-symmetric cluster algebras of rank 2.

While we work in the general setting of quantum cluster algebras, our results are new even

in the classical setting.

Theorem 1.4.3 (Theorem 4.1.2). For the rank-2 skew-symmetric quantum cluster algebras

of finite and affine type, there is an explicit q-weighted bijection between compatible pairs

corresponding to quantum greedy basis elements and broken lines corresponding to quantum

theta basis elements.

Figure 1.3: On the left, we have a broken line on the Kronecker scattering diagram, whose
weight is 72 when we take q = 1. On the right, we have one of the 72 compatible pairs
corresponding to this broken line.

While the problem posed in [17] seems quite difficult for wild type cluster algebras, we

can construct such a q-weighted bijection for a subclass of compatible pairs that arose in the
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Lee–Schiffler proof of the positivity theorem.

Theorem 1.4.4 (Theorem 4.6.18). For quantum cluster monomials in rank-2 skew-symmetric

quantum cluster algebras of wild type, there is an explicit q-weighted bijection between positive

compatible pairs (which comprise almost all compatible pairs) and broken lines of negative

angular momentum.

In Chapter 5, we simplify and generalize two formulas for the expansion of rank 2 cluster

variables involving Dyck path combinatorics. We start by providing a simplification of the

Lee–Schiffler expansion formula [57] using collections of colored Dyck subpaths. We then

use this simpler formula to prove the bijectivity of a particular map to compatible pairs,

objects introduced by Lee, Li, and Zelevinsky [55] to study the greedy basis, confirming two

conjectures of Lin.

Theorem 1.4.5 (Theorem 5.1.8, [61, Conjectures 3 & 4]). The map Φ constructed by Lin

[61, Section 4.7] is a bijection between collections of colored Dyck subpaths and compatible

pairs contributing to the Laurent coefficients of cluster variables.

Figure 1.4: A collection of colored Dyck subpaths on a maximal Dyck path, as well as the
corresponding compatible pair (with included edges shown in bold) under the bijection Φ.

This bijection gives an efficient method for generating all compatible pairs in the cluster

variable case. We use this bijection along with Rupel’s expansion formula for quantum greedy

basis elements [80], which sums over compatible pairs, to provide a quantum generalization

of Lee and Schiffler’s colored Dyck subpaths formula.
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Theorem 1.4.6 (Theorem 5.1.11). Consider the quantum cluster algebra Aq(r, r) with quan-

tum cluster variables Zi for i ∈ Z. Let c1 = 0, c2 = 1, and ck = rck−1 − ck−2. For n ≥ 4, we

have

Zn = Z
−cn−1

1 Z
−cn−2

2

∑
β

qγ1(β)Z
rγ2(β)
1 Z

r(cn−1−γ3(β))
2

where the sum ranges over all collections β of colored Dyck subpaths on a certain Dyck path

Dn and the parameters γi(β) are certain statistics easily read off from β.

This new formula has the advantage of requiring less computation than that in [80,

Corollary 5.4] and explicitly calculating the coefficients in the quantum case, rather than

expressing each term as an ordered product as in [78]. It is also more elementary than the

expansion formula in [77], which is based on the theory of valued quiver representations.

1.5 About this dissertation

This dissertation is a compilation of three papers, the first two of which are joint works. The

first work, [12], appears here as Chapter 3 and is a joint work with Kyungyong Lee and Lang

Mou. An abridged announcement [13] of this work will be published in the Proceedings of the

National Academy of Sciences. The second work, [11], constitutes Chapter 4 and is joint work

with Kyungyong Lee. The third, [10], appears here as Chapter 5 and has been published in

Algebraic Combinatorics. In each case, I made minor typographical changes from the arXiv

or published versions, while the mathematical content remains largely unaltered.

While I performed the research presented in this dissertation, I was funded by the NSF

Graduate Research Fellowship Program under grant DGE 2140743 and the Jack Kent Cooke

Foundation. Any opinions, findings and conclusions or recommendations expressed in this

material are those of the author and do not necessarily reflect the views of the National

Science Foundation.
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Chapter 2

Background

Much of the complexity of positivity in cluster algebras is found in the rank 2 setting. We now

provide the basics on cluster algebras of rank 2, specifically their generalized and quantum

versions (which both specialize to the classical setting). We then also provide basics on

rank-2 cluster scattering diagrams and their generalizations. While this is meant to serve

as a gentler introduction, many of these notions are later introduced in further generality.

Some of this material draws from [10–13]. For background on classical cluster algebras, see

the excellent textbook [29].

2.1 Rank 2 Cluster Algebras

2.1.1 Generalized Cluster Algebras

Let k be any field of characteristic zero. We consider polynomials in k[p1,1, ..., p1,ℓ1 , p−11,ℓ1
][z]

and k[p2,1, ..., p2,ℓ2 , p−12,ℓ2
][z], where we can treat the pi,j’s as formal variables or evaluate them

in k. We assume p1,ℓ1 and p2,ℓ2 are nonzero and ℓ1, ℓ2 ≥ 1. Let

P1 = 1 + p1,1z + · · ·+ p1,ℓ1−1z
ℓ1−1 + p1,ℓ1z

ℓ1 and

P2 = 1 + p2,1z + · · ·+ p2,ℓ2−1z
ℓ2−1 + p2,ℓ2z

ℓ2 .
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We define further P 1(z) :=
1

p1,ℓ1
zℓ1P1(z

−1) and P 2(z) :=
1

p2,ℓ2
zℓ2P2(z

−1). Note that if P1 is

monic, then P i is the reciprocal polynomial to Pi. If Pi is furthermore palindromic, then

P i = Pi.

Consider the ring k(p1,1, ..., p1,ℓ1 , p2,1, ..., p2,ℓ2)(x1, x2) of rational functions. We inductively

define rational functions xk ∈ k(p1,1, ..., p1,ℓ1 , p2,1, ..., p2,ℓ2)(x1, x2) for k ∈ Z by the rule:

xk+1xk−1 =



P1(xk) if k ≡ 1 mod 4;

P2(xk) if k ≡ 2 mod 4;

P 1(xk) if k ≡ 3 mod 4;

P 2(xk) if k ≡ 0 mod 4.

Each xk is called a cluster pre-variable.

Lemma 2.1.1 ([16]). Each xk is a Laurent polynomial in

k := k[p1,1, ..., p1,ℓ1 , p−11,ℓ1
, p2,1, ..., p2,ℓ2 , p

−1
2,ℓ2

][x±11 , x±12 ] .

Let Xk be the element such that the coefficient of the (unique) lowest (total) degree

term of Xk is equal to 1, and Xk = pak1,ℓ1p
bk
2,ℓ2
xk for some ak, bk ∈ Z. These Xk are

called the generalized cluster variables. Let the generalized cluster algebra A(P1, P2) be

the k[p1,1, ..., p1,ℓ1 , p2,1, ..., p2,ℓ2 ]-subalgebra of k generated by the set {Xk}k∈Z.

Remark 2.1.2. When P1(x) = 1 + xb and P2(y) = 1 + yc, we recover the classical cluster

algebra A(b, c).

Generalized cluster algebras of all ranks are treated in Section 3.7.

2.1.2 Quantum Cluster Algebras

In the quantum cluster setting, the cluster variables no longer commute but quasi-commute,

meaning they commute up to a power of a formal parameter q. Consider the quantum torus
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T := Z[q±1]⟨X±11 , X±12 : X1X2 = q2X2X1⟩. The quantum rank-2 r-Kronecker cluster algebra

Aq(r, r) is the Z[q±1]-subalgebra of the skew field of fractions of T generated by the quantum

cluster variables {Xn}n∈Z, which follow the recursion Xn+1Xn−1 = qrXr
n+1. The (classical)

r-Kronecker cluster algebra A(r, r) is obtained from Aq(r, r) by specializing the parameter

q to 1, and the r-Kronecker cluster algebras comprise all skew-symmetric rank-2 cluster

algebras. Though there is a notion of skew-symmetrizable quantum cluster algebras (see

[4]), for the purposes of this dissertation, we only consider skew-symmetric quantum cluster

algebras.

2.2 Rank 2 Scattering Diagrams

2.2.1 Generalized Cluster Scattering Diagrams

Fix a rank-2 lattice M ∼= Z2. Let MR = M ⊗ R, and for a strictly convex rational cone

σ ⊊ MR, let P = Pσ = σ ∩M . We set Ẑ[P ] to be the completion of the monoid ring Z[P ]

at the maximal monomial ideal m generated by {xm : m ∈ P \{0}}.

Definition 2.2.1. A wall is a pair (d, fd) consisting of a support d ⊆MR and an associated

wall-crossing function fd ∈ Ẑ[Pd], where

• the support d is either a ray R≤0w or a line Rw for some w ∈ σ ∩ (M \{0});

• we have fd = fd(x
w) = 1 +

∑
k≥1

ckx
kw for some ck ∈ Z.

Definition 2.2.2. A scattering diagram D is a collection of walls such that

{(d, fd) ∈ D : fd ̸≡ 1 mod mk}

is finite for each k ≥ 0. The union of the supports of the walls is the support Supp(D) of

the scattering diagram D.
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We associate a scattering diagram D(P1, P2) to the cluster algebra A(P1, P2). Let the

“initial” scattering diagram for A(P1, P2) be

D(P1, P2)in = ((R(1, 0), P1(X1)), (R(0, 1), P2(X2))) .

The scattering diagramD(P1, P2) is then the consistent scattering diagram formed by adding

rays to D(P1, P2)in (see, for example, [17, Section 3] for details on consistency). It is shown

in [40, Theorem 1.7] that such a scattering diagram exists and is unique up to equivalence.

For classical cluster algebras, we use the shorthand D(b,c) = D(1+xb, 1+yc) and Dr = D(r,r).

The scattering diagram D(P1, P2) has a (possibly infinite) set of cluster walls, whose

directions correspond to the d-vectors of the cluster variables. The set of cluster walls is

infinite for ℓ1ℓ2 ≥ 4, where ℓi = deg(Pi), and finite otherwise.

When we have ℓ1ℓ2 ≥ 4, there are walls in addition to the cluster walls that lie in the

closed cone given by

spanR≤0

{(
2ℓ1, ℓ1ℓ2 +

√
ℓ21ℓ

2
2 − 4ℓ1ℓ2

)
,

(
ℓ1ℓ2 +

√
ℓ21ℓ

2
2 − 4ℓ1ℓ2, 2ℓ2

)}
.

This cone is known as the “Badlands” and contains infinitely many rays when ℓ1ℓ2 > 4. It

was recently shown by Gräfnitz and Luo [37] that the cluster scattering diagram D(ℓ1, ℓ2)

has a wall at every rational slope within the Badlands. However, the functions associated

to these walls are generally not understood, though some partial progress has been made

[1, 25,73].

Remark 2.2.3. While scattering diagrams are usually parameterized in terms of g-vectors,

the setting of d-vectors is better suited for drawing connections to compatible pairs. Thus,

our definition of the cluster scattering diagram is equivalent to the d-vector scattering di-

agram in [17], and our theta functions are parameterized by d-vectors as well. The two

settings differ by a piece-wise linear bijection on the scattering diagram [17, Theorem 4.3].
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2.2.2 Broken Lines

We begin by introducing broken lines for scattering diagrams. Then, focusing specifically

on broken lines that only cross over cluster walls, we see how to assign a quantum weight

to each broken line in the setting of quantum cluster algebras. We additionally describe

the quantum weighting associated with crossing the unique non-cluster wall in the quantum

Kronecker scattering diagram.

Definition 2.2.4. Let m0 ∈ M and a general point Q ∈ MR \ Supp(D). A broken line γ

for m0 with endpoint Q is a piecewise linear continuous proper path γ : (−∞, 0]→MR \{0}

with values −∞ = τ0 < τ1 < · · · < τℓ+1 = 0 and an associated monomial cix
mi ∈ k[M ] for

each i = 0, . . . , ℓ such that

1. γ(0) = Q and c0 = 1;

2. γ̇(τ) = −mi for any τ ∈ (τi, τi+1) for each i = 0, . . . , ℓ;

3. the subpath γ|(τi−1,τi+1) transversally crosses (the support of) a wall (di, fi) at τi for

i = 1, . . . , ℓ;

4. for i = 0, . . . , ℓ− 1, ci+1x
mi+1 is a monomial term of

p−mi,di(cix
mi) = cix

mi · fni·mi
i

where ni is primitive in N and orthogonal to di in the direction ni ·mi > 0.

We call the final coefficient cℓ the weight of a broken line γ and denote c(γ) := cℓ. We

refer to each γ(τi+1) for i = 0, . . . , ℓ − 1 as a bending of multiplicity k of γ at the wall di,

where ci+1x
mi+1 is the (k+1)-th term of cix

mifni·mi
i (ordered increasingly by exponent). Each

element mi ∈M is referred to as the exponent of γ on the corresponding linear domain, and

we let m(γ) denote the final exponent mℓ ∈M .
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2.2.3 Quantum Weights of Broken Lines

The combinatorics of Gaussian binomial coefficients is necessary for discussing the quantum

weight of broken lines. For k ∈ Z≥0, we define

[k]q :=
qk − q−k

q − q−1
= q−(k−1) + q−(k−3) + · · ·+ qk−3 + qk−1 ∈ Z[q±1] .

This can be viewed as a quantum deformation of the integer k, since limq→1[k]q = k. We

then define [k]q! := [k]q[k− 1]q · · · [2]q[1]q for k ≥ 1 and set [0]q! := 1. For integers ℓ ≥ k ≥ 0,

the bar-invariant quantum binomial coefficient is the quantity

(
ℓ

k

)
q

:=
[ℓ]q!

[k]q![ℓ− k]q!
∈ Z≥0[q±1] .

Definition 2.2.5. Let γ be a broken line on the cluster scattering diagram Dr that bends

only over cluster walls. To each domain of linearity γ(τi, τi+1), we associate a quantum weight

ci,q determined by

c0,q = 1 and ci+1,q = ci,q

(
vi · n
mi

)
q2r
,

where mi is the multiplicity of the bending at γ(τi+1). The quantum weight of γ is the

quantum weight of the last domain of linearity.

If γ is on the Kronecker scattering diagram D2, we additionally allow bending on the

non-cluster wall. The quantum weight after this bending is given by ci+1,q = ci,qf [mi], where

f [mi] is the coefficient of xmi in

f(x) =

(
∞∑
k=0

[i+ 1]q4x
k

)vi·n

.

For such broken lines, we associate a quantum monomial Monoq(γ) = cℓ,qz
vℓ to the last

domain of linearity.

Remark 2.2.6. We must renormalize the setup in [20] in order to have the quantum cluster
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variables coincide with those in the setting of [80]. This renormalization is achieved by

replacing the quantum coefficient by its 2r-th power, i.e., applying the map q 7→ q2r.

Remark 2.2.7. While we have not explicitly defined the quantum cluster scattering dia-

grams, the quantum weight of a broken line in our setting matches the weight of the same

broken line on the associated quantum cluster scattering diagram. This is sufficient for the

work in this dissertation. To handle bending at the non-cluster wall in D2, one can adapt

the methods used by Reading [73, Theorem 3.4] to the quantum case.

2.2.4 The Theta Basis

The theta basis, introduced by Gross–Hacking–Keel–Kontsevich [40], has elements expressed

as a sum over broken lines on scattering diagrams.

Definition 2.2.8. The theta function associated to m0 and Q is

ϑQ,m0 =
∑
γ

c(γ)xm(γ)

where the sum is over all broken lines for m0 with endpoint Q.

The point Q is always chosen general enough for broken lines to avoid the origin (the

only singular locus in rank 2). The sum is generally infinite but indeed lies in xm0Ẑ[P ]

[40, Proposition 3.4]. When all walls of a scattering diagram have apex at the origin, as

is the case for scattering diagrams associated to cluster algebras, then we say Q ∈ MR is

generic if Q is not in
⋃

v∈M∗ v⊥.

Definition 2.2.9. Fixing a generic Q ∈ R2
≥0, the theta basis is the set of all theta functions

ϑQ,m for any m ∈ Z2.

Additionally, on the scattering diagram D2, we can define the quantum theta functions

and quantum theta basis by replacing Mono(γ) with Monoq(γ) in the above definition. Quan-
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tum theta bases were defined for arbitrary cluster algebras in recent work of Davison and

Mandel [20] in order to prove the strong positivity conjecture for quantum cluster algebras.
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3.1 Overview

In this chapter, we obtain new positivity results for the generalized cluster algebras of

Chekhov and Shapiro [16] where polynomial type exchange relations (as opposed to bi-

nomials) are used to generate cluster variables. Our proofs are built upon a novel counting
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formula for wall-functions to rank-2 generalized cluster scattering diagrams and the subse-

quent positivity of wall-functions in higher ranks.

Our discoveries stem from an effort to bridge the explicit combinatorial terms developed

in [55,57,59,79] and the more abstract constructions of [40] through scattering diagrams. One

precedent is that greedy bases and theta bases are actually the same in rank 2 [17]. However,

the explicit scattering diagram structure outside the Badlands is still elusive, even in rank

2. While one expects a non-trivial wall in every rational direction to appear in this region

(Section 3.11), the wall-function in general is notoriously hard to compute. Our formula

presented in Theorem 3.1.1 computes any such wall-function in terms of combinatorics on

Dyck paths. In fact, the formula itself is far more general than the ordinary cluster situation.

As explained in Section 3.1.1, the formula essentially computes the commutator of two

arbitrary generators of the tropical vertex group [42, 48]. As rank-2 scattering diagrams

are already linked with other interesting objects [42, 76], our formula invites immediate

applications to Gromov–Witten invariants and quiver representations; see Section 3.6.

An immediate consequence of Theorem 3.1.1 is that any wall-function has nonnegative

integer coefficients. We extend this positivity to wall-functions in any rank-2 consistent

scattering diagram (Theorem 3.1.2) and in any higher-rank generalized cluster scattering

diagram (Theorem 3.1.3). The latter scattering diagrams encode structures of the associated

generalized cluster algebras [18, 66]. The positivity of wall-functions allows us to prove

the positivity of the Laurent phenomenon for any generalized cluster algebra, previously

conjectured by Chekhov and Shapiro [16, Section 5]. The strong positivity, which says that

the structure constants in the multiplication of theta functions are nonnegative, also follows.

We now give more detailed description of the main results in Section 3.1.1 through 3.1.3.
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3.1.1 Formula for wall-functions

Let k be a field of characteristic zero. Following [42], we consider the automorphism group

A := AutkJtK(k[x±1, y±1]JtK)

of the 1-parameter formal family of the two-dimensional torus. For a non-zero vector (a, b) ∈

Z2 and a function f ∈ k[x±1, y±1]JtK of the form

f = 1 + txayb · g(xayb, t), g(z, t) ∈ k[z]JtK,

we define T(a,b),f ∈ A by

T(a,b),f (x) = f−b · x and T(a,b),f (y) = fa · y.

Clearly T−1(a,b),f = T(a,b),f−1 ∈ A.

The tropical vertex group is the completion with respect to the maximal ideal (t) ⊆ kJtK

of the subgroup of A generated by all elements of the form T(a,b),f . This group and its close

variants arose in mirror symmetry [43, 48], and subsequently also play important roles in

wall-crossing identities of invariants in triangulated categories [49, 50].

One initial task to understand the tropical vertex group is to compute the ordered fac-

torization of the commutator of two generators. This turns out to be a rather hard question,

but investigations into it have led to links to interesting objects including relative Gromov–

Witten invariants [41, 42] and moduli spaces of stable quiver representations [74–76]. Our

approach to this problem is combinatorial and is largely motivated by Fomin–Zelevinsky’s

cluster structure.

Let P1 = 1 +
∑

k≥1 p1,kx
k and P2 = 1 +

∑
k≥1 p2,ky

k be elements in k[x±1, y±1]JtK. Here

pi,k ∈ kJtK, i = 1, 2 are regarded as coefficients. As observed by Kontsevich and Soibelman

22



[48], there exists a unique ordered factorization of the commutator

T−1(0,1),P2
· T(1,0),P1 · T(0,1),P2 · T−1(1,0),P1

=
→∏

b/a decreasing

T(a,b),f(a,b) . (3.1.1)

The right-hand side of (3.1.1) is an infinite product ranging over all positive coprime pairs

(a, b). It is understood as the limit of finite products modulo each (tn) for n ≥ 1.

Theorem 3.1.1 (Tight grading formula). Fix coprime positive integers (a, b). For each

k ≥ 1, choose integers (d1,k, d2,k) such that ad2,k − bd1,k = ±1, ka ≤ d1,k, and kb ≤ d2,k.

Then

f(a,b) = 1 +
∑
k≥1

∑
ω

wt(ω)xkaykb, (3.1.2)

where the second sum is over all tight gradings ω on the Dyck path P(d1,k, d2,k) of total

horizontal weight kb and total vertical weight ka, and wt(ω) ∈ kJtK is the weight monomial

in {pi,k | i = 1, 2, k ≥ 1} associated to ω.

Tight gradings, the main combinatorial ingredients in Theorem 3.1.1, have simple de-

scriptions in terms of combinatorics on the Dyck path P(d1,k, d2,k) given in Section 3.3.2 and

Section 3.5.1. They form a subset of Rupel’s compatible gradings [79], whose definition was

inspired by the compatible pairs defined by Lee–Li–Zelevinsky in [55]. The formula (3.1.2)

was announced in [13, Theorem 3.5] with a proof sketch. We give two different proofs in

Section 3.5.4 and Section 3.5.5.

Theorem 3.1.1 is a special case of Theorem 3.5.14, where we give a combinatorial formula

of the m-th power of f(a,b) for any m ≥ 1 using more general shadowed gradings. The more

general formula will be used to compute Euler characteristics of quiver moduli spaces; see

Corollary 3.6.2. It also yields explicit expressions of relative Gromov–Witten invariants on

weighted projective planes; see Theorem 3.6.5.

We give in Theorem 3.9.3 a formula for the commutator of two arbitrary generators

T(a1,b1),f1 and T(a2,b2),f2 in the tropical vertex group. The difference with Theorem 3.1.1
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is that the vectors (a1, b1) and (a2, b2) may only generate a proper rank-2 sub-lattice of

Z2. One may compare this formula with Gross–Pandharipande–Siebert’s full commutator

formula [42, Section 5], which involves relative Gromov–Witten invariants defined through

orbifold blowups of toric surfaces and a process factorizing f1, f2 into products of binomials.

Our formula is direct in terms of the coefficients of f1, f2 and by counting combinatorial

objects. It is thus much simpler from the perspective of computation and can be efficiently

implemented through computer programs.

3.1.2 Positivity of scattering diagrams

In the main body of the chapter, the factorization (3.1.1) is packed in a structure called a

rank-2 consistent scattering diagram determined by two initial lines. More generally such a

structure D = Scat(Din) can start with a countable collection Din of lines in R2 and result in

adding a collection D \Din of rays in R2 to achieve consistency. Lines and rays are uniformly

called walls and are attached with wall-functions. Each f(a,b) in (3.1.1) is the wall-function

associated to the ray R≤0(a, b) while P1 and P2 are associated to the coordinate axes. We

will soon see this description in Section 3.2.2.

The starting point of the remaining discussion is the positivity demonstrated by the tight

grading formula (3.1.2). The combined coefficient for each term xkaykb is a polynomial with

nonnegative integer coefficients, that is, an element in

N[pi,k | i = 1, 2, k ≥ 1],

where N denotes Z≥0 throughout. It turns out that this positivity is shared by any consistent

scattering diagram in rank 2.

Theorem 3.1.2 (Theorem 3.9.5). Let Din be an initial scattering diagram consisting of

lines. Any coefficient of any wall-function in Scat(Din) can be expressed as a polynomial in

the coefficients of wall-functions in Din with nonnegative integer coefficients.
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We next utilize Theorem 3.1.2 to show the positivity of wall-functions of certain scatter-

ing diagrams living in higher dimensions. There will be immediate implications on several

positivity phenomena of generalized cluster algebras.

Briefly, a scattering diagram in RN is a (countable) collection of codimension one rational

polyhedral cones, each with an attached power series, referred to as walls and their wall-

functions. The (ordinary) cluster scattering diagram of Gross–Hacking–Keel–Kontsevich

[40] is determined by a finite collection of initial walls through a higher dimensional consis-

tency condition that generalizes the equation (3.1.1). These scattering diagrams encode the

information of Fomin–Zelevinsky’s cluster algebras.

In more concrete terms, a generalized cluster scattering diagram Ds is the unique consis-

tent completion of an initial collection of walls

Ds,in = {(Hi, fi) | i = 1, . . . , n}

such that Ds \Ds,in consists only of non-incoming walls, a notion in higher dimensions gen-

eralizing rays in rank 2. Each Hi is the coordinate hyperplane in RN (for n ≤ N) with

vanishing i-th coordinate and

fi = 1 + pi,1x
wi + · · ·+ pi,ℓix

ℓiwi ,

where each wi is a (column) vector in ZN , ℓi is a positive integer, and pi,k are formal variables.

The matrix (ℓ1w1, . . . , ℓnwn) is assumed to have full rank. Its top n× n submatrix needs to

be skew-symmetrizable, as required for exchange matrices that govern mutations in cluster

algebras. These scattering diagrams, constructed and studied in [18, 66], generalize the

cluster scattering diagrams of [40], where each fi is a binomial 1 + xℓiwi . They encode the

information of Chekhov–Shapiro’s generalized cluster algebras [16].

A significant property of ordinary cluster scattering diagrams is the positivity of wall-

functions [40, Theorem 1.24], which says that any wall-function is a (possibly infinite) product
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of binomials of the form (1+xw). Thus, as a power series, every wall-function has nonnegative

integer coefficients. The proof in loc. cit heavily relies on the assumption that the initial

wall-functions are binomials. Our next main result shows the positivity of wall-functions in

the polynomial case.

Theorem 3.1.3 (Theorem 3.8.9). Any wall-function in a generalized cluster scattering dia-

gram Ds has coefficients in N[pi,s | 1 ≤ i ≤ n, 1 ≤ s ≤ ℓi].

The proof of Theorem 3.1.3 relies on Theorem 3.1.2, the rank-2 positivity in full generality.

In Section 3.9.3, we give an order-by-order construction of Ds analogous to the algorithm

in [40, Appendix C], where local scatterings are essentially governed by rank-2 behaviors.

Then the proof undergoes a careful induction that ensures positivity at each order.

Remark 3.1.4. It would be interesting to explore quiver representation-theoretic interpre-

tations of Ds beyond the rank-2 case (Section 3.6.1). Following Bridgeland [8], stability

scattering diagrams equivalent to a particular class of Ds are constructed in [52] through

representations of Jacobian algebras whose quivers have loops. Theorem 3.1.3 then implies

that the Euler characteristic type wall-function coefficients in [52] are all nonnegative inte-

gers.

3.1.3 Positivity of generalized cluster algebras

The remaining structural properties regarding the positivity of generalized cluster algebras

follow from Theorem 3.1.3, summarized below. This is a series of results extended from the

ordinary case [40].

Theorem 3.1.5. Let A (resp. U) denote the generalized cluster algebra (resp. upper cluster

algebra) associated to a generalized cluster structure (with coefficients and frozen directions)

of Chekhov–Shapiro as defined in Section 3.7.

(1) Every cluster monomial in A is a Laurent polynomial in the cluster variables of any

cluster with coefficients in N[P] where P is the coefficient group. (Theorem 3.7.5)

26



(2) When the cluster structure is generated by a seed data s (Section 3.8.1) that determines

Ds, we have the so-called theta functions {ϑm | m ∈ ZN} constructed from Ds in certain

formal completion Û⊕ (dependent on s) of U . Each ϑm is a formal Laurent series

with coefficients in N[P]. The set of theta functions contain all cluster monomials.

(Theorem 3.8.17)

(3) Theta functions form a topological basis of Û⊕ and satisfy the formal multiplicative

rule

ϑp1 · ϑp2 =
∑
q∈Zn

α(p1, p2; q)ϑq ∈ Û⊕,

where each structure constant α(p1, p2; q) is defined through broken lines and is in N[P].

(Theorem 3.8.19)

(4) The Z[P]-module

M := spanZ[P]{ϑm | m ∈ ZN , ϑm ∈ U}

is closed under multiplication, hence a Z[P]-algebra. There are natural inclusions A ⊆

M ⊆ U . (Theorem 3.8.21)

(5) Theta functions are characterized as the atomic elements in Û⊕ with respect to the

scattering atlas. (Theorem 3.8.24)

Theorem 3.1.5(1) confirms the positivity of the Laurent phenomenon for generalized clus-

ter algebras, previously conjectured by Chekhov and Shapiro [16]. It is proven in Section 3.8.3

through Theorem 3.1.5(2). We refer to Theorem 3.1.5(3) as the strong positivity. There is

an extensive discussion in [40] on when any of the inclusions A ⊆ M ⊆ U in the ordinary

case becomes equality, which we expect to naturally carry over to the generalized case but

do not discuss in this chapter. Theorem 3.1.5(5) is suggested to the authors by Ben Davison.

The proof follows Mandel’s [64] in the ordinary case.
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3.1.4 Structure of the chapter

The remainder of the chapter is organized as follows. In Section 3.2, we review rank-2

scattering diagrams and important constructions such as broken lines and theta functions.

Generalized cluster scattering diagrams in rank 2 are studied in detail in Section 3.2.2,

whose cluster complex structure leads to the definition of rank-2 generalized cluster algebras

in Section 3.2.3.

In Section 3.3.1, we define greedy elements for rank-2 generalized cluster algebras through

a positive recurrence of coefficients. Compatible gradings are defined in Section 3.3.2 and

are used to express greedy elements in Section 3.3.3.

We establish the equality between greedy elements and theta functions in Section 3.4,

generalizing [17]. This serves as a main ingredient in our first proof of Theorem 3.5.14 given

in Section 3.5.4.

In Section 3.5, we introduce the main combinatorial objects shadowed gradings and tight

gradings and prove Theorem 3.5.14, which is a more general formula covering Theorem 3.1.1.

Definitions and examples of shadowed and tight gradings are given in Section 3.5.1. Another

important ingredient towards Theorem 3.5.14 is the one-bending property regarding combi-

natorics of broken lines, introduced in Section 3.5.2. Two different proofs for Theorem 3.5.14

are given respectively in Sections 3.5.4 and 3.5.5.

In Section 3.6, we apply Theorem 3.5.14 to obtain combinatorial formulas for Euler

characteristics of quiver moduli spaces and relative Gromov–Witten invariants.

Sections 3.7 and 3.8 deal with positivity properties of generalized cluster algebras. We

review Chekhov–Shapiro’s generalized cluster structure in Section 3.7 and state the positivity

of Laurent phenomenon in Theorem 3.7.5, whose proof is given in Section 3.8.3. Generalized

cluster scattering diagrams are defined in Section 3.8.1. The cluster complex structure is

described in Section 3.8.2. Other structural results regarding generalized cluster algebras

such as the strong positivity and atomicity of theta functions are discussed in Sections 3.8.4

and 3.8.5.

28



In Section 3.9, we fill in rather technical results on positivity of scattering diagrams.

We establish the full positivity in rank 2 in Sections 3.9.1 and 3.9.2. The proof of Theo-

rem 3.8.9, the positivity of higher-rank generalized cluster scattering diagrams, is completed

in Section 3.9.3.

Section 3.10 contains the proof of the compatible grading formula for greedy elements in

generalized cluster algebras. In Section 3.11, we give a combinatorial proof that the Badlands

wall-function coefficients are non-vanishing in rank-2 generalized cluster scattering diagrams

whose initial wall-functions have positive coefficients.

3.2 Rank 2 scattering diagrams and theta functions

In this section, we review rank-2 scattering diagrams, broken lines and theta functions.

Generalized cluster scattering diagrams in rank 2 are studied in detail in Section 3.2.2,

whose cluster complex structure leads to the definition of rank-2 generalized cluster algebras

in Section 3.2.3.

3.2.1 Scattering diagrams in rank 2

We introduce basic notions of rank-2 scattering diagrams following [38, Section 6.3]. Fix

a rank-2 lattice M ∼= Z2 and let N = Hom(M,Z). Let P be a finitely generated monoid

equipped with a map

r : P→M.

Denote by P× the group of units in P. Let m denote both the monoid ideal P \P× in

P and the monomial ideal k[P \P×] in the monoid algebra k[P] over a ground field k of

characteristic zero. Let

k̂[P] := lim
←−

k[P]/mk

be the m-adic completion of k[P].
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We say a monomial ideal I in k[P] is m-primary if its radical
√
I is m.

Definition 3.2.1. Fix r : P→M and let I be an m-primary ideal. A ray or line, uniformly

referred to as a wall, over k[P]/I or k̂[P] is the data d of

• the support Sd ⊆MR :=M ⊗ R given by

Sd = b− R≥0md or Sd = b− Rmd

for some b ∈MR and the direction −md ∈M \{0};

• the wall-function fd is an element in k[P]/I or in k̂[P] such that

fd = 1 +
∑

m∈P(md)

cmx
m

where P(md) := {m ∈ P | r(m) ∈ R>0md} and fd ≡ 1 mod m.

Remark 3.2.2. A ray does not start at the origin when b ̸= 0 and a line does not cross the

origin when b /∈ Rmd. A wall d is sometimes represented by the pair (Sd, fd), but two walls

can have the same pair of support and wall-function.

Definition 3.2.3. A scattering diagram D over k[P]/I is a finite set of walls over k[P]/I. A

scattering diagram D over k̂[P] is a countable set of walls over k̂[P] such that for each k ≥ 0,

the subset

Dk := {d ∈ D | fd ̸≡ 1 mod mk+1}

is a scattering diagram over k[P]/mk+1.

Definition 3.2.4. The support of D is defined as

Supp(D) :=
⋃
d∈D

Sd ⊆MR.
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The singular locus Sing(D) of D is the union of the boundary point of every ray and the

zero-dimensional intersection locus of any pair of walls.

Associated to a wall d over k[P]/I or k̂[P] and a vector v ∈ MR transversal to Sd is the

wall-crossing automorphism pv,d ∈ Aut(k[P]/I) or Aut(k̂[P]). It is an algebra automorphism

defined by

pv,d(x
m) := xmf

n·r(m)
d for m ∈ P, (3.2.1)

where n ∈ Hom(M,Z) is primitive and orthogonal to Sd such that n · v < 0, where · denotes

the natural pairing between Hom(M,Z) and M . Clearly p−1v,d = p−v,d.

A path (a smooth immersion) γ : [0, 1]→MR is called regular with respect to a scattering

diagram D over k[P]/I if it is a smooth immersion such that

• γ([0, 1]) ∩ Sing(D) = ∅ and {γ(0), γ(1)} ∩ Supp(D) = ∅;

• it crosses walls only transversally.

For a regular path γ, let

0 < t1 ≤ · · · ≤ ts < 1

be a sequence of maximal length such that γ(ti) ∈ Sdi for some wall di ∈ D and that if

ti = tj, then di and dj are two distinguished elements in D.

The path-ordered product of γ is defined to be

pγ,D := pγ̇(ts),ds ◦ · · · ◦ pγ̇(t1),d1 ∈ Aut(k[P]/I) ,

where γ̇(t) denotes the tangent vector dγ(t)
dt

. The order of pγ̇(ti),di and pγ̇(tj),dj in the product

when ti = tj is irrelevant because they commute in Aut(k[P]/I).

A path γ is regular with respect to a scattering diagram D over k̂[P] if it is regular with

respect to Dk for each k ≥ 0. The path-ordered product of γ is defined to be

pγ,D := lim
←−

pγ,Dk
∈ Aut(k̂[P]) ,
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where each pγ,Dk
is considered to be in Aut(k[P]/mk+1).

Definition 3.2.5. Two scattering diagrams D and D′ (both over k[P]/I or k̂[P]) are said

to be equivalent and denoted as D ≡ D′ if

pγ,D = pγ,D′

for any path γ that is regular to both.

In view of the above equivalence, it is convenient to consider a “wall” with support

Sd = b + R≥0md and wall-function fd. It does not qualify either as a line or a ray in

Definition 3.2.1, but is equivalent to the union of a line and a ray

{(b+ Rmd, fd)} ∪ {(b+ R≤0md, f
−1
d ). (3.2.2)

Definition 3.2.6. A scattering diagram D is called consistent if the path-ordered product

pγ,D is the identity for any regular path γ that is a closed loop, or, equivalently, pγ,D only

depends on the endpoints γ(0) and γ(1).

Remark 3.2.7. It is straightforward to see that D is consistent if and only if each Dk is

consistent. By definition, D0 is empty. If D1 only consists of lines, then it is consistent

because wall-crossing automorphisms in Aut(k[P]/m2) commute.

The following theorem is due to Kontsevich and Soibelman [48]. The version adopted

below can be found in [38, Theorem 6.38] where an order-by-order algorithmic construction

is given; see also [42, Theorem 1.4].

Theorem 3.2.8. Let D be a scattering diagram (over k[P]/I or k̂[P]). There always exists

a consistent scattering diagram Scat(D) unique up to equivalence such that Scat(D) \D

consists only of rays.
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The above theorem implies that Scat(D) only depends on the lines in D because for any

ray in D one can always add another ray with the exact same support but with the inverse

wall-function to cancel out their contribution to any path-ordered product.

Theorem 3.2.8 is functorial in the following sense.

In the complete case, suppose that we have φ : k̂[P1] → k̂[P2] such that φ( ̂k[P1(m)]) ⊆

̂k[P2(m)] for any m ∈M \{0}. For D a scattering diagram over k̂[P1], we have

Scat(φ(D)) ≡ φ(Scat(D)), (3.2.3)

as scattering diagrams over k̂[P2] by Theorem 3.2.8, where the operation φ keeps the support

of a wall and applies the map φ to the attached wall-function.

3.2.2 Generalized cluster scattering diagrams

In this subsection, we study a particular class of scattering diagrams that are relevant to

generalized cluster algebras in rank 2. They are fundamental to our study of positivity in

more general cases.

Let M = Z2 with the standard unit vectors e1 = (1, 0) and e2 = (0, 1). Let ℓ1, ℓ2 be

positive integers. Choose the monoid

P = Pℓ1,ℓ2 =M ⊕M1 ⊕M2

with r : P→M the projection to M , where Mi is the (multiplicative) monoid of monomials

in variables {pi,k | 0 ≤ k ≤ ℓi}. We set conventionally pi,0 = 1, thus Mi
∼= Nℓi . The monoid

Mi embeds in Pi
∼= Zℓi the group of Laurent monomials. Denote

M = M1 ⊕M2 and P = P1 ⊕ P2.

To express monomials in k[P], let x and y denote respectively the monomials associated
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to e1 and e2 in M .

Definition 3.2.9. The generalized cluster scattering diagram associated to the pair (ℓ1, ℓ2)

is the consistent scattering diagram Scat(Din) over k̂[P] (up to equivalence) where

Din := {(Re1, P1), (Re2, P2)},

P1 = 1 +

ℓ1∑
k=1

p1,kx
k and P2 = 1 +

ℓ2∑
k=1

p2,ky
k. (3.2.4)

This scattering diagram (and its close variants) has been considered many times in dif-

ferent contexts, for example in [18, 41, 42, 66, 76]. Since it is determined by the initial wall-

functions P1 and P2, we denote it by Scat(P1, P2). This notation will be further extended

to Scat(fi | i ∈ I) for a collection of wall-functions {fi | i ∈ I}, which represent the lines

(through the origin) they determine. This specializes to the ordinary cluster scattering dia-

gram D(ℓ1,ℓ2) (cf. [40]) when P1 = 1 + xℓ1 and P2 = 1 + yℓ2 .

Remark 3.2.10. Note that we are using the d-vector version of the scattering diagram

rather than the g-vector version, see [17] for a comparison.

Following the Kontsevich–Soibelman algorithm explained in the proof of [38, Theorem

6.38], one can choose D = Scat(P1, P2) (in its equivalent class) so that any added ray in

D \Din has support in the strict third quadrant and is pointed at the origin, i.e., of the

form R≤0(a, b) for (a, b) ∈ Z2
>0. Further, rays with identical support can be combined into

one ray by multiplying their wall-functions together. Therefore, we can assume that D

has distinct rays with non-trivial wall-functions fR≤0(a,b). It is convenient to assign degrees

deg p1,k = deg p2,k = k, and thus a multi-degree in Z2 to any (Laurent) monomials in P so

that for a monomial term pxkaykb in fR≤0(a,b), the multi-degree of p is (ka, kb) by homogeneity

constraints.

A first step towards understanding the structure ofD is the following mutation operation.

34



Take a representative of D as

{(Re1, P1)} ∪ {(R≥0e2, P2)} ∪ {(R≤0(a, b), fR≤0(a,b)) | a ≥ 0, b > 0},

where (a, b) is over all primitive vectors such that fR≤0(a,b) is non-trivial. Namely we break

the wall (Re2, P2) into two halves. The positive half is a wall in the sense of (3.2.2) and the

negative half is included in the third subset of the above union.

Define the piecewise linear transformation T : MR →MR by for (a1, a2) ∈MR,

T (m) :=


(a1, a2) a2 ≥ 0,

(a1 − ℓ1a2, a2) a2 ≤ 0.

(3.2.5)

Define the monoid P′ := M ⊕M′1 ⊕M2 with the projection r′ : P′ → M , where M′1 is the

monoid of monomials in {p1,k/p1,ℓ1 | 0 ≤ k ≤ ℓ1}. Let P ′1 = P1/(p1,ℓ1x
ℓ1) ∈ k̂[P′].

Define the collection

T (D) := {(R(−e1), P ′1)} ∪ {(R≥0e2, P2)} ∪ {(R≤0T ((a, b)), T (fR≤0(a,b))) | a ≥ 0, b > 0},

where T (fR≤0(a,b))(x, y) = fR≤0(a,b)

(
x, y/(p1,ℓ1x

ℓ1)
)
.

Theorem 3.2.11. The set T (D) is a scattering diagram over k̂[P′]. Furthermore it is equiv-

alent to Scat(P ′1, P2) as scattering diagrams over k̂[P′].

Proof. In the context of cluster scattering diagrams of Gross–Hacking–Keel–Kontsevich, this

result is well-known as the mutation invariance [40, Theorem 1.24]. In principle one obtains

a similar proof which involves generalizing the very hard Theorem 1.28 in loc. cit. Here we

are in rank 2 so a simpler argument is available although more complex initial wall-functions

are allowed.

It suffices to show that (1) T (D) is indeed a scattering diagram over k̂[P′] and then (2) it

is consistent and contains the same collection of lines as Scat(P ′1, P2). To show (1), we check
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that each pair (
R≤0T ((a, b)), T (fR≤0(a,b))

)
qualifies as a wall over k̂[P′]. Let pxkaykb be a monomial in a non-trivial fR≤0(a,b). It gets

transformed by T into

pp−kb1,ℓ1
xka−ℓ1kbykb,

which can be induced by the map

T : M ⊕ P→M ⊕ P, (m, p1, p2) 7→ (T (m), p1p
− deg p2
1,ℓ1

, p2). (3.2.6)

It is enough to show that the first entry of the multi-degree of pp−kb1,ℓ1
is always non-positive.

This is equivalent to

ka− ℓ1kb ≤ 0 ⇐⇒ a/b ≤ ℓ1,

which follows directly from [41, Corollary 6]. This also implies that every ray of T (D) lies in

the fourth quadrant. Notice that as in (3.2.2) the wall (R≥0e2, P2) in T (D) is equivalent to

{(Re2, P2)} ∪ {(R≤0e2, P−12 )}.

Hence T (D) and Scat(P ′1, P2) can be regarded to have the same set of lines.

It only remains to show the consistency, that is, pγ,T (D) = id for a simple loop γ around

the origin. This can be checked analogously as in Step II of the proof of [40, Theorem 1.24],

which essentially follows from the consistency of D.

One immediate consequence of Theorem 3.2.11 is

fR≤0(ℓ1,1) = 1 +

ℓ2∑
k=1

pk1,ℓ1p2,kx
ℓ1kyk,

which follows from T (fR≤0(ℓ1,1)) = P2.
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We also know from the proof of Theorem 3.2.11 that D has no ray in the interior of

spanR≥0
{(−1, 0), (−ℓ1,−1)}.

Such a region will be called a “chamber” and many more can be obtained by applying

iterative mutations of scattering diagrams as follows.

Let M′2 be the monoid of monomials in {p2,k/p2,ℓ2 | 0 ≤ k ≤ ℓ2}. Let P ′2 := P2/(p2,ℓ2y
ℓ2).

Denote for i ∈ Z,

D(i) :=



Scat(P1, P2)

Scat(P ′1, P2)

Scat(P ′1, P
′
2)

Scat(P1, P
′
2)

over P(i) :=



M ⊕M1 ⊕M2

M ⊕M′1 ⊕M2

M ⊕M′1 ⊕M′2

M ⊕M1 ⊕M′2

for i =



0 mod 4

1 mod 4

2 mod 4

3 mod 4.

This periodic sequence of scattering diagrams can be seen as obtained by iteratively applying

mutations in Theorem 3.2.11. We denote by Ti the mutation operation turning D(i) into

D(i+1) analogous to the mutation T defined earlier from D(0) to D(1). It involves a piecewise

linear map Ti : MR →MR as in (3.2.5) and a group homomorphism Ti : M ⊕ P→M ⊕ P as

in (3.2.6). The composition Ti+3Ti+2Ti+1Ti does not act on MR by the identity map. Hence

it sends a wall d ∈ D(i) to another one with different support, giving non-trivial implication

on the structure of D(i).

We use the above idea to generate a Z-sequence of “chambers” in D = D(0). A connected

component in the complement of the closure of a scattering diagram’s support is called

a chamber. Each D(i) has a positive chamber int(C(i)), the interior of the cone C(i) non-

negatively spanned by the incoming halves of the two initial walls, that is, the (i + 1)-th

(modulo 4) quadrant in MR = R2. Define piecewise linear maps on MR for i ≥ 1

T (i) := Ti−1 · · ·T1T0, T (−i) = T−1−i · · ·T−1−1 , and T (0) = id.
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Define for i ∈ Z cones

Ci :=
(
T (i)
)−1 (C(i)) ⊆MR.

Namely, we pull back int(C(i)) via the piecewise linear transform T (i) to obtain a chamber

int(Ci) in D. Every Ci and Ci+1 intersect at their common boundary, which is either the

support of a ray or a half line in D. The associated wall-function can also be obtained by

pulling back from the initial wall-functions in D(i). The cones {Ci | i ∈ Z} form a discrete

part of D, which is referred to as the cluster complex of D where Ci is called a cluster cone

while its interior is called a cluster chamber. The map T (4) : MR → MR acts on the cluster

complex such that T (4)(Ci+4) = Ci.

When ℓ1ℓ2 < 4, there are only finitely many Ci and their union is MR. Thus there are

finitely many rays in D \Din. We depict in Figure 3.1 the case ℓ1 = 3 and ℓ2 = 1. All the

remaining cases can be obtained by specializing certain pi,j to zero (by the functoriality) and

possibly switching ℓ1 and ℓ2. In Figure 3.1, the added rays are

(
R≤0(3, 1), 1 + p1,3p2,1x

3y
)
,(

R≤0(2, 1), 1 + p1,2p2,1x
2y + p1,1p1,3p

2
2,1x

4y2 + p21,3p
3
2,1x

6y3
)
,(

R≤0(3, 2), 1 + p1,3p
2
2,1x

3y2
)
,(

R≤0(1, 1), 1 + p1,1p2,1xy + p1,2p
2
2,1x

2y2 + p1,3p
3
2,1x

3y3
)
.

When ℓ1ℓ2 ≥ 4, the structure of the cluster complex is summarized in Theorem 3.2.13,

for which we need some preparation. Define vectors dn = (d1;n, d2;n) ∈ M = Z2 by setting

initially

d0 = e2, d1 = −e1, d2 = −e2, d3 = e1,

and for n ̸= 1, 2

dn+1 + dn−1 =


ℓ1dn when n is odd,

ℓ2dn when n is even.

(3.2.7)
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Figure 3.1: Scat(P1, P2), where P1 = 1 + p1,1x+ p1,2x
2 + p1,3x

3 and P2 = 1 + p2,1y.

The following properties of dn are easily obtained by induction.

Lemma 3.2.12. We have (1) dn ∈ Z2
>0 for n ̸= 0, 1, 2, 3; (2) {dn,dn+1} is a basis of M ;

(3) for n ̸= 0, 1, 2, 3,



d1;n/ℓ1, (d2;n − 1)/ℓ2 ∈ N, n ≡ 0 mod 4,

(d1;n + 1)/ℓ1, d2;n/ℓ2 ∈ N, n ≡ 1 mod 4,

d1;n/ℓ1, (d2;n + 1)/ℓ2 ∈ N, n ≡ 2 mod 4,

(d1;n − 1)/ℓ1, d2;n/ℓ2 ∈ N, n ≡ 3 mod 4.

We define

P 1(z) :=
1

p1,ℓ1
zℓ1P1(z

−1) and P 2(z) :=
1

p2,ℓ2
zℓ2P2(z

−1). (3.2.8)

Notice that they both have constant term 1. For (u, v) ∈ Z2, let W ((u, v)) = p
u/ℓ1
1,ℓ1

p
v/ℓ2
2,ℓ2

.

Theorem 3.2.13. Outside the closed cone “Badlands”

Cℓ1,ℓ2 := spanR≤0

{(
2ℓ1, ℓ1ℓ2 +

√
ℓ21ℓ

2
2 − 4ℓ1ℓ2

)
,

(
ℓ1ℓ2 +

√
ℓ21ℓ

2
2 − 4ℓ1ℓ2, 2ℓ2

)}
,
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the rays in D \Din are precisely

{(
R≥0dn, ζn(xd1;nyd2;n)

) ∣∣n ∈ Z \{0, 1, 2, 3}
}

where for n ̸= 1, 2,

ζn(z) :=



P2(W (dn − e2)z) n ≡ 0 mod 4,

P 1(W (dn + e1)z) n ≡ 1 mod 4,

P 2(W (dn + e2)z) n ≡ 2 mod 4,

P1(W (dn − e1)z) n ≡ 3 mod 4.

Proof. When P1 and P2 are binomials, this structure is well-known from [40, Example 1.15];

see also [17, Section 4]. When P1 and P2 are monic polynomials, this result can already

be extracted from [41, Section 5]. In the current setting, the stated description of rays is

obtained by working out the cones Cn, n ∈ Z and the wall-functions on their boundary rays.

Inductively we have

Cn = spanR≤0
{dn+1,dn+2}.

The attached wall-functions on R≤0dn are also obtained inductively from iterative mutations

in Theorem 3.2.11. Notice that there is no ray in the interior of Cn. The limits of R≤0dn when

n → +∞ and n → −∞ are respectively the two boundaries of Cℓ1,ℓ2 (which degenerates to

a single ray when ℓ1ℓ2 = 4). Therefore we have exhausted all added rays outside Cℓ1,ℓ2 .

The next two examples are when ℓ1ℓ2 = 4. In these cases, the cluster complex is infinite

but the cone Cℓ1,ℓ2 is one-dimensional.

Example 3.2.14. Let ℓ1 = ℓ2 = 2. We take the initial wall-functions

P1 = (1 + s1x)(1 + s2x) and P2 = (1 + t1y)(1 + t2y),
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which are related to the polynomials in (3.2.4) by the substitution

p1,1 = s1 + s2, p2,1 = t1 + t2, p1,2 = s1s2, p2,2 = t1t2.

The closed cone C2,2 is a single ray R≤0(1, 1). The associated wall-function is computed by

Reineke and Weist [76] to be

fR≤0(1,1) =
(1 + s1t1xy)(1 + s1t2xy)(1 + s2t1xy)(1 + s2t2xy)

(1− s1s2t1t2x2y2)4

=
(p1,1p2,2xy

2 + p2,1y)(p1,2p2,1x
2y + p1,1x)

(1− p1,2p2,2x2y2)4
+

1

(1− p1,2p2,2x2y2)2
.

We see that in the expansion (where x and y are omitted), every coefficient is a polynomial

of p1,1, p1,2, p2,1, p2,2 with nonnegative integer coefficients:

∑
k≥0

(k + 1)pk1,2p
k
2,2 +

[(
k + 3

3

)
+

(
k + 2

3

)]
p1,1p2,1p

k
1,2p

k
2,2

+

(
k + 3

3

)
p22,1p

k+1
1,2 p

k
2,2 +

(
k + 3

3

)
p21,1p

k
1,2p

k+1
2,2 . (3.2.9)

A combinatorial interpretation of each term is given in Theorem 3.5.14. The objects corre-

sponding to (k+1)pk1,2p
k
2,2 are classified in Example 3.5.7. These are precisely the terms that

appear in the ordinary cluster case.

Example 3.2.15. Let ℓ2 = 4 and ℓ1 = 1. We take the initial wall-functions

P1 =
4∏

i=1

(1 + six) = 1 + p1,1x+ p1,2x
2 + p1,3x

3 + p1,4x
4 and P2 = 1 + p2,1y.

The closed cone C4,1 is a single ray R≤0(2, 1). The wall-function is again computed in [76]

to be

fR≤0(2,1) =

∏
1≤i<j≤4(1 + sisjp2,1x

2y)

(1− p1,4p22,1x4y2)4
.

To simplify notations we let x = y = p2,1 = 1 as they can be recovered from homogeneity

41



constraints. We can rewrite

∏
1≤i<j≤4(1 + sisj)

(1− p1,4)4
=

1 + p1,2 + p1,4
(1− p1,4)2

+
(p1,1p1,4 + p1,3)(p1,1 + p1,3)

(1− p1,4)4
.

The power series expansion of fR≤0(2,1) then has nonnegative integer coefficients. Explicitly

the expansion (with x and y omitted) is

∑
k≥0

(2k + 1)pk1,4p
2k
2,1 + (k + 1)p1,2p

k
1,4p

2k+1
2,1 +

(
k + 3

3

)
p21,1p

k+1
1,4 p

2k+3
2,1

+

[(
k + 3

3

)
+

(
k + 2

3

)]
p1,1p1,3p

k
1,4p

2k+2
2,1 +

(
k + 3

3

)
p21,3p

k
1,4p

2k+3
2,1 . (3.2.10)

A combinatorial interpretation of each term is given in Theorem 3.5.14. The objects cor-

responding to (2k + 1)pk1,4p
2k
2,1 are classified in Example 3.5.8, which are precisely the terms

that appear in the ordinary cluster case.

When ℓ1ℓ2 > 4, the structure of D within Cℓ1,ℓ2 is rather elusive. One aim of this chapter

is to understand the rays and their wall-functions within Cℓ1,ℓ2 . Theorem 3.5.14 in particular

provides a combinatorial formula for the wall-function of every such ray. We further discuss

in Section 3.11 that every ray within Cℓ1,ℓ2 is non-trivial and give a lower bound for wall-

function coefficients.

3.2.3 Broken lines and theta functions

Let D be a scattering diagram over k̂[P] as in Section 3.2.1.

Definition 3.2.16. Let m0 ∈ P and Q ∈ MR \ Supp(D). A broken line β for m0 with

endpoint Q is a piecewise linear continuous map

β : (−∞, 0]→MR \ Sing(D)

with values −∞ = τ0 < τ1 < · · · < τℓ+1 = 0 and an associated monomial cix
mi (with ci ∈ k
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and mi ∈ P) for each domain of linearity (τi, τi+1), i = 0, . . . , ℓ such that

1. β(0) = Q and c0 = 1;

2. β̇(τ) = −r(mi) for any τ ∈ (τi, τi+1) for each i = 0, . . . , ℓ;

3. β transversally crosses (the support of) some wall at τi for i = 1, . . . , ℓ, that is, neither

−r(mi−1) nor −r(mi) is tangent to the wall.

4. for i = 0, . . . , ℓ−1, ci+1x
mi+1 is a monomial term (other than cix

mi) of the power series

cix
mi

∏
{d∈D|β(τi)∈Sd}

f
ni·r(mi)
d ,

where ni is primitive in N and orthogonal to any d with β(τi) ∈ Sd such that ni ·r(mi) >

0.

When r(m0) = 0, there is only the “static” broken line at Q for m0 and any endpoint Q.

Definition 3.2.17. The theta function associated to m0 and Q is

ϑQ,m0
:=
∑
β

Mono(β)

where the (formal) sum is over all broken lines for m0 with endpoint Q and Mono(β) = cℓx
mℓ

is the last monomial of β.

Remark 3.2.18. The theta function ϑQ,m0 can be viewed as an element in xm0k̂[P]. In fact,

broken lines and theta functions can be defined for Dk over k[P]/mk+1. Then ϑQ,m0 is the

limit of theta functions in Dk where each one is necessarily a finite sum in xm0k[P]/mk+1.

More detail is given in the proof of [40, Proposition 3.4].

Theorem 3.2.19 ([14], [40, Theorem 3.5]). Let D be a consistent scattering diagram, and

let m0 ∈ P and Q,Q′ ∈MR \ Supp(D) be two points. Suppose further that the coordinates of
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Q are linearly independent over Q, and the same is true for Q′. Then for any regular path

γ with endpoints γ(0) = Q and γ(1) = Q′, we have

ϑQ′,m0 = pγ,D(ϑQ,m0).

Let D be Scat(P1, P2) as in Section 3.2.2. Define the weight of a broken line β to be

c(β) := cℓx
mℓ/xr(mℓ), (3.2.11)

a monomial in k[M]. Let m(β) := r(mℓ). Thus c(β)x
m(β) = Mono(β).

Corollary 3.2.20. Let m0 ∈ P. For any mfin ∈M , the sum

∑
m(β)=mfin

c(β)xm(β)

over all broken lines β for m0 with endpoint Q such that m(β) = mfin is independent of Q

chosen generally in the same Cn for n ∈ Z. If mfin is tangent to the ray Cn ∩ Cn+1, then the

sum is independent of Q chosen generally in Cn ∪ Cn+1.

Proof. The first half is a direct corollary of Theorem 3.2.19. To see the second half, we

choose general Q ∈ Cn, Q′ ∈ Cn+1, and a regular path γ with γ(0) = Q and γ(1) = Q′. The

path-ordered product pγ,D is a single wall-crossing automorphism associated to the wall d

whose support is Cn∩Cn+1. Then any monomial xm
′
in the expansion of pγ,D(x

m) must have

that r(m′) = r(m) + kmd for some k ∈ N. In particular, r(m′) is tangent to Cn ∩ Cn+1 if and

only if r(m) is. Then the result follows by comparing the monomials containing xm with

r(m) = mfin on the two sides of ϑQ′,m0 = pγ,D(ϑQ,m0).

Proposition 3.2.21 (cf. [40, Proposition 3.6]). The mutation T in Theorem 3.2.11 defines

a one-to-one correspondence β 7→ T (β) between broken lines for m0 ∈ P with endpoint

Q = (q1, q2) ∈ MR for D = Scat(P1, P2) and broken lines for T (m0) with endpoint T (Q) for
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D′ = Scat(P ′1, P2) such that

Mono(T (β)) =


T (Mono(β)) q2 ≤ 0,

Mono(β) q2 ≥ 0.

Proof. One constructs the bijection in the same way as in the proof of [40, Proposition

3.6].

Proposition 3.2.22. Let m0 ∈ Cn∩M for some n ∈ Z and Q be in the interior of Cn. Then

ϑQ,m0 = xm0 .

Proof. There is always the straight broken line without bending which contributes to xm0 in

ϑQ,m0 . We need to show that this is the only broken line.

When n = 0, C0 is the first quadrant. For a broken line β, if there is t ∈ (−∞, 0) such

that β̇(t) ∈ Z2
≤0 and β(t) /∈ R2

≥0, then β can never end at Q in the interior of C0. This

is because β can further bend only at the negative x-axis, y-axis, or the rays in the third

quadrant. So β̇(t) (whenever defined) always stays in Z2
≤0 and thus β can never reach the

first quadrant. Therefore we have proven the case n = 0.

For any other n ∈ Z, by applying Proposition 3.2.21 to a sequence of mutations we have

a bijection between the broken lines for m0 with endpoint Q for D and the broken lines for

T (n)(m0) with endpoint T (n)(Q) for D(n). Both T (n)(Q) and T (n)(m0) are in the positive

chamber of D(n). There is thus only one straight broken line by the case n = 0. It is pulled

back to be the straight broken line β in D with Mono(β) = xm0 .

Let Q+ denote a general point in the first quadrant R2
≥0. It follows directly from Propo-

sition 3.2.22 and Theorem 3.2.19 that for any m in Cn ∩M ,

ϑQ+,m = pγ,D(x
m), (3.2.12)
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where γ is a regular path from Q ∈ int(Cn) to Q+.

We now consider a sequence of theta functions known as cluster variables. This is an

unorthodox way to introduce cluster variables, but it will soon be clear that they satisfy

(generalized) cluster exchange relations [16,31]. Denote ϑm = ϑQ+,m.

Definition 3.2.23. The cluster variables {xn | n ∈ Z} are defined to be

xn := ϑ−dn .

Lemma 3.2.24. The cluster variables satisfy the following cluster exchange relations

(1) x0x2 = P1(x1),

(2) x1x3 = P2(x2),

(3) xn−1xn+1 = ζ̄n(xn) for n ̸= 1, 2,

where ζ̄n(z) := zdeg(ζn)ζn(1/z).

Proof. We first check (1) and (2). By Proposition 3.2.22, we have x1 = x and x2 = y. Notice

x0 = ϑ(0,−1) and x3 = ϑ(−1,0). By (3.2.12), we have x0 = x−12 P1(x1) and x3 = x−11 P2(x2).

For any n ∈ Z, let γn be a regular path going from the interior of Cn to the first quadrant

C0. For some n ̸= 1, 2, let γ be a regular path going from Cn−1 to Cn−2 by crossing the wall

(R≤0dn, ζn). Then we have

pγ,D(x
−d1;n+1y−d2;n+1) = x−d1;n+1y−d2;n+1ζn(x

d1;nyd2;n)

= xdeg(ζn)d1;n−d1;n+1ydeg(ζn)d2;n−d2;n+1 ζ̄n(x
−d1;ny−d2;n)

= xd1;n−1yd2;n−1 ζ̄n(x
−d1;ny−d2;n).

Applying pγn−2,D to both sides of the above equation, we obtain

pγn−1,D

(
x−d1;n+1y−d2;n+1

)
= pγn−2,D

(
xd1;n−1yd2;n−1

)
ζ̄n
(
pγn−2,D

(
x−d1;ny−d2;n

))
.
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Now by (3.2.12), we have for n ≥ 3,

xn+1 = x−1n−1ζ̄n(xn).

3.2.4 Theta functions are universal Laurent

Recall the notations in Section 3.2.2. In that situation the monoid P decomposes as M ⊕M,

where M = M1⊕M2 embeds in P the group of Laurent monomials in {pi,j | i = 1, 2, 1 ≤ j ≤

ℓi}. Elements in Z[P] are regarded as coefficients.

Let F denote the field of rational functions Frac(k[P]). The generalized cluster algebra

A = A(P1, P2) is defined to be the Z[P]-subalgebra in F generated by all cluster variables

{xn | n ∈ Z}. The generalized upper cluster algebra is defined to be

U = U(P1, P2) :=
⋂
n∈Z

Z[P][x±1n , x±1n+1] ⊆ F . (3.2.13)

An element in U is called universal Laurent as it belongs to every Z[P][x±1n , x±1n+1].

Proposition 3.2.25. For any m ∈M , the theta function ϑm belongs to U . Hence A ⊆ U .

Proof. This is a slight generalization from [17, Theorem 3.9(b)(c)] to our setting. For each

Cn, choose a general point Qn in its interior. If m ∈ N2, we have ϑm = ϑQ0,m = xm by

Proposition 3.2.22. If m /∈ N2, for any broken line β for m with endpoint Q0, the vector

mβ ∈ M = Z2 has at least one negative coordinate. Then there are finitely many walls

where any such β can bend. Moreover only finitely many terms on these wall-functions are

relevant. Then ϑm can be equivalently computed in Dk for a large k. Therefore, ϑm is a

Laurent monomials. This shows ϑm ∈ Z[P][x±11 , x±12 ] for any m ∈M .

For any n ∈ Z, we first show that ϑQn,m is in Z[P][x±11 , x±12 ]. By Proposition 3.2.21, there

is a piecewise linear transformation T (n) : MR → MR that takes Cn to the positive chamber

of D(n), which induces a one-to-one correspondence between broken lines in D and those in

D(n). Since T (n)(Qn) lies in the positive chamber of D(n), there are finitely many broken
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lines by the first paragraph. Thus there are too only finitely many broken lines for ϑQn,m,

which means ϑQn,m ∈ Z[P][x±11 , x±12 ].

Each cluster variable xn corresponds to the ray Cn−2 ∩ Cn−1 in the cluster complex. The

primitive integral generator of this ray is −dn (see Definition 3.2.23). Any pair {dn,dn+1}

is a basis of M (Lemma 3.2.12). Then for any m ∈M we have

ϑQn,m ∈ Z[P][x±dn+1 , x±dn+2 ].

Therefore for a regular path γ from Qn to Q0, we have by Theorem 3.2.19 that

ϑm = pγ,D(ϑQn,m) ∈ Z[P][x±1n+1, x
±1
n+2].

Definition 3.2.26. The set of theta functions {ϑm | m ∈M} is called the generalized theta

basis of U .

Remark 3.2.27. One can prove that theta functions {ϑm | m ∈ M} form a Z[P]-basis of

U analogously as in [40]. This also follows from the fact that theta functions equal so-called

greedy elements, proven in Section 3.4, and that the greedy elements form a basis of U .

3.3 Greedy bases for rank-2 generalized cluster alge-

bras

Following Lee–Li–Zelevinsky [55] in the cluster algebra setting and Rupel [79] in the palin-

dromic generalized cluster algebra setting, we define the generalized greedy basis for rank-2

generalized cluster algebras. We will then, following these previous works, show that the

coefficients can be realized as counts of combinatorial objects called compatible gradings.
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3.3.1 Generalized greedy elements

Let Tk = Z[P][x±1k , x±1k+1] for k ∈ Z. Therefore U =
⋂

k∈Z Tk from (3.2.13).

Definition 3.3.1. An element x ∈ Tk is pointed at (d1, d2) ∈ Z2 in the kth cluster if it can

be expressed in the form

x = x−d1k x−d2k+1

∑
p,q≥0

c(p, q)xpkx
q
k+1

for some c(p, q) ∈ Z[P] and c(0, 0) = 1.

An element pointed in the initial cluster T1 is simply called pointed.

Definition 3.3.2. For a sequence of variables p• = (pk)
ℓ
k=1 where ℓ ∈ Z≥1 ∪ {∞} with

deg pk = k, we write for any m ≥ 0

(
1 +

∑
k≥1

pkx
k

)m

=
∑
n≥0

πm,n(p•)x
n,

defining πm,n(p•) as a homogeneous polynomial in (pk)k of degree n. We write for m ≥ 0

(
1 +

∑
k≥1

pkx
k

)−m
=
∑
n≥0

ςm,n(p•)x
n,

defining ςm,n(p•) as a homogeneous polynomial in (pk)k of degree n.

We take the conventions that πm,0(p•) = ςm,0(p•) = 1 for any m ∈ Z and that πm,n(p•) =

ςm,n(p•) = 0 when m < 0 and n ̸= 0.

Lemma 3.3.3. For any s ≥ 1

s∑
k=0

πm,s−k(p•)ςm,k(p•) = 0.

Proof. By Definition 3.3.2, we have
(∑

n≥0 πm,n(p•)x
n
) (∑

n≥0 ςm,n(p•)x
n
)
= 1. The state-

ment then follows from isolating the sth coefficient of this product.

49



The above lemma implies

πm,s(p•) =
s∑

k=1

−πm,s−k(p•)ςm,k(p•). (3.3.1)

This can be seen as a recursive definition of πm,s(p•) for m, s ≥ 1. The fact that any πm,s(p•)

has nonnegative integer coefficients is less obvious from this definition. Next we consider a

two-dimensional recursion generalizing (3.3.1).

For an element f in any polynomial ring Y = Z[y1, ..., yn] where y1, ..., yn are algebraically

independent, and for e = (e1, ..., en) ∈ Nn, let [ye]f = [ye11 · · · yenn ]f be the coefficient of

ye11 · · · yenn in f . For a pair of elements f and g in Y , we define

T-max(f, g) :=
∑
e∈Nn

max([ye]f, [ye]g)ye.

Consider two sequences of variables pi,• = (pi,k)
ℓi
k=1 for i = 1, 2 and ℓi ∈ Z≥1 ∪ {∞}.

Definition 3.3.4. Fix (d1, d2) ∈ Z2. Define c(p, q) ∈ Z[p1,• ∪ p2,•] for any (p, q) ∈ N2 by the

base case c(0, 0) = 1 and the recursion

c(p, q) := T-max

(
p∑

k=1

−c(p− k, q)ςd2−q,k(p1,•),
q∑

k=1

−c(p, q − k)ςd1−p,k(p2,•)

)
.

Remark 3.3.5. It is not hard to determine all c(p, q) unless both d1 and d2 are positive. In

fact, we have by (3.3.1) that

1. when d1 ≤ 0, d2 ≤ 0, every c(p, q) = 0 except c(0, 0) = 1;

2. when d1 ≤ 0, d2 ≥ 0, every c(p, q) = 0 except c(p, 0) = πd2,p(p1,•);

3. when d1 ≥ 0, d2 ≤ 0, every c(p, q) = 0 except c(0, q) = πd1,q(p2,•).
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Definition 3.3.6. Define d+(0, 0) = d−(0, 0) := c(0, 0) = 1, and for (p, q) ̸= (0, 0),

d+(p, q) := c(p, q)−
p∑

k=1

−c(p− k, q)ςd2−q,k(p1,•),

d−(p, q) := c(p, q)−
q∑

k=1

−c(p, q − k)ςd1−p,k(p2,•).

By definition, both d±(p, q) are polynomials with nonnegative integer coefficients.

Lemma 3.3.7. We have

c(p, q) = d+(p, q) +

p∑
s=1

πd2−q,s(p1,•)d+(p− s, q)

= d−(p, q) +

q∑
s=1

πd1−p,s(p2,•)d−(p, q − s).

Proof. We prove the first equality by induction on p. By the definition of d+(p, q), it is

equivalent to show

p∑
k=1

−c(p− k, q)ςd2−q,k(p1,•) =
p∑

s=1

πd2−q,s(p1,•)d+(p− s, q). (3.3.2)

We only need to deal with the case when d2 − q ≥ 1. Assume that the first equality is true

for c(0, q), . . . , c(p− 1, q). Then we can write the left-hand side of (3.3.2) as

p∑
k=1

−ςd2−q,k(p1,•)
p−k∑
t=0

πd2−q,t(p1,•)d+(p− k − t, q)

=

p∑
s=1

d+(p− s, q)
s∑

k=1

−πd2−q,s−k(p1,•)ςd2−q,k(p1,•).

Applying (3.3.1), the above equals the right-hand side of (3.3.2).

The second equality of the statement can be proven similarly by induction on q.

A consequence of Lemma 3.3.7 is that each c(p, q) has nonnegative integer coefficients.
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Definition 3.3.8. For (d1, d2) ∈ Z2, we define the greedy element

x[d1, d2] := x−d11 x−d22

∑
(p,q)∈N2

c(p, q)xp1x
q
2 ∈ x−d11 x−d22 N[p1,• ∪ p2,•]Jx1, x2K.

According to Remark 3.3.5, the greedy elements are clear in the following cases

x[d1, d2] =


x−d11 x−d22 d1 ≤ 0, d2 ≤ 0,

x−d11 x−d22

(
1 +

∑
k≥1 p1,kx

k
1

)d1 d1 ≥ 0, d2 ≤ 0,

x−d11 x−d22

(
1 +

∑
k≥1 p2,kx

k
2

)d2 d1 ≤ 0, d2 ≥ 0.

(3.3.3)

When p1,• and p2,• are both finite sequences, in the cases of (3.3.3), x[d1, d2] is a finite

sum, thus a pointed element in T1 (Definition 3.3.1). When d1 and d2 are positive, x[d1, d2]

is also a finite sum. This fact is non-trivial from the definition and is a consequence of the

combinatorial formula of x[d1, d2] given in Theorem 3.3.14, where each c(p, q) is interpreted

as the weighted count of combinatorial objects called compatible gradings.

3.3.2 Compatible gradings

Definition 3.3.9. A North-East (NE) path P is a lattice path in (Z × R) ∪ (R × Z) ⊂ R2

starting at (0, 0) and ending at (d1, d2) ∈ N2, proceeding by only unit north and east steps.

We also view P as the set of its unit north and east steps, where we refer to each step as an

edge.

• Given a set C of edges in P , we denote the set of horizontal edges (east steps) by CE

and the set of vertical edges (north steps) by CN. We let |C| denote the number of

edges in C.

• For edges e and f in P , let
−→
ef denote the subpath proceeding east from e to f (including

both e and f), continuing cyclically around P if e is to the north or east of f .
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Note that if e = f , then
−→
ef = {e}. If e is the edge adjacent to f and to the northeast of

f , then
−→
ef = P .

Consider the rectangle R(d1, d2) with vertices (0, 0), (0, d2), (d1, 0), and (d1, d2) with a

main diagonal from (0, 0) to (d1, d2). A Dyck path is an NE path from (0, 0) to (d1, d2) that

never passes strictly above the main diagonal of R(d1, d2). The Dyck paths from (0, 0) to

(d1, d2) form a partially ordered set by comparing the heights at all vertices. The maximal

Dyck path P(d1, d2) is the maximal element under this partial order. When d1 and d2 are

relatively prime, the maximal Dyck path P(d1, d2) corresponds to the lower Christoffel word

of slope d2/d1. We label the horizontal edges from left to right by u1, u2, . . . , ud1 and the

vertical edges from bottom to top by v1, v2, . . . , vd2 .

Example 3.3.10. In Figure 3.2, the maximal Dyck path P(6, 4) is shown in the top left and

P(7, 4) is shown in the top right.

Motivated by Lee–Schiffler [57], Lee, Li, and Zelevinsky [55] introduced combinatorial

objects called compatible pairs to construct the greedy basis for rank-2 cluster algebras,

consisting of indecomposable positive elements including the cluster monomials. Rupel [79,

80] extended this construction to the setting of generalized rank-2 cluster algebras by defining

compatible gradings.

A grading ω : P → N assigns a nonnegative integer to every edge of the NE path P . For

any grading ω and for any set of edges C ⊆ P , let ω(C) :=
∑
e∈C

ω(e).

Definition 3.3.11. Let P be an NE path. A grading ω : P → N is called compatible if

for every pair of u ∈ PE and v ∈ PN with ω(u)ω(v) > 0, there exists an edge e along the

subpath −→uv so that at least one of the following holds:

e ∈ PN \ {v} and |−→ueN| = ω (−→ueE) ;

e ∈ PE \ {u} and |−→evE| = ω (−→evN) .
(3.3.4)
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Example 3.3.12. For each i ∈ {1, 2, 3}, let ωi : P(i + 5, 4) → N be the grading given by

ωi(u1) = ωi(u2) = 2, ωi(v3) = ωi(v4) = 3, and ωi(e) = 0 for every edge e in P(i + 5, 4) \

{u1, u2, v3, v4} (see Figure 3.2 for i = 1, 2). Then ω1 is not compatible, but ω2 and ω3 are

compatible. The main difference between ω1 and ω2 is that the edge e = u2 in P(7, 4) satisfies

the second condition in (3.3.4) for u = u1 and v = v4, as both sides of the equation equal 6.

3.3.3 Generalized greedy element formula

We now give a combinatorial interpretation of the coefficients of generalized greedy elements

using compatible gradings, as presented in Theorem 3.3.14. This generalizes the work of

Rupel [78, Theorem 2.15] to the non-palindromic setting, which will be needed in our dis-

cussion on the positivity of higher-rank scattering diagrams in Section 3.9. The proof of

Theorem 3.3.14, which is inspired by Rupel’s work, will be given in Section 3.10.

Let M denote the multiplicative monoid of monomials in p1,• ∪ p2,•.

Definition 3.3.13. The weight of a grading ω : P(d1, d2)→ Z≥0 is the monomial

wt(ω) :=

d1∏
i=1

p2,ω(ui)

d2∏
j=1

p1,ω(vj) ∈M .

Fix (d1, d2) ∈ Z2. Let CG(d1, d2, p, q) = CG(p, q) denote the set of all compatible gradings

ω on P([d1]+, [d2]+) such that ω(PE) = q and ω(PN) = p. Define the weighted sum

|CG(p, q)| :=
∑

ω∈CG(p,q)

wt(ω) ∈ N[M] .

The coefficients c(p, q) of a generalized greedy element are then given as weighted sums of

compatible gradings on a fixed Dyck path with a fixed total vertical and horizontal grading.

Theorem 3.3.14. For any (d1, d2) ∈ Z2, the greedy element x[d1, d2] can be computed as

x[d1, d2] = x−d11 x−d22

∑
ω

wt(ω)x
ω(PN)
1 x

ω(PE)
2 , (3.3.5)

54



where the sum is over all compatible gradings ω on P([d1]+, [d2]+). In other words, for any

(p, q) ∈ N2, we have

c(p, q) = |CG(p, q)| .

When ℓ1, ℓ2 <∞, we set in Definition 3.3.13 that p1,k = 0 for any k > ℓ1 and p2,k = 0 for

any k > ℓ2. Then in this case, it follows from (3.3.5) that x[d1, d2] is always a finite sum as

there are only finitely many gradings with non-zero weights.

We will show in Corollary 3.10.7 that x[d1, d2] is not only a pointed element in T1, but

also belongs to any other Tk (hence in U which actually equals A(P1, P2)). Moreover, the

set of all greedy elements

{x[d1, d2] | (d1, d2) ∈ Z2}

is in fact a Z[P]-basis of A(P1, P2). This statement generalizes [55, Theorem 1.7(c)] and can

be proven analogously as in [55, Section 6]. This basis will be referred to as the generalized

greedy basis.

3.4 The generalized greedy basis equals the general-

ized theta basis

It was shown by Cheung, Gross, Muller, Musiker, Rupel, Stella, and Williams that, in

the setting of cluster algebras, the greedy basis equals the theta basis [17]. Their proof is

algebraic, using a characterization of greedy elements by their support and properties of

rank-2 scattering diagrams. We extend their results to the generalized setting.

Theorem 3.4.1. The generalized greedy basis equals the generalized theta basis. More pre-

cisely, ϑ−(d1,d2) = x[d1, d2] for any (d1, d2) ∈M .

Before presenting the proof, we establish a couple of lemmas. First, we give a support

condition that can be used to identify generalized greedy elements, following [17, Scholium
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2.6]. A crucial part of this argument is the compatible grading formula for coefficients of

generalized greedy elements, which is developed in the previous section (see Theorem 3.3.14).

Definition 3.4.2. Let R◦d1,d2 be a region in MR = R2 defined as follows:

(1) If d1, d2 ≤ 0, then R◦d1,d2 = {(−d1,−d2)},

(2) If d1 ≤ 0 < d2, then R
◦
d1,d2

= {(m1,−d2) : −d1 ≤ m1 ≤ −d1 + ℓ1d2},

(3) If d2 ≤ 0 < d1, then R
◦
d1,d2

= {(−d1,m2) : −d2 ≤ m2 ≤ −d2 + ℓ2d1},

(4) Otherwise, consider the vertices O = (0, 0), A = (−d1+ ℓ1d2,−d2), B = (−d1,−d2), and

C = (−d1,−d2 + ℓ2d1). Then R
◦
d1,d2

is the interior of the polygon OABC along with the

closed line segments AB and BC (see [17, Figure 1]).

Given a Laurent polynomial f =
∑

m∈Z2 cmx
m in k[Zℓ1 ⊕Zℓ2 ][x±11 , x±12 ], the support of f

is the set {m ∈ Z2 : cm ̸= 0}. Rupel showed that the region R◦d1,d2 contains the support of

the generalized greedy element x[d1, d2] when P1 and P2 satisfy certain restrictions. In fact,

this result also holds with these restrictions removed.

Proposition 3.4.3 ([79, Proposition 4.22]). The support of the generalized greedy element

x[d1, d2] is contained in R◦d1,d2.

Proof. Rupel showed that this holds when P1 and P2 are palindromic polynomials by con-

sidering the generalized greedy coefficients as counts of compatible gradings ([79, Theorem

2.15]). In the previous section, we extend this interpretation to the non-palindromic setting

(see Theorem 3.3.14). Rupel’s argument then also holds without requiring P1 and P2 to be

palindromic.

We then obtain the following characterization of generalized greedy elements.

Lemma 3.4.4 ([17, Scholium 2.6]). If z ∈ A(P1, P2) is any element containing the monomial

x−d11 x−d22 with coefficient 1 and whose support is contained in R◦d1,d2, then z = x[d1, d2].
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Proof. This follows directly from the proof of [17, Theorem 2.5] and the proof of [17, Scholium

2.6], both of which carry through in the generalized cluster algebra setting.

Thus, it is enough to show that the support of each generalized theta basis element is

contained in R◦d1,d2 for a corresponding choice of d1, d2. This is shown in the classical setting

in [17, Section 5], and their methods work essentially verbatim in the generalized case. Their

results do not rely on the structure of the scattering diagram, other than that all walls are

along the coordinate axes or in the third quadrant, which holds for the generalized cluster

scattering diagrams. This culminates in bounds on the final exponent of the broken lines

contributing to the generalized theta basis, yielding the desired bounds on the support of

the theta basis elements.

Definition 3.4.5. Given a broken line β, fix a point q = (q1, q2) ∈MR on the linear portion

β|(τi−1,τi). The angular momentum of β (at q) is given by the dot product (q2,−q1) · r(mi).

The angular momentum of a broken line does not depend on the choice of q, as shown

in [17, Lemma 5.3]. Broken lines of positive (resp. negative) angular momentum proceed

counter-clockwise (resp. clockwise) around the origin. The behavior of broken lines terminat-

ing in the first quadrant can be characterized based on the sign of their angular momentum

[17, Lemma 5.4]. If β is a broken line of positive (resp. negative) angular momentum, then

the slopes of the linear domains of β decrease (resp. increase) at each bend, except possibly

at the boundary of the first quadrant.

Fix a general point Q+ in the first quadrant of MR = R2, and denote ϑQ+,m = ϑm for

m ∈M .

Lemma 3.4.6 ([17, Lemma 5.5]). Let γ be a broken line in Scat(P1, P2) which begins in

the third quadrant, with endpoint Q+ in the first quadrant. Denote the initial exponent by

(−d1,−d2) and the final exponent by m(γ) = (m1,m2).
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1. If γ has positive angular momentum, then −d2 ≤ m2 < 0 and

−d1 ≤ m1 ≤
(
d1
d2
− ℓ1

)
m2 ,

where the upper bound is achieved only when (m1,m2) = (−d1 + ℓ1d2,−d2).

2. If γ has negative angular momentum, then −d1 ≤ m1 < 0 and

−d2 ≤ m2 ≤
(
d2
d1
− ℓ2

)
m1 ,

where the upper bound is achieved only when (m1,m2) = (−d1,−d2 + ℓ2d1).

We now have all the tools necessary to prove Theorem 3.4.1.

Proof of Theorem 3.4.1. We proceed by showing that the theta function ϑ(−d1,−d2) satisfies

the conditions of Lemma 3.4.4, following the approach of [17, Proof of Theorem 5.1]. First,

note that a broken line with the same initial and terminal momentum in Scat(P1, P2) must

not bend, as any bending would increase one of the entries of the exponent. There is a unique

broken line terminating at Q+ that does not bend and has terminal momentum (−d1,−d2),

which contributes the term x−d11 x−d22 to ϑ(−d1,−d2). Hence x−d11 x−d22 appears with coefficient

1 in ϑ(−d1,−d2). For the support condition, we split into four cases.

(1) If d1, d2 ≤ 0, then by Proposition 3.2.22 we have ϑ(−d1,−d2) = x−d11 x−d22 , so the support

is simply {(−d1,−d2)} = R◦d1,d2 .

(2) If d1 ≤ 0 < d2, then a broken line with initial momentum (−d1,−d2) terminating at

Q+ can bend only at the x-axis. This follows because any other bending would need to

occur to the left of Q+, and such a broken line can never move in the positive x direction

to return to Q+. Thus, the terminal momentums of broken lines that contribute to

ϑ(−d1,−d2) are precisely (−d1,−d2) + i(ℓ1, 0) for any integer i ∈ {0, 1, . . . , ℓ1}.

(3) If d2 ≤ 0 < d1, then an analogous argument to that in Case (2) applies.
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(4) If d1, d2 > 0, then we can apply Lemma 3.4.6 to conclude that the final exponent of any

broken line γ contributing to ϑ(−d1,−d2) must have final exponent contained in R◦d1,d2 .

Therefore, the terminal momentum of any broken line contributing to ϑ(−d1,−d2), and hence

the support of ϑ(−d1,−d2), is contained in R◦d1,d2 . Applying Lemma 3.4.4, we can conclude

that ϑ(−d1,−d2) = x[d1, d2].

3.5 Shadowed gradings and tight gradings

We define new combinatorial objects called tight gradings that give a combinatorial interpre-

tation of the wall-function coefficients in rank-2 generalized cluster scattering diagrams. By

considering a larger class of gradings called shadowed gradings, we also give a combinatorial

interpretation of the coefficients of powers of the wall-functions. The latter is useful for com-

puting Euler characteristics of quiver moduli (see Section 3.6.1) and relative Gromov–Witten

invariant in toric surfaces (see Section 3.6.2).

In this section, we begin by defining shadowed gradings and tight gradings. We then

describe certain conditions under which we can isolate a unique broken line that corresponds

to a set of shadowed gradings. Utilizing these conditions, we relate the combinatorial ap-

proach of Lee–Li–Zelevinsky and the scattering diagram approach of Gross–Hacking–Keel–

Kontsevich [40, 55]. This yields a directly computable, manifestly positive, and elementary

but highly nontrivial formula describing rank-2 consistent scattering diagrams.

3.5.1 Shadowed gradings and tight gradings

We now introduce shadowed gradings and tight gradings, which are subsets of the compatible

gradings defined by Rupel [79] and inspired by the compatible pairs of Lee–Li–Zelevinsky

[55] (see Section 3.3.2). We first require the notion of the “shadow” of a set of edges in an

NE path.
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Definition 3.5.1. Fix an NE path P and a grading ω : P → N. For each edge e in P , we

define its shadow, denoted by sh(e) or sh(e;ω), as follows.

• If e is horizontal, then its shadow is (−→ev)N, where v ∈ PN is chosen such that |(−→ev)N| =

ω((−→ev)E) and −→ev has minimal length under this condition. If no such v exists, let

sh(e) = PN.

• If e is vertical, then its shadow is (−→ue)E, where u ∈ PE is chosen such that |(−→ue)E| =

ω((−→ue)N) and −→ue has minimal length under this condition. If no such u exists, let

sh(e) = PE.

For S ⊂ P , let the shadow of S be sh(S) =
⋃

e∈S sh(e).

Note that if ω(e) = 0, then sh(e) = ∅.

Example 3.5.2. Consider ω2 as in Example 3.3.12. Then we have sh(u2) = {v1, v2} and

sh(u1) = {v1, . . . , v4} = sh({u1, u2}). We also have sh(v3) = {u4, u5, u6} and sh(v4) =

{u2, u3, . . . , u7} = sh({v3, v4}).

We then define a subset of compatible gradings where the vertical edges with nonzero

grading value are contained in the shadow of the horizontal edges, or vice versa.

Definition 3.5.3. A shadowed grading on P is a compatible grading satisfying either

SE ⊆ sh(PN) or SN ⊆ sh(PE) ,

where S is the set of edges e in P with ω(e) > 0.

The notion of shadowed gradings generalizes the notion of tight gradings, as first defined

in [13] and partially motivated by [11].

Definition 3.5.4. Let ω be a grading on P with p = ω(PN) and q = ω(PE). The grading

ω is a tight grading if ω is a shadowed grading satisfying p ≤ d1, q ≤ d2, and

pd2 − qd1 = ± gcd(p, q) .
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Figure 3.2: In the top images, we depict gradings ω1 and ω2 on the Dyck paths P(6, 4)
and P(7, 4) from Example 3.3.12, where edges with no weight shown are assigned weight
0. Below, we depict the corresponding rectangular tilings. The grading ω1 has overlapping
rectangles and hence is not compatible, while the grading ω2 is.

We now explain how to represent shadowed gradings as rectangular tilings. This is

important for the illustration of shadowed and tight gradings. First, rotate (i.e. cyclically

shift) the maximal Dyck path so that the shadow of each horizontal (resp. vertical) edge

does not extend beyond the left (resp. top) boundary of the rotated path. Such a rotation

always exists provided ω(PN) ≤ d1 and ω(PE) ≤ d2, which always holds for tight gradings.

Then draw blue rectangles above each horizontal edge e with total height equal to | sh(e)|,

partitioned into the vertical grading values contributing to the shadow. Similarly, we draw

red rectangles to the left of each edge in PN. The grading is compatible only if the resulting

rectangles are non-overlapping. The condition on the shadows can be easily read off by

seeing if every blue rectangle has a red rectangle above, or if every red rectangle has a blue

rectangle to the left.

Remark 3.5.5. The word “tight” is coined by the tight space between blue and red rect-

angles.

Example 3.5.6. (1) The grading ω2 as in Example 3.3.12 (and displayed on the right of

Figure 3.2) is shadowed. However, it is not tight because (d1, d2) = (7, 4) does not satisfy

pd2 − qd1 = ± gcd(p, q) for (p, q) = (6, 4).

(2) Let (p, q) = (2, 1) and (d1, d2) = (3, 1). Let ω : P(3, 1) → N be a grading such that
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ω(u1) = 1, ω(u2) = ω(u3) = 0, and ω(v1) = 2. Then ω is tight as displayed on the left of

Figure 3.3.

(3) Let (p, q) = (4, 2) and (d1, d2) = (5, 2). Let ω : P(5, 2) → N be a grading such that

ω(u1) = ω(u2) = ω(v1) = 1, ω(v2) = 3, and ω(u3) = ω(u4) = ω(u5) = 0. Then ω is tight as

displayed in the middle of Figure 3.3.

(4) Let (p, q) = (6, 3) and (d1, d2) = (7, 3). Let ω : P(7, 3) → N be a grading such that

ω(v2) = ω(v3) = 3, ω(u1) = ω(u2) = ω(u3) = 1, and ω(v1) = ω(u4) = ω(u5) = ω(u6) =

ω(u7) = 0. Then ω is tight as displayed on the right of Figure 3.3.

(5) Let (p, q) = (12, 8) and (d1, d2) = (14, 9). There are a total of 14 tight gradings ω such

that ω(h) = 2 for exactly four horizontal edges h, ω(v) = 3 for exactly four vertical edges v,

and ω(e) = 0 for all other edges on P(14, 9).

Figure 3.3: The three tight gradings in Example 3.5.6(2)(3)(4).

We now discuss two families of tight gradings with relevance to the rank-2 cluster scat-

tering diagrams of affine type, i.e., Scat(1 + xℓ1 , 1 + yℓ2) where ℓ1ℓ2 = 4. This connection is

made explicit in Example 3.5.16 and Example 3.5.17.

Example 3.5.7. Let P1(x) = 1 + p1,2x
2 and P2(y) = 1 + p2,2y

2. For k ∈ N, consider the

path P(2k, 2k+1). There are k+1 tight gradings of weight pk1,2p
k
2,2, that is, tight gradings ω

where ω(h) = 2 for exactly k horizontal edges h, ω(v) = 2 for exactly k vertical edges v, and

ω(e) = 0 for all other edges e.

It is straightforward to describe these gradings explicitly as follows. Fix i ∈ {0, 1, . . . , k}.

Let SE = {u1+i, u2+i, . . . , uk+i} and let SN = {v1, v2, . . . , vi} ∪ {vk+2+i, vk+3+i, . . . , v2k+1},
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where the sets in the union can be empty if i = 0 or i = k. Then the grading

ω(e) =


2 if e ∈ SE ∪ SN

0 otherwise.

is one of the desired tight gradings, and varying the choice of i yields all such tight gradings.

Figure 3.4: The four tight gradings in the setting of Example 3.5.7 when k = 3.

Example 3.5.8. Let P1(x) = 1+ p1,4x
4 and P2(y) = 1+ p2,1y. For n ∈ N, consider the path

P(4k+1, 2k). There are 2k+1 tight gradings of weight pk1,4p
2k
2,1. These are the tight gradings

ω such that ω(h) = 1 for exactly 2k horizontal edges h, ω(v) = 4 for exactly k vertical edges

v, and ω(e) = 0 for all other edges e.

We can describe these gradings explicitly as follows. Fix i ∈ {0, 1, . . . , k − 1} and s ∈

{0, 1}, with the restriction that if i = k then s = 0. Let SN = {vk+1−i, vk+2−i, . . . , v2k−i} and

let SE = {u1, u2, . . . , u4k−2i−1} ∪ {u4k−2i+s} ∪ {u4k−2i+2, u4k−2i+3, . . . , u4k+1}, where the sets

in the union can be empty if i = 0. Then the grading

ω(e) =


2 if e ∈ SE ∪ SN

0 otherwise.

is one of the desired tight gradings, and varying the choice of i yields all but one of the

2k + 1 such tight gradings. The last tight grading can be obtained by considering SE =

{u2k+2, u2k+3, . . . , u4k+1} and SN = {v1, v2, . . . , vk}, with the grading ω constructed as above.
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Figure 3.5: The five tight gradings in the setting of Example 3.5.8 when k = 2.

3.5.2 One-bending property

The bend-type of a broken line is the tuple (r(m0), . . . , r(mℓ)) ∈ M ℓ+1. In a scattering

diagram D, for a fixed endpoint Q, every broken line β with a given bend-type has identical

image inMR. This can be seen by working backwards from Q to reconstruct the broken line.

Consider a generalized cluster scattering diagram D = Scat(P1, P2).

Definition 3.5.9. Let (d1, d2) ∈ N2 and coprime (a, b) ∈ N2 such that

d1b− d2a ̸= 0.

Let β be a (possible) broken line in D such that it has initial exponent (−d1,−d2), one

unique bend at the wall (R≤0(a, b), fR≤0(a,b)), and final exponent (ka− d1, kb− d2) for k ≥ 1.

We say that the pair (d1, d2) and (ka, kb) satisfies the one-bending property (with respect to

D) if any broken line that

has initial exponent (−d1,−d2) and final exponent (−d1 + ka,−d2 + kb), and (3.5.1)

does not bend at positive coordinate axes (3.5.2)

has the same bend-type as β.

Remark 3.5.10. Let (d1, d2) and (ka, kb) satisfy the one-bending property. Depending on

the choice of terminal point Q ∈ MR, there is either exactly one broken line or no broken

lines satisfying (3.5.1) and (3.5.2) and terminating at Q. In particular, there will be one
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such broken line if

Q ∈


{
(q1, q2) ⊆ R2 : q2 < min

(
kb−d2
ka−d1 q1,

d2
d1
q1

)}
if d1b− d2a > 0,

{
(q1, q2) ⊆ R2 : q2 > max

(
kb−d2
ka−d1 q1,

d2
d1
q1

)}
if d1b− d2a < 0,

and no such broken lines otherwise.

Lemma 3.5.11. If (d1, d2) and (ka, kb) satisfy

kab+ 1

kb2
≥ d1
d2

>
a

b
or

ka2

kab+ 1
≤ d1
d2

<
a

b
,

then they satisfy the one-bending property.

Proof. We prove for the first case and the second case is similar. It suffices to show that

there is no broken line satisfying (3.5.1) and (3.5.2) that bends at least twice. Suppose that

there is one such β. Notice that β can only bend at walls strictly below R≤0(d1, d2), that is,

walls R≤0(a′, b′) such that

d1
d2

>
a′

b′
.

Denote the amount of bending cumulated between R≤0(d1, d2) and R≤0(a, b) (inclusive) by

(a1, b1) ∈ N2. Denote the amount of bending cumulated between R≤0(a, b) (exclusive) and

R≤0(0, 1) (inclusive) by (a2, b2) ∈ N2. Thus (a1, b1) + (a2, b2) = (ka, kb). Now we have

kab+ 1

kb2
≥ d1
d2

>
a1
b1
>
a

b
>
a2
b2
.

We note that since β bends at least twice, the last three inequalities are all strict. We derive

from
kab+ 1

kb2
>
a1
b1
>
a

b
and b1 ≤ kb that

ab1 +
b1
kb

> a1b > ab1 =⇒ ab1 + 1 > a1b > ab1.
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There is no integer solution for (a1, b1) and hence such a broken line β does not exist.

Corollary 3.5.12. Let (a, b) ∈ N2 be coprime and k ∈ N.

(1) If (d1, d2) = (kab+ 1, kb2) or (ka2, kab+ 1), then (d1, d2) and (ka, kb) satisfy the one-

bending property.

(2) If d1 ≥ mka when d1b−d2a < 0 or d2 ≥ mkb when d1b−d2a > 0 where m = |d1b−d2a|,

then (d1, d2) and (ka, kb) satisfy the one-bending property.

(3) For any m > 0, there exist infinitely many (d1, d2) such that (d1, d2) and (ka, kb) satisfy

the one-bending property and that m = |d1b− d2a|.

Proof. Statement (1) is a direct corollary of Lemma 3.5.11. We prove (2) whenm = d1b−d2a,

and the other case is similar. Again by Lemma 3.5.11, it suffices to check

kab+ 1

kb2
=
a

b
+

1

kb2
≥ d1
d2
⇐⇒ 1

kb2
≥ m

d2b
⇐⇒ d2 ≥ mkb.

For (3), choose some (d1, d2) ∈ N2 so that m = |d1b− d2a|. By (2), for sufficiently large

N , (d1 +Na, d2 +Nb) and (ka, kb) satisfy the one-bending property.

Consider the ordinary cluster scattering diagram D(ℓ1,ℓ2) = Scat(1 + xℓ1 , 1 + yℓ2). More

one-bending pairs can be found and will be useful in later applications. Notice that in this

case, the total amount of bending of a broken line can only be of the form (kℓ1ā, kℓ2b̄), where

k ∈ N and (ā, b̄) ∈ N2 is coprime.

Lemma 3.5.13. Let (ā, b̄) ∈ N2 be coprime and k ≥ 1.

1. If b̄ ≤ ℓ1, then the vectors (d1, d2) = (kℓ1ā + 1, kℓ2b̄) and (kℓ1ā, kℓ2b̄) satisfy the one-

bending property with respect to D(ℓ1,ℓ2).

2. If ā ≤ ℓ2, then the vectors (d1, d2) = (kℓ1ā, kℓ2b̄ + 1) and (kℓ1ā, kℓ2b̄) satisfy the one-

bending property with respect to D(ℓ1,ℓ2).
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Proof. We prove (1) and the other case is similar. As in the proof of Lemma 3.5.11, it suffices

to show that there is no integer solution a1 ≤ kā, b1 ≤ kb̄ for the inequality

kℓ1ā+ 1

kℓ2b̄
>
ℓ1a1
ℓ2b1

>
ℓ1ā

ℓ2b̄
⇐⇒ b1ā+

b1
kℓ1

> a1b̄ > b1ā.

Since b1 ≤ kb̄ ≤ kℓ1, we have that a1b̄ belongs to an open interval without any integer in

it.

The above lemma applies in particular to the central ray R≤0(ℓ1ā, ℓ2b̄) with (ā, b̄) = (1, 1).

3.5.3 Formula for wall-functions

Fix two positive integers ℓ1, ℓ2. Consider the generalized cluster scattering diagram

D = Scat

(
1 +

ℓ1∑
k=1

p1,kx
k, 1 +

ℓ2∑
k=1

p2,ky
k

)
.

Let (a, b) ∈ N2 be coprime. Let m be a positive integer. Then we can express the m-th

power of the wall-function fR≤0(a,b) by

(
fR≤0(a,b)

)m
= 1 +

∑
k≥1

λ(m)(ka, kb)xkaykb, (3.5.3)

where each coefficient λ(m)(a, b) is a polynomial in {pi,j | i = 1, 2, 1 ≤ j ≤ ℓi}. When m = 1,

we simply denote λ(ka, kb) = λ(1)(ka, kb).

Theorem 3.5.14 (Shadowed grading formula).

(
fR≤0(a,b)

)m
= 1 +

∑
k≥1

∑
ω

wt(ω)xkaykb, (3.5.4)

where the second sum is over all shadowed gradings on the Dyck path P(d1,k, d2,k) of total

horizontal weight kb and total vertical weight ka for any (d1,k, d2,k) ∈ N2 such that
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• d1,k ≥ ka and d2,k ≥ kb,

• (d1,k, d2,k) and (ka, kb) satisfy the one-bending property,

• m = |ad2,k − bd1,k|.

For any tuple Q = (qj)
ℓ
j=1 ∈ Nℓ, define the weighted sum w(Q) :=

∑ℓ
j=1 jqj. For tuples

Qi = (qi,j)
ℓi
j=1 ∈ Nℓi , i = 1, 2, denote pQi

i =
∏ℓi

j=1 p
qi,j
i,j . Then the expression (3.5.3) can be

refined as (
fR≤0(a,b)

)m
=
∑
k≥0

∑
w(Q1)=ka
w(Q2)=kb

λ
(m)
a,b (Q1,Q2)p

Q1

1 pQ2

2 xkaykb. (3.5.5)

It follows from Theorem 3.5.14 that for each (Q1,Q2) such that w(Q1) = ka, w(Q2) = kb,

λ
(m)
a,b (Q1,Q2) =

∣∣∣{ω ∣∣∣ω is shadowed, wt(ω) = pQ1

1 pQ2

2

}∣∣∣ ,
that is, the number of shadowed gradings on P(d1,k, d2,k) whose weight polynomial is pQ1

1 pQ2

2 .

The fact that this number computes λ
(m)
a,b (Q1,Q2) implies it does not depend on the choice

of (d1,k, d2,k). This turns out to be a rather delicate property of shadowed gradings from the

view of combinatorics.

Remark 3.5.15. When m = 1, any d1,k ≥ ka, d2,k ≥ kb such that |ad2,k − bd2,k| = 1

satisfy the one-bending property by Corollary 3.5.12(2). In this case, shadowed gradings are

precisely tight gradings and the formula (3.5.4) was announced in [13, Theorem 3.5].

We can use the formula (3.5.4) to directly calculate the wall-function of the single wall

comprising the Badlands in an affine cluster scattering diagram.

Example 3.5.16. Consider the cluster scattering diagram D(2,2). It follows from Theo-

rem 3.5.14 and Example 3.5.7 that

fR≤0(1,1) =
∑
k≥0

(k + 1)x2ky2k .
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This was known to experts [49] and was shown using quiver representations by Reineke [74].

Example 3.5.17. Consider the cluster scattering diagram D(4,1). It follows from Theo-

rem 3.5.14 and Example 3.5.8 that

fR≤0(2,1) =
∑
k≥0

(2k + 1)x4ky2k .

This has been previously calculated by Reading [73] using limits of F -polynomial expressions.

3.5.4 Proof of Theorem 3.5.14

We now prove the shadowed grading formula for the coefficients of powers of wall-functions,

as described in Section 3.5.3. This proof relies on the fact that the generalized greedy and

generalized theta bases coincide, a result established in Section 3.4. We use the one-bending

property from Section 3.5.2 to refine the equality of these bases, allowing us to find the

shadowed gradings corresponding to a particularly nice broken line. This broken line is

chosen to have weight equal to a chosen coefficient of the power of a wall-function, yielding

the desired formula in terms of shadowed gradings.

For the entirety of this subsection, fix a, b, k, and m as in Section 3.5.3, and set d1 := d1,k

and d2 := d2,k.

Recall that CG(p, q) is the set of compatible gradings ω on P = P([d1]+, [d2]+) with

p = ω(PN) and q = ω(PE). We let CGt
+(p, q) ⊆ CG(p, q) consist of the compatible gradings

with ω(PN \ sh(PE)) = t. Similarly, we let CGt
−(p, q) ⊆ CG(p, q) consist of the gradings

with ω(PE \ sh(PN)) = t. Let

CGt(p, q) =


CGt

+(p, q) if bd1 ≥ ad2,

CGt
−(p, q) otherwise,

and let |CGt(p, q)| =
∑

ω∈CGt(ka,kb) wt(ω) ∈ N[M]. We show in the following lemma that
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CG0(p, q) is precisely the set of shadowed gradings in CG(p, q).

Lemma 3.5.18. One of CG0
±(p, q) is empty unless p = q = 0. Precisely, when (p, q) ̸= (0, 0),

(1) CG0
+(p, q) = ∅ if qd1 ≤ pd2;

(2) CG0
−(p, q) = ∅ if qd1 ≥ pd2.

Proof. By symmetry, it is enough to prove the first case, where we assume q
p
≤ d2

d1
. Suppose

such a compatible grading ω exists. By assumption, we have ω(PE)
ω(sh(PE))

= q
p
. Hence there

must be some horizontal edge u such that ω(u)
ω(sh(u))

≤ q
p
. Choose v to be the unique vertical

edge such that |(−→uv)N| = ω(u).

By the compatibility of ω, we must have |(−→uv)E| ≥ ω(sh(u)) + 1. However, by the

modular definition of the maximal Dyck path (see, for example, [6, Lemma 1.3]), we then

must have that ω(sh(u))d2 < ω(u)d1. However, this yields a contradiction since we have

ω(u)
ω(sh(u))

≤ q
p
≤ d2

d1
.

Fix an endpoint Q = (Q1, Q2) ∈ R2
>0 such that the quantity (−m+ka)Q2− (−n+kb)Q1

is positive if bd1 ≤ d2a, and negative otherwise. Let BL(ka, kb) denote the set of broken lines

with initial exponent (−d1,−d2) and final exponent (−d1 + ka,−d2 + kb) that terminate at

Q. Let BLt(ka, kb) denote the subset of broken lines in BL(ka, kb) that bend at the positive

y-axis with multiplicity t. Given a set B of broken lines, let |B| :=
∑

β∈B c(β).

Lemma 3.5.19. For all t ∈ {0, 1, . . . , kb}, we have

|BLt(ka, kb)| = |CGt(ka, kb)| .

Proof. We handle the case when bd1 ≥ ad2, with the other case following analogously. We

proceed by induction on the quantity kb− t. The base case kb− t = 0 is readily checked, as

both quantities are simply a product of two binomial coefficients.
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For the inductive step, we first note that the sets CG(ka, kb−t) and BL(ka, kb−t) can be

refined as CG(ka, kb− t) =
⋃kb−t

s=0 CGs(ka, kb− t) and BL(ka, kb− t) =
⋃kb−t

s=0 BLs(ka, kb− t).

Since these unions are disjoint, we have

|CG(ka, kb− t)| =
kb−t∑
s=0

|CGs(ka, kb− t)|,

|BL(ka, kb− t)| =
kb−t∑
s=0

|BLs(ka, kb− t)| .

Applying Theorem 3.4.1 yields

kb−t∑
s=0

|CGs(ka, kb− t)| =
kb−t∑
s=0

|BLs(ka, kb− t)| .

Using the inductive hypothesis, we have |CGs(ka, kb − t)| = |BLs(ka, kb − t)| for s > 0.

Hence we can also conclude |CG0(ka, kb − t)| = |BL0(ka, kb − t)|. By separating out the

contribution of the edges in PN \ sh(PE) to the weight of each compatible grading, we see

|CGt(ka, kb)| = πd1−ka,t(p2,•)|CG0(ka, kb− t)| .

We also have

|BLt(ka, kb)| = πd1−ka,t(p2,•)|BL0(ka, kb− t)| ,

which can be seen examining the preimage of the map taking each broken line in BLt(ka, kb)

to a broken line in BL0(ka, kb− t) by forgetting the last bending. We can therefore conclude

|BLt(ka, kb)| = |CGt(ka, kb)|, as desired.

Proposition 3.5.20. We have |BL0(ka, kb)| = λ(m)(ka, kb).

Proof. It follows directly from Corollary 3.5.12(2) and Remark 3.5.10 (using our choice of

Q) that BL0(ka, kb) consists of a single broken line. This broken line, which we denote by

β, bends with multiplicity k at the wall of slope b
a
with no other bendings. By hypothesis,

we have |(d1, d2) · (−b, a)| = m. Thus, the weight associated to the bending of β over d
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with multiplicity k is given by the coefficient of xkbyka in (fd)
m, which is precisely λ(ka, kb).

Since β is the unique broken line in BL0(ka, kb) and β only bends once, we can conclude

that |BL0(ka, kb)| = |β| = λ(m)(ka, kb), as desired.

Remark 3.5.21. In the cluster algebra case, a tight grading has weight 1 if it takes values in

{0, ℓ1} on the vertical edges and {0, ℓ2} on the horizontal edges, and weight 0 otherwise. If we

restrict to considering only these gradings, then the total weight of gradings in CGt(ka, kb)

is the same as its cardinality. Thus, in order for |CGt(ka, kb)| to be nonzero, t must be a

multiple of ℓ1.

The first main theorem now readily follows.

Proof of Theorem 3.5.14. By Lemma 3.5.18, the gradings in CG0(ka, kb) are precisely the

shadowed gradings contributing to the formula in Theorem 3.5.14. Hence the main result

follows directly by combining the equalities in Lemma 3.5.19 and Proposition 3.5.20 when

t = 0.

3.5.5 Another proof of Theorem 3.5.14

We provide an alternative proof that does not rely on the results in Section 3.4.

We first prove some simple properties of shadowed gradings, allowing us to relate them

to the the polynomials d+(p, q) and d−(p, q).

Lemma 3.5.22. We have

|CG(p, q)| =
p∑

s=0

πd2−q,s(p1,•)
∣∣CG0

+(p− s, q)
∣∣

=

q∑
s=0

πd1−p,s(p2,•)
∣∣CG0

−(p, q − s)
∣∣ .

Proof. The first equality follows by viewing s as total value of ω on the horizontal edges

outside of sh(S2), so |CG(p, q)| =
∑p

s=0 |CG
s
+(p − s, q)|. Each summand of the form
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πd2−q,s(p1,•)
∣∣CG0

+(p− s, q)
∣∣ on the right hand side is then equal to |CGs

+(p, q)|, where

πd2−q,s(p1,•) accounts for the weight contributed by the horizontal edges outside sh(SN) and

|CG0
+(p − s, q)| accounts for the remaining weight of all vertical edges and the horizontal

edges in sh(SN). The second equality follows similarly, reversing the roles of vertical and

horizontal edges.

Proposition 3.5.23. Fix (d1, d2). For any (p, q) ∈ N2, we have

|CG0
+(p, q)| = d+(p, q) and |CG0

−(p, q)| = d−(p, q).

Proof. Recall d±(p, q) from Definition 3.3.6. We prove by induction on (p, q). The base case

is

|CG0
+(0, 0)| = d+(0, 0) = 1 and |CG0

−(0, 0)| = d−(0, 0) = 1.

Then the result follows from Lemma 3.5.22, Lemma 3.3.7, and |CG(p, q)| = c(p, q) from

Theorem 3.3.14.

Corollary 3.5.24. The polynomials d±(p, q) satisfy

p∑
s=0

πd2−q,s(p1,•)d+(p− s, q) =
q∑

s=0

πd1−p,s(p2,•)d−(p, q − s).

When (p, q) ̸= (0, 0), we have

d+(p, q) = 0 when d1q ≤ d2p;

d−(p, q) = 0 when d1q ≥ d2p.

Proof. This is a direct corollary of Lemma 3.5.18, Lemma 3.5.22, and Proposition 3.5.23.

As a consequence of Proposition 3.5.23, we present the following sharpened recursive

formula of c(p, q), which generalizes [55, Proposition 1.6] and [79, Proposition 2.13].
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Proposition 3.5.25. Fix (d1, d2) ∈ N2. The polynomials c(p, q) satisfy the following recur-

sion

c(p, q) =



p∑
k=1

−c(p− k, q)ςd2−q,k(p1,•) if d1q ≤ d2p;

q∑
k=1

−c(p, q − k)ςd1−p,k(p2,•) if d1q ≥ d2p.

Proof. With the emphasis on d±(p, q), the stated recursion of c(p, q) follows immediately

from Corollary 3.5.24 and Definition 3.3.6. We also see that c(p, q) is attained by one of two

polynomials in Definition 3.3.4.

Fix (d1, d2) ∈ N2. Let (p, q) ∈ N2 and t ∈ N. Let

BLt
+(p, q) = BLt

+(d1, d2, p, q) (resp. BLt
−(p, q) = BLt

−(d1, d2, p, q))

denote the set of broken lines with initial exponent (−d1,−d2), final exponent (−d1+p,−d2+

q), and endpoint Q+ ∈ R2
>0 (resp. Q− ∈ R2

>0) chosen close enough to the positive x-axis

(resp. positive y-axis) such that the bend at the positive x-axis (resp. positive y-axis)

corresponds to the monomial xt (resp. yt).

Lemma 3.5.26. We have

|BLt
+(p, q)| = πd2−q,t(p1,•)|BL0

+(p− t, q)|,

|BLt
−(p, q)| = πd1−p,t(p2,•)|BL0

−(p, q − t)|.

Proof. When it is non-empty, erasing the last bending of any broken line in BLt
+(p, q) (resp.

BLt
−(p, q)) induces a surjection to BL0

+(p − t, q) (resp. BL0
−(p, q − t)). The computation of

the weights follows from the initial wall-functions on the axes.

If BLt
+(p, q) is empty, then either πd2−q,t(p1,•) = 0 or BL0

+(p− t, q) is empty. The same is

true for the − case.

Lemma 3.5.27. One of BL0
±(p, q) is empty unless p = q = 0. Precisely, when (p, q) ̸= (0, 0),
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(1) BL0
+(p, q) = ∅ if qd1 ≤ d2p,

(2) BL0
−(p, q) = ∅ if qd1 ≥ d2p.

Proof. Since the broken lines in consideration do not bend at positive axes, the slopes of

their linearity domains can only continue to increase or decrease from the start. Therefore,

the order of the terminal slope and the initial slope determines which one of the two sets

BL0
+(p, q) and BL0

−(p, q) is empty, unless the broken lines do not bend at all, which is the

case p = q = 0.

Lemma 3.5.28.

p∑
t=0

πd2−q,t(p1,•)|BL0
+(p− t, q)| =

q∑
t=0

πd1−p,t(p2,•)|BL0
−(p, q − t)|.

Proof. By Lemma 3.5.26, it is equivalent to show

q∑
t=0

|BLt
+(p, q)| =

p∑
t=0

|BLt
−(p, q)|.

The left-hand side computes the coefficient of xp−d1yq−d2 in the theta function ϑQ+,(−d1,−d2).

The right-hand side does the same for ϑQ−,(−d1,−d2). By Corollary 3.2.20, they equal.

Proposition 3.5.29. Fix (d1, d2). For any (p, q) ∈ N2, we have

|BL0
+(p, q)| = d+(p, q) and |BL0

−(p, q)| = d−(p, q).

Proof. Compare the recursion of |BL0
±(p, q)| determined by Lemma 3.5.27 and Lemma 3.5.28

with the recursion of d±(p, q) given in Corollary 3.5.24.

Let (d1, d2) and (ka, kb) satisfy the one-bending property Definition 3.5.9 with d1 ≥ ka

and d2 ≥ kb.
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Proof of Theorem 3.5.14. We first deal with the case where d1 > ka and d2 > kb. Suppose

that

m = d1b− d2a > 0.

By the one-bending assumption, every broken line β in BL0
+(ka, kb) is of the same bend-

type, that is, the only bend is at the ray R≤0(a, b) with multiplicity m. Notice that β indeed

reaches the first quadrant. The sum of weight monomials of every β in BL0
+(ka, kb) gives

the coefficient λ(m)(ka, kb) of xkaykb in (fR≤0(a,b))
m. Hence by Proposition 3.5.29

λ(m)(ka, kb) = |BL0
+(ka, kb)| = d+(ka, kb).

The situation where m = d2a− d1b > 0 is similar.

Suppose that d1 = ka or d2 = kb. A one-bending broken line β at R≤0(a, b) with initial

exponent (−d1,−d2) and final exponent (ka− d1, kb− d2) does not reach the first quadrant.

So it does not belong to BL0
±(ka, kb). Suppose d2 = kb. Then again

m = d1b− d2a > 0.

Consider the theta function ϑQ,(−d1,−d2) for Q chosen generally in the fourth quadrant. By

the one-bending property, the sum of the weight of the aforementioned one-bending β with

endpoint Q is the coefficient λ(m)(ka, kb). Meanwhile, it also computes the coefficient of

xka−d1ykb−d2 = xka−d1 in ϑQ,(−d1,−d2). By Corollary 3.2.20, λ(m)(ka, kb) equals the coefficient

of xka−d1 in ϑQ+,(−d1,−d2). The latter actually equals

|BL0
+(ka, kb)| = d+(ka, kb)

because any broken line contributes to xka−d1 must not bend at positive x-axis, thus belonging

to BL0
+(ka, kb). The situation when d1 = ka is similar.

76



Summarizing we have shown

λ(m)(ka, kb) =


d+(ka, kb) if d1b− d2a > 0,

d−(ka, kb) if d1b− d2a < 0.

Finally the polynomials d±(ka, kb) are related to weighted counts of shadowed gradings by

Lemma 3.5.18 and Proposition 3.5.23.

3.5.6 A universal scattering diagram

Recall the monoid Pℓ1,ℓ2 in Section 3.2.2. For ℓ′1 ≥ ℓ1 and ℓ′2 ≥ ℓ2, consider the algebra map

φ : k̂[Pℓ′1,ℓ
′
2
]→ k̂[Pℓ1,ℓ2 ]

that evaluates p1,i = p2,j = 0 for i > ℓ1 and j > ℓ2.

For any ℓ ≥ 1, denote

P
(ℓ)
1 = 1 + p1,1x+ · · ·+ p1,ℓx

ℓ and P
(ℓ)
2 = 1 + p2,1y + · · ·+ p2,ℓy

ℓ.

By the functoriality (3.2.3), we have

φ
(
Scat

(
P

(ℓ′1)
1 , P

(ℓ′2)
2

))
≡ Scat

(
P

(ℓ1)
1 , P

(ℓ2)
2

)
.

The scattering diagrams associated to all (ℓ1, ℓ2) ∈ N2 thus have a (projective) limit, viewed

as a universal scattering diagram. By the tight grading formula Theorem 3.5.14, the limiting

wall-function on R≤0(a, b) is given by

∑
k≥0

∑
w(Q1)=ka

∑
w(Q2)=kb

λa,b(Q1,Q2)p
Q1

1 pQ2

2 xkaykb, (3.5.6)
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where λa,b(Q1,Q2) is the number of tight gradings of weight polynomial pQ1

1 pQ2

2 . To recover

the wall-function in Scat(P
(ℓ1)
1 , P

(ℓ2)
2 ), simply let the variables p1,i, i > ℓ1 and p2,j, j > ℓ2 be

zero. This amounts to considering the subset of tight gradings ω whose value on horizontal

edges is bounded above by ℓ2 and on vertical edges is bounded above by ℓ1.

We note that the limiting structure is more general than the scattering diagrams in

Definition 3.2.3 as the monoid in the limit is not finitely generated. However, one can

nonetheless assign degree k to the variable pi,k and have a filtration of ideals m(k) ⊆ k[P]

generated by elements of degree at least k. Then we can still define scattering diagrams with

finitely many walls over k[P]/m(k) and a limiting object of those is regarded as a scattering

diagram over the completion k̂[P] = lim
←−

k[P]/m(k) just as in Definition 3.2.3. Wall-crossing

automorphisms and consistency can be discussed analogously.

3.6 Applications of the tight and shadowed grading

formulas

Since rank-2 scattering diagrams are known to encode interesting invariants [41, 42, 74, 76],

we explore these links in terms of tight and shadowed gradings in this section. We give

formulas for computing Euler characteristics of quiver moduli spaces in Section 3.6.1 and

relative Gromov–Witten invariants on toric surfaces in Section 3.6.2.

3.6.1 Euler characteristics of quiver moduli

We review a result of Reineke and Weist [76] expressing wall-function coefficients in terms of

Euler characteristics of certain moduli spaces of quiver representations. Then we establish

the link to tight gradings in Corollary 3.6.2.

In [76] (as well as [41, 42]), the coefficients in the initial wall-functions differ with those
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in Section 3.2.2. Precisely, we consider polynomials

P1 =

ℓ1∏
i=1

(1 + six) and P2 =

ℓ2∏
j=1

(1 + tjy) (3.6.1)

and the scattering diagram Scat(P1, P2). This setup can be accommodated in the framework

of Section 3.2.1 and Section 3.2.2 by choosing the monoid P =M⊕M1⊕M2 where M1
∼= Nℓ1

is the (multiplicative) monoid of monomials in {s1, . . . , sℓ1} and M2
∼= Nℓ2 is the monoid of

monomials in {t1, . . . , tℓ2}. The coefficients p1,k and p2,k used in Section 3.2.2 are elementary

symmetric polynomials respectively in si and in tj by comparing (3.6.1) with (3.2.4).

Let K = K(ℓ1, ℓ2) be the complete bipartite quiver with ℓ1 sinks {s1, . . . , sℓ1} and ℓ2

sources {t1, . . . , tℓ2}. For example, K(3, 2) is depicted in Figure 3.6.

s1

t1

s2

t2

s3

Figure 3.6: The quiver K(3, 2)

Let P1 = (d1,i)1≤i≤ℓ1 and P2 = (d2,j)1≤j≤ℓ2 be tuples of nonnegative integers. They will

be referred to as ordered partitions once we fix the sums |P1| =
∑
d1,i and |P2| =

∑
d2,j.

As the notation suggests, P1 and P2 represent two monomials

sP1 :=

ℓ1∏
i=1

s
d1,i
i ∈M1 and tP2 :=

ℓ2∏
j=1

t
d2,j
j ∈M2,

Meanwhile they also represent a dimension vector (P1,P2) on the quiver K such that the

dimension on the sink si is d1,i and on the source tj is d2,j.

Let Vi = Cd1,i for i = 1, . . . , ℓ1 and Wj = Cd2,j for j = 1, . . . ℓ2. Consider the following
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affine space of representations of K (in C-vector spaces)

rep(P1,P2) := {(fi,j)1≤i≤ℓ1,1≤j≤ℓ2 | fi,j ∈ HomC(Wj, Vi)}.

Let G =
∏ℓ1

i=1 GL(Vi)×
∏ℓ2

j=1GL(Wj). Then G acts on the two spaces

repf(P1,P2) := rep(P1,P2)×
ℓ1∏
i=1

Vi and repb(P1,P2) := rep(P1,P2)×
ℓ2∏
j=1

Wj

respectively by

(gi, hj) · (fi,j, vi) = (gifi,jh
−1
j , givi) and (gi, hj) · (fi,j, wj) = (gifi,jh

−1
j , hjwj).

The superscripts f and b stand for respectively front and back framing, where the vectors vi

and wj are called framing vectors. Elements in rep•(P1,P2) are called framed representations.

We further consider back or front framed representations that are stable in the following

sense. We call (fi,j, wj) ∈ repb(P1,P2) (resp. (fi,j, vi) ∈ repf(P1,P2)) stable if for every

tuple Uj ⊆ Wj of subspaces, we have

ℓ1∑
i=1

ℓ2∑
j=1

dim fi,j(Uj) ≥
|P1|
|P2|

ℓ2∑
j=1

Uj,

with strictly inequality if wj ∈ Uj (resp. vi ∈
∑ℓ2

j=1 fi,j(Uj)) for every j (resp. i). It is clear

that framed stable representations are closed under the action of G.

By [76, Corollary 5.4] (based on the construction of [26]), there are smooth irreducible

varietiesMb(P1,P2) andMf(P1,P2) as moduli spaces parametrizing respectively back and

front framed stable representations up to the action of G. We use χ(·) to denote the Euler

characteristic of a complex variety in analytic topology.
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Theorem 3.6.1 ([76, Theorem 6.1]). For any coprime (a, b) ∈ N2, we have

(
fR≤0(a,b)

)b
=
∑
k≥0

∑
|P1|=ka

∑
|P2|=kb

χ(Mb(P1,P2))s
P1tP2xkaykb,

(
fR≤0(a,b)

)a
=
∑
k≥0

∑
|P1|=ka

∑
|P2|=kb

χ(Mf(P1,P2))s
P1tP2xkaykb.

For coprime (a, b) ∈ N2 and k ≥ 1, consider (d1, d2) = (kab + 1, kb2). By Corol-

lary 3.5.12(2), the vectors (d1, d2) and (ka, kb) satisfy the one-bending property (Defini-

tion 3.5.9). Notice that a · kb2 − b · (kab + 1) = −b. Recall from Section 3.5.3 that by

Theorem 3.5.14, λ
(b)
a,b(Q1,Q2) is the number of shadowed gradings on P(kab + 1, kb2) of

weight monomial pQ1

1 pQ2

2 where w(Q1) = ka and w(Q2) = kb. Similarly, λ
(a)
a,b(Q1,Q2) is the

number of shadowed gradings on P(ka2, kab+ 1) of weight monomial pQ1

1 pQ2

2 .

We now write down explicit formulas of Euler characteristics of framed stable quiver

moduli in terms of counts of shadowed gradings.

Corollary 3.6.2. For any coprime (a, b) ∈ N2, ordered partitions |P1| = ka, |P2| = kb, we

have

χ(Mb(P1,P2)) =
∑

w(Q1)=ka

∑
w(Q2)=kb

λ
(b)
a,b(Q1,Q2)µ

Q1

P1
µQ2

P2
,

χ(Mf(P1,P2)) =
∑

w(Q1)=ka

∑
w(Q2)=kb

λ
(a)
a,b(Q1,Q2)µ

Q1

P1
µQ2

P2
,

where µQi

Pi
for i = 1, 2 are nonnegative integers defined by the expansions

pQ1

1 =
∑

|P1|=w(Q1)

µQ1

P1
sP1 and pQ2

2 =
∑

|P2|=w(Q2)

µQ2

P2
tP2 . (3.6.2)
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Proof. By Theorem 3.5.14, we can express
(
fR≤0(a,b)

)b
as

∑
k≥0

∑
w(Q1)=ka

∑
w(Q2)=kb

λ
(b)
a,b(Q1,Q2)p

Q1

1 pQ2

2 xkaykb.

=
∑
k≥0

∑
|P1|=ka
|P2|=kb

 ∑
w(Q1)=ka
w(Q2)=kb

λ
(b)
a,b(Q1,Q2)µ

Q1

P1
µQ2

P2

 sP1tP2xkaykb.

Comparing the above coefficients with the ones in Theorem 3.6.1 we have the desired equa-

tion. The other case is similar.

3.6.2 Formula for relative Gromov–Witten invariants

In [42], Gross, Pandharipande, and Siebert expressed the wall-function fR≤0(a,b) in terms of

relative Gromov–Witten invariants on toric surfaces. We briefly recall their results and give

a combinatorial formula for these invariants in Theorem 3.6.5.

For (a, b) positive and coprime, let X = Xa,b denote the toric surface over C associated

to the complete fan generated by rays R≥0(0, 1), R≥0(1, 0), and R≤0(a, b). The three rays

correspond to three toric divisors in X which we denote as D1, D2, and Dout.

Fix two positive integers ℓ1 and ℓ2. As in Section 3.6.1, let P1 = (d1,i)1≤i≤ℓ1 and P2 =

(d2,j)1≤j≤ℓ2 be ordered partitions such that

|P1| =
ℓ1∑
i=1

d1,i = ka and |P2| =
ℓ2∑
j=1

d2,j = kb

for some k ≥ 1. Consider ν : X[(P1,P2)] → X the blow-up of X along ℓ1 and ℓ2 general

points respectively of D1 and D2 away from the 0-dimensional toric stratum S (i.e., three

toric fixed points). Denote

X◦[(P1,P2)] = X[(P1,P2)] \ ν−1(S) and D◦out = Dout \ ν−1(S) .
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Let β ∈ H2(X,Z) be the homology class determined by the intersection numbers

β ·D1 = ak, β ·D2 = bk, β ·Dout = k.

Define the homology class

β[(P1,P2)] = ν∗(β)−
ℓ1∑
i=1

d1,i[E1,i]−
ℓ2∑
j=1

d2,j[E2,j] ∈ H2(X[(P1,P2)],Z).

where E1,i and E2,j are the exceptional divisors over the blown-up points on D1 and D2.

There is a moduli space M of relative stable maps of genus 0 curves into X◦[(P1,P2)]

representing the homology class β[(P1,P2)] with full tangency order k at an unspecified point

in D◦out. The moduli space M is proper of virtual dimension zero and thus the integration

over the virtual fundamental class defines a Gromov–Witten type invariant

Na,b[(P1,P2)] :=

∫
Mvir

1 ∈ Q.

We refer the reader to [42, Section 4] for more details on the construction of the moduli

space and the definition of Na,b[(P1,P2)].

Theorem 3.6.3 ([42, Theorem 5.4]). For any positive coprime (a, b), we have

log fR≤0(a,b) =
∑
k≥1

∑
|P1|=ka
|P2|=kb

kNa,b[(P1,P2)]s
P1tP2xkaykb. (3.6.3)

Combined the above theorem of Gross–Pandharipande–Siebert with the tight grading

formula Theorem 3.5.14, we have the following direct corollary.
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Corollary 3.6.4. We have for any m ≥ 1,

∑
k≥1

∑
|P1|=ka
|P2|=kb

kNa,b[(P1,P2)]s
P1tP2xkaykb

=
1

m
log

1 +
∑
k≥1

∑
w(Q1)=ka
w(Q2)=kb

λ
(m)
a,b (Q1,Q2)p

Q1

1 pQ2

2 xkaykb

 .

Next we present a formula for each single Na,b[(P1,P2)] that is linear on counts of com-

patible gradings without involving taking logarithms.

Theorem 3.6.5. For any (a, b) coprime, k ≥ 1 and ordered partitions |P1| = ka and

|P2| = kb, we have

Na,b[(P1,P2)] =
1

k

k∑
i=1

(−1)i−1

i

(
k

i

) ∑
w(Q1)=ka
w(Q2)=kb

λ
(i)
a,b(Q1,Q2)µ

Q1

P1
µQ2

P2
.

Proof. Denote fR≤0(a,b) = 1 + Y . In the infinite series

log fR≤0(a,b) = Y − 1

2
Y 2 + · · ·+ (−1)k−1

k
Y k + · · ·

every term with xkaykb is contained in the part

Y − 1

2
Y 2 + · · ·+ (−1)k−1

k
Y k = c0,k + c1,k(1 + Y ) + c2,k(1 + Y )2 + · · ·+ ck,k(1 + Y )k. (3.6.4)

By Theorem 3.5.14, combining the terms with xkaykb we obtain

k∑
i=1

ci,k
∑

w(Q1)=ka
w(Q2)=kb

λ
(i)
a,b(Q1,Q2)p

Q1

1 pQ2

2 xkaykb

where each λ
(i)
a,b(Q1,Q2) counts shadowed gradings. Expand this sum using the expression
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(3.6.2) of pQi

i in terms of sP1 and tP2 and then compare with the right-hand side of (3.6.3).

We see that N(a,b)[(P1,P2)] is expressed as desired modulo that ci,k =
(−1)i−1

i

(
k
i

)
. To compute

these numbers, we write each term on the left-hand side of (3.6.4) as

(−1)j−1

j
Y j =

(−1)j−1

j
(1 + Y − 1)j =

j∑
i=0

(−1)i−1

j

(
j

i

)
(1 + Y )i.

Then we have

ci,k =
k∑

j=i

(−1)i−1

j

(
j

i

)
=

k∑
j=i

(−1)i−1

i

(
j − 1

i− 1

)
=

(−1)i−1

i

(
k

i

)
.

In particular, when k = 1, we have

Na,b[(P1,P2)] =
∑

w(Q1)=a
w(Q2)=b

λ
(1)
a,b(Q1,Q2)µ

Q1

P1
µQ2

P2
,

where λ
(1)
a,b are honest coefficients of fR≤0(a,b).

Example 3.6.6. Let ℓ1 = 3 and ℓ2 = 2. Consider the ordered partitions

P1 = 3 + 0 + 0 and P2 = 3 + 0.

They correspond respectively to the monomials s31 and t
3
1. Only when Q1 = p31,1 and Q2 = p32,1,

we have non-zero coefficients

µQ1

P1
= 1 and µQ2

P2
= 1.

Then the formula in Theorem 3.6.5 gives

N1,1[(3 + 0, 3 + 0 + 0)] =
1

3

(
3λ

(1)
1,1(p

3
1,1, p

3
2,1)−

3

2
λ
(2)
1,1(p

3
1,1, p

3
2,1) +

1

3
λ
(3)
1,1(p

3
1,1, p

3
2,1)

)
.
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Using compatible gradings, we can see that only the third term is non-trivial

λ
(3)
1,1(p

3
1,1, p

3
2,1) = 1.

For this particular grading (depicted in Figure 3.7), one can choose (d1, d2) = (12, 9), which

with (ka, kb) = (3, 3) satisfy the one-bending property by Corollary 3.5.12. Notice d1b−d2a =

3. Therefore, we have computed N1,1[(3+0, 3+0+0)] = 1/9, which coincides with the multiple

cover formula [9] and [42, Proposition 5.2].

Figure 3.7: A shadowed grading of weight monomial p31,1p
3
2,1

3.7 Generalized cluster structures

3.7.1 Generalized cluster structures

Fomin and Zelevinsky’s cluster algebra [31] has been generalized by Chekhov and Shapiro

[16] to incorporate polynomial exchange relations (as opposed to binomials). We review the

basic notions here.

Let P be a torsion-free (multiplicative) abelian group, known as the coefficient group

[3, 31]. Let n be a positive integer and I denote the index set {1, . . . , n}. We take a field F

isomorphic to the field of rational functions in n independent variables over Frac(ZP), the

fraction field of ZP the group ring of P.
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Definition 3.7.1. A seed in F is a triple Σ = (x,p, B), where

• the cluster x = {x1, . . . , xn} is an algebraically independent subset that generates F

over Frac(ZP);

• the exchange matrix B = (bi,j) is a skew-symmetrizable n× n integer matrix;

• the coefficient tuples p = (p1, . . . ,pn) consist of, for each i ∈ I, an (ℓi + 1)-tuple

pi = (pi,0, . . . , pi,ℓi) of elements in P for ℓi = gcd(bj,i | j ∈ I).

For the above data, we refer to any xi ∈ x a cluster variable and a monomial in x a

cluster monomial. For k ∈ I, we define x′k ∈ F by the exchange relation

xkx
′
k = Pk(x) =

ℓk∑
s=0

pk,s
∏

bi,k>0

x
sbi,k/ℓk
i

∏
bj,k<0

x
(s−ℓk)bj,k/ℓk
j . (3.7.1)

The set x− {xk} ∪ {x′k} is clearly again an algebraically independent generating set for F .

Definition 3.7.2. We say that a seed Σ′ = (x′,p′, B′) in F is obtained from Σ by a seed

mutation in direction k ∈ I if

• x′ = x− {xk} ∪ {x′k} where x′k is defined as in (3.7.1);

• the tuples p′i = (p′i,0, . . . , p
′
i,ℓi

) satisfy when i = k

p′k,s = pk,ℓk−s, for s = 0, . . . , ℓk

and when i ̸= k, for s = 0, . . . , ℓi

p′i,s
p′i,0

=


p
sbk,i/ℓi
k,ℓk

pi,s
pi,0

if bk,i ≥ 0,

p
sbk,i/ℓi
k,0

pi,s
pi,0

if bk,i ≤ 0;

(3.7.2)
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• B′ = (b′i,j) is the Fomin–Zelevinsky matrix mutation of B in direction k (denoted as

B′ = µk(B)) given by

b′i,j =


−bi,j if i = k or j = k,

bi,j + [−bi,k]+bk,j + bi,k[bk,j]+ otherwise.

(3.7.3)

It is straightforward to check that a seed mutation is involutive, that is, in the situation

of Definition 3.7.2, the seed Σ is also obtained from Σ′ by a seed mutation in direction k.

It is worth mentioning that a seed mutation is non-deterministic. For example one sees in

(3.7.2) that uniformly multiplying an element in P to every p′i;s, s = 0, . . . , ℓi does not affect

the equality.

Let Tn be the n-regular (infinite) tree such that the n edges incident to any vertex are

distinctively labeled by {1, . . . , n}.

Definition 3.7.3. A generalized cluster structure in F is an association of seeds

v 7→ Σv, v ∈ Tn,

such that for any k-labeled edge v k v′ in Tn, the seeds Σv and Σv′ are obtained from each

other by a seed mutation in direction k. When ℓi = 1 for every i ∈ I, this is what we refer

to as Fomin–Zelevinsky’s ordinary cluster structure [3, 31].

For a seed Σv = (xv,pv, Bv) associated with v ∈ Tv, we often use the following notations

to denote the gadgets in Definition 3.7.1:

xv = {x1;v, . . . , xn;v}, pv = (pi;v)
n
i=1, pi;v = (pvi,s)

ℓi
s=0, Bv = (bvi,j). (3.7.4)

The first property one would hope a generalized cluster structure to inherit from that of

ordinary cluster structures is the Laurent phenomenon [31, Theorem 3.1]. This is indeed the

case.
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Theorem 3.7.4 ([16, Theorem 2.5]). In a generalized cluster structure, any cluster variable

is expressed in terms of any given cluster as a Laurent polynomial with coefficients in ZP,

that is, for any v and v′ in Tn and any i ∈ I we have

xi;v′ ∈ ZP[x±11;v, . . . , x
±1
n;v].

The following is a main result of this chapter, the positivity of Laurent phenomenon. Its

proof will be given in Section 3.8.3.

Theorem 3.7.5. Any cluster variable, when expressed as a Laurent polynomial in any given

cluster, has coefficients in NP, the subset in ZP of linear combinations in P with nonnegative

integer coefficients.

Remark 3.7.6. In the case of ordinary cluster structures, the positivity was conjectured

originally by Fomin and Zelevinsky in [31], which was first proven by Lee and Schiffler [59]

when B is skew-symmetric and then by Gross, Hacking, Keel, and Kontsevich [40] when B

is skew-symmetrizable. A less general version of Theorem 3.7.5 was conjectured by Chekhov

and Shapiro [16, Section 5] where the coefficient tuples are required to be reciprocal.

3.7.2 Frozen directions and coefficients

In this subsection, every cluster structure is by default generalized. The cluster structure

introduced so far can be slightly upgraded by introducing frozen directions of mutations.

This amounts to choosing a subset Iuf ⊆ I for unfrozen directions and forbidding mutations

in frozen directions Ifr = I \ Iuf . By permuting the indices, we can always assume

Iuf = {1, . . . , |Iuf |} ⊆ I.

So a cluster structure with frozen directions will be defined on the tree T|Iuf |. Only the

first |Iuf | columns of the exchange matrices will be relevant in exchange relations (3.7.1) and
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matrix mutations (3.7.3).

Since no mutation is performed in frozen directions, all clusters share the same set of

frozen cluster variables

{xi | i ∈ Ifr}.

Notice that in an exchange polynomial Pk(x) we can single out a monomial in frozen variables,

combine it with pk,s, and treat them together as a coefficient. The new coefficients

pk,s
∏

{i∈Ifr|bi,k>0}

x
sbi,k/ℓk
i

∏
{j∈Ifr|bj,k<0}

x
(s−ℓk)bj,k/ℓk
i

follow the same mutation rule in Definition 3.7.2. Hence a cluster structure with frozen

directions can be regarded as a special case of Definition 3.7.3 with the square exchange

matrices (bi,j)i,j∈Iuf . One nuance is to invert frozen variables so that the new coefficients

naturally live in the product of P and the (multiplicative) group of all Laurent monomials

in frozen variables.

Remark 3.7.7. Starting with a cluster structure without frozen directions, we can add

frozen directions by extending a square exchange matrix B by adding rows below it, obtaining

a rectangular exchange matrix B̃. This construction will be useful as later the scattering

diagram technique behaves particularly well when B̃ is of full rank, which can always be

achieved by extension.

We now discuss how the behavior of cluster variables interacts with seed mutation on

coefficients, following Fraser [34, Section 2.4]. For a seed Σ = (x,p, B) (with possible frozen

directions), define for i ∈ Iuf , s = 1, . . . , ℓi, monomials

ŷi,s :=
pi,s
pi,0

∏
j∈I

x
sbj,i/ℓi
j . (3.7.5)

Consider two cluster structures v 7→ Σv and v 7→ Σ′v, v ∈ T|Iuf |. For a particular vertex

v0 ∈ T|Iuf |, we say Σv0 ∼ Σ′v0 if
xi;v0

x′
i;v0

∈ P for any i ∈ I and ŷi,s;v0 = ŷ′i,s;v0 for any i ∈ Iuf and
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1 ≤ s ≤ ℓi.

Proposition 3.7.8 ([34, Lemma 2.10]). If for two cluster structures

v 7→ Σv and v 7→ Σ′v, v ∈ T|Iuf |,

there is some vertex v0 such that Σv0 ∼ Σ′v0, then we have Σv ∼ Σ′v for any v ∈ T|Iuf |.

Definition 3.7.9. Given a (generalized) cluster structure, the associated (generalized) clus-

ter algebra A is the ZP-subalgebra of F generated by all cluster variables

⋃
v∈Tn

xv = {xi;v | i ∈ I, v ∈ Tn}.

The (generalized) upper cluster algebra U is defined to be the intersection

⋂
v∈Tn

ZP[x±1i;v | i ∈ I].

It follows from Proposition 3.7.8 that in any cluster structure where Σ is associated to a

given vertex v0, any cluster variable in any seed is well-defined up to a factor in P. Therefore

we shall use the notations A = A(Σ) and U = U(Σ) for any seed Σ in the cluster structure

since Σ is sufficient to determine both A and U . By Theorem 3.7.4, A is contained in U .

Remark 3.7.10. Another manipulation on a seed Σ that does not change A(Σ) is to scale

the coefficient tuple pi = (pi,0, . . . , pi,ℓi) by some uniform factor p ∈ P. It follows from

Proposition 3.7.8 that any cluster variable is again well-defined up to a factor in P. Thus

to address the positivity in Theorem 3.7.5, we can always assume that there is some seed Σ

where every pi,0 = 1 for i ∈ I. Moreover, we can take the free abelian group P′ generated by

symbols

{pi,s | i ∈ Iuf , 1 ≤ s ≤ ℓi},

with the natural group homomorphism ψ to P suggested by the notation. Cluster variables
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generated in the new cluster structure are subtraction-free rational expressions in |I| variables

with coefficients in P′. Then ψ induces a map that sends a cluster variable in the new cluster

structure to the corresponding cluster variable in the old cluster structure. Therefore once

the positivity of Laurent phenomenon is established for P′, it also holds for P.

3.8 Generalized cluster scattering diagrams

3.8.1 Definitions

We now introduce a construction generalizing Gross–Hacking–Keel–Kontsevich’s cluster scat-

tering diagram [40] mostly carried out by Mou [66] and Cheung, Kelley, and Musiker [18].

Here we take a perspective of [7] that both coefficients and frozen directions are present. We

impose no reciprocal conditions on coefficients to match the generality in Section 3.7.1.

The generalized cluster scattering diagram Ds we are about to define is essentially at-

tached to a seed Σ = (x,p, B̃) where B̃ is a |I| × |Iuf | rectangular exchange matrix and

pi,0 = 1 for any i ∈ Iuf . The coefficient group P is taken to be the (multiplicative) abelian

group freely generated by

{pi,j | i ∈ Iuf , 1 ≤ j ≤ ℓi}.

For easier comparison with [40], we closely follow the language therein (see also [39]) where

the information in Σ can be easily extracted from the so-called fixed data and seed data.

Definition 3.8.1. The fixed data Γ consists of

• a lattice N of finite rank with a skew-symmetric bilinear form ω : N ×N → Q;

• an unfrozen sublattice Nuf ⊂ N , a saturated sublattice of N ;

• an index set I = {1, . . . , rankN} and a subset Iuf = {1, . . . , rankNuf};

• positive integers di for i ∈ I with greatest common divisor 1;
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• a sublattice N◦ ⊂ N of finite index such that ω(Nuf , N
◦) ⊆ Z and ω(N,Nuf ∩N◦) ⊆ Z;

• M = Hom(N,Z);

• a free (multiplicative) abelian group P of finite rank.

Definition 3.8.2. Given the fixed data Γ, a seed data s = (e,p) consists of e = (ei)i∈I ∈ N I

and p = (pi)i∈Iuf where pi = (pi,j)1≤j≤ℓi and pi,j ∈ P such that

1. {ei | i ∈ I} is a basis for N ;

2. {ei | i ∈ Iuf} is a basis for Nuf ;

3. {diei | i ∈ I} is a basis for N◦;

4. for i ∈ Iuf , the element wi := ω(−, diei)/ℓi is primitive in M ;

5. {pi,j | i ∈ Iuf , 1 ≤ j ≤ ℓi} is a free generating set for P.

We impose the following injectivity assumption.

Injectivity assumption: The map

Nuf ∩N◦ →M, v 7→ ω(−, v) (3.8.1)

is injective.

Before defining scattering diagrams, we briefly explain how to obtain a seed Σ = (x,p, B̃)

from Γ and s = (e,p). The ambient field F is the fraction field of Frac(ZP)[M ]. Let

{e∗i ∈M | i ∈ I} denote the dual basis of e. The cluster x in Σ is

{xi | i ∈ I} = {xe
∗
i | i ∈ I}.

The coefficient tuples p = (pi)i∈Iuf are copied from s. For i ∈ I and j ∈ Iuf , let

bi,j = ω(ei, djej) ∈ Z.
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Then we put B̃ = (bi,j) ∈ Z|I|×|Iuf |. The condition that each ℓi divides the i-th column of B̃

is ensured by (4) of Definition 3.8.2. The injectivity assumption is then equivalent to that

B̃ is of full rank.

Remark 3.8.3. It is straightforward to construct fixed and seed data from a seed Σ. Let

N = Z|I| and {ei | i ∈ I} be the standard basis. For i ∈ Iuf , let di be integers with greatest

common divisor 1 such that the diagonal matrix (diδi,j)i,j∈Iuf is a left skew-symmetrizer for

the first |Iuf | rows of B̃. We specify the form ω, which is determined by ω(ei, ej) for i, j ∈ I.

Let

ω(ei, ej) =


bi,j/dj i ∈ I and j ∈ Iuf ,

−bj,i/di i ∈ Iuf and j ∈ Ifr,

0 i ∈ Ifr and j ∈ Ifr.

For any j ∈ Ifr = I \ Iuf , set dj = lcm(di | i ∈ Iuf). With these choices, the conditions in

Definition 3.8.1 and Definition 3.8.2 are all satisfied.

The scattering diagram Ds will live in the vector space MR = M ⊗ R. As in the rank-2

case, we need a monoid P with a monoid map r : P→M . For our purposes in higher ranks,

the choice will soon be specified.

Denote by P⊕ = P⊕s the sub-monoid of P generated by all pi,s, which is isomorphic to⊕
i∈Iuf N

ℓi (written additively). Let

P = Ps :=M ⊕ P⊕

equipped with the monoid map

r : P→M, (m, p) 7→ m.

Recall that k denotes a ground field of characteristic zero. Analogous to the rank-2 situation,
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define ideals (the same notation for both)

m := P \ P× and m := k[P \ P×] ⊆ k[P],

where P× is all units in P, which is {(m, 1) | m ∈ M} in the current case. Monomials in

k[P] are associated with elements in P, thus simply denoted as pxm for (m, p) ∈ P.

The following definitions of a wall and a scattering diagram are with respect to the fixed

data Γ and a seed data s.

Definition 3.8.4. A wall is the data d of

• the support Sd, a convex rational polyhedral cone of codimension one in MR with

primitive normal vector

nd ∈ N+ = N+
s :=

{∑
i∈Iuf

aiei

∣∣∣∣∣ ai ∈ N

}
\ {0};

• the wall-function fd, an element in k[P]/I of an m-primary ideal I or in k̂[P] :=

lim
←−

k[P]/mk satisfying

fd = 1 +
∑

(m,p)∈P

c(m,p)px
m,

where r(m, p) = m ∈ R>0ω(−, nd) ∩M .

For a wall d, the primitive generator md of R≥0ω(−, nd) ∩M is called its direction. Any

monomial pxm that appears in fd then has m = kmd for some integer k ≥ 1.

Definition 3.8.5. A scattering diagram over k[P]/I for an m-primary ideal I is a finite

collection of walls whose wall-functions are in k[P]/I. A scattering diagram D over k̂[P] is a

countable collection of walls whose wall-functions are in k̂[P] such that for each k ≥ 0, the

set

Dk := {d ∈ D | fd ̸≡ 1 mod mk+1}

is a scattering diagram over k[P]/mk+1.
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As in the rank-2 situation, we write

Supp(D) :=
⋃
d∈D

Sd and Sing(D) :=
⋃
d∈D

∂Sd ∪
⋃
d,d′

(Sd ∩ Sd′) (3.8.2)

for the support and singular locus of D where the last union is taken over all pairs of walls

such that the intersection of their supports is of dimension dimMR − 2.

Wall-crossing automorphisms are defined by the higher-rank analogue of (3.2.1), which

act on the complete algebra k̂[P]. The notion of a path-ordered product pγ = pγ,D is also

extended verbatim to the higher-rank situation for a regular path γ that avoids Sing(D)

and whose endpoints avoid Supp(D). The equivalence relation between scattering diagrams

and the consistency of a scattering diagram are defined in the same way as respectively in

Definition 3.2.5 and Definition 3.2.6.

Definition 3.8.6. A wall d is said to be incoming if its direction md (or equivalently

ω(−, nd)) is contained in the support Sd. Otherwise it is called non-incoming or outgoing.

Consider the initial scattering diagram

Din,s := {di | i ∈ Iuf} where Sdi := e⊥i and fdi := 1 +

ℓi∑
j=1

pi,1x
jwi .

Clearly every wall in Din,s is incoming.

The following result slightly generalizes [40, Theorem 1.12] and is again a consequence

of [51, 2.1.6]; see [66, Section 6.2] and [18, Section 3.2].

Theorem 3.8.7. There is a scattering diagram Ds satisfying:

1. Ds is consistent,

2. Ds ⊆ Din,s,

3. Ds \Din,s consists only of outgoing walls.
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Moreover, Ds is unique up to equivalence.

When pi,0 and pi,ℓi specialize to 1 and any pi,j, j /∈ {0, ℓi} specializes to 0 (then fdi becom-

ing a binomial) for any i ∈ Iuf , then Ds is what now known as the cluster scattering diagram

of Gross–Hacking–Keel–Kontsevich [40, Section 1.1]. We call Ds defined by Theorem 3.8.7

a generalized cluster scattering diagram.

Remark 3.8.8. When Iuf = I and |I| = 2, then Ds can be easily transformed to the

generalized cluster scattering diagram D considered in Section 3.2.2 by a piecewise linear

transformation as in Theorem 3.2.11.

Our main novel result concerning Ds is the positivity of its wall-functions, Theorem 3.8.9,

from which all remaining positivity results follow. The proof will be given in Section 3.9.

Theorem 3.8.9. There is a representative (in the equivalence class) of Ds such that for any

wall d ∈ Ds, the wall-function fd belongs to N̂[P], that is,

fd = 1 +
∑

(m,p)∈P

c(m,p)px
m

has nonnegative integer coefficients c(m,p).

3.8.2 The cluster complex structure

The scattering diagram Ds possesses a cluster complex structure as in the rank-2 situation.

This structure is important for uncovering the connection with the corresponding generalized

cluster algebra and is thus essential to the proof of Theorem 3.7.5. In the ordinary case, the

cluster complex structure is described in [40]. In the generalized case, the underlying cone

complex is exactly the same [18, 66], which only depends on the exchange matrix B̃. The

more involved part in this generalization is the description of wall-functions (Theorem 3.8.14)

due to the complication of coefficients.

97



We need some preparations. Let B be a skew-symmetrizable n× n matrix associated to

a chosen root v0 ∈ Tn. Then for each v ∈ Tn, we define inductively c-vectors

c(i)v =
(
c
(i)
j;v

∣∣∣ j = 1, . . . , n
)
∈ Nn or Zn

≤0, for i = 1, . . . , n

by the following rule. Set initially

c(i)v0
:= (δi,j | j = 1, . . . , n), i = 1, . . . , n,

the standard unit vectors in Zn. For an edge v k v′ in Tn, their associated c-vectors satisfy

c
(i)
v′ =


−c(k)v if i = k;

c(i)v + bvk,i[c
(k)
v ]+ if i ̸= k and bvi,k ≤ 0;

c(i)v + bvk,i[−c(k)v ]+ if i ̸= k and bvi,k > 0.

(3.8.3)

Notice that the relation (3.8.3) is reflexive for v and v′. Therefore, we have well-defined c
(i)
v

for any v by propagating (3.8.3) along Tn starting from v0. The c-vectors were developed

by Fomin and Zelevinsky in [32] as a useful tool to study the dynamics of coefficients.

Theorem 3.8.10 ([40, Corollary 5.5]). The c-vectors are always sign coherent, that is, each

c-vector c
(i)
v for i = 1, . . . , n and v ∈ Tn is either in Nn or Zn

≤0.

Remark 3.8.11. The sign coherence of c-vectors was conjectured in [32, Conjecture 5.4 and

Proposition 5.6(iii)]. In the skew-symmetric case, it was proven by Derksen, Weyman and

Zelevinsky [22] using quiver representations. More generally, for any skew-symmetrizable ex-

change matrix, the sign coherence was proven in [40] using scattering diagram techniques. It

also follows that the vectors c
(1)
v , . . . , c

(n)
v form a basis in Zn; see the proof of [32, Proposition

5.6].
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It is straightforward from the recurrence (3.8.3) that

c
(i)
i;v + 1 or c

(i)
i;v − 1

is divisible by ℓi, and c
(i)
j;v is divisible by ℓi when j ̸= i.

Definition 3.8.12. Define non-negative integers

h
(i)
j;v :=


|c(i)i;v ± 1|

ℓi
∈ N if i = j;

|c(i)j;v|
ℓi
∈ N if i ̸= j.

(3.8.4)

Remark 3.8.13. When ℓi = 1 or 2, there is ambiguity on h
(i)
i;v. However, it does not affect

the description in Theorem 3.8.14.

For given seed data s with e = {e1, . . . , en} and B = (bi,j) = ω(ei, djej) for i, j ∈ Iuf .

we define another set of vectors g∗i;v ∈ Nuf
∼= Zn again indexed by i ∈ Iuf = {1, . . . , n} and

v ∈ Tn. These are called dual g-vectors. The relation they need to satisfy is analogous to

(3.8.3) but with respect to −B⊺. Explicitly we set initially

g∗i;v0 := ei, i = 1, . . . , n,

and for v k v′ in Tn, put the relation

g∗i;v′ =


−g∗k;v if i = k;

g∗i;v − bvi,k[g∗k;v]+ if i ̸= k and bvi,k ≤ 0;

g∗i;v − bvi,k[−g∗k;v]+ if i ̸= k and bvi,k > 0.

(3.8.5)

For the same reason as c-vectors, they are sign-coherent by Theorem 3.8.10 and (g∗1;v, . . . , g
∗
n;v)

form a basis of Nuf . Moreover, g∗i;v (in the basis e) and c
(i)
v always have the same sign (see
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[71, (2,7)]), which we denote by

εi;v :=


1 if c

(i)
v ∈ Nn,

−1 if c
(i)
v ∈ Zn

≤0.

Define for each v ∈ Tn, the convex cone

C+v := {m ∈MR | ⟨m, g∗i;v⟩ ≥ 0, i ∈ Iuf} ⊆MR.

It has n facets

Si;v := (g∗i;v)
⊥ ∩ C+v , i ∈ Iuf .

One can verify inductively that

wi;v := ω(−, di
ℓi
εi;vg

∗
i;v) ∈M. (3.8.6)

Now we are ready to state the cluster complex structure of Ds.

Theorem 3.8.14. There is a pure |I|-dimensional cone complex ∆+
s in MR whose top-

dimensional cones are

{C+v | v ∈ Tn}.

In its equivalent class, Ds has a representative containing the collection of walls

D(∆+
s ) := {(Si;v, fi;v) | i ∈ Iuf , v ∈ Tn}

where

fi;v =


1 +

ℓi∑
s=1

pi,s

n∏
j=1

p
sh

(i)
j;v

j,ℓj
xswi;v if ℓih

(i)
i;v = |c

(i)
i;v| − 1

1 +

ℓi∑
s=1

pi,ℓi−s
pi,ℓi

n∏
j=1

p
sh

(i)
j;v

j,ℓj
xswi;v if ℓih

(i)
i;v = |c

(i)
i;v|+ 1

(3.8.7)
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such that Ds \D(∆+
s ) has support disjoint from (the codimension ≤ 1 strata of) ∆+

s .

Proof. The cone complex ∆+
s is understood and has equivalent description in [40, Section 4

and 5]. We thus focus on deriving the claimed expression of wall-functions from [66, Theorem

7.10]. There Ds has initial wall-functions for i = 1, . . . , n

ℓi∏
j=1

(1 + ti,jx
wi)

where ti,j are formal variables. While these were denoted as pi,j in [66], we change everything

there from the letter p to t in order to avoid conflict with our coefficients pi,s. In fact, we

can regard pi,s as symmetric polynomials of ti,j by equating

1 +

ℓi∑
s=1

pi,sx
swi =

ℓi∏
j=1

(1 + ti,jx
wi). (3.8.8)

In particular we have pi,ℓi =
∏ℓi

j=1 ti,j.

The wall-function fi;v is expressed in [66, Theorem 7.10] as

fi;v =

ℓi∏
j=1

(
1 + t

εi;v
i,j;vx

wi;v
)

where εi;v =


1 if c

(i)
v ∈ Nn,

−1 if c
(i)
v ∈ Zn

≤0,

and each ti,j;v is a monomial in {ti,j | i ∈ Iuf , j = 1, . . . , ℓi}. The exponent vector of ti,j;v is

termed as a generalized c-vector and has the same sign εi;v as c
(i)
v ([66, Proposition 3.17]). By

[66, Lemma 3.15 and Lemma 3.16], the monomial ti,j;v (simultaneously for all j = 1, . . . , ℓi)

is of the form

ti,j · p
c
(i)
i;v

−1

ℓi
i,ℓi

·
∏
j ̸=i

p

c
(i)
j;v
ℓj

j,ℓj
or t−1i,j · p

c
(i)
i;v

+1

ℓi
i,ℓi

·
∏
j ̸=i

p

c
(i)
j;v
ℓj

j,ℓj
.

We assume the former case and the latter one can be similarly treated. Now there are two

further cases.
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Case 1: c
(i)
v ∈ Zn

≥0. This means

ℓih
(i)
i;v = c

(i)
i;v − 1 and ℓjh

(i)
j;v = c

(i)
i;v.

Then we can express fi;v as

ℓi∏
k=1

(
1 + ti,k

n∏
j=1

p
h
(i)
j;v

j,ℓj
xwi;v

)
= 1 +

ℓi∑
s=1

pi,s

n∏
j=1

p
sh

(i)
j;v

j,ℓj
xswi;v ,

proving the first scenario of (3.8.7).

Case 2: c
(i)
v ∈ Zn

≤0. In this case, we have

ℓih
(i)
i;v = −c

(i)
i;v + 1 and ℓjh

(i)
j;v = −c

(i)
i;v.

We can then express fi;v as

ℓi∏
k=1

(
1 + t−1i,k

n∏
j=1

p
h
(i)
j;v

j,ℓj
xwi;v

)
= 1 +

ℓi∑
s=1

pi,ℓi−s
pi,ℓi

n∏
j=1

p
sh

(i)
j;v

j,ℓj
xswi;v .

This verifies the second scenario of (3.8.7).

3.8.3 Theta functions and positivity of the Laurent phenomenon

Broken lines can also be defined in higher ranks. It suffices for our purposes to consider the

initial exponent in M . We treat k[P⊕] as the coefficient ring and thus express a monomial

(with coefficient) in k[P] as cxm where c ∈ k[P⊕] and m ∈M .

Definition 3.8.15. Let m0 ∈M \ {0} and Q ∈MR \ Supp(D). A broken line β for m0 with

endpoint Q is a piecewise linear continuous proper path

β : (−∞, 0]→MR \ Sing(D)
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with values −∞ = τ0 < τ1 < · · · < τℓ+1 = 0 and an associated monomial cix
mi ∈ k̂[P] for

each interval (τi, τi+1), i = 0, . . . , ℓ such that

1. β(0) = Q and c0 = 1;

2. β̇(τ) = −mi for any τ ∈ (τi, τi+1) for each i = 0, . . . , ℓ;

3. the subpath β|(τi−1,τi+1) transversally crosses the support of some wall at τi for i =

1, . . . , ℓ− 1;

4. for i = 0, . . . , ℓ−1, ci+1x
mi+1 is a monomial term (other than cix

mi) of the power series

cix
mi

∏
{d∈D|β(τi)∈Sd}

fni·mi
d

where ni is primitive in N and orthogonal to any d with β(τi) ∈ Sd such that ni ·r(mi) >

0.

As in rank 2, a theta function is defined to be the formal sum of the final monomial terms

of broken lines. Precisely, the theta function associated to m0 and Q is

ϑQ,m0
:=
∑
β

c(β)xm(β), (3.8.9)

the sum of all final monomials over all broken line for m0 with endpoint Q.

We summarize in below the main properties of theta functions that we will need.

Proposition 3.8.16. Let D be a scattering diagram. Let m0 ∈ M \ {0} and Q ∈ MR \

Supp(D).

1. The theta function ϑQ,m0 lives in xm0 k̂[P].

2. Let D = Ds, and let Q ∈ Int(C+v ) and m ∈ C+v ∩M . Then ϑQ,m = xm.

Proof. (1) generalizes [40, Proposition 3.4]. The settings slightly differ as our monoid P

contains the coefficient part P⊕. The proof nonetheless does not change.
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(2) generalizes [40, Corollary 3.9]. It follows from generalizing [40, Proposition 3.8] and

[40, Proposition 3.6] to our setting. The former is the special case when v = v0 and carries

over by the same argument. The latter is a bijection between certain broken lines in Ds and

Dµk(s). We have not defined the mutation µk(s) but it can be understood as in [66, Definition

6.3] by unveiling the relation between the variables ti,j and pi,s (3.8.8). Then we can refer to

[66, Proposition 8.9].

Let Σ be a seed arising from Γ and s = (e,p) as in Section 3.8.1. Consider the generalized

cluster algebra A = A(Σ).

Theorem 3.8.17. There is a generalized cluster structure such that Σv0 = Σ and the cluster

monomials in A (with frozen variables inverted)

{∏
i∈Iuf

xaii;v
∏
j∈Ifr

x
bj
j;v

∣∣∣∣∣ ai ∈ N, bj ∈ Z, v ∈ T|Iuf |

}

are precisely the theta functions

{ϑQ,m | m ∈ ∆+
s ∩M}

for a general Q ∈ C+v0.

Proof. In the ordinary case, this is [40, Theorem 4.9]. The generalized case is discussed

in [66, Section 8.4] (and also in [18] with reciprocal coefficients) and essentially relies on

Theorem 3.8.14 the cluster complex structure of Ds. We elaborate more as the setup here

differs slightly.

In [66], we assume Iuf = I namely without any frozen directions. Hence in that case

the maximal cones in ∆+
s are all simplicial whose (primitive) generators are called g-vectors.

With frozen directions, we can still define g-vectors (using the same recurrence)

{gi;v ∈M | i ∈ Iuf}.
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The difference caused by frozen directions is that the recurrence to define g-vectors only uses

the rectangular exchange matrix B̃ (and its mutations). Another option is to extend Iuf to

I per the construction in Remark 3.8.3. Now we have a |I| × |I| square exchange matrix

which can be used to define the dual g-vectors {g∗i;v ∈ N | i ∈ I} for any v ∈ T|I|. Then

{gi;v ∈ M | i ∈ I} can be defined to be the dual basis in M and we only take the ones with

i ∈ Iuf .

The vectors {gi;v | i ∈ Iuf} are dual to {g∗i;v | i ∈ Iuf} in the sense that ⟨gi;v, g∗j;v⟩ = δi,j.

The cone C+v has the description

spanR≥0
{gi;v | i ∈ Iuf} ⊕

⊕
i∈Ifr

Re∗i .

Any m ∈ C+v ∩M is a sum of a nonnegative integral sum of {gi;v | i ∈ Iuf} and a vector

mfr ∈
⊕

i∈Ifr Ze
∗
i . In [66], the mutation of a seed is deterministic so we can generate a cluster

structure from Σv0 = Σ, which can be extracted from Theorem 3.8.14. In particular, by

[66, Proposition 8.1], the unfrozen cluster variable xi;v is given by

xi;v = pγ(x
gi;v) ∈ k̂[P] (3.8.10)

for a regular path γ going from C+v to C+v0 . Any wall-crossing automorphism acts trivially on

xmfr , which is a Laurent monomial of frozen variables {xe∗i | i ∈ Ifr}. Now we see that any

cluster monomial (with frozen variables inverted) equals

pγ(x
m) ∈ k̂[P]

for m in ∆+
s ∩M .

To see that any pγ(x
m) for m ∈ ∆+

s ∩M is a theta function, we first have by Proposi-

tion 3.8.16

ϑQv ,m = xm
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for any m ∈ C+v ∩M and any Qv in the interior of C+v . Then using a higher-rank analogue

of Theorem 3.2.19 (see [40, Theorem 3.5] and [14]), we have

pγ(x
m) = pγ(ϑQv ,m) = ϑQ,m. (3.8.11)

for a general Q ∈ C+v0 .

Now we show the positivity of Laurent phenomenon for cluster monomials in any gener-

alized cluster structure (with possible frozen directions). See the statement in Theorem 3.7.5

and terminologies in Section 3.7.1.

Proof of Theorem 3.7.5. If suffices to show this when the (rectangular) exchange matrix B

has full rank. If not, we can add more frozen directions by adding rows to B to get a full

rank matrix. Evaluating added frozen variables at 1 recovers original cluster monomials.

Another simplification is to assume pi,0 = 1 for any i ∈ Iuf as discussed in Remark 3.7.10.

Now with the injectivity assumption (3.8.1) ensured by the full rank of B, the generalized

cluster structure is contained within the scattering diagram Ds where s can be constructed

from a seed Σ = (x,p, B) as in Remark 3.8.3.

Now every cluster monomial is a theta function ϑQ,m by Theorem 3.8.17. Now the

positivity of the Laurent phenomenon follows from Theorem 3.7.4 and that the weight c(γ)

of every broken line γ is in NP⊕ due to the positivity of wall-functions Theorem 3.8.9.

There are variants of Chekhov–Shapiro’s generalized cluster structures, for example

[35,66,70], where certain restrictions are imposed on coefficients so that coefficients are “nor-

malized” and thus mutations are deterministic. These settings can nonetheless be viewed

as special cases of Definition 3.7.3 as pointed out in loc. cit. Therefore, the positivity Theo-

rem 3.7.5 is still valid in those settings.
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3.8.4 Strong positivity of theta functions

We define structure constants for theta functions following [40, Definition-Lemma 6.2], with

the difference that now they are not just integers but in the coefficient ring Z[P⊕]. The

argument carries over and the positivity follows directly from Theorem 3.8.9. Remind that

we are given a generalized cluster scattering diagram Ds.

Definition-Lemma 3.8.18. Let p1, p2, q ∈ M . Let z ∈ MR be chosen generally. There are

at most finitely many pairs of broken lines γ1, γ2 with m0(γ1) = p1, m0(γ2) = p2 and both

ending at z, and m(γ1) +m(γ2) = q. Define

αz(p1, p2; q) =
∑

(γ1,γ2)

c(γ1)c(γ2)

where the finite sum is over the aforementioned pairs of broken lines. Hence αz(p1, p2; q) is

in N[P⊕] by Theorem 3.8.9.

Now we can describe the product structure of theta functions using αz(p1, p2; q). Let Q

be general in C+v0 . Write ϑm = ϑm,Q for any m ∈ M . The fact that the structure constants

α(p1, p2; q) are in N[P⊕] is what we refer to as the strong positivity.

Theorem 3.8.19 (cf. [40, Proposition 6.4(3)]). The theta functions {ϑq | q ∈ M} form a

topological basis of certain formal completion of a variant U⊕ of the upper cluster algebra U .

For any p1, p2 ∈M , we have

ϑp1 · ϑp2 =
∑
q∈M

α(p1, p2; q)ϑq ∈ k̂[P] (3.8.12)

where α(p1, p2, q) := αz(q)(p1, p2; q) for z(q) chosen sufficiently near q and is independent of

this choice.

Proof. The proof essentially follows that of [40, Proposition 6.4(3)]. We first understand
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conceptually where the theta functions live. In fact, for each v ∈ Tv, we have the algebra

Z[P⊕][x±1i;v | i ∈ I] ⊆ F .

Denote the intersection of all these algebras by U⊕ (by U if taking the coefficient ring Z[P]

instead). It contains all cluster monomials. In fact, when expressing xi;v in another cluster

xv′ , it is the theta function ϑQv′ ,gi;v
for some general Qv′ ∈ C+v′ by (3.8.10) and (3.8.11), so

the coefficients are actually in N[P⊕]. Take the completion

Û⊕ := lim
←−
U⊕/Ik

with respect to the ideal I generated by {pi,s | i ∈ Iuf , 1 ≤ s ≤ ℓi}. For the same reason U

contains cluster monomials, Û⊕ contains the theta functions {ϑm | m ∈M}.

We note that U⊕/I = k[M ] since letting pi,s = 0 makes any ϑQv′ ,gi;v
a single monomial

xgi;v . This phenomenon is phrased in [40, Corollary 5.3] as the central fiber of the family

U s
prin → An

X1,...,Xn
is the torus TN . Here we are directly taking the regular functions instead

of considering the relevant schemes. The family is in the ordinary case, thus recovered by

restricting to all pi,s = 0 except for the leading ones {pi,ℓi | i ∈ Iuf}, which correspond to the

coordinates {X1, . . . , Xn}.

Back to the product structure, now it suffices to show (3.8.12) in U⊕/Ik+1 for each

k ≥ 0. Now the theta functions can be defined using the finite scattering diagram (Ds)k

over k[P]/mk+1. As argued in the first paragraph of the proof of [40, Proposition 6.4], theta

functions {ϑq | q ∈ M} form a Z[P⊕]/Ik+1-basis for U⊕/Ik+1; it is clear when k = 0 as

ϑq = xq and one can use Nakayama’s lemma to lift the basis {xq | q ∈ M} to {ϑq | q ∈ M}

in U⊕/Ik+1. We thus say that {ϑq | q ∈M} form a topological basis of Û⊕.

For a given k ≥ 1, express ϑp1 · ϑp2 in the basis {ϑq | q ∈ M}. Notice we can choose

any general terminal point for this expression because for different terminal points, theta

functions are transformed under a path-ordered product which does not change coefficients

108



in k[P⊕]/Ik. For a given q ∈M , choose a general terminal point z close enough to q so that

they belong to the same chamber. By the definition of αz, we have

ϑz,p1 · ϑz,p2 =
∑
r

αz(p1, p2; r)x
r. (3.8.13)

However, among all broken lines for all ϑz,r, r ∈ M , there is only one broken line (whose

image is z+R≥0q) with associated final monomial xq, which gives the theta function ϑz,q = xq.

Thus the coefficient of ϑz,q can be read off by the coefficient of xq on the right-hand side

of (3.8.13), namely αz(p1, p2; q). This proves the product formula in order k. To see the

independence of z for all k, we observe exactly as in the proof of [40, Definition-Lemma 6.2]

that for given p1, p2, q only finitely many wall-function terms in D are relevant to the possible

pairs of broken lines computing αz(p1, p2; q) (for any general z). Hence one can choose a big

enough k and use Dk to define α(p1, p2; q).

In general, the cluster complex ∆+
s is only a proper subset ofMR. Theta functions outside

∆+
s may not be Laurent but a formal sum. The following observation generalizes [40, Propo-

sition 7.1] immediately once we have the positivity of wall-crossing functions Theorem 3.8.9.

Proposition 3.8.20. Let m0 ∈ M . If for some general point Q ∈ C+v for v ∈ Tn there are

only finitely many broken lines for m0 with endpoint Q, the same is true for any general point

Q ∈ C+v′ for any other v′ ∈ Tn. In this case, the theta function ϑm is a positive universal

Laurent polynomial.

We can now extend [40, Theorem 7.5] to the generalized case.

Theorem 3.8.21. Let Θ ⊆ M be the collection of m such that the theta function ϑm is a

finite sum, that is, by Proposition 3.8.20 a universal Laurent polynomial.

1. ∆+
s ∩M ⊆ Θ.

2. For p1, p2 ∈ Θ,

ϑp1 · ϑp2 =
∑
r

α(p1, p2; r)ϑr
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is a finite sum with coefficients in N[P⊕]. If α(p1, p2; r) ̸= 0, then r ∈ Θ.

3. Θ is a saturated monoid in M .

4. The k[P]-module

M := spanZ[P]{ϑm | m ∈ Θ}

is an associative Z[P]-algebra with a Z[P]-basis given by {ϑm | m ∈ Θ}. We have

natural inclusions

A ⊆M ⊆ U .

Proof. The proof uses the exact same arguments as in [40, Theorem 7.5] but relies on the

generalized positivity Theorem 3.8.9. We note that the inclusion A ⊆ M sends a cluster

monomial to the corresponding theta function given by Theorem 3.8.17 and the second

inclusionM⊆ U is guaranteed by Proposition 3.8.20.

Remark 3.8.22. In the ordinary case, the algebra M is denoted as mid(A) (where A

denotes the cluster variety) and called the middle cluster algebra in [40]. It is interesting to

ask whether the generalized and ordinary situations share the same Θ.

3.8.5 Theta functions are atomic

A non-zero element in the upper cluster algebra U is called universally positive [27] if it is a

Laurent polynomial with coefficients in N[P] in every cluster, that is, it is in the subset

⋂
v∈T|Iuf |

N[P][x±1i;v | i ∈ I] ⊆ U .

Such an element is furthermore called indecomposable or atomic if it cannot be written as

a sum of two universally positive elements. Any cluster monomial is universally positive by

Theorem 3.7.5 and is atomic since it is a monomial in some cluster.
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Theta functions are not necessarily in U but live in the completion Û⊕. We follow

Mandel’s definition [64] of atomicity using the scattering diagram Ds.

Definition 3.8.23. A non-zero element f ∈ Û⊕ is called universally positive with respect

to the scattering atlas if regarded as an element in k̂[P], for any general Q ∈ C+s , any general

Q′ ∈MR \ Supp(Ds), and a regular path γ from Q to Q′, the element

pγ(f) ∈ k̂[P]

is a formal Laurent series with coefficients in N[P⊕]. It is in addition called atomic if it

cannot be written as a sum of two elements that are universally positive with respect to the

scattering atlas.

Theorem 3.8.24 (cf. [64, Theorem 1]). The theta functions {ϑq | q ∈ M} (up to a scalar

in P) are exactly the atomic elements of Û⊕ with respect to the scattering atlas.

Proof. It follows directly from Theorem 3.8.9 and ([40, Theorem 3.5] and [14])

pγ(ϑQ,q) = ϑQ′,q

that theta functions are universally positive with respect to the scattering atlas. Then it

remains to show that for any f universally positive with respect to the scattering atlas, the

expansion

f =
∑
q∈M

aqϑq

has aq ∈ N[P⊕] for any q ∈M . However, for r ∈M , we can take Q′ sufficiently close to r as

in the proof of Theorem 3.8.19 so that in the expansion

pγ(f) =
∑
q∈M

cqx
q,

we have ar = cr ∈ N[P⊕] by the universal positive assumption on f .
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3.9 Positivity of wall-functions

This section is devoted to positivity of scattering diagrams. We prove in Section 3.9.2 that

in rank 2, any consistent scattering diagram is positive with respect to the initial coefficients.

In Section 3.9.3, we prove Theorem 3.8.9, the positivity of higher-rank generalized cluster

scattering diagrams.

3.9.1 The non-standard case

The scattering diagrams considered in Section 3.2.2 are regarded as standard, as the direc-

tions of the two initial walls are standard unit vectors e1 and e2. The non-standard case can

be treated by the change-of-lattice trick already mentioned in the proof of [40, Proposition

C.13].

Let M = Z2. Suppose that m1,m2 ∈ M are primitive, linearly independent, but may

only generate a rank-2 proper sublattice M◦ ⊊M . The dual N◦ := HomZ(M
◦,Z) naturally

contains N := HomZ(M,Z) as a sublattice.

For any m ∈M , denote m⊥ := {n ∈ N ⊗R | n ·m = 0}. We define the index of m to be

ind(m) := |(m⊥ ∩N◦)/(m⊥ ∩N)|,

that is, the order of the finite cyclic group (m⊥ ∩N◦)/(m⊥ ∩N). For example, we have

ind(m1) = ind(m2) = |M/M◦| =: ℓ. (3.9.1)

Notice that ind(m) only depends on the line Rm. We then define ind(d) := ind(md), where

md is the direction of either a ray or a line d.

Take P =M ⊕M to be the monoid in Section 3.2.2 with the projection r : P→M . Let
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Din = {d1, d2} where

Sdi = Rmi and fdi = fi := 1 +

ℓi∑
k=1

pi,kx
kmi , i = 1, 2.

By Theorem 3.2.8, we can assume that there is at most one added ray in D with support

R≤0(pm1 + qm2) for any positive coprime pair (p, q). Assuming that m1,m2 form a basis of

M , we can express the attached wall-function as

fR≤0(pm1+qm2) = 1 +
∑
d≥1

λ(dp, dq)xdpm1+dqm2 , (3.9.2)

where λ(dp, dq) ∈ N[M] is computed in Theorem 3.5.14.

Definition 3.9.1. Define λ(dp, dq; ℓ) for coprime (p, q) ∈ N2, d ∈ N, ℓ ∈ N by the following

procedure. First we evaluate λ(ℓdp, ℓdq) at pi,k = 0 for any k not divisible by ℓ. Then we

substitute any pi,ℓk by pi,k.

Example 3.9.2. Let (p, q) = (1, 1), d = 1, ℓ = 2. For ℓ1 = ℓ2 = 2, we compute λ(1, 1; 2).

By Theorem 3.5.14, we have

λ(2, 2) = p21,1p2,2 + p22,1p1,2 + 2p1,2p2,2.

After the evaluation at p1,1 = p2,1 = 0, we get 2p1,2p2,2. Substituting pi,2 by pi,1, we obtain

λ(1, 1; 2) = 2p1,1p2,1.

The following formula computes wall-functions in the non-standard case.

Theorem 3.9.3. The wall-function in D on any ray R≤0m◦ with m◦ = pm1+qm2 and (p, q)

positive coprime is

fR≤0m◦ =

(
1 +

∑
d≥1

λ(dp, dq; ℓ)xdpm1+dqm2

) ℓ
ind(m◦)

.
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where ℓ is defined in (3.9.1) and ℓ/ ind(m◦) belongs to N. Hence every coefficient in the

expansion of fR≤0m◦ is a polynomial in pi,j with nonnegative integer coefficients.

Proof. Let d be a wall in D. The associated wall-crossing automorphism is

xm
′ 7→ xm

′
f±n·m

′

d ,

where n is primitive in N and orthogonal to md. Notice that the index of d is equivalently

ind(d) := max{d ∈ N | n/d ∈ N◦}.

Namely n◦ := n/ind(d) is primitive in N◦.

Consider the scattering diagram

D◦ :=
{(
Sd, f

ind(d)
d

) ∣∣∣ d ∈ D
}
.

We claim that it is the consistent scattering diagram Scat(f ℓ
1 , f

ℓ
2) for the lattice M

◦. In fact,

for m′ ∈M◦, the wall-crossing automorphism associated to (Sd, f
ind(d)
d ) can be expressed as

xm
′ 7→ xm

′
(
f
ind(d)
d

)±n◦·m′

= xm
′
f±n·m

′

d

where n and n◦ are respectively the primitive normal vectors of Sd in N and N◦. It follows

immediately that D◦ is consistent because so is D. Thus by the uniqueness, we have D◦ =

Scat(f ℓ
1 , f

ℓ
2).

In retrospect, we can use D◦ to represent D. This in particular implies that any wall-

function f of D is always a power series of xm
◦
for some primitive m◦ in M◦. Precisely,

consider (p, q) positive coprime and m◦ = pm1 + qm2 ∈M◦. The wall-function fR≤0m◦ in D

is then recovered by

fR≤0m◦ =
(
f ◦R≤0m◦

) 1
ind(m◦)

(3.9.3)
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where f ◦R≤0m◦ denotes the wall-function in D◦. This is not so ideal as taking the power of a

fraction may break the integrality and the positivity.

However, we can change the lattice one more time. Consider the scattering diagram

D′ = Scat(f ′1, f
′
2)

again with respect to M◦ where for i = 1, 2

f ′i := fi(x
ℓmi) = 1 +

∑
d≥1

pi,dx
ℓdmi .

For the ray with support R≤0m◦ where m◦ = pm1 + qm2 for (p, q) positive coprime, denote

the wall-function by f ′R≤0m◦ . By (3.9.2) and the substitution Definition 3.9.1, we have

f ′R≤0m◦ = 1 +
∑
d≥1

λ(dp, dq; ℓ)xdpm1+dqm2 .

Now consider the wall-crossing automorphism associated to the above ray in D′ on

xa1ℓm1+a2ℓm2 with ai ∈ Z:

xa1ℓm1+a2ℓm2 7→ xa1ℓm1+a2ℓm2(f ′R≤0m◦)±ℓ(pa2−qa1).

Observe that these wall-crossings can be viewed as in a scattering diagram for M ′ generated

by ℓm1 and ℓm2. Therefore, by turning every f ′R≤0m◦ into

f ◦R≤0m◦ :=
(
f ′R≤0m◦ | xmi ← xℓmi

)ℓ
, (3.9.4)

we obtain a consistent scattering diagram for M◦ with the initial wall-functions f ℓ
1 and f ℓ

2 .

By the uniqueness, this is exactly D◦, hence justifying the previously defined notation f ◦d .
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Now combining (3.9.3) with (3.9.4), the wall-function for D can be recovered as

fR≤0m◦ =

(
1 +

∑
d≥1

λ(dp, dq; ℓ)xℓd(pm1+qm2)

) ℓ
ind(m◦)

,

as stated in the theorem. Since for any m ∈M , we have

ℓ(m⊥ ∩N◦) ⊆ m⊥ ∩N ⊆ m⊥ ∩N◦,

the index ind(m◦) divides ℓ.

Corollary 3.9.4. Let Din = {d1, d2} be a scattering diagram of two lines, where

fdi = 1 +
∑

m∈P(mi)

ci,mx
m ∈ k̂[P], i = 1, 2.

Then there is a consistent scattering diagram in the equivalent class of Scat(Din) such that

any coefficient cm ∈ k of any wall-function

fd = 1 +
∑

m∈P(md)

cmx
m

can be expressed as a polynomial in {ci,m | i = 1, 2,m ∈ P} with nonnegative integer coeffi-

cients.

Proof. Notice that we do not assume P =M ⊕M and thus Din is not exactly of the form in

Theorem 3.9.3. It suffices to show the positivity at each order k ≥ 1 for Scat(Din)k. For fixed

k, we can choose large ℓ1, ℓ2 and consider a close variant D = Scat(f1, f2) of the scattering

diagram in Theorem 3.9.3 where

fi = 1 +

ℓi∑
k=1

pi,k,

with the monoid Mℓ1,ℓ2 the monomials in {pi,k | i = 1, 2, 1 ≤ k ≤ ℓi} equipped with
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r′ : Mℓ1,ℓ2 →M such that r′(pi,k) = kmi. Then consider the algebra homomorphism

φ : ̂k[Mℓ1,ℓ2 ]→ k̂[P], φ(pi,k) =
∑

r(m)=kmi

ci,mx
m.

By the functoriality (3.2.3), we have φ(D) ≡ Scat(φ(f1), φ(f2)). The positive integers ℓ1, ℓ2

are sufficiently large so that fdi ≡ φ(fi) mod mk+1. Then the positivity of Scat(Din)k ≡

φ(D)k follows from that of D by Theorem 3.9.3.

3.9.2 Full positivity in rank 2

We now show that any rank-2 consistent scattering diagram is positive with respect to the

initial coefficients.

Let Din = {ds | s ∈ S} be a scattering diagram (as defined in Section 3.2.1) of lines,

where S is a countable index set. We do not require the lines to pass through the origin.

The initial wall-functions are expressed as

fds = 1 +
∑

m∈P(mds )

cs,mx
m ∈ k̂[P].

Theorem 3.9.5. There exists a consistent scattering diagram D in the equivalent class of

Scat(Din) such that any coefficient cm ∈ k of any wall-function

fd = 1 +
∑
m∈P

cmx
m

can be expressed as a polynomial in {cs,m | s ∈ S,m ∈ P} with nonnegative integer coeffi-

cients, which we call a positive polynomial.

Proof. We prove by inductively constructing a finite scattering diagram Dk over k[P]/mk+1

for each k ≥ 1 such that Dk ≡ Scat(Din)k and that the positivity holds for Dk. This is

clearly true for k = 1 as we simply take D1 = (Din)1. We add to the induction hypothesis
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that Dk is a union of (Din)k and a set of rays such that no two rays have the same support.

Step 1: Reduction to the cone case.

We first reduce to the case where every initial line passes through the origin, which we

refer to as the cone case.

For a singular point p ∈ Sing(Dk), define

Dk(p) := {d ∈ Dk | p ∈ Sd}.

When viewed as over k[P]/mk+2, Dk(p) may fail to be consistent at p. Translating the

support of every wall in Dk(p) by −p, we obtain a scattering diagram Dloc
k (p) centered at

the origin, which can be viewed as a local version of Dk(p) at p. Denote the set of lines in

Dloc
k (p) by Dloc

k,in(p).

Assuming the inductive construction is valid in the cone case, we can modify Dk(p) as

follows. We can add a finite collection Dk[p] of new rays based at p whose wall-functions are

in 1 + mk+1 \ mk+2 and modify existing rays d 7→ d′ by only updating their wall-functions

fd by adding monomials in mk+1 \ mk+2 where the coefficients of add terms are positive

polynomials such that

D̃k(p) := Dk[p] ∪ {d′ | d ∈ Dk(p), p = ∂Sd} ∪ {d ∈ Dk(p) | p ∈ Sd \ ∂Sd}

is consistent at p over k[P]/mk+2. Notice that this means

D̃loc
k (p) ≡ Scat(Dloc

k,in(p)) mod mk+2 .

Globally, we construct

Dk+1 := (Din)k+1 ∪
⋃

p∈ Sing(Dk)

(Dk[p] ∪ {d′ | d ∈ Dk, p = ∂Sd}) .
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We show that the induction hypothesis holds for Dk+1.

ClearlyDk+1 is positive. To showDk+1 ≡ Scat(Din)k+1, it suffices to show the consistency

for Dk+1 because they share the same set of lines. Then we can check locally at each

singular point p ∈ Sing(Dk+1). Suppose that p ∈ Sing(Dk). For each d ∈ Dk+1(p) such that

p ∈ Sd \ ∂Sd, we write

fd = f ′d · (1 + ξ) mod mk+2,

where ξ is the part of fd in mk+1 \mk+2. The wall-crossing automorphism (and its inverse)

associated to 1 + ξ commutes with others modulo mk+2. In the path-ordered product of a

small loop around p, such wall-crossing automorphism and its inverse both appear once and

thus cancel out. Therefore to check the consistency at p, we can replace fd with f ′d. After

the replacement for every such d, Dk+1(p) is equivalent to D̃k(p), hence consistent. A new

singular point p ∈ Sing(Dk+1) \ Sing(Dk) must be in the interior of some newly added ray.

There is no ray based at p. For consistency at p, we can again ignore any newly added ray

that contains p in its interior. The rest walls containing p are all in the same or the opposite

direction, whose wall-crossing automorphisms commute and cancel out in the path-ordered

product of a small loop around p. Thus Dk+1 is consistent at p.

Then the induction hypothesis is proven for k + 1 by assuming that this can be done for

the cone case.

Step 2: Perturbation trick.

We use the perturbation trick to handle the cone case. Choose for each d ∈ Din a

sufficiently general vector vd ∈ MR and consider the perturbed scattering diagram D′in with

supports Sd + vd but the same wall-functions. After the perturbation, at most two initial

lines intersect at any given point.

By the induction hypothesis, we have constructed positive D′k equivalent to Scat(D′in)k,

where D′1 = (D′in)1. Because of the perturbation, for each p ∈ Sing(D′k), there are at most

two lines in
(
D′,lock,in (p)

)
1
, that is, at most two lines are non-trivial modulo m2. We want

to show D̃′k(p) is positive at each p. Notice that this is equivalent to show the induction

119



hypothesis at k + 1 for the initial scattering diagram D′,lock,in (p). Once this is established, we

can construct D′k+1 as in Step 1. To get Dk+1, we then translate every wall in D′k+1 back to

pass through or based at the origin. Therefore it suffices to prove the induction step in the

cone case with at most two non-trivial lines in (Din)1

Step 3: Reduction to two initial lines.

By Step 2, we assume in the cone case that only d1 and d2 are non-trivial in (Din)1. We

may assume that S = {1, . . . , N} since only finitely many initial lines are non-trivial up to

a sufficiently large order. We want to show the induction hypothesis at k + 1, that is, on

any ray in Dk+1 = Scat(Din)k+1, every term cpx
p in mk+1 \mk+2 has positive polynomial

coefficient cp. Notice that

p =
∑
i,s

ai,spi,s

for ai,s ∈ N, where pi,s ∈ P appears in fds . If any ai,s ̸= 0 for some s ̸= 1, 2, then at most k

of ai,s are non-zero. The crucial point is that cpx
p can be viewed as a term of order at most

k after the change of monoid trick as follows. Express each fds as

fds = 1 +
ℓs∑
i=1

ci,sx
pi,s mod mk+2.

Consider the monoid

M =
N⊕
s=1

ℓs⊕
i=1

N · ei,s

with r′ : M → M such that r′(ei,s) = r(pi,s). Denote m′ = M \{0}. Consider the scattering

diagram

D′ = Scat

(
1 +

ℓs∑
i=1

ci,sx
ei,s

∣∣∣∣∣ s = 1, . . . , N

)
.

By the functoriality (3.2.3), we can obtain cpx
p by a wall-function term cpx

∑
i,s ai,sei,s in D′.

Notice that now
∑

i,s ai,sei,s is in (m′)j \(m′)j+1 for some j ≤ k. So we apply the induction

hypothesis at k to this situation to conclude that cp is positive with respect to the initial

coefficients.
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Now we are left with p as a linear combination of pi,s for s = 1, 2 only. Notice that these

same terms appear in Scat(d1, d2) as one can simply let xpi,s = 0 for s ̸= 1, 2. Therefore

we have reduced the problem to prove the induction hypothesis at k + 1 for the case of two

initial lines.

Step 4. When Din only consists of two initial lines, the positivity follows immediately

from Corollary 3.9.4.

Now the induction is complete.

3.9.3 Positivity in higher ranks

We proceed to prove Theorem 3.8.9 the positivity of wall-functions in Ds as defined in

Section 3.8.1. The strategy is to construct a sequence of scattering diagrams (Dk)k≥1 such

that each Dk is over k̂[P]/mk+1, has positive wall-functions, and is equivalent to (Ds)k.

We first realize the singular locus (3.8.2) of a finite scattering diagram as a cone complex.

The support of each wall, as a polyhedral cone, is a finite intersection of closed linear half-

spaces. Consider the collection of these half-spaces and their other halves from all the walls

in D. Some of their intersections are contained in Sing(D) and Sing(D) is a union of these

intersections. They give rise to a cone complex structure on Sing(D).

Definition 3.9.6. For any scattering diagram D of finitely many walls, the singular locus

Sing(D) can be realized as the union of the maximal cones of a cone complex of dimension

dimMR− 2 such that for each such cone j and x ∈ Int(j) (the interior points of j), the set of

walls

{d ∈ D | x ∈ Sd}

is independent of x. With such a realization, the maximal cones are called joints. In

particular, any facet of Sd is a union of joints with disjoint interiors.

The aforementioned cone complex structure on Sing(D) clearly satisfies the requirement

in the above definition, thus giving a choice of joints.
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Let D1 be (Din,s)1. Concretely, the walls in (Din,s)1 are still di for i ∈ Iuf with the support

Sdi = e⊥i and the wall-function

fdi = 1 + pi,1x
wi + · · ·+ pi,ℓix

ℓiwi

because each monomial is in m \ m2. It is consistent as the wall-crossing automorphisms

commute over k[P]/m2.

Example 3.9.7. For D1, we have

Supp(D1) =
n⋃

i=1

e⊥i and Sing(D1) =
⋃
i ̸=j

e⊥i ∩ e⊥j .

The joints of D1 are as follows. Let Hε
k for ε ∈ {+,−} be the half space

Hε
k := {m ∈MR | sgn(⟨ek,m⟩) = ε}.

A joint is the closure of

e⊥i ∩ e⊥j ∩
⋂
k ̸=i,j

Hεk
k

for i ̸= j and εk ∈ {+,−}.

Definition 3.9.8. A scattering diagram D is called consistent at a joint j if the path-

ordered product associated to a small loop around j is identity. It is called consistent if it is

consistent at each of its joint. This is equivalent to the previous definition in Section 3.8.1

where the consistency means the path-ordered product of any regular path only depends on

the endpoints.

Remark 3.9.9. By the definition of joints, the set of walls (whose support) containing a

given joint is well-defined. There are two situations that a wall can contain a joint j: (1) j is

contained in ∂Sd; (2) int(j) is contained in int(Sd). To check the consistency at j, the small
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loop around j is chosen to cross a wall of the first kind once and a wall of the second kind

twice.

Lemma 3.9.10 ([40, Definition-Lemma C.2]). Let D be a finite scattering diagram as in

Section 3.8.1. Let j be a joint of D. Then either every wall containing j has direction

tangent to j or every wall containing j has direction not tangent to j. In the first case we call

the joint parallel; in the second case, perpendicular.

Now we inductively construct for any k ≥ 1, a finite scattering diagramDk over k[P]/mk+1

to satisfy the following four assumptions.

(A1) Dk is consistent over k[P]/mk+1, that is, consistent at each joint.

(A2) Any wall-function has positive coefficients, i.e., in N[P]/mk+1.

(A3) Any non-initial wall d is outgoing and always has support of the form

Sd = Fd + R≤0ω(−, nd)

where Fd ⊆ ∂Sd is a facet. In particular, Fd is the only facet not tangent to the

direction of d. We say that d or Sd is based at Fd.

(A4) Any perpendicular joint j is contained in the facet of at most one outgoing wall in each

possible direction.

The base case D1 clearly satisfies all four assumptions.

Now we construct Dk+1 by essentially modifying existing walls in Dk and adding new

walls based at perpendicular joints of Dk. Precisely, the construction comprises three steps.

Step 1: subdivision of outgoing walls.

By the assumption (A3), every outgoing wall d ∈ Dk has support

Sd = Fd + R≤0ω(−, nd)
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where Fd is a facet not tangent to ω(−, nd). Being in the boundary of Sd, the facet Fd inherits

part of the cone complex realization of Sing(Dk). Thus we can subdivide Fd into joints

Fd = j1 ∪ · · · ∪ js.

Note that these joints are all perpendicular. Accordingly d is subdivided into walls d1, . . . , ds

with smaller supports

Sd1 = j1 + R≤0ω(−, nd), . . . , Sds = js + R≤0ω(−, nd),

and with wall-functions

fd1 = · · · = fds = fd.

We replace Dk with an equivalent scattering diagram by implementing the above subdivision

on every outgoing wall. Clearly it still satisfies the four assumptions. The set of joints remains

unchanged. We also note that an initial wall never gets subdivided as it is incoming.

Step 2: rank-2 scattering at perpendicular joints.

Consider at each perpendicular joint j of Dk the scattering diagram

Dj := {d ∈ Dk | j ⊆ Sd},

that is, the collection of walls whose support contains j. Let Λj denote the tangent space of

(any interior point of) j. It can thus be viewed as a (dimMR − 2)-dimensional subspace of

MR. We next construct a rank-2 scattering diagram Dj with respect to the lattice

Mj := ω(−,Λ⊥j ) ∩M,

living in the subspaceMj,R := ω(−,Λ⊥j ) ⊆MR. These are of rank 2 because of the injectivity

assumption on the form ω(−,−).
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The monoid for Dj is

Pj := {p ∈ P | r(p) ∈Mj} =Mj ⊕ P⊕ =Mj ⊕
|Iuf |⊕
i=1

Nℓi .

Let mj denote Pj \P×j as well as the corresponding monomial ideal in k[Pj]. For each d ∈ Dj,

define a wall d with the support

Sd := Sd ∩Mj,R

and the wall-function fd := fd. Clearly by the particular form of the wall-function, the

direction of d is md = md ∈ R≥0ω(−, nd) ∩M where nd ∈ N+ is the normal vector of d.

One should carefully check that when Sd is a ray, it must be of the form R≤0md instead of

R≥0md. By the assumption (A3), this is indeed the case.

Now we define the scattering diagram

Dj := {d | d ∈ Dj}.

The walls in this rank-2 scattering diagram are either lines or rays. By the assumption (A4),

rays are in distinct directions (but may overlap with lines).

We then take the consistent completion Scat(Dj) over k[Pj]/m
k+2
j . This is equivalent to

the consistent completion of only lines in Dj, as studied in Section 3.9.2. Notice that Dj is

already consistent over k[Pj]/m
k+1
j because by (A1) Dj is consistent at j. Therefore, by the

positivity Theorem 3.9.5 we can obtain a representative of Scat(Dj) by

1. adding new rays d(n0) with support Sd(n0) = R≤0ω(−, n0) and wall-function fd(n0) with

only non-trivial monomial terms in mk+1 \ mk+2 with positive integer coefficients for

distinct n0 ∈ Λ⊥j ∩N+;

2. for any existing ray d in Dj, adding positive terms in mk+1 \mk+2 to fd (and calling it

f ′
d
).

The crucial point here is that the positivity is guaranteed by Theorem 3.9.5.
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Step 3: constructing Dk+1.

For each new ray added in (1), define a wall in MR with the support

j+ R≤0ω(−, n0)

and the same wall-function fd(n0). Since j is perpendicular, such a wall is outgoing as the

support must not contain ω(−, n0). Denote this (finite) collection of walls by D(j).

Now we define

Dk+1 := (Din,s)k+1 ∪
⋃
j

(
D(j) ∪ {(Sd, f

′
d) | j ⊆ ∂Sd, d ∈ Dj}

)
,

where
⋃

j is over all perpendicular joints in Dk. We note that each existing outgoing d ∈ Dk

appears exactly once in the union because it only contains a unique perpendicular joint after

the subdivision in Step 1. We have finished the construction of Dk+1.

We next elaborate on why Dk+1 satisfies assumptions (A2) to (A4). We then discuss the

consistency assumption (A1), which will be proven in Lemma 3.9.12.

For (A2), as pointed out earlier, the positivity is preserved by Theorem 3.9.5. Any wall

in Dk+1 (except the initial ones) is either in some D(j) or of the form (Sd, f
′
d
) arising from

some d ∈ Dj such that j ⊆ ∂Sd. Clearly both kinds are outgoing. Any such d has support of

the form

j+ R≤0ω(−, nd)

where j is regarded as Fd. So (A3) is satisfied by Dk+1.

The statement of (A4) involves joints in Dk+1 upon a cone complex realization of

Sing(Dk+1). Since Sing(Dk+1) contains Sing(Dk), we can require that the cone complex of

Sing(Dk+1), when restricted on Sing(Dk), is a refinement of the cone complex of Sing(Dk).

We then have the following two cases for any perpendicular joint j′ in Dk+1.

Case 1. Suppose that j′ is contained in a perpendicular joint j of Dk. Notice that the
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outgoing walls inD(j) and the outgoing walls of the form (Sd, f
′
d
) are all in distinct directions.

Thus we only need to show if there is a wall d′ ∈ Dk+1 based at another perpendicular joint

j1 (of Dk) such that Sd′ contains j
′, the only case can happen is

int(j′) ⊆ int(Sd′).

Otherwise assume that j′ is contained in ∂Sd′ . Notice that we have

Sd′ = j1 + R≤0ω(−, nd′),

where j1 is the only facet not tangent to the direction ω(−, nd′). Thus j′ is contained in j1.

Then j1 and j (both as joints of Dk) have maximal dimensional intersection, a contradiction.

Case 2. Suppose that j′ is not contained in any perpendicular joint of Dk. Assume that

j′ is contained in a facet of a wall d ∈ Dk+1. Then it must be contained in the only possible

facet that is not tangent to the direction. However, such a facet is always a perpendicular

joint of Dk, a contradiction. This argument also implies that any such perpendicular joint j′

of Dk+1 is not in the boundary of any wall.

Lemma 3.9.11. Dk+1 is consistent at each perpendicular joint j′ over k[P]/mk+2.

Proof. The analysis proceeds by considering the same two cases on whether j′ is contained

in a perpendicular joint j of Dk, as when we show (A4).

When j′ is contained in some perpendicular j of Dk, we check all walls d containing j′,

namely the scattering diagram Dj′ . The idea is then to derive the consistency of Dj′ from

Scat(Dj). There are two kinds of d:

j′ ⊆ ∂Sd or int(j′) ⊆ int(Sd).
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The walls of the first kind are exactly those in

D(j) ∪ {(Sd, f
′
d) | j ⊆ ∂Sd, d ∈ Dj}.

For the second kind, we can get rid of those whose wall-functions are purely in order k + 1

since their wall-crossing automorphisms commute with others over k[P]/mk+2. The remaining

walls of the second kind are from walls in Dk. The possible difference on the wall-function

is only in order k + 1, as mentioned in the construction, namely f ′
d
versus fd. Notice that

f ′d = fd · (1 + f ′d − fd) mod mk+2.

The wall-crossing automorphism associated to the function 1+ f ′
d
− fd commute with others

over k[P]/mk+2. Therefore, we can replace f ′
d
with fd = fd and such a wall rolls back to the

version in Dk. Now we see that the consistency of Dj′ is equivalent to that of Scat(Dj).

The case where j′ is not contained in any perpendicular joint of Dk is simpler. We have

understood that j′ is not in the boundary of any wall. Such a joint is created only because of

the intersection with new walls, i.e., the ones in D(j) for some j. Those walls always contain

j′ of the form

int(j′) ⊆ int(Sd).

Thus as argued earlier, we can get rid of those walls and are left with only existing walls in

Dk containing j′. The only possibility is that the walls

{d ∈ Dk | j′ ⊆ Sd}

are all in the same direction; otherwise j′ would have been in a perpendicular joint of Dk.

Since j′ is not in the boundary of any wall, these walls all pass through j′. The consistency

around j′ is then clear.
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We apply Lemma 3.9.11 to show

Lemma 3.9.12. Dk+1 is consistent over k[P]/mk+2.

Proof. The strategy is to compare Dk+1 with (Ds)k+1 and to show they are equivalent. The

scattering diagram (Ds)k+1 is over k[P]/mk+2, consistent and contains finitely many outgoing

walls besides the initial walls. We note that the existence of (Ds)k+1 does not depend on the

constructive process described here. See Theorem 3.8.7 and also [40, Theorem 1.21], which

are both incarnation of [51, Theorem 2.1.6].

Firstly, these two scattering diagrams are equivalent over mk+1, for they are consistent

and share the same collection of incoming walls. It is convenient to consider their difference

D′, as a scattering diagram. In fact, one can subdivide walls in Dk+1 and (Ds)k+1 and add

walls with trivial wall-functions so that they have walls labeled by the same index set S

Dk+1 = {di | i ∈ S} and (Ds)k+1 = {ci | i ∈ S}

such that Sdi = Sci for every i ∈ S. Their difference is D′ = {d′i | i ∈ S} where

Sd′i
:= Sdi and fd′i := fdi · f−1ci

.

The wall-function fd′i must be of the form 1 + ξ where ξ ∈ mk+1 \ mk+2 since it is trivial

modulo mk+1.

Take another representative of D′ such that there are only non-trivial walls and they

intersect only at codimension two. Notice that in this representative, walls are all outgoing

since both Dk+1 and (Ds)k+1 have the exact same collection of incoming walls.

Assume that there are non-trivial walls in a hyperplane n⊥0 . Let j be a joint (for D′) in

n⊥0 . If it is not tangent to ω(−, n0), we claim that there are walls in n⊥0 on both sides of j with

the same wall-function. In fact, by Lemma 3.9.11, Dk+1 is consistent at every perpendicular

joint modulo mk+2. Hence D′ is also consistent at j (as (Ds)k+1 is consistent overall). Since
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the wall-crossing automorphisms associated to those fd′i all commute, the claim follows. Now

take the union U (which is a polyhedral cone but not necessarily convex) of all walls in n⊥0 .

Each facet of U is tangent to ω(−, n0). This forces the whole line Rω(−, n0) to lie in the

boundary of U , giving the presence of a non-trivial incoming wall in D′, a contradiction. We

can then conclude that D′ is trivial and therefore Dk+1 and (Ds)k+1 are equivalent.

Now we have obtained a sequence (Dk)k≥1 of consistent scattering diagram over k[P]/mk+1

with finitely many walls without any incoming walls besides the initials. For the final step,

we ensure that the limit when k →∞ exists as a scattering diagram over k̂[P]. Notice that

in this order by order construction, we either add a new outgoing wall or add higher order

terms to the wall-function of an existing outgoing wall. The limit D∞ is taken to consist of

Din,s and any outgoing wall that first appears in some Dk with the wall-function being the

limit of the wall-functions on the (support of the) same wall in Di, i ≥ k. Evidently for each

k ≥ 1 we have

(D∞)k = Dk.

It follows that D∞ is consistent and has every wall-function in N̂[P]. By the uniqueness in

Theorem 3.8.7, D∞ is equivalent to Ds. This is the end of the proof of Theorem 3.8.9.

3.10 Proof of the generalized greedy element formula

In this section, we prove the expansion formula for generalized greedy elements in terms of

compatible gradings given by Theorem 3.3.14. The majority of the proof closely follows that

of [79, Theorem 2.15], and we discuss only those portions that require modification here.

Namely, we generalize some of the necessary lemmas to the case where P1 and P2 are not

necessarily palindromic.
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3.10.1 Cluster variables up to a scalar

Recall the notations in Section 3.2.2 and the definition of cluster variables xi from Defini-

tion 3.2.23. We define elements {x̃k | k ∈ Z} ⊆ F = Frac(k[P]) and will show xk/x̃k ∈ P.

These scaled cluster variables will be convenient for our proofs in Sections 3.10.2 and 3.10.3.

Let x̃1 = x1 and x̃2 = x2. We inductively define x̃k ∈ F for k ∈ Z by the rule:

x̃k+1x̃k−1 =



P1(x̃k) if k ≡ 1 mod 4,

P2(x̃k) if k ≡ 2 mod 4,

P 1(x̃k) if k ≡ 3 mod 4,

P 2(x̃k) if k ≡ 0 mod 4.

Lemma 3.10.1. For any k ∈ Z, the quotient xk/x̃k is a Laurent monomial in p1,ℓ1 and p2,ℓ2.

More precisely, we have

xk/x̃k =



W (dk − e2) if k ≡ 0 mod 4,

W (dk + e1) if k ≡ 1 mod 4,

W (dk + e2) if k ≡ 2 mod 4,

W (dk − e1) if k ≡ 3 mod 4.

Proof. It suffices to show that xk/W (dk± ei) satisfy the exchange relations of x̃k. We check

for k ≡ 1 mod 4 the following relation and the remaining cases are similar. Notice that by

Lemma 3.2.24, we have

xk−1xk+1 = ζ̄n(xk) =
W (dk + e1)

ℓ1

p1,ℓ1
P1(xk/W (dk + e1)),

x̃k−1x̃k+1 =
W (dk + e1)

ℓ1

p1,ℓ1W (dk−1 − e2)W (dk+1 + e2)
P1(x̃k).

Now the desired relation follows from W (dk + e1)
ℓ1 = p1,ℓ1W (dk−1− e2)W (dk+1+ e2), which
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is result of

dk−1 + dk+1 = ℓ1dk .

3.10.2 The strong Laurent phenomenon

We begin by establishing the strong Laurent phenomenon for the rank-2 generalized cluster

algebras A(P1, P2), which is the Z[P]-subalgebra of F generated by all scaled cluster variables

x̃k. By Lemma 3.10.1, this notion coincides with the A(P1, P2) defined in Section 3.2.4.

Theorem 3.10.2 (following [79, Theorem 2.2]). For any k ∈ Z, we have

A(P1, P2) = Z[P][xk−1, xk, xk+1, xk+2] .

Proof. By Lemma 3.10.1, it is enough to work with cluster pre-variables instead of clus-

ter variables. We show via induction on m that x̃m ∈ Z[P][xk−1, xk, xk+1, xk+2], hence

A(P1, P2) ⊆ Z[P][xk−1, xk, xk+1, xk+2]. Consider the element x̃ℓ1m+1x̃m+4, where without loss

of generality we assume m ≡ 2 mod 4. We have

x̃m −
x̃ℓ1m+1x̃m+4

p1,ℓ1
= p1,ℓ1x̃m −

x̃ℓ1m+1P1(x̃m+3)

p1,ℓ1x̃m+2

= x̃m −
P1(x̃m+1)

x̃m+2

+
p1,ℓ1P1(x̃m+1)− x̃ℓ1m+1P1(x̃m+3)

p1,ℓ1x̃m+2

=
p1,ℓ1P1(x̃m+1)− x̃ℓ1m+1P1(x̃m+3)

p1,ℓ1x̃m+2

=

∑ℓ1
t=0 p1,t(x̃

t
m+1x̃

t
m+3 − 1)x̃ℓ1−tm+1

p1,ℓ1x̃m+2

.

Using that P2 has constant term 1, we have

x̃tm+1x̃
t
m+3 − 1 = (P2(x̃m+2))

t − 1 ∈ x̃m+2Z[P][xm+2]
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for every t ≥ 0. Thus,

∑ℓ1
t=0 p1,t(x̃

t
m+1x̃

t
m+3 − 1)x̃ℓ1−tm+1

x̃m+2

∈ Z[P][xm+1, xm+2] .

We then can see that x̃m ∈ Z[P][xm+1, xm+2, xm+3, xm+4], and using a similar argument

we obtain x̃m ∈ Z[P][xm−4, xm−3, xm−2, xm−1]. We can then conclude that

x̃m ∈ Z[P][xk−1, xk, xk+1, xk+2] ⊆ Tk

for every k ∈ Z. Since we have by definition that Z[P][xk−1, xk, xk+1, xk+2] ⊆ A(P1, P2), the

desired equality follows.

We now show that the cluster algebra A(P1, P2) equals the corresponding upper cluster

algebra U , as defined in Section 3.2.4, and moreover that it is the intersection of the Laurent

polynomial ring of three consecutive clusters.

Theorem 3.10.3 (Strong Laurent Phenomenon, following [79, Theorem 2.5]). For any m ∈

Z we have

A(P1, P2) =
⋂
k∈Z

Tk =
m+1⋂

k=m−1

Tk .

Proof. By Theorem 3.10.2, it is enough to show that

Z[P][xk−1, xk, xk+1, xk+2] = Tm−1 ∩ Tm ∩ Tm+1 .

The containment of Z[P][xk−1, xk, xk+1, xk+2] into Tm−1 ∩ Tm ∩ Tm+1 follows from Proposi-

tion 3.2.25. We show the other containment by taking the decomposition

Tm = Z[P][x−1m , x−1m+1] + Z[P][xm, x±1m+1] + Z[P][x̃±1m , x̃m+1]

and proving containment of the intersection of each summand with Tm−1 ∩ Tm+1.
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We begin by establishing the following:

Tm−1 ∩ Z[P][x−1m , x−1m+1] ∩ Tm+1 =



Z[P] if ℓ1ℓ2 ≥ 2

Z[P][xm−1xm+2] if ℓ1 = ℓ2 = 1

Z[P][xm−1, xℓ2m−1xm+2] if ℓ1 = 0

Z[P][xm−1xℓ1m+2, xm+2] if ℓ2 = 0

(3.10.1)

Without loss of generality, we assume m ≡ 1 mod 4. In order to simplify the exchange

relations, we often work with the scaled cluster pre-variables rather than cluster variables

due to Lemma 3.10.1.

We first show that the ring on the right of (3.10.1) is contained in the intersection on the

left of (3.10.1). By Proposition 3.2.25, each ring on the right is contained in Tm−1∩Tm+1, so

it remains to show containment in Z[P][x−1m , x−1m+1]. This containment is clear for ℓ1ℓ2 ≥ 2.

When ℓ1 = ℓ2 = 1, we have

x̃m−1x̃m+2 = P1(x̃m)x̃
−1
m+1P2(x̃m+1)x̃

−1
m ∈ Z[P][x−1m , x−1m+1] .

When ℓ1 = 0 or ℓ2 = 0, where without loss of generality we assume the former, we have

x̃m−1 = x̃−1m+1 and

x̃ℓ2m−1x̃m+2 = x̃−ℓ2m+1P2(x̃m+1)x̃
−1
m = p2,ℓ2P2(x̃

−1
m+1)x̃

−1
m ∈ Z[P][x−1m , x−1m+1] .

In each of these cases, we can now readily see that the generators of the ring on the right of

(3.10.1) are contained in Z[P][x−1m , x−1m+1].

We now handle the other containment of (3.10.1) case-by-case. Consider an element

y ∈ Z[P][x−1m , x−1m+1], and express y as

y =
∑
s,t≥0

cs,tx̃
−s
m x̃−tm+1 ,
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with finitely many nonzero coefficients cs,t ∈ Z[P]. We then have

y =
∑
t≥0

∑
s≥0 cs,tx̃

−s
m

P t
1(x̃m)

x̃tm−1 =
∑
t≥0

∑
s≥0 cs,tx̃

−s
m

P1
t
(x̃−1m )

pt1,ℓ1x̃
ℓ1t
m x̃tm−1 .

If y ∈ Tm−1, then for all t ≥ 0 we have
∑

s≥0 cs,tx̃
−s
m

P1
t
(x̃−1

m )
pt1,ℓ1 ∈ Z[P][x−1m ], where we denote this

polynomial by Ct(x
−1
m ). So we can now express y as

y =
∑
t≥0

Ct(x̃
−1
m )x̃−ℓ1tm x̃tm−1 (3.10.2)

=
∑
t≥0

Ct(x̃
−1
m )P1(x̃m)

tx̃−ℓ1tm x̃−tm+1

=
∑
t≥0

Ct(x̃
−1
m )pt1,ℓ1P1

t
(x̃−1m )x̃−tm+1 .

Similarly, if y ∈ Tm+1, we have

y =
∑
t≥0

C ′s(x̃
−1
m+1)x̃

−ℓ2s
m+1x̃

s
m+2 =

∑
t≥0

C ′s(x̃
−1
m+1)p

s
2,ℓ2
P2

s
(x̃−1m+1)x̃

s
m (3.10.3)

for some polynomials C ′s(x̃
−1
m+1) ∈ Z[P][x−1m+1].

From this point, the proof follows essentially verbatim from Rupel’s work [79, Theorem

2.5], but we include the remainder of the argument here for completeness.

If d2 = 0, then x̃−1m = x̃m+2 and (3.10.2) becomes

y =
∑
t≥0

Ct(x̃m+2)x̃
ℓ1t
m+2x̃

t
m−1 ∈ Z[P][xm−1xℓ1m+2, xm+2] .

Similarly, if d1 = 0 then

y =
∑
s≥0

C ′s(x̃m−1)x̃
ℓ2s
m−1x̃

s
m+2 ∈ Z[P][xm−1, xℓ2m−1xm+2] .

We now consider when ℓ1ℓ2 ̸= 0. Let σ(t) be maximal such that cσ(t),t ̸= 0, and using
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the last equality in (3.10.2) we must have σ(t) ≥ ℓ1t. Similarly, let τ(s) maximal such that

cs,τ(s) ̸= 0, and we have τ(s) ≥ ℓ2s.

Suppose t is maximal such that cs,t ̸= 0 for some choice of s. Then cσ(t),τ(σ(t))) ̸= 0, and

τ(σ(t)) ≥ ℓ2σ(t) ≥ ℓ1ℓ2t. For ℓ1ℓ2 ≥ 2 and t > 0 this implies τ(σ(t)) > t, which contradicts

the maximality of t. Thus we must have t = 0 and, similarly, s = 0 when ℓ1ℓ2 ≥ 2. Hence

y ∈ Z[P].

Now suppose ℓ1 = ℓ2 = 1. Then we have τ(σ(t)) ≥ σ(t) ≥ t, and by the maximality

of t these are equalities. Using induction on the maximal value t such that ct,t ̸= 0, we

can see that y ∈ Z[P][xm−1xm+2]. The base case t = 0 is clear. When t > 0, the element

y−ct,tx̃tm−1x̃tm+2 is contained in Z[P][xm−1xm+2], hence y is also contained in Z[P][xm−1xm+2].

Thus (3.10.1) is proved.

It then remains to show the equality

Tm−1 ∩ Z[P][xm, x±1m+1] = Z[P][xm−1, xm, xm+1] ⊂ Tm+1 .

The inclusion of Z[P][xm−1, xm, xm+1] into Tm−1 ∩ Z[P][xm, x±1m+1] is clear. For the other

inclusion, note that any y ∈ Z[P][xm, x±1m+1] can be written in the form

y =
N∑

t=−N

ctx
t
m+2

for some positive integer N and coefficients ct ∈ Z[P][xm]. We then have

y =
N∑
t=0

ctP
t
1(x̃m)x̃

−t
m−1 +

N∑
t=1

c−t
P t
1(x̃m)

x̃tm−1 .

If y ∈ Tm−1, then we must have c−t

P t
1(x̃m)

∈ Z[P][x±1m ] for all 1 ≤ t ≤ N . Since P1(x̃m) has
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constant term 1, this implies c−t

P t
1(x̃m)

∈ Z[P][xm]. Thus we have

y =
N∑
t=0

ctx̃
t
m+1 +

N∑
t=1

c−t
P t
1(x̃m)

x̃tm−1 ∈ Z[P][xm−1, xm, xm+1] .

We can similarly obtain Z[P][x±1m , xm+1] ∩ Tm+1 = Z[P][xm, xm+1, xm+2] ⊂ Tm−1. Combining

these inclusions yields

Tm−1 ∩ Tm ∩ Tm+1 = Tm−1 ∩
(
Z[P][x−1m , x−1m+1] + Z[P][xm, x±1m+1] + Z[P][x±1m , xm+1]

)
∩ Tm+1

= Tm−1 ∩ Z[P][x−1m , x−1m+1] ∩ Tm+1 + Z[P][xm−1, xm, xm+1]

+ Z[P][xm, xm+1, xm+2]

⊂ Z[P][xk−1, xk, xk+1, xk+2] ,

as desired.

3.10.3 Proof of the compatible grading formula

This section closely follows the approach of Rupel in [79], with necessary adjustments made

to extend the argument to the case when P1 and P2 are not palindromic. In the compatible

grading formula given by Theorem 3.3.14, the horizontal edges of the Dyck path are weighted

by the coefficients of P2 and the vertical edges are weighted by the coefficients of P1. We

introduce auxiliary variants of this weighting, replacing Pi with Pi.

Definition 3.10.4. For a grading ω : E(d1, d2)→ Z≥0, we define

wt′(ω) =

d1∏
i=1

p2,ℓ2−ω(ui)

d2∏
j=1

p1,ω(vj) ∈ k[Zℓ1 ⊕ Zℓ2 ] , and

wt′′(ω) =

d1∏
i=1

p2,ω(ui)

d2∏
j=1

p1,ℓ1−ω(vj) ∈ k[Zℓ1 ⊕ Zℓ2 ] .

We need to introduce the following auxiliary variants of the generalized greedy elements.
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Definition 3.10.5. We define x′[d1, d2] := x−d11 x−d22

∑
(S1,S2)

wt′(ω)x
ω(PN)
1 x

ω(PE)
2 , and simi-

larly let x′′[d1, d2] := x−d11 x−d22

∑
(S1,S2)

wt′′(ω)x
ω(PN)
1 x

ω(PE)
2 .

We now consider two automorphisms of the field of rational functions F . These maps are

defined by their behavior on a generating set and given by σ1 : (x1, x2) 7→ (x1, x0) and σ2 :

(x1, x2) 7→ (x3, x2). In the case that P1 and P2 are palindromic, these are the usual reflection

automorphisms σj, where σj(xm) = x2j−m. We show that applying these automorphisms

to a varient of some generalized greedy element results in a “mutated” generalized greedy

element.

Proposition 3.10.6 (following [79, Proposition 2.17]). For any (d1, d2) ∈ Z2 the elements

x[d1, d2] defined by (3.3.5) satisfy

σ1(x
′[d1, d2]) = x[d1, ℓ1[d1]+ − d2] and σ2(x

′′[d1, d2]) = x[ℓ2[d2]+ − d1, d2] .

Proof. By symmetry, it is enough to establish the second identity. We do so by handling

several cases.

First, suppose d1, d2 ≤ 0. Then P([d1]+, [d2]+) = P(0, 0) is a single point, so we have

σ2(x
′′[d1, d2]) = σ2(x

−d1
1 x−d22 ) = x−d13 x−d22 = xd11 x

−d2
2 P2(x2)

−d1 .

We can also directly compute x[ℓ2[d2]+ − d1, d2] = x[−d1, d2] using Theorem 3.3.14. Since

P[−d1]+,[d2]+ = P−d1,0, we have x[−d1, d2] = xd11 x
−d2
2 P2(x2)

−d1 , as desired.

Next, suppose d1 ≤ 0 < d2. Then P([d1]+, [d2]+) consists of d2 vertical edges. Similar to

the previous case, we have x′′[d1, d2] = x−d11 x−d22 pd21,ℓ1P1(x1)
d2 . Applying σ2, we have

σ2(x
′′[d1, d2]) = x−d13 x−d22 pd21,ℓ1P1(x3)

d2

= xd11 x
−d2
2 pd21,ℓ1P2(x2)

−d1P1(P2(x2)x
−1
1 )d2

Note that every vertical edge in Dℓ2a2−d1,d2 has at least ℓ2 vertical edges in front of it. Thus
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any compatible grading with vertical weights bounded by ℓ2 can be constructed by taking

a set of vertical edges and any horizontal edges not contained in the shadow of the vertical

edges. Focusing just a vertical edge and the edges in its shadow, which is identical to Dℓ2,1,

we can see that ∑
ω∈Cℓ2,1

wt(ω)x
ω(PN)
1 x

ω(PE)
2 = p1,ℓ1P1(P2(x2)x

−1
1 )xℓ21 .

We can view compatible gradings on Dℓ2d2−d1,d2 as a collection of d2 compatible gradings

on Dℓ2,1 along with compatible gradings on −d1 additional horizontal edges. So, using the

compatible grading definition, we have

x[ℓ2d2 − d1, d2] = x−ℓ2d2+d1
1 x−d22

(
p1,ℓ1P1(P2(x2)x

−1
1 )
)d2

P2(x2)
−d1

= xd11 x
−d2
2 pd21,ℓ1P2(x2)

−d1P1(P2(x2)x
−1
1 )d2 .

Lastly, suppose 0 < d1, d2. Then x
′′[d1, d2] = x−d11 x−d22

∑
ω∈Cd1,d2

wt′′(ω)x
ω(PN)
1 x

ω(PE)
2 . Hence

σ2(x
′′[d1, d2]) = x−d13 x−d22

∑
ω∈Cd1,d2

wt′′(ω)x
ω(PN)
3 x

ω(PE)
2

= x−ℓ2d2+d1
1 x−d22

∑
ω∈Cd1,d2

wt′′(ω)x
ℓ2d2−ω(PN)
1 P2(x2)

ω(PN)−d1x
ω(PE)
2 .

Let Cshd1,d2 denote the set of compatible gradings on P(d1, d2) such that SE ⊆ sh(SN),

where S is the set of edges with nonzero value in the grading. Given a grading ω ∈ Cshd1,d2 ,

define the grading θ(ω) := (Ω(SE), φ
∗
ℓ2
SN) on Dℓ2d2−d1,d2 as in [79, Section 4.2]. By definition,
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we have wt(θ(ω)) = wt′′(ω). Then by [79, Lemma 4.4 and Proposition 4.20], we have

x[ℓ2d2 − d1, d2] = x−ℓ2d2+d1
1 x−d22

∑
ω′∈C[ℓ2d2−d1]+,d2

wt(ω′)x
ω′(PN)
1 x

ω′(PE)
2

= x−ℓ2d2+d1
1 x−d22

∑
ω∈Cshd1,d2

wt(θ(ω))x
ℓ2d2−ω(PN)
1 x

ω(PE)
2

= x−ℓ2d2+d1
1 x−d22

∑
ω∈Cd1,d2

P2(x2)
ω(PE)−d1 wt′′(ω)x

ℓ2d2−ω(PN)
1 x

ω(PE)
2 .

Thus in all cases, we can conclude σ2(x
′′[d1, d2]) = x[ℓ2d2 − d1, d2].

Corollary 3.10.7 (following [79, Corollary 2.18]). For any (d1, d2) ∈ Z2 the generalized

greedy element x[d1, d2] ∈ T1 defined by (3.3.5) is contained in A(P1, P2).

Proof. First note that x′[d1, d2] and x′′[d1, d2] are contained in T1 for any d1, d2 ∈ Z2. By

definition, for any z ∈ T1, we have σ1(z) ∈ T0 and σ2(z) ∈ T2. The result then follows

directly from Theorem 3.10.3 and Proposition 3.10.6.

Proof of Theorem 3.3.14. This can be proved in the same way as [79, Theorem 2.15], except

with the above results replacing their more specialized analogues in [79]. In particular, we

replace references to [79, Proposition 2.17] with Proposition 3.10.6 and [79, Corollary 2.18]

with Corollary 3.10.7, and the remainder of the argument proceeds unchanged.

3.11 Every Badlands wall coefficient is non-trivial

As a direct application of our results, we can prove that for any rank-2 generalized cluster

scattering diagram, every wall-function coefficient of every wall in the Badlands is strictly

positive. The Badlands of the scattering diagram D := Scat(P1, P2) is the same region as

the Badlands of Dℓ1,ℓ2 .

The density of the Badlands in Dℓ1,ℓ2 was suggested by various sources, including [40,

Example 1.15], [42, Example 1.6], and [43, Example 1.4], before recently being proved by
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Gräfnitz and Luo [37]. In fact, Gräfnitz and Luo prove the stronger result that every wall-

function coefficient of walls in the Badlands is strictly positive (except those that trivially

vanish by the choice of ℓ1, ℓ2). In the skew-symmetric case, density was proven in 2010 by

Gross–Pandharipande [41] and strict positivity of every wall-function coefficient was proven

in 2021 by Davison–Mandel [21]. All the previous approaches use either representation theory

or deformations of scattering diagrams. Using our tight grading formula, we give a lower

bound on every wall-function coefficient in the Badlands of generalized scattering diagrams,

which in particular establishes strict positivity. As a consequence, we recover the results of

[21,37,41] using elementary combinatorics.

Theorem 3.11.1. Suppose the coefficients of P1 and P2 are contained in R≥0. Fix a, b

coprime such that the wall of slope b
a
is in the Badlands of D := Scat(P1, P2), and fix k ∈ Z>0

such that ℓ1 divides ka and ℓ2 divides kb. Then the wall-function coefficient λ(ka, kb) in D

is at least k · pka/ℓ11,ℓ1
p
kb/ℓ2
2,ℓ2

.

Proof. We proceed by using the tight grading formula Theorem 3.5.14 (with m = 1) and

constructing k distinct tight gradings contributing to the coefficient λ(ka, kb). Fix c1, c2

such that ka = c1ℓ1 and kb = c2ℓ2, and choose (d1, d2) according to Theorem 3.5.14. Fix

i ∈ {0, . . . , k−1}, and define the origin to be the minimal (x, y) ∈ N2 such that d2x−d1y = i.

We then work on the (x+ y)-th cyclic shift of P(d1, d2), which cyclically shifts the leftmost

x+y edges of P(d1, d2) to the right end. We then label the horizontal (resp. vertical) edges by

uj (resp. vj) from left-to-right (resp. bottom-to-top). Let ω be the grading that assigns value

c to horizontal edges uj for 1 ≤ j ≤ c2, value b to vertical edges vj for c2ℓ2−c1+1 ≤ j ≤ c2ℓ2,

and value 0 to all other edges.

Consider the top left point of the vertical blocks in each column (call the set of these

points R), and the top left point of the horizontal blocks in each row (call the set B). If the

Dyck path starts at the origin (0, 0), then the points in R lie to the left of the line

y =

(
−ℓ2 +

d2
d1

)
x+ c2ℓ2 −

k − 1

d1
.
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Similarly, the points in B lie to the right of the line

y =

(
1

d1
d2
− ℓ1

)
x+

ℓ1(c1 − c2ℓ2)− k−1
n

d1
d2
− ℓ1

.

In order to show that points in R are to the left of the point in B of the same height, it is

sufficient to show that the intersection point of these lines is to the left of the y-axis. Let

α = d1
d2
. These lines intersect when

x =
α(αc2ℓ2 − c1ℓ1) + ℓ1k

d2

ℓ2α2 − ℓ1ℓ2α + ℓ1
.

The numerator is always positive by our choice of α. Thus, it is sufficient to have ℓ2α
2 −

ℓ1ℓ2α + ℓ1 < 0. But the roots of this quadratic are precisely

ℓ1ℓ2 ±
√
ℓ21ℓ

2
2 − 4ℓ1ℓ2

2ℓ2
,

The greater of these two roots is the slope of the right boundary of the Badlands.

Repeating the same process swapping b and c handles all walls on the interior of the

Badlands. For ℓ1, ℓ2 such that ℓ1ℓ2 ̸= 4, the boundary of the Badlands will have irrational

slope. Thus the result is proved for the entirety of the Badlands in all cases except the affine

cases. In the affine cases, where ℓ1ℓ2 = 4, constructions of tight gradings corresponding to

each wall-function coefficient are given in Example 3.5.7 and Example 3.5.8.

By specializing Theorem 3.11.1, we recover the results of [37, Theorem 1], [41, Section

4.7], and [21, Example 4.10].

In the case when P1 and P2 have positive coefficients (in an ordered field), we can then

guarantee that every wall appears within the Badlands.

Corollary 3.11.2. Let k be an ordered field, and suppose the coefficients of P1 and P2 are

nonnegative elements of k. Then for D := Scat(P1, P2), there are walls of every rational

slope within the Badlands.
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Proof. As is shown in Theorem 3.11.1, there are tight gradings of non-zero weight correspond-

ing to each wall-function coefficient in the Badlands. By our assumption on the coefficients of

P1 and P2, the weights of these tight gradings are in fact positive. Thus, by Theorem 3.3.14,

the wall-function coefficient are sums of positive elements and hence are positive.

An alternative proof of Corollary 3.11.2 can be obtained using the results of Gräfnitz and

Luo for cluster scattering diagrams and applying our positivity result Theorem 3.8.9.

Remark 3.11.3. If we allow the coefficients of P1 and P2 to be negative, the results of

Theorem 3.11.1. While the tight gradings constructed in Theorem 3.11.1 still contribute to

the wall-function coefficients, the weights of the tight gradings may cancel out. An explicit

example of this phenomenon is given below. We do not know if Corollary 3.11.2 can also fail

in this setting.

Example 3.11.4. Using our combinatorial formula for wall-function coefficients, we can

show that certain coefficients vanish. For example, suppose P1(x) = 1 + p1,3x
3 and P2(y) =

1 + p2,1y + p2,2y
2, where we assume p1,3, p2,1, and p2,2 are nonzero. In order to calculate

the degree-3 coefficient of fR≤0(1,1) in Scat(P1, P2), which we denote by λ(3, 3), we can take

a weighted sum over tight gradings using Theorem 3.5.14. In particular, it is the weighted

sum of the seven tight gradings on P(4, 3) below.

Figure 3.8: For P1(x) and P2(y) chosen as in Example 3.11.4, these are the seven tight
gradings on P(4, 3) with both total vertical and horizontal grade equal to 3 that have nonzero
weight.

The leftmost six gradings have weight p1,3p2,1p2,2 and the rightmost grading has weight

p1,3p
3
2,1. Thus we have λ(3, 3) = 6p1,3p2,1p2,2 + p1,3p

3
2,1, so we can conclude that this wall-

function coefficient vanishes whenever p2,2 = −
p22,1
6
.
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Chapter 4

Broken Lines and Compatible Pairs

for Rank 2 Quantum Cluster Algebras

This chapter is joint work with Kyungyong Lee, based on the paper [11]. We are thankful to

İlke Çanakçı, Philipp Lampe, Li Li, Travis Mandel, Fan Qin, and Dylan Rupel for helping us

to resolve the connections between various bases for the quantum Kronecker cluster algebra.

We additionally thank Mark Gross, Gregg Musiker, Lang Mou, Salvatore Stella, and Harold

Williams for their helpful comments, as well as Lauren Williams for many fruitful discussions

throughout the course of this work. Kyungyong Lee was supported by the University of

Alabama, Korea Institute for Advanced Study, and the NSF grants DMS 2042786 and DMS

2302620.

4.1 Overview

This chapter focuses on establishing combinatorial connections between the two classes of

objects that appear in the Lee–Schiffler [59] and Gross–Hacking–Keel–Kontsevich [40] of

positivity: compatible pairs corresponding to greedy basis elements and broken lines corre-

sponding to theta basis elements. Though we work in the more general setting of quantum

cluster algebras, our results are new even in the classical setting.
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Though the constructions appear rather different, for rank-2 cluster algebras the theta

basis is the same as the greedy basis. Cheung, Gross, Muller, Musiker, Rupel, Stella, and

Williams thus posed the open problem of finding a combinatorial explanation for this phe-

nomenon.

Problem 4.1.1 ([17, Remark 5.6]). Find a combinatorial proof that the greedy basis equals

the theta basis by constructing an explicit (weighted) bijection between broken lines and com-

patible pairs.

Our main results connect almost all objects involved in the Lee–Li–Zelevinsky and Gross–

Hacking–Keel–Kontsevich formulas for the cluster monomials in the quantum r-Kronecker

cluster algebra. We say that a map from compatible pairs to broken lines is a q-weighted

bijection if the sum of quantum weights of compatible pairs in the inverse image of each

broken line equals the quantum weight of the broken line.

In the case of the quantum type A2 cluster algebra Aq(1, 1) and the quantum Kronecker

cluster algebra Aq(2, 2), we can construct a q-weighted bijection between all compatible

pairs corresponding to greedy basis elements and all broken lines corresponding to theta

basis elements. The greedy and theta bases for Aq(1, 1) consist entirely of quantum cluster

monomials, so the two bases coincide. However, there are elements of the quantum greedy

and theta bases of Aq(2, 2) that are not quantum cluster monomials. Building off prior work

of [65] and [23], we show that the quantum greedy basis and quantum theta basis coincide

for Aq(2, 2) (see subsection 4.7.3).

We additionally describe a quantum weighting on the compatible pairs corresponding

to greedy basis elements of Aq(2, 2) that are not cluster monomials. Along with Rupel’s

quantum weighting for compatible pairs, this gives a quantum weighting on all compatible

pairs corresponding to greedy basis elements of Aq(2, 2). We then introduce the cascade of a

compatible pair and use this to construct a map to the broken lines for Aq(2, 2) that respects

the quantum weights.
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Theorem 4.1.2 (see 4.6.18, 4.7.6, and 4.7.9). For Aq(r, r) where r = 1 or 2, there is an

explicit q-weighted bijection between compatible pairs corresponding to quantum greedy basis

elements and broken lines corresponding to quantum theta basis elements.

By specializing the parameter q to 1, this yields a solution to 4.1.1 for the type A2 cluster

algebra and the Kronecker cluster algebra.

Corollary 4.1.3. For the type A2 cluster algebra A(1, 1) and the Kronecker cluster algebra

A(2, 2), there is an explicit (weighted) bijection between compatible pairs and broken lines

corresponding to theta basis elements.

While 4.1.1 seems quite difficult for A(r, r) where r > 2, we can construct such a

q-weighted bijection for a subclass of compatible pairs that arose in Lee and Schiffler’s

proof of the positivity property [59, Theorem 3.22]. The positive compatible pairs are the

compatible pairs (S1, S2) where r|S2| does not exceed the horizontal length of the Dyck path.1

Asymptotically, almost all compatible pairs corresponding to (quantum) cluster monomials

are positive (see 4.2.7). The positive compatible pairs correspond to broken lines with

negative angular momentum (see subsection 4.4.4 for details). For the (quantum) cluster

monomials, these are precisely the broken lines that do not cross over the “Badlands” region

of the scattering diagram.

Theorem 4.1.4 (see 4.6.18). For quantum cluster monomials in Aq(r, r) where r > 2, there

is an explicit q-weighted bijection between positive compatible pairs (which comprise almost

all compatible pairs) and broken lines of negative angular momentum.

By specializing q to 1, this yields a partial answer to 4.1.1 for skew-symmetric rank-2

cluster algebras.

Corollary 4.1.5. For cluster monomials in A(r, r) where r > 2, there is an explicit

(weighted) bijection between positive compatible pairs (which comprise almost all compatible

pairs) and broken lines of negative angular momentum.

1Without loss of generality, we assume that the horizontal length of the Dyck path is no less than the
vertical length.
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A major obstruction in extending this bijection to the entire theta basis for r > 2 is

that the corresponding scattering diagram is not well-understood. In particular, there are

infinitely many non-cluster walls that are dense in the full-dimensional “Badlands” region

of the scattering diagram (see, for example, [73, Figure 2]) that have not been explicitly

described. As a consequence, there is no known combinatorial description of the broken lines

on these scattering diagrams, though some progress has been made [1, 25, 73]. Conversely,

the compatible pairs have a simple combinatorial description, so constructing an explicit

bijection would yield the same for the broken lines.

The structure of the paper is as follows. In section 4.2, we provide preliminaries concern-

ing compatible pairs on maximal Dyck paths and Rupel’s quantum grading. We introduce

the cascade of a compatible pair in section 4.3 and relate the cascade to the previously-

studied shadow of a compatible pair. section 4.4 contains preliminaries on quantum scatter-

ing diagrams and broken lines. In section 4.5, we calculate the quantum weights of certain

broken lines appearing in the theta basis of the quantum r-Kronecker cluster algebra. We

then construct a q-weighted bijection between positive compatible pairs and broken lines of

negative angular momentum corresponding to (quantum) cluster monomials in section 4.6.

We extend this bijection to all broken lines appearing in the theta basis of the quantum

Kronecker cluster algebra in section 4.7, where we also discuss the relation between several

bases of this cluster algebra.

4.2 Preliminaries: Compatible Pairs

4.2.1 Maximal Dyck Paths

Fix ℓ, h ∈ Z≥0. Consider a rectangle with vertices (0, 0), (0, h), (ℓ, 0), and (ℓ, h) with a main

diagonal from (0, 0) to (ℓ, h).

Definition 4.2.1. A Dyck path is a lattice path in Z2 starting at (0, 0) and ending at a

lattice point (ℓ, h) where ℓ, h ≥ 0, proceeding by only unit north and east steps and never
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passing strictly above the main diagonal. Given a collection C of disjoint subpaths of a

Dyck path, we denote the set of east steps by C1, the set of north steps by C2, and the total

number of edges by |C|. The length of the Dyck path P is the quantity |P|. We denote the

set of lattice points contained in the Dyck path P , ordered from left to right and including

both endpoints, by V (P) = {w0, w1, . . . , w|P|}.

The Dyck paths from (0, 0) to (ℓ, h) form a partially ordered set by comparing the heights

at all vertices. The maximal Dyck path P(ℓ, h) is the maximal element under this partial

order.

Definition 4.2.2. For nonnegative integers ℓ and h, the maximal Dyck path P(ℓ, h) is the

path proceeding by unit north and east steps from (0, 0) to (ℓ, h) that is closest to the main

diagonal without crossing strictly above it.

In the setting of combinatorics on words, maximal Dyck paths are also known as Christof-

fel words. The maximal Dyck path P(ℓ, h) corresponds to the lower Christoffel word of slope

h/ℓ; see [6] for further details on Christoffel words.

Let the horizontal (resp. vertical) edges of P = P(ℓ, h) be labeled by ηi for 1 ≤ i ≤ ℓ

(resp. νj for 1 ≤ j ≤ h), with the indices increasing to the east (resp. north). Given an

edge e in P , let pe denote the left endpoint of e if e is horizontal or the top endpoint of e

if e is vertical. For distinct edges e, f in P(ℓ, h), let
−→
ef denote the subpath proceeding east

from pe to pf , continuing cyclically around P(ℓ, h) if e is to the east of f . Similarly, for

distinct vertices wi, wj ∈ V (P), let −−→wiwj denote the subpath proceeding east from wi to wj,

continuing cyclically if needed.

In the framework of Lee–Li–Zelevinsky [55], the cluster variables correspond to a family

of maximal Dyck paths with a similar recursive structure.

Definition 4.2.3. Let {cn}∞n=0 be the sequence of integers defined recursively by:

c0 = −1, c1 = 0, and cn = rcn−1 − cn−2 for n > 1 .
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For n ≥ 3, the maximal Dyck path associated to the cluster variable Xn is Cn :=

P(cn−1, cn−2). The Dyck paths corresponding to cluster monomials are those of the form

P(αcn+1 + βcn, αcn + βcn−1) for integers n ≥ 1 and α, β ≥ 0.

4.2.2 Compatible Pairs

We now define compatible pairs, certain collections of edges on a Dyck path P , originally

introduced in [55].

Definition 4.2.4. For any pair of vertices u,w ∈ P(ℓ, h), let |uw|1 (resp. |uw|2) denote the

number of horizontal (resp. vertical) edges of −→uw. Given a set of horizontal edges S1 and a

set of vertical edges S2 in P(ℓ, h), the pair (S1, S2) is compatible if, for every edge e in S1

and every edge f in S2, there exists a lattice point t ̸= pe, pf in the subpath
−→
ef such that

|tpf |1 = r|−→tpf ∩ S2| or |pet|2 = r|−→pet ∩ S1| .

The expansion formula for cluster variables given by Lee, Li, and Zelevinsky has mono-

mials corresponding to compatible pairs on Cn. Their expansion formula works in the more

general setting of elements of the greedy basis, which contains the cluster variables. For

further details on the greedy basis, see [55]. We present their formula in the special case of

classical cluster variables xn, which are a specialization of the quantum cluster variables Xn

obtained by setting q = 1.

Theorem 4.2.5. [55, Theorem 1.11] For each n ≥ 3, the (classical) cluster variable xn in

A(r, r) is given by

xn = x
−cn−1

1 x
−cn−2

2

∑
(S1,S2)

x
r|S2|
1 x

r|S1|
2 ,

where the sum is over all compatible pairs (S1, S2) in Cn.

Let CP(P) denote the set of all compatible pairs on P . Let CP(ℓ, h, a, b) be the set

of pairs (S1, S2) ∈ CP(P(ℓ, h)) such that |S1| = a and |S2| = b. In the cluster vari-
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able case, CP(cn−1, cn−2, a, b) is the set of compatible pairs corresponding to the monomial

x
rb−cn−1

1 x
ra−cn−2

2 in the Laurent polynomial expansion of Xn.

Definition 4.2.6. We say that a compatible pair in CP(ℓ, h, a, b) is positive if rb ≤ ℓ.

The class of positive compatible pairs arose naturally in Lee and Schiffler’s proof of the

positivity conjecture for cluster algebras from quivers (see, for example, the first term in

[59, Theorem 3.22]). In this paper, we will primarily be focused on positive compatible pairs

on maximal Dyck paths corresponding to cluster monomials. We now show that on these

Dyck paths, the positive compatible pairs comprise almost all compatible pairs.

Lemma 4.2.7. Fix α, β ∈ Z≥0. Let Pn be the maximal Dyck path corresponding to the

cluster monomial Xα
nX

β
n+1 in A(r, r) for r ≥ 3 and let CP+(Pn) be the set of compatible

pairs on Pn that are positive. Then

lim
n→∞

|CP+(Pn)|
|CP(Pn)|

= 1 .

Proof. We will only explicitly handle the cluster variable case, but the cluster monomial

case follows from an analogous argument. Let P = P(cn+1, cn), and let CPbad(P) =

CP(P) \CP+(P). By considering, for each j ∈ {0, 1, . . . , cn−2}, the compatible pairs with

|S2| = b ≤ cn−2 ≤ 1
r
cn+1 and S1 disjoint from sh(S2) (see section 4.3 for this construction),

we obtain that

|CP(P)| ≥
cn−2∑
b=0

(
cn
b

)
2cn+1−rb ≥ 2cn+1−rcn−2

cn−2∑
k=0

(
cn
k

)
.

If rb > cn+1, then b ≥ cn − cn−2. Each vertical edge in S2 has at least r− 1 horizontal edges

immediately preceding it that cannot be in S1. Thus, we have

|CPbad(P)| ≤
cn∑

b=cn−cn−2

(
cn
b

)
2cn+1−(r−1)b ≤ 2cn+1−(r−1)(cn−cn−2)

cn−2∑
k=0

(
cn
k

)
.
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Since ck ≥ (r − 1)ck−1 for each k, we have

(r − 1)(cn − cn−2)− rcn−2 ≥ ((r − 1)3 − 2r + 1)cn−2 ≥ cn−2 .

We can therefore see that

1− |CP+(P)|
|CP(P)|

=
|CPbad(P)|
|CP(P)|

≤ 2−cn−2 ,

which goes to 0 as n approaches infinity.

4.2.3 Quantum Weighting on Compatible Pairs

In [80, Corollary 5.7], Rupel gives a quantum weighting to compatible gradings [80, Definition

1.2] corresponding to a generalization of quantum cluster variables. In the case of quantum

cluster variables, the corresponding compatible gradings can be viewed as compatible pairs.

The quantum cluster algebra we work with is the principal quantization of the rank-2

cluster algebra associated to the r-Kronecker quiver, which consists of two vertices with

r arrows between them. While there are several choices for quantizing cluster algebras,

we focus on the unique choice that is bar-invariant, i.e., invariant under the bar-involution

f̄(q) := f(q−1) for f ∈ Z[q±1] and fXa1
1 X

a2
2 := fXa2

2 X
a1
1 for a1, a2 ∈ Z. The sequence

of quantum cluster variables is periodic when r = 1, and otherwise all Xn are distinct.

Whenever it is clear from context, we shorten “quantum cluster variable” to “cluster variable”

and “quantum cluster monomial” to “cluster monomial”.

For ease of computation later, we translate each compatible pair into a finite word,

following [10], so that we can utilize the language of combinatorics on words. We work

over the alphabet A = {h, v,H, V } and let A∗ denote the set of finite words on A. Each

compatible pair corresponds to a word in A∗ by reading the edges from bottom left to top

right. The letters h and H (resp. v and V ) represent horizontal (resp. vertical) edges, with

the capital letter denoting those edges in S1 (resp. S2).
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We now describe Rupel’s construction of a quantum weighting for compatible gradings,

though only in the specialization to quantum cluster monomials. Viewing compatible pairs

as words, this weighting takes the form of a morphism wq : ZA∗ → Z, where ZA∗ is the

group of formal Z-sums of words in A∗.

The function wq is defined on words of length 2 in A∗ by:

wq(hv) = wq(Hv) = wq(hV ) = 1 , wq(Hh) = wq(vV ) = r , wq(V H) = r2 − 1 ,

and for x, y ∈ A, we set wq(xy) = −wq(yx). This last conditions implies that we have

wq(hh) = wq(HH) = wq(vv) = wq(V V ) = 0 .

For a word σ = σ1σ2 · · ·σℓ ∈ A∗, where each σi is a letter in A, we set

wq(σ) :=
∑

1≤i<j≤ℓ

wq(σiσj) .

We then extend wq additively to formal Z-sums of any words on A. By considering the word

in A∗ corresponding to a compatible pair, we also allow wq to be applied to compatible pairs.

Remark 4.2.8. Note that the quantity wq(S1, S2) corresponds to the quantity βω + γω in

Rupel’s work [80, Corollary 5.7].

The quantity wq(S1, S2) is the quantum weight of the compatible pair (S1, S2), as con-

structed by Rupel [80]. This allows us to calculate the Laurent expansion of quantum cluster

variables as follows.

Theorem 4.2.9 ([80, Corollary 5.7]). Consider the quantum cluster algebra Aq(r, r) with

quantum cluster variables Xi for i ∈ Z. For n ≥ 4, we have

Xn =
∑

(S1,S2)

q1−cn−1−cn−2+wq(S1,S2)X
−cn−1+r|S2|
1 X

−cn−2+r|S1|
2
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and

X3−n =
∑

(S1,S2)

q1−cn−1−cn−2+wq(S1,S2)X
−cn−1+r|S2|
2 X

−cn−2+r|S1|
1 ,

where both sums range over all compatible pairs on Cn.

Note that the shift factor of q1−cn−1−cn−2 must be included to have the resulting expression

be bar-invariant.

4.3 Shadows and Cascades in Compatible Pairs

We begin by recalling some results about shadows of edges in compatible pairs, as defined

by Lee–Li–Zelevinsky. We then introduce a new notion called the cascade of a compatible

pair and establish connections between the two notions.

4.3.1 Shadows

In their study of compatible pairs, Li, Lee, and Zelevinsky [55] introduced the notion of the

“shadow” of a set of vertical edges.

Definition 4.3.1. For a vertical edge ν ∈ S2 with upper endpoint w, we define its local

shadow, denoted sh(ν;S2), to be the set of horizontal edges in the shortest subpath −→ην of P

such that |ην|1 = r|−→ην ∩ S2|. In this case, we say that the edges η and ν are shadow-paired

with each other. If there is no such subpath −→ην, then we define the local shadow to be P1.

For V ⊆ S2, let sh(V ;S2) =
⋃
ν∈V

sh(ν;S2), and write sh(S2) := sh(S2;S2). An edge η ∈ P1

is called shadowed if it is in sh(S2), and we say that the edge ν ∈ S2 shadows each edge in

sh(ν;S2).

Definition 4.3.2. We say that an edge η ∈ P1 is right-shadowed if it is in the local shadow

sh(ν;S2) of some ν ∈ S2 where ν is to the right of η. An edge that is shadowed but not

right-shadowed is called left-shadowed.
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Figure 4.1: In the left image, we let S2 be the set of red vertical edges on P(16, 6), i.e.,
{νi : 2 ≤ i ≤ 6}. In the right image, we let S2 be the set of red vertical edges on P(24, 23), i.e.,
{ν1, ν2, ν4, ν5, ν7, ν8, ν16, ν18, ν19, ν21, ν22, ν23}. In each image, every edge νi in S2 is connected
by a blue arc to the horizontal edge that is cascade-paired with νi (where r = 3 in the left
image and r = 2 in the right image). Note that any horizontal edge that lies below an arc
but is not connected to any arc belongs to casm(S2) for some 1 ≤ m < r.

4.3.2 Cascades

In this section, we construct the cascade of the vertical edges in a compatible pair. This

construction is crucial to the definition of the bijection between broken lines and compatible

pairs given in section 4.6 and section 4.7. We then draw connections between shadows in

compatible pairs arising in the study of Aq(r, r) and cascades.

For each positive integer m, we associate m horizontal edges to each vertical edge νj,

where the ith horizontal edge associated to νj is assigned the label ν
(i)
j . We then consider

the set of labels

P(m)
2 = {ν(i)j : j ∈ [1, h] and i ∈ [1,m]} .

Definition 4.3.3. Given S2 ⊂ P2 such that r|S2| ≤ |P1|, we construct the cascade of S2,

denoted by cas(S2), as follows. Let V be the list of edges in S2 ordered from bottom to top.

We will modify a list L of elements from P(r)
2 , with L initially being empty.

The name cascade comes from the following visualization: View the path P along with the vertical ray
emanating from its leftmost vertex as the walls of a 2-dimensional fountain. Each edge in S2 has a stream

of water emanating from its left side that flows into a horizontal edge in P2 \
(⋃r−1

m=1 casm(S2)
)
. Naturally,

streams flow downward when possible. Those streams which cannot flow downward instead “increase the
water level” of the “pool” at the bottom of the cascade by 1.
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(1) Remove the first element, νj, from V . Add r labels ν
(1)
j , ν

(2)
j , . . . , ν

(r)
j ∈ P

(r)
2 to the front

of the list L.

(2) If there are any unlabeled horizontal edges to the left of νj, label the rightmost such

edge with the first label in L and remove this element from L. Repeat until there are

no such unlabeled horizontal edges or L is empty. Go back to Step 1 unless V is empty.

(3) If all horizontal edges to the left of νj are labeled and L is nonempty, label the leftmost

unlabeled horizontal edge by the first element of L, removing this label from L. Repeat

until L is empty or there are no unlabeled horizontal edges.

We then set the cascade cas(S2) to be the set of edges in H that are paired with some

edge in S2 via the above process. For m ≤ r, we say that the horizontal edge labeled by ν
(m)
j

via the above process is m-cascade-paired with νj ∈ S2, and we let casm(S2) denote the set

of horizontal edges that are m-cascade-paired with some edge of S2. When m = r, we omit

the prefix m− and simply say that the edge labeled by ν
(r)
j is cascade-paired with νj ∈ S2.

Any horizontal edge m-cascade-paired, for some choice of m, with νj is to its left (resp.

right) in cas(S2) is called left-filled (resp. right-filled). Any horizontal edge that is not paired

in cas(S2) is called unfilled. For any edge ν ∈ S2, the local cascade of ν, denoted by cas(ν;S2),

is the set of horizontal edges between the leftmost and rightmost horizontal edges paired with

νj (including these edges).

Remark 4.3.4. As one may note in Figure 4.1, arcs can be drawn between each νi ∈ S2

and the horizontal edge cascade-paired to it such that all arcs lie above the path P and are

non-crossing. This is in fact true for any set S2 ⊂ P2 where r|S2| ≤ |P1|. It is straightforward

to show this by induction on the size of S2.

Proposition 4.3.5. Suppose (r − 1)h ≤ ℓ ≤ rh. Then for any (S1, S2) ∈ CPcas(ℓ, h) such

that r|S2| ≤ ℓ, we have S1 ⊆ casr(S2).

Proof. Each vertical edge in P(ℓ, h) is immediately preceded by at least r − 1 horizontal

edges. Thus,
⋃r−1

i=1 casi(S2) consists of the r − 1 horizontal edges preceding each edge in S2.
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The (at most r) horizontal edges immediately preceding an edge in S2 cannot be in S1 by the

compatibility restrictions. Therefore, we have S1 ⊆ cas(S2) \
(⋃r−1

i=1 casi(S2)
)
= casr(S2).

4.3.3 Relationship between Cascades and Shadows

The cascade of a set of vertical edges is equal to the size of its shadow. In this section,

we construct a bijection between these two sets of edges that respects compatibility. This

allows us to later adapt some results of Lee–Li–Zelevinsky on shadows to the setting of

cascades, which is necessary for the resulting quantum weights to agree with Rupel’s quantum

weighting.

Let CPsh(ℓ, h, a, b) be the set of pairs (S1, S2) in CP(ℓ, h, a, b) such that S1 ⊆ sh(S2).

Similarly, let CPcas(ℓ, h, a, b) be the set of pairs (S1, S2) in CP(ℓ, h, a, b) such that S1 ⊆

cas(S2).

Definition 4.3.6. Let k = max{m ∈ [ℓ + h] : |w0wm|1 = r| ⃗w0wm ∩ S2|}. Let ηi1 , . . . , ηiℓ

be the list of left-filled edges and ηj1 , . . . , ηjℓ be the list of left-shadowed edges in P1, where

both lists are ordered from left to right.

We define an involution ι : P1 → P1 that swaps each ηis with ηjs and leaves all remaining

edges unchanged.

We then define the map λ : CP(ℓ, h, a, b)→ CP(ℓ, h, a, b) taking a compatible pair (S1, S2)

to

λ(S1, S2) := (ι(S1), S2), where ι(S1) = {ι(η) ∈ P1 : η ∈ S1} .

λ

Figure 4.2: An illustration of the map λ applied to the compatible pair (S1, S2) in P(21, 8),
where r = 3, S1 = {η18, η20, η21}, and S2 = {ν1, ν2, ν3, ν4, ν5, ν6}. Following 4.3.6, we
have (i1, i2) = (17, 18) and (j1, j2) = (20, 21). We thus have λ(S1) = {η17, η18, η21}. The
compatible pair λ(S1, S2) = (λ(S1), S2) is depicted on the right.
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Lemma 4.3.7. Suppose (S1, S2) is a compatible pair. Let ηi /∈ S1 and ηj ∈ S1 be such

that any edge in S2 that shadows ηi also shadows ηj, i < j, and ηi and ηj are either both

left-shadowed or both right-shadowed. Then ((S1 ∪ {ηi}) \{ηj}, S2) is also a compatible pair.

Proof. It is enough to show that the compatibility condition holds for any vertical edge

ν ∈ S2 such that ηj is in sh(ν;S2) (and hence so is ηi). Then we have −→ηjν ⊆ −→ηiν.

Since ν shadows ηj, then |eν|1 < r|−→eν ∩ S2| for all e ∈ −→ηjν. By the definition of compati-

bility, there must be some e ∈ −→ηjν such that |ηje|2 = r|−→ηje ∩ S1|.

Let ηk be the leftmost horizontal edge −−→ηiηj∩S1. We then have that |ηiν|2 = |ηiηk|2+|ηkν|2.

We already have that r|η⃗kν ∩ S1| ≤ |ηkν|2. We therefore have

r|η⃗iν ∩ (S1 \ ηj)| = r|η⃗kν ∩ S1| ≤ |ηkν|2 ≤ |ηiν|2 ,

as desired.

Lemma 4.3.8. The map λ preserves compatibility on any compatible pair.

Proof. The map λ can be obtained by successive iterations of the operation in 4.3.7, which

preserves compatibility. In particular, we replace each edge e′ in sh(S2) ∩ S1 with its corre-

sponding edge e in cas(S2). Either the edges e and e′ coincide, e is not shadowed, or they

satisfy the conditions of 4.3.7.

Lemma 4.3.9. For compatible pairs on Dyck paths corresponding to cluster monomials, λ−1

preserves compatibility.

Proof. For cluster monomial Dyck paths, compatibility only needs to be considered on a

single path (without wrapping around cyclically) according to [79, Remark 2.21]. Since λ

only involves edges that are not right-shadowed, any subset of these can be included while

preserving compatibility.

Corollary 4.3.10. Let P(ℓ, h) correspond to a cluster monomial. Then for any a, b ∈ Z≥0
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such that rb ≤ ℓ, we have

|CPsh(ℓ, h, a, b)| = |CPcas(ℓ, h, a, b)| .

Lemma 4.3.11. Let (λ(S1), S2) = λ(S1, S2). Then a vertical edge ν ∈ S2 is shadowing an

edge in S1 if and only ν is filling an edge in λ(S1).

Remark 4.3.12. The definition of shadow and remote shadow in [55] does not seem to be

compatible with Rupel’s quantum grading. Thus, we introduce the cascade framework in

order for the resulting partition of S2 to yield the correct set of quantum weights via Rupel’s

assignment. However, we could alternatively have used the original shadow definitions from

[55] and instead introduced a new quantum grading.

4.4 Preliminaries: Scattering Diagrams and Broken

Lines

While we provide the necessary details to construct rank-2 cluster scattering diagrams, we

refer to [20, Section 2] for full details on quantum scattering diagrams. We then define broken

lines on these scattering diagrams, including how to assign quantum weights to broken lines

crossing over cluster walls.

4.4.1 Scattering Diagrams

Fix a rank-2 lattice M ∼= Z2. Let MR = M ⊗ R, and for a strictly convex rational cone

σ ⊊ MR, let P = Pσ = σ ∩M . We set Ẑ[P ] to be the completion of the monoid ring Z[P ]

at the maximal monomial ideal m generated by {xm : m ∈ P \{0}}.

Definition 4.4.1. A wall is a pair (d, fd) consisting of a support d ⊆MR and an associated

wall-crossing function fd ∈ Ẑ[Pd], where
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• the support d is either a ray R≤0w or a line Rw for some w ∈ σ ∩ (M \{0});

• we have fd = fd(x
w) = 1 +

∑
k≥1

ckx
kw for some ck ∈ Z.

Definition 4.4.2. A scattering diagram D is a collection of walls such that

{(d, fd) ∈ D : fd ̸≡ 1 mod mk}

is finite for each k ≥ 0. The union of the supports of the walls is the support Supp(D) of

the scattering diagram D.

We associate a scattering diagram Dr to the cluster algebra A(r, r). Let the “initial”

scattering diagram for A(r, r) be

Dr,in = ((R(1, 0), 1 + xr1), (R(0, 1), 1 + xr2)) .

The scattering diagramDr is then the consistent scattering diagram formed by adding rays to

Dr,in (see, for example, [17, Section 3] for details on consistency). It is shown in [40, Theorem

1.7] that such a scattering diagram exists and is unique up to equivalence. The scattering

diagram Dr contains cluster walls of the form

(R≤0(cm, cm−1), 1 + xrcm1 x
rcm−1

2 ) and (R≤0(cm−1, cm), 1 + x
rcm−1

1 xrcm2 )

for all m ≥ 2, and these walls are distinct for r ≥ 2.

For r ≥ 2, there are walls in addition to the cluster walls that lie in the closed cone

spanned by (2r,−r2 ± r
√
r2 − 4). This cone is known as the “Badlands” and contains

infinitely many rays for r ≥ 3. It was recently shown by Davison and Mandel [20] that Dr

has a wall at every rational slope within the Badlands. However, the functions associated

to these walls are generally not understood, though some partial progress has been made

[1, 25,73].
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Remark 4.4.3. While scattering diagrams are usually parameterized in terms of g-vectors,

the setting of d-vectors is better suited for drawing connections to compatible pairs. Thus,

our definition of the scattering diagram Dr is equivalent to the d-vector scattering diagram

Dd
(r,r) in [17], and our theta functions are parameterized by d-vectors as well. The two

settings differ by a piece-wise linear bijection on the scattering diagram [17, Theorem 4.3].

4.4.2 The Kronecker Scattering Diagram

We now describe a more explicit construction of the scattering diagram for the Kronecker

cluster algebra.

In this case, we have

D2,in =
{(

R(−1, 0), 1 + x21
)
,
(
R(0, 1), 1 + x22

)}
.

The remaining walls of slope ̸= 1 can be obtained via an iterative process, described in

[17, Section 3]. This process yields the walls

D′2 =
⋃
ℓ≥1

{(
R≤0(ℓ+ 1, ℓ), 1 + x

2(ℓ+1)
1 x2ℓ2

)
,
(
R≤0(ℓ, ℓ+ 1), 1 + x2ℓ1 x

2(ℓ+1)
2

)}
.

Lastly, there is one additional wall that is not described by this process, given by

d1 =

(
R≤0(1, 1),

∞∑
j=0

(j + 1)x2j1 x
2j
2

)
.

Its support is a ray of slope 1 eminating from the origin, and its wall-crossing function

was originally computed in the classical case by Reineke [74, Section 6] using representation

theory.

The scattering diagram associated to the cluster algebra A(2, 2) is then given by

D2 = D2,in ∪D′2 ∪ {d1} .
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Figure 4.3: The walls of the scattering diagram D2 are depicted above. The only non-cluster
wall is d1, the wall of slope 1, shown in red.

We refer to the walls in A(2, 2) by their slope, i.e.,

dℓ/(ℓ+1) =
(
R≤0(ℓ+ 1, ℓ), 1 + x

2(ℓ+1)
1 x2ℓ2

)
,

d(ℓ+1)/ℓ =
(
R≤0(ℓ, ℓ+ 1), 1 + x2ℓ1 x

2(ℓ+1)
2

)
,

d0 =
(
R(1, 0), 1 + x21

)
, and

d∞ =
(
R(0, 1), 1 + x22

)
.

4.4.3 Broken Lines and the Theta Basis

We begin by introducing broken lines for classical scattering diagrams. Then, focusing

specifically on broken lines that only cross over cluster walls, we see how to assign a quantum

weight to each wall crossing in a quantum cluster scattering diagram. We additionally

describe the quantum weighting associated with crossing the unique non-cluster wall in the

quantum Kronecker scattering diagram.

Definition 4.4.4. Let D be a consistent scattering diagram in MR. Fix an initial exponent
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v0 ∈ M and terminal point Q ∈ MR \ Supp(D). A broken line γ on D with ends (Q,m) is

the data of a continuous map γ : (−∞, 0] → MR \{0}, values −∞ = τ0 < τ1 · · · < τℓ = 0,

and for each i = 1, . . . , ℓ, and associated monomial ciz
vi ∈ Z[M ] such that

(i) γ(0) = Q and c0 = 1;

(ii) γ′(τ) = −v0 for all τ < τ0, and for each i = 1, . . . , ℓ, we have γ′(τ) = −vi for all

τ ∈ (τi−1, τi);

(iii) for each i = 1, . . . , ℓ− 1, the point γ(τi) is where γ transversally crosses a wall d(i) of

D;

(iv) ci+1z
vi+1 is a monomial term of

ciz
vif vi·n

d(i)

where n is a primitive normal vector of d(i) such that vi · n > 0.

The element vi ∈ Z2 is the exponent of the domain of linearity γ(τi, τi+1). We refer to

each γ(τi) for i = 1, . . . , ℓ− 1 as a bending of multiplicity mi of γ at the wall d(i), where vi+1

is the (mi + 1)-th term of ciz
vif vi·n

d(i) (ordered increasingly by exponent).

The combinatorics of Gaussian binomial coefficients is necessary for discussing the quan-

tum weight of broken lines. For k ∈ Z≥0, we define

[k]q :=
qk − q−k

q − q−1
= q−(k−1) + q−(k−3) + · · ·+ qk−3 + qk−1 ∈ Z[q±1] .

This can be viewed as a quantum deformation of the integer k, since limq→1[k]q = k. We

then define [k]q! := [k]q[k− 1]q · · · [2]q[1]q for k ≥ 1 and set [0]q! := 1. For integers ℓ ≥ k ≥ 0,

the bar-invariant quantum binomial coefficient is the quantity

(
ℓ

k

)
q

:=
[ℓ]q!

[k]q![ℓ− k]q!
∈ Z≥0[q±1] .
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Definition 4.4.5. Let γ be a broken line on the quantum cluster scattering diagram Dr

that bends only over cluster walls. To each domain of linearity γ(τi, τi+1), we associate a

quantum weight ci,q determined by

c0,q = 1 and ci+1,q = ci,q

(
vi · n
mi

)
q2r
,

where mi is the multiplicity of the bending at γ(τi+1). The quantum weight of γ is the

quantum weight of the last domain of linearity.

If γ is on the scattering diagram D2, we additionally allow bending on the non-cluster

wall. The quantum weight after this bending is given by ci+1,q = ci,qf [mi], where f [mi] is

the coefficient of xmi in

f(x) =

(
∞∑
k=0

[i+ 1]q4x
k

)vi·n

.

For such broken lines, we associate a quantum monomial Monoq(γ) = cℓ,qz
vℓ to the last

domain of linearity.

Example 4.4.6. The broken line γ in Figure 4.4 has quantum weight

wq(γ) =

(
(−12,−11) · (2,−3)

1

)
q4

(
(−6,−7) · (1,−2)

1

)
q4

(
(−2,−5) · (−1, 0)

1

)
q4

=

(
9

1

)
q4

(
8

1

)
q4

(
2

2

)
q4

= q−60 + 2q−52 + 3q−44 + 4q−36 + 5q−28 + 6q−20 + 7q−12 + 8q−4 + 8q4

+ 7q12 + 6q20 + 5q28 + 4q36 + 3q44 + 2q52 + q60

Remark 4.4.7. We must renormalize the setup in [20] in order to have the quantum cluster

variables coincide with those in the setting of [80]. This renormalization is achieved by

replacing the quantum coefficient by its 2r-th power, i.e., applying the map q 7→ q2r.

Remark 4.4.8. While we have not explicitly defined the quantum cluster scattering dia-

grams, the quantum weight of a broken line in our setting matches the weight of the same
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(−12,−11)

(−6,−7)

(−2,−5)

(−2,−1)

Figure 4.4: A broken line γ with terminal point (0.25, 0.375) is depicted on the scattering
diagram D2 (shown in Figure 4.3). The exponent of each domain of linearity of γ is shown
as an element of Z2. The quantum weight of γ is computed in 4.4.6.

broken line on the associated quantum cluster scattering diagram. To handle bending at the

non-cluster wall in D2, one can adapt the methods used by Reading [73, Theorem 3.4] to

the quantum case.

When all walls of D have apex at the origin, as is the case for scattering diagrams

associated to cluster algebras, then we say Q ∈MR is generic if Q is not in
⋃

v∈M∗ v⊥.

Definition 4.4.9. Fix a scattering diagram D, m ∈ M \{0}, and Q ∈ MR \ Supp(D). The

theta function ϑQ,m is defined by

ϑQ,m =
∑
γ

Mono(γ)

where the sum is taken over all broken lines that have endpoint Q and initial exponent m.

Fixing a generic Q ∈ R2
≥0, the theta basis is the set of all theta functions ϑQ,m for any

m ∈ Z2.

Additionally, on the scattering diagram D2, we can define the quantum theta functions

and quantum theta basis by replacing Mono(γ) with Monoq(γ) in the above definition. Quan-
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(−12,−11)

(−6,−7)

(−2,−5)

(−2,−1)

(−12,−11)

(−10,−9)

(−8,−5)

(−2,−5)

Figure 4.5: Two broken lines on D2 with initial slope (−12,−11) are shown above. Though
there are infinitely many walls in D2, we do not depict those with slope in the range
(2/3, 1) ∪ (1, 2). The red line has positive angular momentum, while the blue broken line
has negative angular momentum and is the same as in Figure 4.4. The terminal point
(q1, q2) = (0.25, 0.375) is shown in black in the first quadrant. The points at which the
broken lines bend are shown as nodes of the corresponding color, and the exponent for each
domain of linearity is shown nearby in the corresponding color.

tum theta bases were defined for arbitrary cluster algebras in recent work of Davison and

Mandel [20] in order to prove the strong positivity conjecture for quantum cluster algebras.

4.4.4 Angular Momentum

We now discuss an invariant of broken lines in rank 2 scattering diagrams that will help us

distinguish which broken lines cross the Badlands. Suppose that we are considering the set

of compatible pairs corresponding to a monomial Xp1
1 X

p2
2 in the cluster variable Xn.

Definition 4.4.10. Fix a point (q1, q2) on the linear portion with slope (m1,m2) of a broken

line terminating in the first quadrant. The angular momentum of the broken line at that
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point is the quantity q2m1 − q1m2.

Lemma 4.4.11 ([17, Lemma 5.3]). The angular momentum is constant on a broken line.

We will be primarily interested in whether the angular momentum is positive or negative.

The terminal exponent of a broken line can sometimes determine the sign of its angular

momentum, and otherwise its sign also depends on the choice of terminal point.

Lemma 4.4.12. Let γ be a broken line in Dr terminating at (q1, q2) in the first quadrant

that contributes to the monomial X
−cn−1+rb
1 X

−cn−2+ra
2 in the quantum cluster variable Xn.

Then

1. if rb ≥ cn−1, the angular momentum of γ is positive,

2. if ra ≥ cn−2, the angular momentum of γ is negative,

3. otherwise, the angular momentum of γ can be either positive, zero, or negative depend-

ing on the choice of (q1, q2).

Proof. Since q1, q2 > 0, this implies that in cases (1) and (2), the angular momentum is

never 0. The claims about the corresponding signs in cases (1) and (2) follow from the signs

of the terms in the formula for angular momentum. Since there are no walls in the interior

of the first quadrant, it follows that m1 = −cn−1 + rb and m2 = −cn−2 + ra cannot both be

positive. Thus, case 3 handles when both m1 and m2 are negative, in which case choosing

q1 ≫ q2 or q2 ≫ q1 will change the sign of the angular momentum.

Remark 4.4.13. Since we are primarily interested in broken lines with negative angular

momentum, unless otherwise specified we take the terminal point (q1, q2) to be a generic

point in the first quadrant where q2 ≫ q1. Specifically, for each fixed initial slope m, the

quantities q1 and q2 are chosen (depending on m) such that every broken line with initial

slope m and terminal point (q1, q2) that does not satisfy case (1) of 4.4.12 has negative

angular momentum.
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Lemma 4.4.14 ([17, Lemma 5.4]). Let γ be a broken line in Dr terminating in the first

quadrant. If γ has positive (resp. negative) angular momentum, then the slope of the linear

portions of γ decreases (resp. increases) at each bend, except possibly at the boundary of the

first quadrant.

Remark 4.4.15. It follows that a broken line with initial exponent (m1,m2) will only bend at

walls of slope less than (resp. greater than) m2

m1
if the broken line has negative (resp. positive)

angular momentum. Thus, γ is a broken line with negative angular momentum associated

to a cluster monomial in Dr, then γ only bends at walls above the Badlands.

Definition 4.4.16. Suppose we have integers ℓi ≥ 0 and mi ≥ 1 for each i ∈ {1, . . . , k},

where the ℓi are decreasing. Let ℓ = [(ℓ1,m1), (ℓ2,m2), . . . , (ℓk,mk)] be a sequence of integer

pairs. Let L−r,n[ℓ] = L−r,n[(ℓ1,m1), (ℓ2,m2), . . . , (ℓk,mk)] be the broken line in Dr with initial

slope (−cn−1,−cn−2) that bends at the wall of slope
cℓi

cℓi+1
with multiplicitymi and terminates

at (q1, q2). By convention, the wall of slope −1
0

or 1
0
is the y-axis.

Similarly, let L+
r,n[ℓ] = L+

r,n[(ℓ1,m1), (ℓ2,m2), . . . , (ℓk,mk)] be the broken line in Dr with

initial slope (−cn−1,−cn−2) that bends at the wall of slope
cℓi+1

cℓi
with multiplicity mi and

terminates at (q1, q2). Note that L−r,n[ℓ] has negative angular momentum while L+
r,n[ℓ] has

positive angular momentum. When r = 2, we also consider broken lines of the form

L+
r,n[(∞,m∞), (ℓ1,m1), (ℓ2,m2), . . . , (ℓk,mk)], where the broken line bends over the wall of

slope 1 = limℓ→∞
cℓ+1

cℓ
with multiplicity m∞.

Example 4.4.17. The blue broken line in Figure 4.5 is L−2,14[(3, 1), (2, 1), (0, 2)], and the red

broken line is L+
2,14[(∞, 1), (2, 1), (0, 3)].
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4.5 Weights of Broken Lines

4.5.1 The Cluster Variable Case

For any integer r, and for any real numbers α, β, let f r
α,β denote the sequence where f r

α,β(0) =

α, f r
α,β(1) = β, and f r

α,β(k + 1) = rf r
α,β(k)− f r

α,β(k − 1) for k ≥ 1.

Lemma 4.5.1. For any k ∈ Z≥0 and real numbers α, β, we have

ck+1β − ckα = f r
α,β(k)

Proof. Let g(k) = ck+1β − ckα. We first see that

g(k) = (rck − ck−1)β − (rck−1 − ck−2)α

= r(ckβ − ck−1α)− (ck−1β − ck−2α)

= rg(k − 1)− g(k − 2) .

Moreover, we have g(0) = α and g(1) = β, so we can conclude g(k) = f r
α,β(k).

Corollary 4.5.2. For any n ≥ ℓ ∈ Z>0, we have

cncℓ+1 − cn+1cℓ = cn−ℓ+1

and

cn+1cℓ+1 − cncℓ = cn+ℓ .

Proof. For the first statement, apply 4.5.1 with α = ch+1 and β = ch. It is then straightfor-

ward to check that f r
ch+1,ch

(ℓ) = ch−ℓ+1.

For the second statement, apply 4.5.1 with α = ch and β = ch+1. It is then straightfor-

ward to check that f r
ch,ch+1

(ℓ) = ch+ℓ.
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Proposition 4.5.3. The quantum weight of L−r,n+2[(ℓ1,m1), . . . , (ℓk,mk)] is

k∏
i=1

(
cn−ℓi+1 − r

∑
j<imℓjcℓj−ℓi+1

mi

)
q2r
.

Proof. We prove this by induction on the number of crossings. Note that the broken line

L−r,n[(ℓ1,m1), . . . , (ℓk−1,mk−1)] has terminal exponent

(
−cn+1 +

k−1∑
j=1

mjcℓj+1,−cn +
k−1∑
j=1

mjcℓj

)
.

Using 4.5.2, we can calculate that the dot product of this terminal exponent and the primitive

normal vector to the wall of slope
cℓk

cℓk+1
is d := cn−ℓk+1 − r

∑
j<kmℓjcℓj−ℓk+1. The desired

formula is then readily calculated by multiplying the quantum weight of

L−r,n+2[(ℓ1,m1), . . . , (ℓk−1,mk−1)]

by the binomial coefficient
(

d
mk

)
q2r

.

Remark 4.5.4. In the above statement, m1 is the multiplicity of the bending of γ at the

y-axis.

Proposition 4.5.5. The quantum weight of L+
r,n+2[(ℓ1,m1), . . . , (ℓk,mk)] is

k∏
i=1

(
cn+ℓi − r

∑
j<imℓjcℓj−ℓi
mi

)
q2r
.

Proof. This follows from a similar argument to that for 4.5.3, except using the second

equality in 4.5.2 rather than the first.

Definition 4.5.6. Let BL(ℓ, h, a, b) be the collection of broken lines with initial exponent

(−ℓ,−h) and terminal exponent (−ℓ+ rb,−h+ ra). Let BL−(ℓ, h, a, b) (resp. BL+(ℓ, h, a, b))

be the set of broken lines in BL(ℓ, h, a, b) with negative (resp. positive) angular momentum.
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Given a set of broken lines B, let |B|q denote the sum of the weights of the broken lines

in B. We define |B| ∈ Z to be the value of |B|q under the substitution q = 1.

Lemma 4.5.7. If rb ≤ cn, we have that

|BL−(cn+1, cn, a, b)|q =
a∑

t=0

(
cn+1 − rb

t

)
q2r
|BL−(cn, cn−1, r(a− t)− b, a− t)|q

Proof. Fix a broken line γ = L−r,n+2[(ℓ1,m1), . . . , (ℓk,mk)] in BL−(cn+1, cn, a, b). Let t denote

the multiplicity of the crossing over the y-axis, i.e., t = mk if ℓk = 0 and t = 0 otherwise. If

t = 0, let γ′ = L−r,n+1[(ℓ1 − 1,m1), . . . , (ℓk−1 − 1,mk−1)], and otherwise let γ′ = L−r,n+1[(ℓ1 −

1,m1), . . . , (ℓk−1,mk)]. Note that we have γ
′ ∈ BL−(cn, cn−1, r(a−t)−b, a−t). By 4.5.3, we

have |γ|q =
(
cn+1−rb

t

)
q
|γ′|q. Note that the map from γ to γ′ is bijective (considered as a map

on unweighted broken lines). Therefore, summing over all choices of γ in BL−(cn+1, cn, a, b)

yields the desired equality.

4.5.2 The Kronecker Case

We first handle broken lines of positive angular momentum and then broken lines of initial

exponent (−h,−h). The latter are the broken lines corresponding to the theta basis elements

of Aq(2, 2) that are not cluster monomials.

Proposition 4.5.8. In the Kronecker scattering diagram D2, the quantum weight of the

broken line L+
r,n+2[(∞,m∞), (ℓ1,m1), . . . , (ℓk,mk)] is

[m∞ + 1]q4
k∏

i=1

(
(n+ ℓi − 2m∞)− 2

∑
j<imℓj(ℓj − ℓi)

mi

)
q4
.

Lemma 4.5.9. In the Kronecker scattering diagram D2, we have that

|BL+(h+ 1, h, a, b)|q =
b∑

t=0

(
h− 2a

t

)
q4
|BL+(h, h− 1, b− t, 2(b− t)− a)|q
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whenever 2a ≤ h+ 1.

Proof. Fix a broken line γ = L+
r,h+3[(∞,m∞), (ℓ1,m1), . . . , (ℓk,mk)] in BL+(h+ 1, h, a, b).

Let t denote the multiplicity of the crossing over the x-axis, i.e., t = mk if ℓk = 0 and t = 0

otherwise. If t = 0, let γ′ be the broken line L+
r,h+2[(∞,m∞), (ℓ1−1,m1), . . . , (ℓk−1−1,mk−1)],

and otherwise let γ′ = L+
r,h+2[(∞,m∞), (ℓ1 − 1,m1), . . . , (ℓk − 1,mk)]. Note that we have

γ′ ∈ BL+(h, h− 1, b− t, 2(b− t)− a). By 4.5.8, we have |γ|q =
(
ch−2b

t

)
q
|γ′|q. Note that the

map from γ to γ′ is bijective (considered as a map on unweighted broken lines). Therefore,

summing over all choices of γ in BL+(h+ 1, h, a, b) yields the desired equality.

Proposition 4.5.10. Suppose r = 2 and 2b ≤ h. The quantum weight of the broken line in

BL−(h, h, a, b) crossing at the wall dℓi/(ℓi+1) with multiplicity mi for ℓ1 > · · · > ℓk ≥ −1 is

k∏
i=1

(
h−

∑i−1
j=1 2mj(ℓi − ℓj)

mi

)
q4
.

Proof. Denote this broken line by γ. Let pi be the exponent of γ after bending at the wall

dℓi/(ℓi+1), and let p0 = (−h,−h). It is straightforward to prove by induction that we have

pi =

(
−h+ 2

i∑
j=−1

mjℓj,−h+ 2
i∑

j=−1

mj(ℓj + 1)

)

Thus, the dot product of pi−1 with the primitive normal vector to the wall dℓi/(ℓi+1) is

pi−1 · (−ℓi, ℓi + 1) = h−
i−1∑
j=1

2mj(ℓj − ℓi) .

The weight of the broken line is then the product of the quantum binomial coefficients(
pi−1·(−ℓi,ℓi+1)

mi

)
q4
.

Lemma 4.5.11. If r = 2 and 2b ≤ h, we have that

|BL−(h, h, a, b)|q =
a∑

t=0

(
h− 2b

t

)
q4
|BL−(h, h, 2(a− t)− b, a− t)|q .
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Proof. The proof is essentially the same as that of 4.5.9, but adapted for the initial exponent

(−h,−h). Consider the broken line γ ∈ BL−(h, h, a, b) that bends over the wall ℓ−1
ℓ

with

multiplicity mℓ for ℓ ≥ 0. Let m0 = t. We then map γ to γ′ ∈ |BL−(h, h, 2(a− t)− b, a− t)|

that bends over the wall ℓ−2
ℓ−1 with multiplicity mℓ for ℓ ≥ 0. By 4.5.10, we can see that

wq(γ) =
(
h−2b

t

)
q4
wq(γ

′). The desired equality follows from summing over all possible values

of m0 = t.

4.6 A Bijection for r-Kronecker Cluster Monomials

4.6.1 Construction of the Bijection

We now construct a q-weighted bijection between positive compatible pairs and broken lines

of negative angular momentum associated to quantum cluster monomials in the r-Kronecker

cluster algebra. That is, for ℓ ≥ rb, we construct a map φ : CP(ℓ, h, a, b) → BL−(ℓ, h, a, b)

such that, for a broken line γ ∈ BL−(ℓ, h, a, b), we have

∑
(S1,S2)∈φ−1(γ)

wq(S1, S2) = |γ|q .

Definition 4.6.1. A vertical edge ν is overshadowing if the horizontal edge shadow-paired

with ν is in S1. A vertical edge ν is overflowing if the horizontal edge cascade-paired with

ν is in S1.

We say that a vertical edge of P is protruding if it has fewer than r horizontal edges

to its immediate left. Note that, by the compatibility condition, if a vertical edge is over-

shadowing or overflowing, then it is protruding. We denote the protruding edges of P by

νpro,1, . . . , νpro,rh−ℓ, ordered from bottom to top.

Suppose (r−1)h ≤ ℓ ≤ rh. Let ℓ′ = h and h′ = rh−ℓ, and consider the paths P = P(ℓ, h)

and P ′ = P(ℓ′, h′). Note that the path P ′ is obtained from P by replacing the sequence of

steps Er−1N with EN and ErN with E.
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Definition 4.6.2. We define a map θ̃ : CP(P)→ CP(P) taking (S1, S2) to (S̃1, S̃2), where

• S̃1 = {ηi ∈ P ′ : νi ∈ P \S2}, and

• S̃2 = {νj ∈ P ′ : νpro,j is overflowing}

Remark 4.6.3. It is not clear from the definition that the resulting set of edges in the image

of θ̃ is a compatible pair. This fact is proven in 4.6.8. Moreover, when restricted to the set

CPcas(ℓ, h, a, b), the map θ̃ yields a compatible pair in CP(ℓ′, h′, h− b, a).

Let (S
(i)
1 , S

(i)
2 ) = θ̃ ◦ θ̃ ◦ · · · ◦ θ̃︸ ︷︷ ︸

i

(S1, S2) for i ≥ 0. Let bi = |S(i)
2 |. Note that the sequence bi

is weakly decreasing, and we have bi = 0 for sufficiently large i.

Definition 4.6.4. Let P(ℓ, h) be a Dyck path corresponding to a cluster monomial. We

define φ : CP(ℓ, h, a, b)→ BL−(ℓ, h, a, b) to be the map taking a compatible pair (S1, S2) to

the broken line that crosses the wall of slope ci
ci−1

with multiplicity bi−1 − (rbi − bi+1).

A potential direction for further work would be extending this bijection to all broken

lines that arise in the theta bases of rank-2 (quantum) cluster algebras. This problem was

posed in the classical case in [17, Remark 3.6], as this would give a combinatorial proof that

the greedy and theta bases coincide. In the quantum setting, it is not yet known if these

bases coincide, though this was suggested to be true in [20, Section 1.4]. For the quantum

Kronecker cluster algebra, we show at the end of section 4.7 that the quantum greedy and

theta bases indeed coincide.

4.6.2 Proof of Compatibility

We begin by recalling a map θ that takes a compatible pair to another compatible pair on

a different Dyck path. This map originally appeared in the work of Lee–Li–Zelevinsky and

was used in their proof of 4.2.5.

Definition 4.6.5 ([55, Lemma 3.5]). If (r−1)h ≤ ℓ ≤ rh, then the map θ : CPcas(ℓ, h, a, b)→

CP(ℓ′, h′, h− b, a) taking (S1, S2) to (S ′1, S
′
2) is defined as follows:
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• S ′1 = {ηi ∈ P ′ : νh+1−i is overshadowing}, and

• S ′2 = {νj ∈ P ′ : νj ∈ P \S2}.

Remark 4.6.6. Our definition of the Lee-Li-Zelevinsky map θ differs from their original

formulation. Moreover, we apply θ to compatible pairs (rather than sets of horizontal edges).

It is straightforward to show that the two definitions are equivalent (up to conjugating the

underlying Dyck path and including the vertical edges).

We now prove that any set of edges (S1, S2) in the image of θ̃ is indeed a compatible pair.

To do this, we utilize that the map θ has this property.

Theorem 4.6.7. We have θ(S1, S2) = (θ̃ ◦λ)(S1, S2) for any compatible pair (S1, S2) in

CPsh(ℓ, h, a, b).

Proof. Note that λ does not affect S2 and both θ and θ̃ replace S2 with its complement. The

map θ depends on which edges of S2 are overshadowing in (S1, S2), while the map θ̃ depends

analogously on which edges of S2 are overflowing in λ(S1, S2). By 4.3.11, the overshadowing

edges of (S1, S2) coincide with the overflowing edges of λ(S1, S2). Therefore, we can conclude

that the maps are the same.

Corollary 4.6.8. For compatible pairs on Dyck paths corresponding to cluster monomials,

the map θ̃ preserves compatibility.

Proof. By 4.3.9, the map λ−1 preserves compatibility for the cluster monomials (which

includes the setting in which θ̃ is defined). By 4.6.7, we have θ̃ = θ ◦ λ−1. Since the map θ

preserves compatibility (see [55, Lemma 3.5]), we can conclude that θ̃ does as well.

4.6.3 Preservation of Quantum Weight

We now show that, on a path P(ℓ, h) corresponding to a cluster monomial, the map θ̃

preserves the quantum weights of compatible pairs. Thus, the map φ : CP(ℓ, h, a, b) →
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BL−(ℓ, h, a, b) is a q-weighted bijection (see 4.6.18). Throughout this section, let (S̃1, S̃2) =

θ̃(S1, S2).

Proposition 4.6.9. Let ω ∈ {h, v,H, V }∗ be the word associated to a compatible pair in

CP(ℓ, h, a, b) where P(ℓ, h) corresponds to a cluster monomial. If we swap an instance h

with an H to its right such that the segment σ between them satisfies |σh| + |σH | = r|σV |,

then the quantum weight increases by 2r.

Proof. Note that the above expression does not take into account |σv|. Moreover, the quan-

tum weight contributed from portions of ω outside the segment hσH (orHσh) are unaffected.

We can then calculate that

wq(Hσh) = wq(Hh) + wq(|σH |HH + |σV |HV + |σh|Hh+ |σv|Hv)

+ wq(|σH |Hh+ |σV |V h+ |σh|hh+ |σv|vh)

= r + |σV |(1− r2) + |σh|r + |σv|+ |σH |r − |σV | − |σv|

= r + |σV |(1− r2) + (r|σV | − |σH |)r + |σH |r − |σV |

= r

and

wq(hσH) = wq(hH) + wq(|σH |hH + |σV |hV + |σh|hh+ |σv|hv)

+ wq(|σH |HH + |σV |V H + |σh|hH + |σv|vH)

= −r − |σH |r + |σV |+ |σv|+ |σV |(r2 − 1)− |σh|r − |σv|

= −r − (r|σV | − |σh|)r + |σV |+ |σV |(r2 − 1)− |σh|r

= −r .

The resulting change in the quantum weight is then wq(Hσh− hσH) = 2r, as desired.

Let L be a set of letters. Let |W |L denote the number of entries of W that are in L (with
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p1 p2 p3

p4

η8

Cn

Cn−1 ν2

Figure 4.6: An illustration of the construction in 4.6.10.

multiplicity). For integers si and words Wi, let
∣∣∑

1≤i≤k siWi

∣∣
L
=
∑

1≤i≤k si|Wi|L.

Lemma 4.6.10. Fix a positive compatible pair (S1, S2) on Cn. Suppose that the horizontal

edge ηi /∈ S1 is cascade-paired with νj ∈ S2 and that ηi is to the left of νj. Then

wq(S1 ∪ {ηi}, S2)− wq(S1, S2) = wq(S̃1, S̃2 ∪ {νj′})− wq(S̃1, S̃2) .

Proof. We begin by decomposing Cn into several paths. Let p1 be the leftmost point along

Cn at the same height at ηi. Let p2 be the left endpoint of ηi and let p3 be the top endpoint

of νj. Let X be subpath of Cn consisting of all edges below p1, and let Y be the path from

p1 to p2. Let S be the path from p2 to p3, and let Z be the subpath of Cn consisting of all

edges to the right of p3.

We similarly decompose Cn−1 into several paths. Let X̃ be the image of X, S̃ be the

image of Y ∪ {ηi} ∪ S with νj′ removed, and Z̃ be the image of Z.

Expanding out the pairs of edges that involve ηi in Cn, we have

wq(S1 ∪ {ηi}, S2)− wq(S1, S2) = wq(XYHSZ −XY hSZ)

= r|S + Z −X − Y |h,H + r2|X + Y − S − Z|V
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and

wq(S̃1, S̃2 ∪ {ηj})− wq(S̃1, S̃2) = r|X̃ + S̃ − Z̃|v,V + r2|Z̃ − X̃ − S̃|H .

Thus, we want to show that the quantity

α := r
(
|S + Z −X − Y |h,H + |Z̃ − X̃ − S̃|v,V

)
+ r2

(
|X + Y − S − Z|V + |X̃ + S̃ − Z̃|H

)

vanishes. By the definition of the map ρ, we have

r|X|v,V − |X|h,H = |X̃|v,V and r|Z|v,V − |Z|h,H = |Z̃|v,V .

Hence

r2|X − Z|V + r|Z −X|h,H + r|Z̃ − X̃|v,V = r2|Z −X|v .

Plugging this into our expression for α, we find

α = r
(
|S − Y |h,H − |S̃|v,V

)
+ r2

(
|Y − S|V + |X̃ + S̃ − Z̃|H + |Z −X|v

)
.

By the definition of the map ρ, we have |W |V = |W̃ |h and |W |v = |W̃ |H forW = X,S, Z.

We also must have |Y |v,V = 0. Thus, we can further simplify α to

α = r
(
|S − Y |h,H − |S̃|v,V

)
+ r2 (|S|v − |S|V ) .

We furthermore have

r|S|v,V − |Y + S|h,H − 1 = |S̃|v,V + 1 ,

hence we have

α = 2r|S|h,H − 2r2|S|V + 2r = −2r(r|S|V − |S|h,H − 1) .
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p1 p2 p3
η18

Cn

Cn−1 ν2

Figure 4.7: An illustration of the construction in 4.6.11.

Since the shadow of νj extends to ηi, we have r|S|V − |S|h,H − 1 = 0. We can therefore

conclude that α = 0, as desired.

Lemma 4.6.11. Fix a positive compatible pair (S1, S2) on Cn. Suppose that the horizontal

edge ηi /∈ S1 is cascade-paired with νj ∈ S2 and that ηi is to the right of νj. Then

wq(S1 ∪ {ηi}, S2)− wq(S1, S2) = wq(S̃1, S̃2 ∪ {νj′})− wq(S̃1, S̃2)

Proof. We proceed via analogous methods to the proof of 4.6.10. We start by decomposing

Cn into several paths. Let p1 be the left endpoint of ηi and let p2 be the right endpoint of

ηi. Let p3 be the rightmost point along Cn at the same height as ηi. Let S be subpath of

Cn consisting of all edges below p1, and let Y be the path from p1 to p2. Let S be the path

from p2 to p3, and let Z be the subpath of Cn consisting of all edges to the right of or above

p3. Note that sh(νj;S2) = S ∪ Y ∪ {ηi}.

We similarly decompose Cn−1 into several paths. Let S̃ be the image of S with νj′

removed, and let Z̃ be the image of {ηi} ∪ Y ∪ Z.
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Expanding out the pairs of edges that involve ηi in Cn, we have

wq(S1 ∪ {ηi}, S2)− wq(S1, S2) = wq(SY HZ − SY hZ)

= r|Y + Z − S|h,H + r2|S − Y − Z|V

= r|Y + Z − S|h,H + r2|S − Z|V

and

wq(S̃1, S̃2 ∪ {ηj})− wq(S̃1, S̃2) = r|S̃ − Z̃|v,V + r2|Z̃ − S̃|H .

Thus, we want to show that the quantity

α := r
(
|Y + Z − S|h,H + |Z̃ − S̃|v,V

)
+ r2

(
|S − Z|V + |S̃ − Z̃|H

)

vanishes.

By the definition of the map ρ, we have

r|S|v,V − |S|h,H = |S̃|v,V + 1

and

r|Z|v,V − |Y + Z|h,H − 1 = |Z̃|v,V .

Substituting these into our expression for α, we have

α = r
(
|Y + Z|h,H + |Z̃|v,V

)
+ r2

(
−|Z|V + |S̃ − Z̃|H − |S|v

)
+ r

= r2
(
|Z − S|v + |S̃ − Z̃|H

)
.

We furthermore have that |S|v = |S̃|H and |Z|v = |Z̃|H . We can thus conclude that

α = 0, as desired.
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Lemma 4.6.12. For any compatible pair (S1, S2) with S1 ⊆ cas(S2), we have

wq(S1 ∪ (P1 \ sh(S2)), S2) = wq(S1, S2) .

Proof. This follows because, for any m ∈ Z≥0, we have

wq(V h+mhh+ (r −m)Hh) = wq(V H +mhH + (r −m)HH)

and wq(hv) = wq(Hv).

Lemma 4.6.13. If rb ≤ ℓ and the path P(ℓ, h) corresponds to a cluster monomial, then

the restriction of the θ̃ to the set CPcas(ℓ, h, a, b) preserves the quantum weight of compatible

pairs.

Proof. We first see that θ̃ preserves quantum weights when S1 is empty, since the quantum

weight of (∅, S2) only depends on the number of i, j ∈ [h] such that νi ∈ S2 and νj /∈ S1. An

analogous statement holds for θ̃(∅, S2) = (∅, ∅).

One can then add on horizontal edges to the compatible pair one-by-one. The fact that

the quantum weight is preserved under this operation follows from 4.6.10 and 4.6.11.

We lastly show that the compatible pairs satisfy an analogous recursion to that for the

broken lines 4.5.7.

Lemma 4.6.14. If rb ≤ cn+1, We have that

|CP(cn+1, cn, a, b)|q =
a∑

t=0

(
cn+1 − rb

t

)
q2r
|CP(cn, cn−1, r(a− t)− b, a− t)|q .

Proof. We first note that

|CP(cn+1, cn, , a, b)|q =
a⋃

t=0

|{(S1, S2) ∈ CP(cn+1, cn, a, b) : | cas(S2) ∩ S1| = t}| .
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Hence, by 4.6.9 and 4.6.13, we have

|CP(cn+1, cn, , a, b)|q =
a∑

t=0

(
cn+1 − rb

t

)
q2r
|CPcas(cn+1, cn, a− t, b)|q .

Then, applying θ to An := CPcas(cn+1, cn, a− t, b) and using 4.6.12, we have

|An|q = |{(S1, S2) ∈ CP(cn, cn−1, cn − b, a− t) : P1 \ cas(S2) ⊆ S1}|q

= |CPcas(cn, cn−1, r(a− t)− b, a− t)|q .

The desired equality follows from substituting the above expression in the summation.

4.6.4 From Cluster Variables to Cluster Monomials

The quantum analogs of cluster monomials for Aq(r, r) the bar-invariant quantum cluster

monomials, which are elements in T of the form qαβXα
nX

β
n+1.

While we have restricted the proofs in this section to the cluster variable case for sim-

plicity, the same methods can be readily adapted to the case of cluster monomials. In this

subsection, we outline the main steps of this adaptation to the cluster monomial case.

Let cn[α, β] = αcn + βcn−1. Note that the sequence cn[α, β] still satisfies the recursion

cn+1[α, β] = rcn[α, β]− cn−1[α, β], and that cn = cn[1, 0].

Remark 4.6.15. The statement and proofs of 4.5.2, 4.5.3, and 4.5.7 hold true if cn is

replaced with cn[α, β] whenever n ∈ {h − ℓ + 1, h − 1, h, h + 1, h + ℓ}. Thus, the quantity

|BL−(cn+1[α, β], cn[α, β], a, b)|q is given by

a∑
t=0

(
cn[α, β]− b

a− t

)
q2r
|BL−(cn[α, β], cn−1[α, β], rt− b, t)|q .

In order to study the compatible pairs associated to cluster monomials, we first address

how to construct cascades.
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Remark 4.6.16. The path P(αcn + βcn+1, αcn−1 + βcn) can be constructed by appending

copies of the paths P(cn, cn−1) or P(cn+1, cn). Proceeding from left to right, the ith subpath

appended is P(cn+1, cn) whenever the ith edge of P(α, β) is horizontal and is P(cn, cn−1)

otherwise.

Definition 4.6.17. Let P = P(αcn + βcn+1, αcn−1 + βcn) be a maximal Dyck path corre-

sponding to a cluster monomial in A(r, r). Decompose P into α + β subpaths {Pi}1≤i≤α+β

of the form P(cn, cn−1) or P(cn+1, cn). Then, for S2 ⊂ P2, the cascade of S2 is computed

locally on each subpath Pi according to 4.3.3.

Having constructed cascades, the definition of the map θ̃ can then be extended directly

to the cluster monomial case. The proof that θ̃ preserves quantum weights follows identically

from that in subsection 4.6.3 except that now cascades are considered locally on each subpath

Pi. That is, one can readily check that the quantum weight is preserved for compatible pairs

with no horizontal edge, and then one can iteratively add in horizontal edges using 4.6.10

and 4.6.11. From this, we can conclude that |CP(cn+1[α, β], cn[α, β], a, b)|q is given by

a∑
t=0

(
cn[α, β]− a

a− t

)
q2r
|CP(cn[α, β], cn−1[α, β], rt− b, t)|q .

Combining this with 4.6.15, we can conclude that, in the cluster monomial setting, θ̃ is

a weighted bijection that preserves quantum weights. Thus, we can conclude that φ is a

q-weighted bijection in the cluster monomial case.

Theorem 4.6.18. If rb ≤ ℓ and the path P(ℓ, h) corresponds to a cluster monomial, then

the map φ : CP(ℓ, h, a, b)→ BL−(ℓ, h, a, b) is a q-weighted bijection.

Proof. By the above discussion, it is enough to consider the cluster variable case. The map

φ is defined by taking successive applications of the map θ̃ and extracting the associated

quantum binomial coefficient, which also corresponds to a bending of a broken line at one

wall of the scattering diagram. A recursion for the quantum weights of the compatible
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pairs in terms of θ̃ is given in 4.6.14 that matches the recursion given for broken lines

of negative angular momentum 4.5.7. Thus, we can conclude that φ is a bijection that

preserves quantum weights.

By 4.2.7, 4.6.18 applies to almost all compatible pairs on paths corresponding to cluster

monomials.

4.7 A Bijection for the Kronecker Theta Basis

In this section, we now study a map between all compatible pairs and broken lines corre-

sponding to theta basis elements of the quantum Kronecker cluster algebra Aq(2, 2). We

then show that the theta basis for the quantum Kronecker cluster algebra coincides with

many other bases, including the quantum triangular, greedy, and bracelets bases.

4.7.1 Positive angular momentum

In order to handle the positive angular momentum case, we first extend our map θ̃. The

fact that this map indeed preserves compatibility is shown in 4.7.3. We will be primarily

interested in the cascade structure of P(n−3, n−2), which is obtained from Cn by a reflection.

Since we are working in the reflected Dyck path, we take the convention that |S1| = b and

|S2| = a in this subsection.

Definition 4.7.1. Suppose 2a ≤ h−1 and r = 2. We define a map θ̃ : CPcas(h−1, h, b, a)→

CP(h, h+ 1, h− a, b) taking a compatible pair (S1, S2) on P = P(h− 1, h) to a compatible

pair (S̃1, S̃2) on P ′ = P(h, h+ 1) by

• S̃1 = {ηi ∈ P ′ : νi ∈ P \S2},

• S̃2 \{νh, νh+1} = {νj ∈ P ′ : νpro,j is overflowing}, and

• νh ∈ P ′ (resp. νh+1 ∈ P ′) is included in S̃2 if the horizontal edge that is 1-cascade-paired

(resp. 2-cascade-paired) with νh ∈ P is in S1.
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θ̃

Figure 4.8: An illustration of the map θ̃ applied to the compatible pair (S1, S2) on P(12, 13),
where S1 = {η5, η6, η8, η9} and S2 = {ν1, ν3, ν4, ν11, ν12, ν13}.

Remark 4.7.2. In a sense, 4.7.1 is a natural extension of 4.6.2. This is because, by

definition, a vertical edge is overflowing if and only if the horizontal edge that is r-cascade-

paired with it is in S1. The only difference is that in this case, we need to also consider

whether the horizontal edge that is 1-cascade-paired with each vertical edge is in S1. This is

only possible for the vertical edge νh ∈ P , hence why the last condition is added to handle

this case.

Proposition 4.7.3. If 2a ≤ h−1, then the map θ̃ : CPcas(h−1, h, b, a)→ CP(h, h+1, h−a, b)

preserves compatibility.

Proof. It is a straightforward consequence of the definition of compatibility that a pair

(S1, S2) on P(h− 1, h) is compatible if and only if, whenever νj is in S2, there is no vertical

edge at height j − 1 or j − 2 (where the height of η1 is 0).

Suppose (S1, S2) is a compatible pair on P(h−1, h), and let θ̃(S1, S2) = (S̃1, S̃2). Suppose

νj ∈ S̃2 for some j < h. Then νj ∈ S2 is overshadowing, which implies that j = 1 or

νj−1 ∈ S2. Hence, ηj and ηj−1 are not in S̃1. Moreover, if νh ∈ S2, then ηh /∈ S̃1. Combining

this with the characterization of compatible pairs above, we can conclude that (S̃1, S̃2) is

compatible.

Another distinction of the positive angular momentum case is that the size of S2 is only

non-decreasing, rather than strictly decreasing as in the negative angular momentum case.
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Let (S
(i)
1 , S

(i)
2 ) = θ̃ ◦ θ̃ ◦ · · · ◦ θ̃︸ ︷︷ ︸

i

(S1, S2) for i ≥ 0. Let ai = |S(i)
2 |. We then set a∞ = limi→∞ ai.

θ̃ θ̃

Figure 4.9: This figure depicts a compatible pair where |S2| = |S(i)
2 | for all i ≥ 0. In this

example, we have a∞ = 3.

We can characterize the compatible pairs for which applying θ̃ does not decrease |S2| as

follows.

Proposition 4.7.4. Suppose (S1, S2) is a compatible pair on P(h−1, h), and let θ̃(S1, S2) =

(S̃1, S̃2) If |S2| = |S̃2|, then (S1, S2) is of the form

S2 = {νk ∈ P : k ∈ [1, i] ∪ [h− j + 1, h]} .

S1 ⊃ {ηk : k ∈ [i+ 1, 2i] ∪ [h− 2j + 1, h− j]} .

Moreover, we have that, if θ̃(S̃1, S̃2) = (S ′1, S
′
2), then |S ′2| = |S̃2|.

Proof. Consider a collection C of contiguous vertical edges in S2. If the collection does not

contain νh, then cas(C) contains the horizontal edge preceding each edge in C. These cannot

be included S1, so | cas(C)∩S1| ≤ |C|. Moreover, if νj is the lowest edge in C for j ≥ 2, then

ηj−1 must not be in S1 in order to maintain compatibility. Hence |S1 ∩ cas(C)| ≤ |C| − 1.

The only cases that were excluded in the above consideration are when ν1 or νh is in C. In

both cases, the above arguments show that | cas(C)∩S1| ≤ |C|. Thus, if | cas(C)∩S1| ≤ |C|,

then C must be a contiguous set of vertical edges at the top or bottom of P , and S1∩cas(C)

must be maximal while maintaining the compatibility condition.

Lastly, note that if we apply θ̃ to a compatible pair of this form, the resulting compatible

pair is also of this form.
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Definition 4.7.5. The map φ takes the compatible pair (S1, S2) ∈ CP(h− 1, h, b, a) to the

broken line in BL+(h, h− 1, b, a) that crosses the wall d1 with multiplicity a∞ and the wall

d(i−1)/i with multiplicity ai−1 − (2ai − ai+1).

Theorem 4.7.6. If 2a ≤ h− 1, the map φ is a q-weighted bijection from CP(h− 1, h, b, a)

to BL+(h, h− 1, b, a).

Proof. The proof follows similarly to that of 4.6.18, since the map φ is still defined by

taking successive applications of the map θ̃ and extracting the associated quantum binomial

coefficient. One can obtain a quantum recursion for the compatible pairs using 4.7.3 and

4.7.4 that matches the recursion given for broken lines of positive angular momentum given

in 4.5.9. Thus, we can conclude that φ is a bijection that preserves quantum weights.

4.7.2 The theta basis element with initial exponent (m,m)

The only elements of the theta basis in Aq(2, 2) that are not cluster monomials are the theta

functions ϑQ,(m,m) (where Q is a generic point in the first quadrant). In contrast to the cluster

monomial case, a quantum weighting for the corresponding compatible pairs on P(m,m) has

not yet been constructed. We begin by defining such a quantization. This quantization is

defined recursively, rather than as a sum over pairs of edges as in Rupel’s quantization. This

definition is convenient for our recursive approach to the bijection, though we expect that a

more natural generalization of Rupel’s quantization can be formulated.

The quantum weighting will be defined recursively using the map θ between compatible

pairs constructed by Lee–Li–Zelevinsky (see 4.6.5 for the definition). Note that we use the

map θ rather than θ̃ because the statement in 4.3.9 fails for the Dyck path P(m,m). This

recursion involves choosing a term of a quantum binomial coefficient according to the image

of a compatible pair under θ.

The quantum binomial coefficient
(
h
k

)
q
is naturally viewed as a sum over size-k subsets

of [h] of monomial terms, i.e,
(
h
k

)
q
= qc

∑
J⊆[h]//|J |=k q

2
∑

j∈J j for some constant c = c(h, k).
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θ θ

Figure 4.10: The leftmost diagram represents a compatible pair in CP−(12, 12, 3, 6). The
middle image is its image under θ, which is a compatible pair in CP−(12, 12, 7, 3). The
rightmost image is the compatible pair in CP−(12, 12, 9, 1) resulting from another application
of θ. Any subsequent applications of θ result in the empty compatible pair.

Given a size-k subset J ⊆ [h], let
(
[h]
J

)
q
denote the exponent of the monomial corresponding

to J in
(
h
k

)
q
.

Definition 4.7.7. The quantum weight wq(S1, S2) of a compatible pair (S1, S2) on P(m,m)

can be determined recursively as follows:

As a base case, we set wq(P1, ∅) = 0.

Let U = P1 \ sh(S2) = {ηi1 , . . . , ηih} be the set of horizontal edges that are not in the

shadow of S2, where i1 < · · · < ih. Then U \S1 = {ηij : j ∈ J} for some J ⊆ {1, . . . , h}. We

then set

wq(S1, S2) = wq(S
′
1, S

′
2) +

(
[h]

J

)
q4
,

where (S ′1, S
′
2) = θ(S1, S2).

Note that, if (S ′1, S
′
2) = θ(S1, S2), then |S ′1| ≥ min(m, |S1|+1) and |S ′2| ≤ max(0, |S2|−1).

Thus, any compatible pair is sent to (P1, ∅) under finitely many applications of θ, so 4.7.7

is well-defined.

Using the quantum weighting, we can construct a map from compatible pairs to broken

lines that respects quantum weights. Let (S
(i)
1 , S

(i)
2 ) = θ ◦ · · · ◦ θ︸ ︷︷ ︸

i

(S1, S2).

Definition 4.7.8. Let φ : CP(m,m, a, b) → BL−(m,m, a, b) be the map taking the com-

patible pair (S1, S2) to the broken line that bending at the wall d(ℓ−1)/ℓ with multiplicity
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h+ |S(ℓ+1)
2 | − 2|S(ℓ)

2 | − |S
(ℓ)
1 |.

Theorem 4.7.9. If 2b ≤ m, the map φ : CP(m,m, a, b) → BL−(m,m, a, b) is a q-weighted

bijection.

Proof. The size of the set J in applying 4.7.7 to the compatible pair (S
(ℓ)
1 , S

(ℓ)
2 ) is precisely

h+ |S(ℓ+1)
2 | − 2|S(ℓ)

2 | − |S
(ℓ)
1 |. Thus, the binomial coefficient factor that a broken line attains

by bending at the wall d(ℓ−1)/ℓ is the same as the binomial coefficient in 4.7.7 attained by

applying θ to the set of corresponding compatible pairs.

Note that the positive angular momentum case is symmetric to the negative angular

momentum case by reflecting the scattering diagram along the line y = x. As a result of

the bijectivity of φ, we obtain an expansion formula in terms of compatible pairs for the

quantum theta basis element θ(m,m),q.

Theorem 4.7.10. The theta basis element ϑQ,(m,m) in Aq(2, 2) is given by

ϑQ,(m,m) =
∑

(S1,S2)

qwq(S1,S2)X
−m+r|S2|
1 X

−m+r|S1|
2 ,

where the sum ranges over all compatible pairs on P(m,m).

Proof. By definition, the theta function ϑQ,(m,m) can be expressed as a sum over broken lines.

Using 4.7.9, the expansion formula in terms of compatible pairs follows directly by applying

the bijection φ to the corresponding broken lines.

4.7.3 Equivalence of bases for the quantum Kronecker cluster al-

gebra

Lastly, we show that, for the quantum Kronecker cluster algebra, the quantum theta basis

coincides with a number of other bases. The bases we consider are

1. the quantum bracelets basis [83, Definition 4.9],
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2. the quantum theta basis [20, Proposition 3.1]*,

3. the basis B consisting of the quantum cluster monomials and {zn}n≥1 in [23, Definition

3.4],

4. the quantum triangular basis [5, Theorem 1.4], and

5. the quantum greedy basis [54, Theorem 9].

The following discussion concerns only the quantum Kronecker cluster algebra, though

these bases may coincide in a more general setting. All bases mentioned contain the cluster

monomials, so it is enough to show that the remaining elements coincide.

The fact that (1) and (2) coincide is due to the recent work of Mandel and Qin [65,

Theorem 1.4], who showed that the theta and bracelets bases coincide in a much more

general setting.

To show that (2) and (3) coincide, it is enough to check that (the specialization of)

ϑQ,(1,−1,0,0) and z1 are equal. This is because the zn’s satisfy the Chebyshev recursion of

the first kind by definition, while Mandel and Qin [65, Example 5.8] showed that the same

recursion holds for the theta functions ϑQ,(n,−n,0,0). By comparing [15, Lemma 3.3] and

[65, Lemma 8.4], it is readily seen that z1 = ϑQ,(1,−1,0,0)|y1=y2=1.

The bases (3) and (4) can be shown to coincide by recent work of Li [60, Theorem 1.2]

which determine the support of triangular basis elements for skew-symmetric rank-2 quantum

cluster algebras. It is then straightforward to check that the supports of the elements zn are

equal to the supports of the non-cluster-monomial elements in the triangular basis, so the

bases coincide.

We can then show that (3) and (5) coincide by directly verifying that the elements zn

satisfy the recursion given in [54, Theorem 7], which characterizes the greedy basis. We do

*This work uses a quantization of the cluster algebra with principal coefficients. In this case, the mutable
variables commute, while the principal coefficients y1 and y2 quasi-commute. In order to reconcile this with
the coefficient-free case, one can reorder y±1

1 and y±1
2 if necessary and then specialize the principal coefficients

to 1.
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so using the Laurent expansion of zn given by the work of Ding-Xu. It follows directly from

[23, Proposition 4.4] that zn = sn − sn−2, where sn is the element

sn =
∑

p+r≤n

(
n− r
p

)
q

(
n− p
r

)
q

q−(2p−n)(2r−n)X2p−n
1 X2r−n

2 . (4.7.1)

This is a special case of the q-analogue of the following lemma, which can be easily proved

by the standard generating function method.

Lemma 4.7.11. For any nonnegative integers n, p, r with p ≥ r, we have

p∑
k=0

(−1)k
(
n− 1− r
p− k

)
P (k)

(
n− 2r + k − 1

k

)
= 0,

where P (x) is any polynomial in x of degree ≤ r − 1.

Remark 4.7.12. We note that the basis consisting of the cluster monomials and {sn}n≥1

that appears in the work of Çanakçı and Lampe [15, Definition 4.15]* is not identical to these

other bases. It instead coincides (after specializing and possibly reordering the principal

coefficients) with the basis S from the work of Ding-Xu [23, Definition 3.4]. The elements

sn are related to the elements zn in the basis B, and their Laurent expansion is given in

Equation 4.7.1. The work of Çanakçı and Lampe was later generalized to quantum cluster

algebras from unpunctured orbifolds by Min Huang [45].
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Chapter 5

Dyck Path Expansion Formulas for

Rank-2 Cluster Algebras

This chapter is a solo work based on the paper [10]. The author thanks her advisor, Lauren

Williams, for introducing her to the various interesting expansion formulas for low-rank clus-

ter algebras and for discussions at many stages of this research. She thanks the anonymous

referees for their detailed comments and thoughtful suggestions. The author is grateful to

Kyungyong Lee, Feiyang Lin, Gregg Musiker, and Ralf Schiffler for their helpful correspon-

dence and comments about this work. She additionally thanks Kyungyong Lee for suggesting

the generalization of 5.1.4 to the case of cluster algebras with coefficients. A portion of this

work was completed while the author was visiting l’Institut de Recherche en Informatique

Fondamentale, and the author extends her gratitude to Sylvie Corteel for hosting her.

5.1 Overview

In this chapter, we start by providing a simplification of Lee–Schiffler’s formula for rank-2

cluster variables in terms of colored Dyck subpath conditions. We then use our simpler

formula to prove Lin’s conjectures [61, Conjectures 3 & 4] that the map constructed between

collections of colored Dyck subpaths and compatible pairs is indeed a bijection. (Our meth-
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ods do not rely on the technical reformulation presented by Lin.) This bijection gives an

efficient method for generating all compatible pairs in the cluster variable case. We then use

the bijection along with Rupel’s quantum weighting of compatible pairs [80] to provide a

quantum version of Lee and Schiffler’s rank-2 expansion formula for cluster variables. This

new formula has the advantage of requiring less computation than that in [80, Corollary 5.4]

and explicitly calculating the coefficients in the quantum case, rather than expressing each

term as an ordered product as in [78]. It is also more elementary than the expansion formula

in [77], which is based on the theory of valued quiver representations.

The chapter is organized as follows. Section 5.2 contains some preliminaries concerning

maximal Dyck paths. The proof of the simplification of Lee and Schiffler’s [57] colored

Dyck subpath conditions is the focus of Section 5.3. Section 5.4 contains the proof of Lin’s

conjectures [61, Conjectures 3 & 4], establishing a bijection between collections of colored

Dyck subpaths from the Lee–Schiffler [57] setting and compatible pairs from the Lee–Li–

Zelevinsky [55] setting. This bijection is applied to Rupel’s [80] quantum weighting on

compatible pairs to yield a quantum analogue of Lee–Schiffler’s [57] expansion formula in

Section 5.5. We conclude with a discussion of further directions in Section 5.6.

We now state more precisely the results proven in this chapter. For a positive integer r

and variables X1, X2, we consider the sequence {Xn}n∈Z of expressions recursively defined

by

Xn+1 =
Xr

n + 1

Xn−1
. (5.1.1)

This sequence is precisely the set of variables of the rank-2 cluster algebra A(r, r) associated

to the r-Kronecker quiver, which consists of two vertices with r arrows between them. The

sequence is periodic when r = 1, and otherwise all Xn are distinct. For background on

cluster algebras, see [29].

Definition 5.1.1. For nonnegative integers a and b, the maximal Dyck path P(a, b) is the

path proceeding by unit north and east steps from (0, 0) to (a, b) that is closest to the line
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segment between (0, 0) and (a, b) without crossing strictly above it. For two vertices u,w

along such a path, let s(u,w) denote the slope of the line segment between them.

Let {cn}∞n=1 be the sequence of non-negative integers defined recursively by:

c1 = 0, c2 = 1, and cn = rcn−1 − cn−2 for r ≥ 2 . (5.1.2)

Let Cn = P(cn−1, cn−2) and Dn = P(cn−1 − cn−2, cn−2). We label the leftmost vertex at each

height of Dn by vi for i = 0, . . . , cn−2, with the subindex increasing from south to north;

such vertices are called northwest corners. Let γ(i, k) be the subpath spanning from vi to vk

for any 0 ≤ i < k ≤ b. An example of the maximal Dyck path D5 = P(5, 3) when r = 3 is

shown in Figure 5.1.

Lemma 5.1.2. Let t(i) be the minimum integer greater than i such that s(vi, vt(i)) > s. Then

we have t(i)− i = cm − wcm−1 for a unique choice of 2 ≤ w ≤ r − 1 and 3 ≤ m ≤ n− 2.

This result allows us to simplify the expansion formula of Lee and Schiffler, which is

briefly described below. The next few definitions and Corollary 5.1.4 emulate the results of

Lee and Schiffler, except for slight modifications due to the simplified coloring conditions

above.

Definition 5.1.3 (cf. Definition 5.3.1). For any 0 ≤ i < k ≤ cn−2, let γ(i, k) be the subpath

of Dn from vi to vk, which is assigned a color as follows:

(1) If s(vi, vt) ≤ s for all t such that i < t ≤ k, then γ(i, k) is blue.

(2∗) Otherwise, let m,w be chosen with respect to i as in Lemma 5.1.2. Then we say γ(i, k)

is (m,w)-brown.1

A subpath of Dn is a path of the form γ(i, k) or a single edge αi. We denote the set of

such subpaths by P ′(Dn). We define the set F ′(Dn) to contain any collection of subpaths in

P ′(Dn) satisfying that

1The color brown was chosen because it is the combination of Lee and Schiffler’s red and green cases.
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(i) no two subpaths share an edge,

(ii) two subpaths share a vertex only if at least one of them is a single edge, and

(iii) at least one of the cm−1−wcm−2 edges preceding each (m,w)-brown subpath is contained

in another subpath.

Given β ∈ F ′(Dn), the quantity |β|1 is defined additively over the subpaths, taking value

k − i on γ(i, k) and value 0 on single edges. The quantity |β|2 is the total number of edges

in β. This yields the following expansion formula for the cluster variables.

Corollary 5.1.4 (analogue of [57, Theorem 9]). Consider the cluster algebra A(r, r) with

cluster variables Xi for i ∈ Z. For n ≥ 3, we have

Xn = X
−cn−1

1 X
−cn−2

2

∑
β∈F ′(Dn)

X
r|β|1
1 X

r(cn−1−|β|2)
2

and

X3−n = X
−cn−1

2 X
−cn−2

1

∑
β∈F ′(Dn)

X
r|β|1
2 X

r(cn−1−|β|2)
1 .

A generalization of the above expansion result to the case of skew-symmetric rank-2 clus-

ter algebras with coefficients is presented at the end of Subsection 5.3.3 (see Corollary 5.3.19).

Example 5.1.5. For r = 3, the collection of colored subpaths β = {γ(0, 1), α6, γ(2, 3)} is

in F ′(D5). This collection is depicted in Figure 5.1 by thickened paths of the corresponding

colors, where the single vertical edge α6 is represented by a thick orange edge. Note that in

this case, we have |β|1 = 2 and |β|2 = 6.

We now define the compatible pairs in Cn, introduced by Lee–Li–Zelevinsky [55], and we

will show that these are in bijection with collections of colored Dyck subpaths of Dn. Given

two vertices u,w in a maximal Dyck path P(a, b), let −→uw denote the subpath proceeding

east from u to w, continuing cyclically around P(a, b) if u is to the east of w. Let |uw|1

(resp. |uw|2) denote the number of horizontal (resp. vertical) edges of −→uw. Given a set of
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Figure 5.1: The leftmost image shows the maximal Dyck path D5 for r = 3, along with the
corresponding 5×3 grid and main diagonal. The northwest corners are labeled and depicted
as filled vertices. The center image is the collection β of colored Dyck subpaths in F ′(D5)
from Example 5.1.5, consisting of the blue subpath γ(0, 1), the single edge α6 (shown in
orange), and the (3, 2)-brown subpath γ(2, 3). The rightmost image is the compatible pair
on C5 that β maps to under Φ, where an edge is thickened whenever it is included in the
compatible pair.

horizontal edges S1 and vertical edges S2 in P(a, b), the pair (S1, S2) is compatible if, for

every edge in S1 with left vertex u and every edge S2 with top vertex w, there exists a lattice

point t ̸= u,w in the subpath −→uw such that

|tw|1 = r|−→tw ∩ S2|2 or |ut|2 = r|−→ut ∩ S1|1 .

Let the horizontal (resp. vertical) edges of Cn be labeled by ηi (resp. νi), increasing to the

east (resp. north). Lin defined the following map Φ from F ′(Dn) to pairs (S1, S2) in Cn. Note

that while we define Φ as a map on blue/brown colored subpaths, it was originally defined

for Lee–Schiffler’s blue/green/red colored subpaths, and the two definitions are essentially

identical.

Definition 5.1.6 ([61]). Given β ∈ F ′(Dn), let Φ(β) = (Φ1(β),Φ2(β)), where

Φ1(β) = {ηj : αj is not a part of any subpath of β} ,

Φ2(β) = {νj : γ(i, k) ∈ β for some i < j ≤ k} .

Example 5.1.7. The compatible pair ({η4, η5}, {ν1, ν3}) obtained by applying Φ to the col-

lection of subpaths β ∈ F ′(D5) from Example 5.1.5 is shown in Figure 5.1.
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Theorem 5.1.8. The map Φ is a bijection between collections of colored subpaths in F ′(Dn)

and compatible pairs in Cn.

Switching to the quantum setting, we will now work inside the quantum torus T :=

Z[q±1]⟨Z±11 , Z±12 : Z1Z2 = q2Z2Z1⟩. The quantum rank-2 r-Kronecker cluster algebraAq(r, r)

is the Z[q±1] subalgebra of the skew field of fractions of T generated by the quantum cluster

variables {Zn}n∈Z, which follow the recursion Zn+1Zn−1 = q−rZr
n + 1 (cf. Equation 5.1.1).

We use the bijectivity of Φ along with Rupel’s quantum weighting on compatible pairs [80]

to construct a quantum weighting of collections of colored subpaths.

For β = {β1, . . . , βt} ∈ F ′(Dn), where βi appears to the left of βi+1, we define the set

of complimentary subpaths β0, β1, . . . , βt. For 1 ≤ i ≤ t − 1, let βi contain all edges and

northwest corners between the end of βi and the start of βi+1, where a northwest corner on

the boundary of a path is included in βi unless it is the right endpoint of a brown or blue

subpath. We set β0 to be the portion of the path before β1 excluding v0, and we set βt to

be the portion of the path after βt including vcn−2 . Note that it is possible for some βi to be

empty. Let |βi|1 (resp. |βi|2) denote the number of northwest corners (resp. edges) in βi.

Definition 5.1.9. For β = {β1, . . . , βt} ∈ F ′(Dn), we let

wq(β) = (cn−1 + cn−2 − 1) +
t∑

j=0

r|βj|2

(
t∑

i=1

(−1)1i<j |βi|2

)

+
(
r|βj|1 − r2|βj|2

)( t∑
i=1

(−1)1i<j |βi|1

)
,

where 1i<j takes value 1 when i < j and 0 otherwise. We then set

uq(β) = wq(β)− (cn−1 + cn−2 − 1) + (cn−1 − r|β|1)(cn − r|β|2) .

Example 5.1.10. For the collection β ∈ F ′(D5) from Example 5.1.5, we have β0 = β3 = ∅,

β1 = {α4, α5}, and β2 = {v2}. We thus have wq(β) = 10.
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We prove that the quantum cluster variable Laurent coefficients can be expressed as a

sum over weighted collections of subpaths in F ′(Dn).

Theorem 5.1.11. Consider the quantum cluster algebra Aq(r, r) with quantum cluster vari-

ables Zi for i ∈ Z. For n ≥ 4, we have

Zn = Z
−cn−1

1 Z
−cn−2

2

∑
β∈F ′(Dn)

quq(β)Z
r|β|1
1 Z

r(cn−1−|β|2)
2

and

Z3−n = Z
−cn−1

2 Z
−cn−2

1

∑
β∈F ′(Dn)

quq(β)Z
r|β|1
2 Z

r(cn−1−|β|2)
1 .

5.2 Preliminaries

Let r ≥ 2 be fixed throughout this paper. Both the Lee–Schiffler and Lee–Li–Zelevinsky

expansion formulas involve sums over certain collections of edges in a maximal Dyck path.

Moreover, the width and height of these Dyck paths have certain recursive properties that

are used in the proofs of both formulas. We begin by setting up a framework for studying

these paths and describing their recursive behavior.

Recall the sequence cn defined recursively by Equation 5.1.2. While the indexing of

the sequence {cn}n≥1 is identical to the indexing in the work of Lee and Schiffler [57], the

indexing is shifted by one from that defined by Lin [61], i.e. it is equivalent to {cn−1}n≥1

in Lin’s work. It is straightforward to check that for n > 1, the quantities cn and cn+1 are

relatively prime, hence so are cn and cn+1 − cn. Thus, the only vertices of Dn and Cn that

lie on the main diagonal are the first and last.

Fix a, b ∈ N. Consider a rectangle with vertices (0, 0), (0, b), (a, 0), and (a, b) having a

designated diagonal from (0, 0) to (a, b).

Definition 5.2.1. A Dyck path is a lattice path in Z2 starting at (0, 0) and ending at a

lattice point (a, b) where a, b ≥ 0, proceeding by only unit north and east steps and never
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Figure 5.2: The maximal Dyck paths D6 (above) and C6 (below) are shown with some of
their vertex and edge labels for r = 3. Each northwest corner of D6 is labeled with both its
corresponding wi and vj label. Some edges of C6 are labeled; the νi’s refer to the vertical
edge left of the label, and the ηj’s refer to the horizontal edge below the label.

passing strictly above the diagonal. Given a Dyck path P , we denote the number of east

steps by |P |1 and the number of north steps by |P |2. The length of the Dyck path P is

the quantity |P |1 + |P |2. We denote the set of lattice points contained in the Dyck path P ,

ordered from left to right and including both endpoints, by V (P ) = {w0, w1, . . . , w|P |1+|P |2}.

The Dyck paths from (0, 0) to (a, b) form a partially ordered set by comparing the heights

at all vertices. The maximal Dyck path P(a, b), as defined in Definition 5.1.1, is the maximal

element under this partial order. We focus on the following two classes of maximal Dyck

paths, defined for n ≥ 3, Cn = P(cn−1, cn−2) and Dn = P(cn−1 − cn−2, cn−2).

Recall that a vertex of a maximal Dyck path P is a northwest corner if there are no

vertices directly north of (equivalently, to the east of) it. In Dn, these are precisely the

vertices labeled by vi for some 0 ≤ i ≤ cn−2.

When a and b are relatively prime, as is the case for Cn and Dn, we can associate to this

Dyck path the (lower) Christoffel word of slope b
a
on the alphabet {E,N}. This word can be

constructed by reading the edges of the maximal Dyck path from (0, 0) to (a, b), recording
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an E for each east step and an N for each north step. For further background on Christoffel

words, see [6].

Example 5.2.2. Let r = 3. The Christoffel words corresponding to the maximal Dyck paths

D6 and C6 depicted in Figure 5.2 are

E2NE2NENE2NE2NENE2NEN and E3NE3NE2NE3NE3NE2NE3NE2N ,

respectively.

Remark 5.2.3. The Christoffel word corresponding to Cn is obtained by applying the mor-

phism θ = {E 7→ E,N 7→ EN}, i.e. the map that replaces each instance of the letter N with

the string EN , to the Christoffel word corresponding to Dn. This follows directly from, for

example, [6, Lemma 2.2].

Observation 5.2.4. It is straightforward to calculate that

V (C3) = {(0, 0), (1, 0)} and V (C4) = {(0, 0), (1, 0), . . . , (r, 0), (r, 1)}

As we shall see, both of these families of Dyck paths have a recursive structure. The

following lemma is a special case of a result of Rupel.

Lemma 5.2.5 ([78, Lemma 3]). For all n ≥ 4, the maximal Dyck path Dn consists of r − 1

copies of Dn−1 followed by a copy of Dn−1 with a prefix Dn−2 removed. In particular, Dn−1

(resp. Cn−1) is a subpath of Dn (resp. Cn).

This allows us to define the limit of these paths, which can be realized by taking a union

of finite subpaths.

Definition 5.2.6. Let C (resp. D) be the infinite path on Z2 formed by the union
⋃

n≥3 Cn

(resp.
⋃

n≥3Dn). We identify the paths Cn and Dn with the prefix of the same length of C

and D, respectively. Thus, the vertices of D are labeled by wi and the northwest corners
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by vj, as described after Definition 5.1.1 in Section 5.1. Similarly, horizontal edges of C are

labeled by ηi and the vertical edges are labeled by νj.

5.3 Simplification of the Colored Dyck Subpaths Con-

ditions

5.3.1 Lee–Schiffler Expansion Formula

We first recall the original expansion formula given by Lee and Schiffler [57] for rank-two

skew-symmetric cluster variables. This requires us to set up the language of colored subpaths

in a Dyck path via Lee and Schiffler’s conventions, which differs from that in Section 5.1.

We then describe the map between certain non-overlapping collections of colored subpaths,

namely from F(Dn) as defined by Lee–Schiffler to the set F ′(Dn) which we defined after

Definition 5.1.3 in Section 5.1.

Let s denote the slope of the main diagonal of Dn, so s =
cn−2

cn−1−cn−2
.

Definition 5.3.1 ([57], cf. Definition 5.1.3). For any 0 ≤ i < k ≤ cn−2, let α(i, k) be the

subpath of Dn defined as follows:

(1) If s(vi, vt) ≤ s for all t such that i < t ≤ k, then α(i, k) is defined to be the subpath

from vi to vk; each such subpath is called blue.

(2) If s(vi, vt) > s for some i < t ≤ k, then

(2-a) if the smallest such t is of the form i + cm − wcm−1 for some 3 ≤ m ≤ n − 2 and

1 ≤ w ≤ r − 2, then α(i, k) is defined to be the subpath from vi to vk; each such

subpath is called (m,w)-green.

(2-b) otherwise, α(i, k) is set to be the subpath from the vertex immediately below vi to

vk; each such subpath is called red.
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Each such pair i, k corresponds to precisely one subpath of Dn. Denote the single edges

of Dn be by α1, . . . , αcn−1 proceeding from southwest to northeast, and let

P(Dn) = {α(i, k) : 0 ≤ i < k ≤ cn−2} ∪ {α1, . . . , αcn−1} .

The formula involves sums over collections of subsets of P(Dn) satisfying certain non-

overlapping requirements. In particular, Lee and Schiffler set

F(Dn) = {{β1, . . . , βt} : t ≥ 0, βj ∈ P(Dn) for all 1 ≤ j ≤ t,

if j ̸= j′ then βj and βj′ have no common edge,

if βj = α(i, k) and βj′ = α(i′, k′) then i ̸= k′ and i′ ̸= k,

and if βj is (m,w)-green then at least one of the

(cm−1 − wcm−2) edges preceding vi is contained

in some βj′} .

For any collection of subpaths β, we associate two non-negative integers |β|1 and |β|2.

The first quantity |β|1 is defined to be 0 on single edges and k − i on α(i, k), then extended

additively on unions of these subpaths. The second quantity |β|2 is the total number of

edges αi covered by the subpaths in β. We can now state the original formulation of Lee

and Schiffler’s expansion result.

Theorem 5.3.2 ([57, Theorem 9]). For n ≥ 3, we have

Xn = X
−cn−1

1 X
−cn−2

2

∑
β∈F(Dn)

X
r|β|1
1 X

r(cn−1−|β|2)
2

and

X3−n = X
−cn−1

2 X
−cn−2

1

∑
β∈F(Dn)

X
r|β|1
2 x

r(cn−1−|β|2)
1 .

In order to show that our expansion formula Corollary 5.1.4 is equivalent to Theo-
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Figure 5.3: The top image depicts a collection of colored Dyck subpaths in F(D6), consisting
of the blue path α(0, 1), the single edge α4, the red path α(2, 5), the single edge α16, and
the (3, 1)-green path α(6, 8). By applying the map χ to the top collection, we obtain the
collection of colored Dyck subpaths in F ′(D6) depicted in the bottom image. This collection
consists of the blue path γ(0, 1), the single edges α4 and α6, the (3, 2)-brown path γ(2, 5),
the single edge α16, and the (4, 2)-brown path γ(6, 8).

rem 5.3.2, we define the map χ which connects the colored subpaths in both settings.

Definition 5.3.3. We define a map χ : F(Dn)→ F ′(Dn) that modifies the colored subpaths

of β ∈ F(Dn) via the following rules:

• each red subpath is split into two subpaths: its leftmost edge (viewed as a single edge)

and the remainder of the path, which is a (3, r − 1)-brown subpath;

• each (m,w)-green subpath changes color to become an (m,w)-brown subpath if w > 1

or an (m+ 1, r − 1)-subpath if w = 1;

• the blue subpaths and single edges remain unchanged.

Note that the set of edges covered by β is preserved under χ. Lemma 5.3.18 establishes

that χ is well-defined and is in fact a weight-preserving bijection with respect to |β|1 and

|β|2. The statement and proof of Lemma 5.3.18 appear in Subsection 5.3.3.
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5.3.2 Vertices and Slopes in Dn

We now prove several results relating to the position of vertices in Dn and the slopes of the

line segments between northwest corners of Dn. To help illuminate the recursive structure

of the infinite path D, which contains each Dn as a prefix, we define a map taking vertices

to northwest corners in D.

Definition 5.3.4. Let µ : V (D)→ V (D) be the map sending wi, the i
th vertex of D, to vi,

the ith northwest corner of D.

The following result describes the behavior of µ in terms of coordinates.

Lemma 5.3.5. If wi ∈ V (D) has coordinates (x, y), then we have

µ(wi) = ((r − 1)x+ (r − 2)y, x+ y) .

Proof. Fix n large enough such that (x, y) ∈ V (Dn). For each (x, y) ∈ V (Dn), the claim is

equivalent to showing that the following inequalities hold:

x+ y

(r − 1)x+ (r − 2)y
≤ cn−1
cn − cn−1

<
x+ y + 1

(r − 1)x+ (r − 2)y
.

In order to prove the first inequality, we first note that

cn−2
cn−1 − cn−2

≥ y

x
,

which holds since (x, y) ∈ V (Dn). Cross multiplying and adding ycn−2 to both sides yields

cn−2
cn−1

≥ y

x+ y
.
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Hence we have

cn−1
cn − cn−1

=
cn−1

(r − 1)cn−1 − cn−2

=
1

(r − 1)− cn−2

cn−1

≥ 1

(r − 1)− y
x+y

=
x+ y

(r − 1)x+ (r − 2)y
,

as desired.

We can prove the second inequality similarly. Since we have cn−2

cn−1−cn−2
< y+1

x
, then cross

multiplying and adding (y + 1)cn−2 to both sides yields

cn−2
cn−1

<
y + 1

x+ y + 1
.

Thus, we can conclude

cn−1
cn − cn−1

=
1

(r − 1)− cn−2

cn−1

<
1

(r − 1)− y+1
x+y+1

≤ x+ y + 1

(r − 1)x+ (r − 2)y
.

We now study the slopes of the line segments between northwest corners of D, as these

play a central role in the definition of colored Dyck subpaths in both our setting and the

Lee–Schiffler setting. We will utilize several classical results concerning maximal Dyck paths

and Christoffel words, which can be found, for example, in [6].

Definition 5.3.6. For n ≥ 3, we define the function πn : {0, 1, . . . , cn−1} → Z by

πn(i) := xcn−2 − (i− x)(cn−1 − cn−2) where wi = (x, i− x) ∈ Dn .

Remark 5.3.7. Note that we have πn(0) = πn(cn−1) = 0. It is a standard result from

the theory of Christoffel words (see, for example, [6, Lemma 1.3]) that the sequence πn(1),
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πn(2), . . . , πn(cn−1) is a permutation of the elements {0, 1, . . . , cn−1 − 1}, and this is order-

isomorphic to the sequence of distances from each vertex to the line segment between w0

and wcn−1 . Thus, s(wi, wj) ≥ s = s(w0, wcn−1) in Dn if and only if πn(j) ≤ πn(i).

Example 5.3.8. For r = 3, the values π6(0), π6(1), . . . , π6(21) are given by the following

sequence:

0, 8, 16, 3, 11, 19, 6, 14, 1, 9, 17, 4, 12, 20, 7, 15, 2, 10, 18, 5, 13, 0 .

We now prove some relations between the sequences {πn(i)}cn−1

i=0 and {πn−1(i)}cn−2

i=0 .

Lemma 5.3.9. For any vertex with coordinates (x, y) in Dn−1 where n ≥ 4, we have

πn(rx+ (r − 1)y) = πn−1(x+ y) .

Proof. By Lemma 5.2.5 and Lemma 5.3.5, both (x, y) and µ(wx+y) = ((r−1)x+(r−2)y, x+y)

are vertices of Dn. Hence, we can expand the right-hand side using Definition 5.3.6 and apply

the relation cn = rcn−1 − cn−2 to obtain

πn(rx+ (r − 1)y) = ((r − 1)x+ (r − 2)y)cn−2 − (x+ y)(cn−1 − cn−2)

= ((r − 1)x+ (r − 2)y)cn−2 − (x+ y)((r − 1)cn−2 − cn−3)

= −ycn−2 + (x+ y)cn−3

= xcn−3 − y(cn−2 − cn−3) .

Comparing with Definition 5.3.6, we see that the final quantity is precisely πn−1(x + y), as

desired.

Lemma 5.3.10. For n ≥ 3, the set {(x, y) ∈ V (Dn) : πn(x+ y) ∈ {0, . . . , cn−2 − 1}} is pre-

cisely the set of northwest corners of Dn.

Proof. We proceed inductively on n. The base case n = 3 is straightforward to check.

Remark 5.3.7 implies that π−1n (0) = {v0, vcn−1} and that πn(i) takes each value among
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{1, 2, . . . , cn−1 − 1} exactly once for i ∈ {2, 3, . . . , cn−1}. For each vertex (x, y) ∈ Dn−1,

we can evaluate

πn(rx+ (r − 1)y) = πn−1(x+ y) ∈ {0, 1, 2, . . . , cn−2 − 1} .

Moreover, the unique vertex (x′, y′) ∈ Dn such that x′+ y′ = rx+ (r− 1)y is µ(wx+y). Since

the image of µ applied to the set V (Dn−1) is the set of northwest corners of Dn, the desired

set equality holds.

Example 5.3.11. We can see the statement of Lemma 5.3.10 illustrated in comparing the

path D6 at the top of Figure 5.2 and Example 5.3.8. The northwest corners of D6 are the

vertices w0, w2, w3, w6, w8, w11, w14, w16, w19, and w21. The subscripts of these northwest

corner are precisely the inputs i ∈ {0, 1, . . . , 21} such that 0 ≤ π6(i) ≤ 7 = c4− 1, as seen in

Example 5.3.8.

Corollary 5.3.12. Applying the morphism λ = {E 7→ Er−1N,N 7→ Er−2N} to the Christof-

fel word for Dn yields the Christoffel word for Dn+1.

Applying the morphism θ ◦ λ ◦ θ−1 to the Christoffel word for Cn yields the Christoffel

word for Cn+1, where θ is the morphism {E 7→ E,N 7→ EN}.

Proof. Let wi denote the Christoffel word for Di. Applying the map µ to V (Dn) takes a

vertex (x, y) to ((r − 1)x+ (r − 2)y, x+ y). Hence, by Lemma 5.3.10, the index j of the kth

vertical edge αj in Dn+1, i.e. the positions of y’s in wn+1, is equal to

r|{αn
i : i < j, αn

i is horizontal}|+ (r − 1)|{αn
i : i < j, αn

i is vertical}|+ 1 .

This is precisely the position of y’s in the word λ(wn), hence we can conclude that λ(wn) =

wn+1. The second statement follows from Remark 5.2.3.

Finally, we can determine the rest of the values of πn from its values on the northwest

corners.
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Observation 5.3.13. Suppose that (i, j) ∈ Dn is not a northwest corner. Let (i′, j) be the

corner vertex immediately preceding (i, j). Then it follows from the definition of πn that

πn(i+ j) = πn(i
′ + j) + (i− i′)cn−2 .

5.3.3 Proof of the Simplification

We now show that the map χ (see Definition 5.3.3) is well-defined and weight-preserving with

respect to |β|1 and |β|2. This shows that our definition of F ′(Dn) is, in a sense, equivalent

to that of Lee–Schiffler.

Observation 5.3.14. Lemma 5.3.9 states that the values of πn on the northwest corners

of Dn lie in the set {0, 1, . . . , cn−2 − 1}. Since πn is injective on the interior of Dn, this

implies that the values of πn of the vertices which are not northwest corners constitute the

set {cn−2, cn−2 + 1, . . . , cn−1 − 1}.

The colors of paths in Lee and Schiffler’s setting depend on the number of northwest

corners that one needs to traverse from the starting endpoint of the path until the slope

to the northwest corner was at least the slope of the diagonal. We also consider the slopes

between vertices on Dn that are not necessarily northwest corners, which will help us to

derive results about the northwest corners. We in turn use this to determine which vertex

wd(i) to the east of a given vertex wi is the first such that the slope between wi and wd(i) is

at least that of the diagonal.

Definition 5.3.15. For 0 ≤ i < cn−1, we define

d(i) = min ({j ∈ {i+ 1, i+ 2, . . . , cn−1} : s(wi, wj) ≥ s)})

= min ({j ∈ {i+ 1, i+ 2, . . . , cn−1} : πn(j) ≤ πn(i)}) .

Note that d(i) is well-defined since s(wi, wcn−1) ≥ s for all 0 ≤ i < cn−1, and the fact that
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the two expressions are equivalent follows directly from Remark 5.3.7. We now show some

properties of how the functions d and µ interact.

Corollary 5.3.16. Suppose wi is a northwest corner of Dn for n ≥ 4. Let wi = µ (wi′) for

some wi′ ∈ Dn−1, and let (x, y) = wd(i′) in Dn−1 with d(i′) − i′ = mcn−2 − wcn−3. Then we

have wd(i) = ((r − 1)x+ (r − 2)y, x+ y), and d(i)− i = mcn−1 − wcn−2.

If wi is not a northwest corner, then wd(i) is the northwest corner immediately following

wi. In particular, d(i)− i ≤ r − 1.

Proof. By Observation 5.3.13, the function πn(i) increases when the step preceding wi is

an east step. Since d(i) > i is chosen minimally such that πn(d(i)) ≤ πn(i), we must have

that wd(i) is preceded by a north step, i.e. wd(i) is a northwest corner. Lemma 5.3.10 implies

that wd(i) must then be the image of wd(i′) under the correspondence between vertices of

Dn−1 and northwest corners of Dn. It is straightforward to check that the distances follow

the formula described under this correspondence. The second claim follows directly from

Observation 5.3.14.

From this, we can determine that the values d(i)− i are of a particular form.

Lemma 5.3.17. For all positive integers i, we have d(i) − i = cm − wcm−1 for a unique

choice of 2 ≤ w ≤ r − 1 and 3 ≤ m ≤ n− 2.

Proof. We prove this via induction on n. The base case n = 3 is straightforward to check.

Suppose the statement holds on Cn−1. Whenever wi is not a northwest corner of Cn, then

we have d(i) − i < r by Corollary 5.3.16, so d(i) − i = c3 − wc2 for some 2 ≤ w ≤ r − 1 or

d(i) = r − 1 = c4 − (r − 1)c3. Otherwise, if wi is a northwest corner of Cn, then wi = µ(wi′)

for some wi′ ∈ Cn−1. By assumption, d(i′)− i′ = cm − wcm−1 for some appropriate choice of

m,w. Applying Corollary 5.3.16, we can conclude that d(i)− i = cm+1 − wcm.

The fact that this representation is unique follows immediately from the fact that, for all

m ≥ 2, we have cm − (r − 1)cm−1 > cm−1 − 2cm−2.
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We are now ready to establish that the value t(i)− i, as given in Lemma 5.1.2, can also

be represented as cm − wcm−1 for an appropriate choice of m,w.

Proof of Lemma 5.1.2. We prove this via induction on n, with the straightforward base case

n = 3. Fix a northwest corner vi = wj ∈ Cn, and let t(i) be the minimum positive integer

such that s(vi, vt(i)) ≥ s. Since vi is a northwest corner, we have vi = µ(wi′) for some

wi′ ∈ Cn−1. Applying Lemma 5.3.17, we have that d(i′)− i′ = cm−wcm−1 for a unique choice

of 2 ≤ w ≤ r − 1 and 3 ≤ m ≤ n − 2. By Remark 5.3.7, we have that t(i) − i = d(i′) − i′.

Thus, t(i)− i is of the desired form.

The following lemma establishes that χ preserves weights.

Lemma 5.3.18. For all n ≥ 3, we have β ∈ F(Dn) if and only if χ(β) ∈ F ′(Dn). Moreover,

we have |β|i = |χ(β)|i for i = 1, 2.

Proof of Lemma 5.3.18. Fix β ∈ F(Dn). Suppose α(i, k) ∈ β. By Lemma 5.1.2, either we

have that α(i, k) is (m,w)-green, or we have that t(i)− i = 1. In this case, condition (2∗) of

Definition 5.1.3 enforces that the edge immediately preceding α(i, k) is contained in βj. By

the non-overlapping condition for membership in F(Dn), we have βj ̸= α(i′, k′) for any i′, k′.

Thus, βj = α′i for some i′. In particular, it does not contribute to |β|1 and contributes 1 to

|β|2, which is the same as if we had considered α(i, k) to contain this preceding edge.

We can now combine the results about the map χ in order to prove the expansion formula

in our setting.

Proof of Corollary 5.1.4. This modified expansion formula follows directly from Lemma 5.1.2

and the expansion formula (Theorem 5.3.2) given by Lee and Schiffler [57].

We now furthermore discuss a generalization of Corollary 5.1.4 to the setting of the

framed r-Kronecker cluster algebra with principal coefficients. While there is a more general

theory of cluster algebras with coefficients (see, for example, [33]), we will give a brief explicit
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description of this cluster algebra here. For a positive integer r, initial cluster variablesX1, X2

and coefficient variables Y1, Y2, we consider the sequence {X̃n}n∈Z and {Ỹn}n∈Z defined by

Ỹn+1 =
Ỹ r
n

Ỹn−1
, where Ỹ1 = Y1 and Ỹ2 = Y r

1 Y2,

X̃n+1 =
X̃r

n + Ỹn−1

X̃n−1
, where X̃1 = X1 and X̃2 = X2 .

The use of tildes is to distinguish the settings with and without coefficients. Let P be the

tropical semifield Trop[Y1, Y2]. The framed r-Kronecker cluster algebra Ã(r, r) with principal

coefficients is the ZP[X̃1, X̃2] algebra generated by the cluster variables {X̃n}n∈Z. Note that

when we specialize to the case Y1 = Y2 = 1, we recover the classical r-Kronecker cluster

algebra.

Corollary 5.3.19. Consider the framed r-Kronecker cluster algebra Ã(r, r) with principal

coefficients, having initial cluster variables X1, X2 and coefficient variables Y1, Y2. For n ≥ 4,

the cluster variable X̃n is given by

X̃n = X
−cn−1

1 X
−cn−2

2

∑
β∈F ′(Dn)

X
r|β|1
1 X

r(cn−1−|β|2)
2 Y

|β|2
1 Y

|β|1
2

and

X3−n = X
−cn−1

2 X
−cn−2

1

∑
β∈F ′(Dn)

X
r|β|1
2 X

r(cn−1−|β|2)
1 Y

−|β|2
2 Y

−|β|1
1 .

Proof. Setting deg(Xi) = ei and deg(Yi) = (−1)i+1re3−i, it is known that the cluster variable

X̃n is a homogeneous Laurent polynomial by [33, Proposition 6.1]. Moreover, this degree is

readily calculated from the recurrence relations on g-vectors to be −cn−1e1 + cne2 for n ≥ 2

and c−n+3e1− c−n+2e2 for n < 2 (see, for example, [61, Subsection 4.1]). This determines the

powers of Y1 and Y2 that must appear in each monomial term, yielding the above expansion

formula directly from Corollary 5.1.4.
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5.4 Bijection between Compatible Pairs and Colored

Subpaths of Dyck Paths

In this section, we prove a conjecture of Feiyang Lin that the map Φ, constructed by Lin

and described in Definition 5.1.6, is a bijection between the collections of colored subpaths

introduced by Lee–Schiffler [57] and the compatible pairs introduced by Lee–Li–Zelevinsky

[55]. This shows the correspondence between the objects summed over by each set of authors

in their expansion formulas for rank-2 cluster algebras. Specifically, we show that Lin’s map

is a bijection between collections β of colored Dyck subpaths in F ′(Dn) with a fixed |β|1 and

|β|2 and compatible pairs on Cn consisting of |β|1 vertical edges and (cn−1 − |β|2) horizontal

edges.

5.4.1 Compatible Pairs and Lin’s Map

The rank-2 cluster expansion formula given by Lee–Li–Zelevinsky [55] sums over certain

subsets of edges of a maximal Dyck path, known as compatible pairs, which we discuss here.

We will mainly work over Cn, though sometimes we work in more generality. Let S1 be a

subset of the vertical edges of a maximal Dyck path P(a, b), and let S2 be a subset of the

horizontal edges of P(a, b).

In order to study compatible pairs, Li, Lee, and Zelevinsky [55] introduced the notion of

the “shadow” of a set of edges. While they only defined shadows of subsets of vertical edges,

we extend this notion to subsets of horizontal edges as well. These notions will be used

throughout our construction of the bijection between collections of colored Dyck subpaths

and compatible pairs.

Definition 5.4.1. For a vertical edge ν ∈ S2 with upper endpoint w, we define its local

vertical shadow, denoted sh(ν;S2), to be the set of horizontal edges in the shortest subpath

−→
tw of P(a, b) such that |tw|1 = r|−→tw ∩ S2|2. Analogously, for a horizontal edge η ∈ S1 with

left endpoint u, we define its local horizontal shadow, denoted sh(η, S2), to be the set of
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vertical edges in the shortest subpath
−→
ut of P(a, b) such that |ut|2 = r|−→ut ∩ S1|1. If there is

no such subpath
−→
tw or

−→
ut, respectively, then we define the local vertical (resp. horizontal)

shadow to be the entire set of horizontal (resp. vertical) edges in P(a, b).

For S ⊆ Si where i ∈ {1, 2}, let sh(S;Si) =
⋃
α∈S

sh(α;Si), and write sh(Si) := sh(Si;Si).

Observation 5.4.2. It is a straightforward consequence of Definition 5.4.1 that for S ⊆ S1,

we have | sh(S)| = min(b, r|S|). Similarly, for S ⊆ S2, we have | sh(S)| = min(a, r|S|)

The expansion formula for cluster variables given by Lee, Li, and Zelevinsky has mono-

mials corresponding to compatible pairs on Cn. Their expansion formula works in the more

general setting of elements of the greedy basis, which contains the cluster variables. For

further details on the greedy basis, see [55]. We present their formula in the special case of

cluster variables.

Theorem 5.4.3. [55, Theorem 1.11] For each n ≥ 1, the cluster variable Xn in A(r, r) is

given by

Xn = x
−cn−1

1 x
−cn−2

2

∑
(S1,S2)

x
r|S2|
1 x

r|S1|
2 ,

where the sum is over all compatible pairs (S1, S2) in Cn.

Lin’s map from collections of colored Dyck subpaths in Dn to compatible pairs in Cn is

described in Definition 5.1.6. An example is shown in Figure 5.4. Lin conjectured that the

map Φ is a bijection between the desired sets [61, Conjecture 3], which essentially involves

showing that Φ(β) is indeed a compatible pair for every β ∈ F ′(Dn). We verify this claim

in the next subsection. Lin made partial progress toward this conjecture by showing that it

was sufficient to consider only compatible pairs satisfying a certain irreducibility condition

[61, Proposition 4.8.4, Conjecture 4]. We proceed by a different approach than Lin, so our

methods do not rely on this simplification.

In order to show the correspondence between the Lee–Schiffler and Lee–Li–Zelevinsky

expansion formulas, one needs to show not only bijectivity between the sets summed over, but
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Figure 5.4: The top image depicts a collection of colored Dyck subpaths in F ′(D6), identical
to that at the bottom of Figure 5.3. The bottom image depicts the corresponding compatible
pair (S1, S2) in C6, obtained by applying the map Φ to the collection of colored Dyck subpaths.
The edges that are contained in either S1 or S2 are depicted by bold edges in the lower image.
In particular, we have S1 = {η5, η15} and S2 = {ν1, ν3, ν4, ν5, ν7, ν8}. Thus wt((S1, S2)) =
X18

1 X
6
2 .

also that the resulting monomials correspond. Lin defined a weight function for collections

of colored subpaths and for compatible pairs that keeps track of the exponents associated to

these monomials.

Definition 5.4.4. We define the weight of a compatible pair (S1, S2) by

wt((S1, S2)) = X
r|S2|
1 X

r|S1|
2

and the weight of a collection of colored subpaths β ∈ F ′(Dn) by

wtn(β) = X
r|β|1
1 X

r(cn−2−|β|2)
2 .

Lin showed that Φ is a weight-preserving map from a superset of F(Dn) to F(Cn), and

conjectured that it restricted to a bijection between F(Dn) and F(Cn). We prove this in the

next subsection. We convert Lin’s map into the setting of F ′(Dn) instead of F(Dn) in order

to make easier reference to the results of the previous section, though it is straightforward
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to show the equivalence between these two settings.

5.4.2 Proof of Bijectivity

We now proceed to show that Lin’s map Φ indeed takes every collection of colored subpaths

in F ′(Dn) to a unique compatible pair on Cn. It then follows from the work of Lee–Schiffler

[57] and Lee–Li–Zelevinsky [55] that Φ is a bijection. For 2 ≤ w ≤ r − 1 and m ≥ 3, we

define am,w to be the quantity cm−wcm−1. We can use the quantities am,w to define the size

of images of atomic colored paths under Φ, as well as their shadows.

Observation 5.4.5. It is readily deduced from the recursive definition of the sequence cn

that for w,m ≥ 1, we have ram,w = am+1,w + am−1,w.

In order to establish that the conditions for compatibility correspond to the conditions

for membership in F ′(Dn) via Φ, we first show that this is true for certain simple colored

subpaths.

Definition 5.4.6. We call a subpath of Dn atomic if it consists of a single edge, is blue, or

is an (m,w)-brown path of the form γ(i, i+ am,w).

Lemma 5.4.7. Any subpath of Dn of the form γ(i, k) can be written uniquely as a union of

atomic components meeting only at vertices such that

(i) every component except the last is (m,w)-brown for some choice of m and w, and

(ii) the last component is either blue or (m,w)-brown.

Proof. If γ(i, k) is blue, then we are done. Otherwise, γ(i, k) is (m,w)-brown for some

appropriate choice of m and w. In this case, we split the path into the atomic (m,w)-brown

path γ(i, i + am,w) and the path γ(i + am,w, k). We can then repeat this process on the

remaining portion γ(i+ am,w, k) until the path is decomposed as desired.
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Figure 5.5: The figure depicts the decomposition of the collection β of subpaths from Fig-
ure 5.4 into its atomic components. The difference between this atomic decomposition and
the original collection β is that the (3, 2)-brown path γ(2, 5) has been decomposed into the
(3, 2)-brown path γ(2, 3) and the blue path γ(3, 5), which meet at the vertex v3. Since these
subpaths meet at a vertex, this collection of subpaths is not in F ′(Dn).

Note that when we decompose a path into its atomic components, adjacent components

will necessarily overlap at a vertex. Thus, after this decomposition, the set of paths may no

longer be non-overlapping, and hence not in F ′(Dn). An example is shown in Figure 5.5.

We now study the structure of the (m,w)-brown paths as Christoffel words. Recall the

morphism λ = {E 7→ Er−1N,N 7→ Er−2N}.

Lemma 5.4.8. The Christoffel word for an atomic (m,w)-brown path is given by

λ(m−2)(Er−w−1N), where λ0 is the identity map, which has length am+1,w.

Proof. Let γ(i, k) be an atomic (m,w)-brown path, and let ρ denote the corresponding

Christoffel word. Fix i′, k′ ∈ Z such that vi = µ(wi′) and vk = µ(wk′).

First note that if wi′ is not a northwest corner, then by Observation 5.3.14 we have

k′ − i′ ≤ r. Thus, we have m = 3 and ρ = λ(Er−w−1N) where r−w− 1 = k′ − i′ − 1, which

is of the desired form.

Now suppose that wi′ = vi′′ is a northwest corner. We automatically have that wk′ = vk′′

is a northwest corner from Observation 5.3.14. We aim to show that γ(i′′, k′′) is an (m−1, w)-

brown path. Thus, the statement would follow from induction, since the Christoffel word

corresponding to γ(i, k) is given by applying λ to the word corresponding to γ(i′′, k′′).

In order to show that γ(i′′, k′′) is an (m − 1, w)-brown path, we study the slopes from

s(wi′ , wi′+j) for 1 ≤ j ≤ k′− i′ = k− i. It readily follows from the recurrence for the sequence
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cn and the formula for µ given in Lemma 5.3.5 that

s(wi′ , wi′+j)− s(v0, vcn) = s(µ(wi′), µ(wi′+j))− s(v0, vcn+1) = s(vi, vi+j)− s(v0, vcn+1) .

Since s(vi, vi+j) − s(v0, vcn+1) < 0 for 1 ≤ j ≤ k − i and s(vi, vk) ≥ s(v0, vcn+1), the same

holds for s(wi′ , wi′+j)− s(v0, vcn). That is, the slope from wi′ to any vertex on γ(i′′, k′′) does

not exceed that of the diagonal, except the slope from wi′ to wk′ .

We now just need to determine k′′ − i′′, or equivalently, the number of vertical edges in

γ(i′′, k′′). Since γ(i, k) as aw,m vertical edges, then we know γ(i′′, k′′) has aw,m total edges.

Since the aw,m uniquely determine w,m, we can conclude from the inductive hypothesis that

γ(i′′, k′′) is (m− 1, w)-brown. Moreover, by Observation 5.4.5, we have

(r − 1)aw−1,m + r(aw,m − aw−1,m) = aw+1,m ,

so we can conclude that γ(i, k) has length aw+1,m.

We are interested in the portion of the path spanned by the vertical shadow of the image

of an (m,w)-brown path. We determine the structure of this portion of the path with the

following result.

Corollary 5.4.9. The am−1,w edges preceding an (m,w)-brown path form an (m − 2, w)-

brown path or, when am−1,w < r, a path corresponding to the Christoffel word Eam−1,w−1N .

Proof. By definition, the edge preceding an (m,w)-brown path is vertical, so the latter

statement follows immediately.

We prove the first claim via induction on m. For m ≤ 5, we note that am−1,w ≤ r − 1,

and hence the preceding path is of the form Eam−1,w−1N . Let ρ denote the Christoffel word

formed by the am−2,w edges preceding an (m− 1, w)-brown path. Then, by Lemma 5.4.8, we

can obtain the word corresponding to the am−1,w edges preceding an (m,w)-brown path by

applying λ to ρ. By the inductive hypothesis and Lemma 5.4.8, we can conclude that λ(ρ)
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is an (m− 2, w)-brown path.

Corollary 5.4.10. Let γ(i, k) be an (m,w)-brown path in Dn and let (S1, S2) = Φ ({γ(i, k)}).

Then the shadow of S2 has length am+1,w + am−1,w.

Proof. By Lemma 5.4.8, it follows that S2 consists of am,w consecutive vertical edges. Thus,

by Observation 5.4.2, the shadow will contain min(ram,w, cn−1) horizontal edges. Applying

Observation 5.4.5, we see that ram,w = am+1,w + am−1,w. We then have by the bounds on w

and m that

ram,w = am+1,w + am−1,w ≤ (cm+1 − 2cm) + cm−1 ≤ cm+1 ≤ cn−1 .

So we can conclude the length of the shadow is am+1,w + am−1,w.

We can now establish that the image under Φ of an atomic (m,w)-brown path is a

compatible pair in Cn. As we will later see, this encodes most of the complexity of the

compatibility conditions on Cn.

Lemma 5.4.11. Let γ(i, k) be an atomic (m,w)-brown path in Dn and γj be one of the

am−1,w edges preceding vi. Then Φ({γ(i, k), γj}) is a compatible pair.

Proof. Let S2 = Φ2({γ(i, k)}). Let ρ′ denote the path formed by the am−1,w edges preceding

vi, and let ρ = σ(ρ′). It follows from Corollary 5.4.10 and Corollary 5.4.9 the shadow of Φ2

spans a path of type ρλ2(ρ).

Let υ be the path composed of am,w north steps and am−1,w west steps starting from the

vertex immediately below Φ(vi), defined as follows: for i ≥ 2, the i-th north step of υ is

(i−1)r units to the west of the (i−1)-st edge in S2. By definition, υ forms the eastern border

of the shadow of each edge of S2 except the last. Moreover, the position of west steps in υ

is determined by the occurrence of subwords Er−1N and ErN in λ2(ρ). From the definition

of λ, it follows that Christoffel word corresponding to the 90 degree clockwise rotation of υ

is precisely λ−1(λ2(ρ)) = λ(ρ).
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Figure 5.6: The yellow path from a1 to a3 and the black path from a3 to a5 constitute a
portion of D. The thick black edges depict those that are contained in Φ2(γ), where γ is a
(6, 2)-brown path. The shadow of Φ2(γ) contains all horizontal edges in the black and yellow
paths. The purple path from a2 to a4 shows the left endpoint of the shadow of the thick
vertical edges to its right. Note that the yellow and purple paths overlap in one edge.

We are now interested in the vertical distance from each horizontal edge ηi of ρ to that

of λ(ρ). This determines the maximum number M of horizontal edges to the right of and

including ηi that can be included in S1 while satisfying the compatibility conditions. Namely,

this distance is the maximum height of the shadow at ηi, i.e. rM . Using the same inductive

techniques as in Lemma 5.4.8, it is readily seen from the base case ρ = EwN that this

distance is r(am−1,w − i+1) when i > 1. Hence, it is possible that any combination of these

edges is contained in S1. When i = 1, the distance is ram−1,w − 1. Since this is less than

ram−1,w but greater than r(am−1,w − 1), it is not possible that all edges of ρ are contained

in S1, but it is possible that all but one are. That is, the pair (S1, S2) is compatible if and

only if at least one edge of ρ is not contained in S1.

Example 5.4.12. Figure 5.6 illustrates the construction in the proof of Lemma 5.4.11.

Observe that the purple path is a 90 degree counterclockwise rotation of a Dyck path. Letting

ρ = E2NEN denote the Christoffel word for the yellow path, observe that the Christoffel

word corresponding to the (90-degree clockwise rotation of the) purple path is given by λ(ρ).
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Moreover, the Christoffel word corresponding to the black path is given by λ2(ρ). The vertical

distance between the purple and yellow paths is precisely the maximum height of the shadow

at each horizontal yellow edge such that the compatibility conditions are satisfied.

Lemma 5.4.13. Let β consist of a single atomic path and, if β is (m,w)-brown, one of the

am−1,w edges preceding this path. Then Φ(β) is a compatible pair.

Proof. We break into three cases based on the form of β. If β consists of a single edge,

then Φ(β) has no vertical edges and hence is compatible. If β is (m,w)-brown, then this is

precisely the result of Lemma 5.4.11.

Thus, the only remaining case is when γ(i, k) is blue. Then it is the prefix of an atomic

(m,w)-brown path, obtained by extending γ(i, k) until its slope exceeds that of the diagonal.

Let γ(i, k′) denote this atomic (m,w)-brown path, and let β′ = {γ(i, k′), ηj} where ηj is the

(am−1)-th edge preceding vi. In the previous case, we have shown that Φ(β′) is compatible.

Note now that Φ2(β) ⊆ Φ2(β
′) and sh(Φ2(β)) ⊆ Φ1(β

′). Therefore, the compatibility of Φ(β)

follows directly from the compatibility of Φ(β′).

Now that we have handled the case of atomic paths, we show that we can determine the

compatibility of the image of many colored subpaths paths by restricting to the compatibility

conditions on each of its atomic components.

Definition 5.4.14. Given a pair (S1, S2) on P(a1, a2), and let (S ′1, S
′
2) be a pair on P(a′1, a′2).

We define the insertion of (S ′1, S
′
2) into (S1, S2) at position (j1, j2) to be the pair (S ′′1 , S

′′
2 ) on

P(a1 + a′1, a2 + a′2) determined as follows:

ei ∈ S ′′k ⇐⇒


ei ∈ Sk and 1 ≤ i ≤ jk , or

ei−jk ∈ S ′k and jk < i ≤ jk + a′k , or

ei−a′k ∈ Sk and jk + a′k < i ≤ ak + a′k ,

for k ∈ {1, 2} and (j1, j2) ∈ V (P(a1, b1)). Here, each ei refers to the ith horizontal or ith
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vertical edge of the corresponding path, where the orientation of the edge is determined by

the context.

Definition 5.4.15. We say that a compatible pair (S1, S2) on P(a1, a2) has non-spanning

shadows if

|xwa+b|2 ≥ r|xwa+b ∩ S1| and |w0x|1 ≥ r|w0x ∩ S2|

for all choices of vertices x in P(a1, a2).

Lemma 5.4.16. Let (S1, S2) and (S ′1, S
′
2) be compatible pairs on the paths P(a1, a2) and

P(a′1, a′2), respectively, where (S ′1, S
′
2) has non-spanning shadows. Then for any (j1, j2) ∈

V (P(a1, a2)), the insertion (S ′′1 , S
′′
2 ) of (S

′
1, S

′
2) into (S1, S2) at position (j1, j2) is a compatible

pair on P(a1 + a′1, a2 + a′2).

Proof. Since (S ′1, S
′
2) is a compatible pair on P(a′1, a′2) with non-spanning shadows, we have

rS ′1 ≤ a′2 and rS ′2 ≤ a′1.

We can then see that for ei ∈ S ′′1 with 1 ≤ i ≤ j1, we have

| sh(ei;S ′′1 )| ≤ | sh(ei;S1)|+ | sh(e1, S ′′1 )| < | sh(ei;S1)|+ a′2 .

Similarly, for j2 + a′2 < i ≤ a2 + a′2, we have

| sh(ei;S ′′2 )| ≤ | sh(ei−a′2 ;S2)|+ | sh(ea′2 , S
′′
2 )| ≤ | sh(ei;S2)|+ a′1 .

The lengths of the shadows at the other edges, with the corresponding shift in indices, is the

same as in the original paths. Thus, the horizontal and vertical shadows will never intersect,

so the pair is indeed compatible.

This allows us to combine our results on atomic paths in order to handle any collection

of subpaths in F ′(Dn)

Theorem 5.4.17. If β ∈ F ′(Dn), then Φ(β) is a compatible pair.
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Proof. Let (S1, S2) = Φ(β). We proceed by induction on the number of atomic components

in β, which we denote by t. Note that if t = 0, then S2 is empty and so (S1, S2) is compatible.

If β has one atomic component, the compatibility follows directly from Lemma 5.4.13.

If we add a singular edge to β, then the resulting pair is a subset of the original, and

hence compatible. Otherwise, suppose we add an atomic component to β that appears to the

left of all other atomic components. Then we can view the resulting path as the insertion of

the atomic path (along with the portion to the left of it) into the previous compatible pair.

It is straightforward to check for the atomic components that the corresponding compatible

pair has non-spanning shadows. Since both paths involved in the insertion are compatible,

we can conclude using Lemma 5.4.16 that Φ(β) is compatible.

Lemma 5.4.18. Every compatible pair in Cn is the image of some β ∈ F ′(Dn).

Proof. We know from Theorem 5.4.17 that Φ(β) for β ∈ F ′(Dn) is a compatible pair in

Cn. Moreover, we know from Theorem 5.3.2 and Theorem 5.4.3 that F ′(Dn) and the set

of compatible pairs in Cn are equinumerous, since both are the result of the substitution

X1 = X2 = 1. Lastly, we know from the work of Lin [61, Proposition 4.7.3] that Φ is

injective. Thus Φ is also surjective.

Combining the results proven above along with the work of Lee–Schiffler and Lee–Li–

Zelevinsky, we can prove the bijectivity of the map Φ.

Proof of Theorem C. By Theorem 5.4.17 and Lemma 5.4.18, we can see that Φ is a bijection

from F ′(Dn) onto the set of compatible pairs in Cn. Using the work of Lin [61, Proposition

4.7.3], we additionally see that Φ is weight-preserving.

5.5 Quantization of Colored Dyck Subpaths

In Lee and Schiffler’s work on expanding rank-2 cluster variables, they showed that the co-

efficients of the Laurent expansion could be obtained by taking sums over certain collections
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of colored Dyck subpaths. Each such collection was taken to have weight 1. In order to

quantize this construction, we instead weight each collection by a power of a formal variable

q. We then show that an analogous formula holds for rank-2 quantum cluster variables with

an appropriate choice of q-weights, where setting q = 1 recovers Lee and Schiffler’s formula.

As discussed by Lee–Li–Rupel–Zelevinky [54, Section 3], the combinatorial formula for

greedy basis elements of a rank-2 cluster algebra cannot be extended to the quantum setting

by merely weighting compatible pairs by a power of q, since positivity of these elements can

fail in general. However, Dylan Rupel [80, Corollary 5.4] established that the classical rank-2

formula for the quantum cluster variables, which are a proper subset of the greedy basis,

given by Lee–Li–Zelevinsky [55] could be extended in this way. We proceed by applying

the bijection established in the previous section to Rupel’s expansion formula over weighted

compatible pairs associated to quantum cluster variables.

An advantage of Theorem 5.1.11 is that it requires fewer computations compared to Ru-

pel’s formula in [80, Corollary 5.4]. Our formula requires O(|β|2) computations, where |β|

is the number of subpaths in β ∈ F ′(Dn). Rupel’s formula requires
(
cn−1+cn−2

2

)
computa-

tions, which is generally much larger. Moreover, without knowledge of the bijection between

collections of colored subpaths and compatible pairs, it is unclear how to generate all com-

patible pairs. Näıvely, one must consider all collections of edges of Cn and check that the

compatibility condition holds for each pair of edges. It thus seems more efficient to generate

all collections in F ′(Dn) and compute their quantum weights using Definition 5.1.9 than to

generate all compatible pairs on Cn and compute quantum weights using [80, Corollary 5.4].

In our proof of Theorem 5.1.11, we translate each compatible pair into a finite word so

that we can refer to the language of combinatorics on words. We will work over the alphabet

A = {h, v,H, V }, with A∗ denoting the set of finite words on A. For the purposes of this

section, we represent a compatible pair by a word in A∗. The letters h and H (resp. v and

V ) represent horizontal (resp. vertical) edges, with the capital letter denoting those edges in

S1 (resp. S2).
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Figure 5.7: The top path depicts the compatible pair on C6 obtained by applying Φ to β∅ on
D6, which has S1 = {η1, η2, . . . , η21} and S2 = ∅. The bottom path depicts the compatible
pair obtained by applying Φ to the collection of colored Dyck subpaths shown in Figure 5.4.

Example 5.5.1. The word in A∗ corresponding to the top compatible pair in Figure 5.7 is

H3vH3vH2vH3vH3vH2vH3vH2v .

The word in A∗ corresponding to the bottom compatible pair in Figure 5.7 is

h3V hHhvh2V h3V h3V Hhvh3V h2V .

We define a morphism wq : ZA∗ → Z, where ZA∗ is the group of formal Z-sums of words

in A∗. The function wq is defined on words of length 2 in A∗ as follows:

wq(hv) = wq(Hv) = wq(hV ) = 1 , wq(Hh) = wq(vV ) = r , wq(V H) = r2 − 1 ,

and for x, y ∈ A, wq(xy) = −wq(yx). Note that in particular, this implies that

wq(hh) = wq(HH) = wq(vv) = wq(V V ) = 0 .

The function wq naturally extends to formal Z-sums of words of length 2 on A. It is then
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extended to words of larger length by taking the formal sum over all length 2 (not necessarily

contiguous) subwords with multiplicity, and again extended naturally to formal Z-sums of

any words on A. We sometimes apply wq to a compatible pair; in this case, we interpret wq

as being applied to the corresponding word on A. We refer to wq as the quantum weight of a

word or compatible pair. Computing the value of wq on the word associated to a compatible

pair in this way is essentially calculating Rupel’s weighting on compatible pairs associated

to quantum cluster variables [80].

Example 5.5.2. Let t1 (resp. t2) denote the word in A∗ corresponding to the top (resp.

bottom) compatible pair in Figure 5.7, computed in Example 5.5.1. Note that here we have

r = 3. Looking at all the length-2 subwords of t1, we can see that t1 has 98 instances of the

subword Hv and 70 instances of the subword vH. The only other length-2 subwords of t1 are

HH and vv, and we have wq(HH) = wq(vv) = 0. Thus, we can compute

wq(t1) = 98wq(Hv) + 70wq(vH) = 98 · 1 + 70 · (−1) = 28 .

Via a similar computation, we have

wq(t2) = 69wq(hV ) + 45wq(V h) + 21wq(Hh) + 17wq(hH) + 7wq(vV ) + 5wq(V v)

+ 5wq(V H) + 7wq(HV ) + 19wq(hv) + 19(vh) + 3wq(Hv) + wq(vH)

= 69− 45 + 21 · 3− 17 · 3 + 7 · 3− 5 · 3 + 5 · 8− 7 · 8 + 19− 19 + 3− 1

= 28

As we will show, there are more efficient methods for computing these weights than looking

at all length-2 subwords.

For a word u ∈ A∗ and a letter x ∈ A, let (u)x denote the number of instances of x in u.

In order to find a compact formula for the weights corresponding to collections of subpaths
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Lemma 5.5.3. Let β∅ ∈ F ′(Dn) be the empty collection of colored Dyck subpaths on Dn.

For all n ≥ 3, we have

wq (Φn(β∅)) = cn−1 + cn−2 − 1 .

Proof. We proceed by induction on n. For the base case n = 3, we have

wq (Φ3(β∅)) = wq(H
rv) = rwq(Hv) +

(
r

2

)
wq(HH) = r = c3 + c2 − 1 .

We now proceed to the inductive step. Let ψ be the morphism {H 7→ Hv, v 7→ v}.

Observe that for a word u ∈ {H, v}∗ that starts with H, ends with v, and has no consecutive

instances of v, we have

wq(ψ(u)) = wq(u) + (u)H .

Let uj be the word associated to Φj(β∅). Then, by Remark 5.2.3 and Lemma 5.3.5, un+1 can

be obtained by applying the morphism χ = {H 7→ Hrv, v 7→ Hr−1v} to ψ−1(un). We can

readily calculate

wq(χ(HH)) = wq(H
rvHrv) = 2r = wq(HH) + 2wq(χ(H)) ,

wq(χ(vv)) = wq(H
r−1vHrv) = 2r − 2 = wq(vv) + 2wq(χ(v)) ,

wq(χ(Hv)) = wq(H
rvHr−1v) = 2r = wq(Hv) + wq(H

rv) + wq(H
r−1v) ,

wq(χ(vH)) = wq(H
r−1vHrv) = 2r − 2 = wq(vH) + wq(H

r−1v) + wq(H
rv) .

Moreover, ψ−1(un) has cn−1 − cn−2 instances of H and cn−2 instances of v. Therefore, we

225



have

wq(Φn+1(β∅) = wq(χ(ψ
−1(un)

= wq(ψ
−1(un)) + (cn−1 − cn−2)wq(χ(H)) + cn−2wq(χ(v))

= (ψ(un)− cn−2) + r(cn−1 − cn−2) + (r − 1)cn−2

= (cn−1 + cn−2 − 1− cn−2) + cn

= cn + cn−1 + 1 .

Having calculated the weight of the empty collection of paths in F ′(Dn), we wish to

calculate the quantum weight when we add in colored subpaths. Note that for the word

corresponding to the compatible pair, this involves swapping out certain instances of H for

h and v for V . We now calculate how such a substitution affects the quantum weight of the

word.

Lemma 5.5.4. Let t1, u1, t2, u2, . . . , tm, um be words corresponding to compatible pairs. Fur-

thermore, suppose that ti, ui ∈ {H, v}. Let σ be the morphism {H 7→ h, v 7→ V }. Then we

have

wq

(
s∏

i=1

tiσ(ui)

)
= wq

(
s∏

i=1

tiui

)

+
s∑

i=1

s∑
j=1

(−1)1i<j

(
r(tj)H(ui)h +

(
r(tj)v − r2(tj)H

)
(ui)V

)
.

Proof. Since wq(hV ) = wq(Hv), we have wq(ui) = wq (σ(ui)) for all i. Hence, we need only

to calculate the change in its value under wq after applying σ to the length-2 subwords with

one letter from a ui and the other from a tj.

Let Ui denote the value under wq of the sum over all length-2 subwords of
∏s

i=1 tiσ(ui)
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with one letter in σ(ui) and the other from some tj. We then have

Ui =
s∑

j=1

(−1)1i<j

(
(tj)H(ui)h (wq(Hh)− wq(HH))

+ (tj)H(ui)V (wq(HV )− wq(Hv))

+ (tj)v(ui)h (wq(vh)− wq(vH))

+ (tj)v(ui)V (wq(vV )− wq(vv))

)
=

s∑
j=1

(−1)1i<j

(
r
(
(tj)H(ui)h + (tj)v(ui)V

)
− r2(tj)H(ui)V

)
.

Applying the previous general result about compatible pairs to the specific case of Cn

and using the connection between F ′(Dn) and compatible pairs on Cn, we can now prove the

quantum cluster variable expansion formula.

Proof of Theorem 5.1.11. Adding a path to β ∈ F ′(Dn) corresponds to applying the mor-

phism σ from Lemma 5.5.4 to the appropriate portion of the associated compatible word.

Note that |βi|2 = (βi)h and |βi|1 = (βi)V . Similarly, |βj|2 = (βj)H and |βj|1 = (βj)v. It

follows from Lemma 5.5.4, Lemma 5.5.3, and the definition of wq for words in A∗ that

wq(β) = γω + βω, where the terms on the right-hand side are those in [80, Corollary 5.4].

Thus, the expansion formula can be deduced directly from [80, Corollary 5.4].

Example 5.5.5. Let β = {β1, . . . , β6} ∈ F ′(D6) be the collection of colored Dyck subpaths

shown in Figure 5.4. Then we have β0 = β1 = β6 = ∅, β2 = {α4}, β3 = {v2}, β4 = {α14},

and β5 = {v6}. Applying Theorem 5.1.11, we have

wq(β) = (c5 + c4 − 1) + 3(15− 4)− 9(5− 1) + 3(5− 1) + 3(6− 13)

− 9(2− 4) + 3(2− 4)

= 28 ,

which confirms the second calculation in Example 5.5.2.
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5.6 Further Directions

Many of our methods rely on the highly structured nature of the maximal Dyck paths Cn and

Dn. We use this to better understand the conditions for a set of edges to form a compatible

pair on Cn, in particular deriving a criterion for compatibility in terms of the sequences of

consecutive vertical edges. While Cn is the relevant choice of maximal Dyck path for the

cluster variables, compatible pairs over arbitrary maximal Dyck paths were studied by Lee,

Li, and Zelevinsky [55] in their work on the greedy basis. One way to study compatibility is in

terms of forbidden edge sets, i.e. the minimal subsets of edges which violate the compatibility

condition for compatible pairs. It is easy to verify that for the staircase Dyck path P(a, a)

and r = 2, a set of edges is compatible if and only if it does not contain a horizontal edge and

the vertical edge immediately following it. From the proof of the bijectivity of Φ, it follows

that on Cn the forbidden edge sets are the images under Φ of an (m,w)-brown path and the

cm−1 − wcm−2 edges preceding it. It could be interesting to study whether the criterion for

compatibility can also be reduced for other families of maximal Dyck paths.

Having established that Lin’s map Φ is a bijection, we now have an explicit connection

between the combinatorial objects in two of the manifestly positive formulas for rank-two

cluster variables. A third manifestly positive formula was given by Cheung–Gross–Muller–

Musiker–Rupel–Stella–Williams [17] and sums over broken lines in a rank-two scattering

diagram. In order to complete the unification of these known rank-two objects, it would be

interesting to find a bijection between compatible pairs and broken lines, as suggested by

the authors of [17]. This problem is still open even in the cluster variable case, but could be

considered more generally for the entire greedy basis.

While positivity fails in general for the quantum greedy basis [54, Section 3], it would be

interesting to know under what conditions positivity holds. Rupel’s formula [80, Corollary

5.4] establishes the positivity property for the quantum cluster variables, but perhaps this

is a special case of a more general phenomenon. If so, these elements may also admit a

quantum weighting of the associated compatible pairs, similar to that given by Rupel.
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degenerations of cluster varieties and cluster duality. Compos. Math., 156(10):2149–
2206, 2020.

[8] Tom Bridgeland. Scattering diagrams, Hall algebras and stability conditions. Algebr.
Geom., 4(5):523–561, 2017.

[9] Jim Bryan and Rahul Pandharipande. Curves in Calabi-Yau threefolds and topological
quantum field theory. Duke Math. J., 126(2):369–396, 2005.

[10] Amanda Burcroff. On Dyck path expansion formulas for rank 2 cluster variables. Algebr.
Comb., 7(2):529–553, 2024.

[11] Amanda Burcroff and Kyungyong Lee. Broken lines and compatible pairs for rank 2
quantum cluster algebras. arXiv preprint arXiv:2404.14369, 2024.

[12] Amanda Burcroff, Kyungyong Lee, and Lang Mou. Positivity of generalized cluster
scattering diagrams. arXiv preprint arXiv:2503.03719, 2025.

229



[13] Amanda Burcroff, Kyungyong Lee, and Lang Mou. Scattering diagrams, tight grad-
ings, and generalized positivity. Proc. Natl. Acad. Sci. USA (to appear), 2025.
arXiv:2409.15235.

[14] Michael Carl, Max Pumperla, and Bernd Siebert. A tropical view on Landau-Ginzburg
models. Acta Math. Sin. (Engl. Ser.), 40(1):329–382, 2024.
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