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Langlands classification
Tuesday, September 7, 2021  6:07 AM

Topic: representation theory of a reductive group G over a local or finite field F.

Fundamental example: G=GL(n) n x n matrices.

A parabolic subgroup P of G is one with G/P projective. Example: Grassmann variety X = m-diml subspaces of n-diml vec space = GL(n)/P_{m,n-m}.
Parabolic subgroups are important because ANY G/H can be deformed to G/Hd with Hd normal in parabolic P

Original motivation: big idea from 1950s was that many representations are parabolically induced: sections of vector bundles over G(F)/P(F).

Langlands idea from 1960s: all reps of G(F) indexed by f: W'g ---> LG; here W'F is the Weil-Deligne group of F, and LG =VG =« G; VGis cplx dual group, G is Gal(F).
MORE PRECISELY: G//F = all F-forms inner to G(F) <---> action of G on based root datum (P , X", PV, Xx)

<---> action of G on dual based root datum (PV, X+, P, X%

<---> action of G on complex dual group Ve

<---> Langlands L-group ls=Ve =G

—
VGanda covering group Vaean aeton Lan@rameters f ---> stabilizer S°@"(f), component group A@N(f).

COMPLETE LANGLANDS PARAMETER is pair (f,x) with X irreducible of AC@N(f).

LOCAL LANGLANDS CONJECTURE: pairs ("rigid inner twist" G(F), irr p of G(F))/G conjugacy <----> pairs (f,x) / Vgcan conjugacy

This is proven by Adams-Barbasch-V in 1992 for F=R, and formulated by Tasho Kaletha for F characteristic zero p-adic.
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Details B: p-adic case
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Details: real case
Wednesday, September 8, 2021 5:52 AM
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What happened to parabolic induction?
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