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31 . I . Chevalley group schemes
.

· Gr
·

connected reductive group/D .. (or any b =E)
·

*
· TCB

., X= HomCT , DS , Y =

Hou 14*,T)

· I : the set of simple roofs
.

Example : SL2CK) ;
B = [ ].

,
T = [i]

.



· chevalley (1955) constructed a chevalley group scheme
.
Gr

.

associated to the roof datur
.

· Kostant's Inform . (1966) -> another construction of G1 .

· Lusztig (2009) gives another construction of G using his

theory of canonical bases
.



Example : SL2
.n .* Spee (in[xr , XI , Xa , Xun]/det=1 1

.

-

↓
we will construct this

.

S22
,2 : Rings -> Groups .

↳

m - slaCR) = How <GIXn , X12 , Xan ,
X22Ydet=1/R)

↑
me will construct this



Ge- ,

root datum
. (X ,Y ,

I
,

<
,

3 ... ) - quantum groups .

Ug :
= Q(G) <Ei , Fi , km/

-

i=1
, meY .

· elq is a non-cocommutative Hopf alg .

Examples :
· G=SLCC) .

· G = 4Glzk)

U = < E
,

F
,

kn > ne L
.

e = <E ,
F , kn7 v = I

,

Kn · Km=Katm ,
Kn : E = gEKn

,
knE= gEKn .. ---

EF - FE=" . KnF= g* kn
.

↑



lig : the modified form of Ug (1 = x2x = sigl .

is : the canonical basis on lig .

I sig- LIx0WLM)
, 21-24031 ,

i3--canonical basis 1
.

* sig :

A-subaly generated by E""1x ,
F* 1x

,

- the free A-subaly spanned by is (A= x[z .
83)

.

-

ig = Gigig

*. Rig= RYAlg for any A-R & --univeral enveloping
21 ! C -

algebraLinrent's star)
.

I
..



Let A+ 1
, gre 1. . Consider Tig

.

31

Def : O < Homag . 4) .

is spanned . by dual CB
:
that is

,

e

b
*
(be) such that BYcb') = &b

,b -

This Lusztig 2009 (

· O is a commutative Hopf aly - and an integral domanc .

· Spee D = G2
, Ok

.

is the coordinate ring of GR (k =2)

ygroup
like element

.

⑧ GGCR) = How (On ,
RC -1. pig

,
- 24(b

*
>b

xuly
.

bt



Remarks :

· Hown(z ,
2)x Hown(Gz ,

2) -> Hown(Gz ,
2)

I ↑ - S
Ok X O2

.

-> On

deal to the stability condition of CB of ig



1 .2
.
Quantum groups

at PIE

Let p be a prime . ( = 2 . 33
, 3 ="J

.,
z = E of char p .

siz = [3] YAlig 21- 3
.

i, = ↳I3] * ALL , 21- 1 .

* Uk =

=
33 .

U3 = Esse for any field of char p .

(451 = 1
,

x +1 = x+))
.



Than clusztig . 1990)
.

There is a quantum Frobenius morphism

Fr : es - se
,

E. 1x 41xp
or .

O
.

I 2x'- F
*YP1yp

.

Moreover
Fr

is --> -1

1 * 55 . 1A
e

Fr& Fr

im - is is



Tha CLustig 1994) There is a quantum Frobenius splitting (aly from)
-

Fi : vis-c .

E"1x E
**

2px .

# 1x F
"

1PX
.

such that . FroF= 1
.

Fr
Moreover ?? I ,

- is

I* X 1 A

- Fr*F! ↳

~

ii
,
i

,
- Me



S1 . 3
.

Frobemius splitting ,

Def : Let X
.

be a scheme
.

We define the absolute Frobenius

F : x + X
. · identity on the underlying space

X
.

· FI : Ox -> FeOx
,
fiefP .

we say X is Heussplit if there exists

#
3 = Hompy) Fx0x , Ox) such that . PoF = id

.

f . x= fix
,

· 41f"g) =

fycg) .

·

&(1) = 1
..

There is also a notion of element splitsubscheme
.



Example : At
.

for aly closed k of charp .

twisted R-linear
I

structure

F*: r[x] -> kIxJ, y : k[x]
.

-- kE]
.

f(d +P ·
I Y xYpaX I C if PLt ·

17

a . x
YP

P
41fg1 = f y (g) . (k[x] - Linear) .

I => 4 is a splitting ,

4(1) = 1
.

· 4 : (x)- (x) =) . compatibly split the closed reduced point 0
.

Ideal sheaf of 0
.



· Frobenius splitting was introduced try
.

Metta-Ramanathan 1985

Ramanan - Ramanathan 1985 .

· Original motivation & application (even for char 01 ,

Study the geometry of Schubert varieties
.

(I will recall some results Cater)
..



Back to quantum groups .

/

is E in , ii , sin Eis de =E of charp .

1
Fr

=> O.

F
0R

-> OK
.

in Homp (Six .

E1
.

Thm :) is-Song 2023 ↳"
· Up Hamperial is stable under Fr

*

/F."*
-

⑧ Fr
*

= p-th power map
-

⑧ Fo
*

is a Frobenius split of GR
.

Cor OK) .



Tha CLustig 1994) There is a quantum Frobenius splitting
-

Caly from) Fi : his - ci .

E*****2px .

# 1x F
"

1PX
.

--
such that . FroFr-1

.

The quantum Frobenius split,ing
A

Moreover
·

i

,
E is -> is

I* ↓

id Fr

- F id
i

,
i

,
-- siz En

I

Dual : Fr
*

(f g)
= I'< Frtf(g) = f - F

*

(g) .
in

OK -



S1 . 4.
.
Frobenine splitting of fleg varieties

.

cover R2E)
.

posets
· B

*

Y tee finite many orbits
.

> W
.

· Xw=F is normal with rational sigulanties .

· The scheme theoretical intersection of Xw and No

is reduced
.

· Ho
,
1) It H(Xw .2) · for any semi-ample 2 .



·
There can all be proved by Frobemine splittings ([MR] . [RR]

.

)
.

· Kumar-littelmann (2002) constructed an aly
.

Frobenius splitting

of is "using Luentin's quantum Forbewins splitting .I concrete & flexible)

I will recall an example



N~

1I >Example : Gp
= SL2

,k Ik Aftine cone = SpeeCk[Xy]C .

SBR
.

we face FH : ↳[x-y] -> kIxcy] .:
firef

1 "
i *

* -Van)
·
i- iin mod

.⑦VCU)
. of

h = 0 n = 0

Fr
,

(Dual : vepus -> Vans (

P

F : [xy) -> Rixy3 : xYy* xYyYp .

I

vepas -> vins
. Isn't y* Anti-mod .



Goal :
G-G= K .

CG
.

Cover =E of char* 2)
.

S2 .
Quantum symmetric pairs .

32 :1 Symmetric subgroup scheme
.

S2 .2 Quantum Frobenius splitting
,

S2 .3
. Frobenius splitting of K .

S2 . 4 Frobenius splitting of fleg varieties .



32 . 1 Symmetric subgroup scheme
.

· P : G-G
.

be an involution
. (The classification is independent

of K . by Springer) . O-anisotropic , contains a max

I

↓ ↓ O-aniso torus
,

· Assume O is quasi-split ,

that is BROCBC : T .

-

· Let k = GP
.

CK*K in general) .

k = KTO .

· Then K . B is the unique open
orbit on GB .

E
· The symmetric subgroup scheme can be constructed in full generality ·
· The Frobenius splitting is only for quasispht cases

.



· O induces 2 : It H)I
.

· 0 =x+X , 0 :Y-Y .. Xc = Yx0 ,
Y = Y

*

-

16
, 01 => e-rot datum .

--
. quantum symmetric pairs .

(Ug , sig



Equantum group

Def : UECHg is generated try .

Bi=Fi+ BrEziK, (iEI) In CeY
.

coideal subaly : A
: No-UING

.

· QSP was originally defined by Letzter

· Joint With Wang (B-Wary) , we developed the theory of

canonical bases
.

e geometric construction , categorifications , Hall algebras ,
- .. -- (



i : the modified form of UE( 1 = 22x = sigl -

x-X2

ise : the ecanonical basis on lig .

(No satisfactory crystal theory , some progress by [Watanabe]) .

Al : A-subaly generated ty B*x
.

(edivided powers)
.

-

-
the free A-subaly spanned by Br (A=x[E .

EJ)
.

RI= RY Alig for any A- R .

q1-t ?



Let U =H1
.

I-I = sig

Define O a How
,
(2 , 2) spanned by dual iCB

.

-
-

-

-

I & reduced
, commutative Hopf aly .

-

B-Song)/ On t = On Tz] is
-

· Unit Quit defines a smooth a fine [t]-gp scheme Git]
.

CGR
.

· The geometric fibers of Giity is K
.

CG <fanctorially) .

* · closure of K-crhit on Y can be defined over UCSpGIt] .

· we call Gi
.

The symmetric subgroup scheme .



Remark :

2 2
· on ox - O depends the stability of ic .

C Conj by Bwary , proved by Watanabe)
·

· Di follows from compatibility of ic and B
.

· we expect G
s

is the scheme theoretical fixed point

of G2
.

-



Example :

Ga = SL,
.

0 : SLCR1-sLuCR) : I:In :]

GR1 = >[ ! ])a =

1
,

a
, be R3

.

Gin =

Spee (
[xx , xin

,
X21 .Xan]

dut =1
,

Xu = Xnz ,
XinEXns I/

-Spec (b[a . b]/ =1)



52 .2 Quantum Frobenius Splitting

Let p be a prime . ( = 2 . 3) 3 ="I
.

k =E
of char p .

sig = [3] YAl 21- 3
.

= [3] * Al , 21- 1 .

* s =

↳
3 .

L = Esse for any field of charp .

> 1 = * 52
,
xie = (x+ 3")

.



complicated.
↓

· [B-sales 2021]
. Fr : Ms + hs restricts to . Er

:
hig -his

.

· Fi does not restricts to U2 . Leig : Fu is NOT compatible with A)
.

Thm(B-Song) · There is a quantan Froubenius splitting .

Fre : sie- ·Bix-. Be*x if i zi
. I

<pr)

such that Bi- Bipx , x In mode

Fr · Fri= id
. I /j(P2) 2

I
(P1) / <up-2t)

It= 0 I z2di Bipx ,

O .
W

.



Main difficulties :

⑳
: Serve relations [chen-Lu-Wang ,

2
, I ,
#]

.

⑳ : Divided powers . [Berman-Wang ,
2019]

.

· ziti : Bis = -: 1x .

· Zi=Y : <F
,
x =

1 mudz
. (F , x = 0 modz-.. --(

In]! BiTE, (BY-[2j2]]? ) 2x
, I m =2k + 1Bi x =

=

I TECBY-[2j-1]) 1x , if m
= 2 K

.



S1 . 3 Froberius splitting of K state of char +2) .

E
·
I 2 I

e
,

# n E, i? => is is de

I
*

Fr
I,

2 / 2 T 2
-> ->=> Or- 0R Ok

.
in Homb (Lik .

E1
.

Thm(B-Song 2023) · OE is statle under Fr
*

/Fr"*

· Fr
*

= p-th power map
-

⑳ E
*

is a Frobenius split of Kk Cor OE) :

↳

M

GR
.



S2 . 4 Frobenius splitting of fleg varieties
.

Goal : Use Fri to study the geometry of K-orbits or GB ·

Complication
: Korbits aremmcomplicated than

13-orbits
.



k=E char P12 k = Go for quasi-split <G
,8)

.

· K &Y has finitely many orbits . [Springer , Richardson]
·

-> twisted involution on W
. -

Example : (SL4 , 504) :

6-0-0
.



· There are non-normal t
.

[Barbasch-Evens]
.

· There are non-reduced
,

scheme -theoretical

intersection T ,
and Tr [Brion]

.

· There are non surjective

HiY ,
21 - Hico .1) [Brion-Helminck]

.



· We construct new splittings using Fr to study Korbits .

(New tool)
.

· The precise thm is complicated , as K-orbits are .

v

We explain some examples here .



N~

1Example : Gp
=Strike Aftine come = SpeeCk[x .y3(Ik

we face FH : ↳[x-y] -> kIxcy] .:
firef

1 "
i *

* -Van)
· I -- in mod.⑦VCU)

. of
h = 0 n = 0

Fr
,

(Dual : vepus -> Vans (

F : [xy) -> Rixy3 : xYy , x xYyYp .

I
* -vepas -> vins

. Yan I + ( ) of -mod .

↑
-

concrete flexible .



Than (B-Song) · Assume G is simply-laced ,
O is quasi-split .

Then for any co-cim one K-orbit & of Yis ,

there is a

Frobenius splitting . of Y compatibly splits .

Cor : For any ample
line bundle 1 on is ,

we frame
.

· H c 5
, 21 = 0 for ino . (Kempf ranishings .

· HP cGR ,21 -> Hi
.1)

.

115 IIS

=*

v
*

(x) wexs"
S

/



Thu : B-Song) For (Glan+1
, GLnxGLn+1) ,

all codin one E cavel

--
many more) are normal

,

0-o-o-o

Remark :

· Frobeniue splitting/normality for multiplicity-free divisors are

known by Iknutson] · [Brion]

(Our results apply to some non-multiplicity-free case New!)



Thank You !


