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Let k=(GO)° ( Lik = So) N -- nip cone of g
②

Winberg : invariant theory of keg ; parallel to Gog

( m --2 i kostant - Rallis : symmetric pairs ( real gps)

In particular KP Nii
-

- Sint has finitely many orbits .

Det character sheaves on 9 ,

char ( g. o) : = { simple K -equivariant perverse

sheaves on 5 , with nilpotent singular support )

f- { Four CICCO, E)) / Oc Ny K -orbit
,

E irr

by

definition
K - equiv local system on O ) ( finite set)

"

anti- orbital complexes
"



Four : Pervk ( G-1) atonic I Pervk (G) Ex- conic
③

u

Perun IND GE EF Cria

G- inv O- inv nondeg
bilinear form on g)

Goat Describe the set charts.

= { IC ( support , local system ) }
This can be viewed as a Springer theory for graded

Lie algebras , hope to be useful for repns of

p-adic gps



④

Rink D ungraded case (m =L) Lustig 's generalised

Springer correspondence ( Gx . - xa :

O permutes factors)

2) O -- inner G -- Gun) Lustig

M=2 (G, K) = ( Shen
, span) Grinberg , Henderson , Lustig

In 1) & 2) , character sheaves are
associated to

irr
. repns of Coxeter gps

3) O involution ( m -2)

Ginzburg , Grojnowski, general study of char . sheaves .



⑤

4) m=2 CG
,
K) = (SLN , SON) Chen - Vilonen -X.

G classical : Vilonen - X
.

irr
. reps of finite) Hecke algebras of Coxeter gps (with parameters Il)

enter description of character sheaves .

Rely on geometric nearby cycle construction

( Grinberg - Vilonen - X . ) (The method goes back
to

Grinberg 's thesis : micro local geometry 1 stratified Morse theory)

t counting argument ( contribution from D .
Stanton)

we get a complete answer in this case
.



⑥

strategy for general O ( combinatorics l geometry more
#

complicated)

1) classify the cuspid character sheaves
, i.e .

those that do not appear as ( shifts of ) direct summand

of parabolic induction of character sheaves on

O - stable Levi subgroups contained in proper
O-stable

parabolic subgroups .

2) study parabolic induction of cuspidors on

Levi 's



From now on
,
we concentrate on cuspidalcharaiter ⑦

sheave

Ungraded case 12 - graded case (Lustig)

very few caspidal character sheaves

"

Fourier self- dual
"

, nilpotent support , clean
"bi -orbital

"

Moreover
, cuspidors on g , in Z - graded case

come from cuspidors on g

Zymz - graded case :
m >so similar to Z -graded case

( g , is nilpotent)



⑧

In general , we expect the following ,

a) nilpotent support cuspidal character sheaves are

rare
, they come from classical cuspidate on g .

b) many cuspidal char sheaves with non -nilpotent support .

often full support , i.e . support
-

- S ,

Moreover
, they all arise from a geometric

nearby cycle construction Ct variations )



cuspidalcharattersheak.SI Fourier transform commutes with parabolic induction

⑨

bijection cuspid al

qotwrier { character ) 9¥, gimps
of Hecke algebras

sink:D:L.fi#*rmsheanvesg ,
"I; of.am:¥ :#T.im#sroups/

^
K2 functor

^
Lustig c) I

a) I Yun
✓ {full support irreps

{ finite dim irreps
H)

of rational

of trigonometric DA HAS of

DAHAS ( of Coxeter gps) complex reflection
d)
y groups !

feting¥ { finite dim irreps of ✓
e) / koszul

rational DAH As duality
(of Coxeter gps )



④

a) Lusztig - Yun
{simple K - equivariant peruse

sheaves on Ny)

(→ { irr . repns of trigonometric DAHAS
. }

( Lustig :
Z - graded case )

Delta ) has a block decomposition .

The blocks are ( roughly ) indexed by CM , c. F)

where M is a pseudo - Levi subgroup of CG, O)

and (C. F) is a cuspidal pair for M ( in the sense

of (ungraded ) Lustig 's generalised Springer correspondence)

We call them Lusztig - Yun block
.



e.g , principal block contains all ICCO,
④

fix a LY block 3
,
Lustig - Yun associates

a graded DAHA THE with parameters ⇐Ki)

[ Same data as in Lustig 's
"classification of unip

repns of simple p-adic gps I. I'Y

-1hm ( conjectured by Lustig - Yun , proved by W . Liu)

{ simple perverse sheaves in Delhi) , }

Is { simple Cintegrable) HE.tn - modules )
(with prescribed generalised eigenvalues

of the polynomial part given by the grading)
.



④

conjltheoremlz.hn/C-CTsai)-
Under LY construction

{ cuspidal sheaves in DtcNy)}) Is { finite dime irrepsof

( varying the gradings) Htc.tn )

b) Nearby cycle construction
-

Winberg : I Cartan subspace Acg ,

sit ecg.TK = e[a)
Wa

← polynomial algebra

Wa = N little Weyl group
Zeke)



④
In general, Wa is a complex reflection gp ( classified

by Shephard - Todd)

(m=2
,
Wa is a Coxeter group )

we say
dima is the rank of Ss

.

Gradingsthataffordcuspidalcharsheavesdungraded.fm
-4) Type Bn : 2h -11 = square

Lustig : e.g .

classical Cn i n --trigular number

8ps Dn i 2h -- square

2) m=2 : G classical ,

CLT
,
K) : split symmetric pair .



④
3) general O

stable gradings i in the sense of invariant theoryj )
y

3- XE gi
's

sit 2kcal) is finite

These have been classified by Reeder- Levy - Yu -Gross ;

indexed by regular elliptic numbers of woe

(f- outer class of O , they were motivated by repn

theory of p-adic gps)

( m -- 2 stable grading as split symmetric pair)

ii) ranko gradings ( e.g .

Z - gradings are ranko)

( k, 9 , )

special Prehomogeneous vector spaces ( studied extensively, Zeta firs)



⑤

Conj : G classical group .

(suggested by diagram txt)

The gradings affording (non-nip support) cuspidate are

mixture of stable grading t special rank o .

This can be made precise .

We give an example here .

ELK G -- spkn) Mel -- order 10)

d

FIE re r r r rtl F'P V= ⑦ Vi
oxo . - - Otoko - - - Otoko -

- -
- O

⇐ ,
Vi Vz

n

v
Lvi , Vj > =o↳

.
. -oxo- o

-
- - 0-0-0 -

- - 05¥
,
unless itj=dt1

the
G-- Spu)



⑧

KE ¥
,
Gavi)

G ,
= ¥2 Hom ( Vi , Vii) ④ sym4vD④sym4Ve*)

Wa -- Gcm , 1. D= Sri (%z)r

r=o i prehomogeneous vector space
orbit has Jordan blocks local system

cuspidal 2-141-6-1 -
-HP

t E coming from
2-14-16-1 -

- - -122
Lustig 's cuspidate

pair

13=2--0 , stable grading



Conjlworkin progress) For G -- spun) with grading as above
,
④

all cuspidate character sheaves arise from

nearby cycle construction
. They are of Bn

full support and correspond to irreps of oooo

l l l -1

-

Hecke algebras of Gcm, lek)xGCmbr-k) Sh

with Hecke relations i

.

( Ts -15=0

of the form (Tt t)
+EH
# +Dtp-2-1=0

( Tt -1) ltp-ECT-yl-P-E.no

RMI : Hecke algebra associated to complex reflection

group VV introduced by Broad - Malle - Rougier



It is free of rank ( w/ (see Etingof 's ④

proof 2017 )

Nearby cycles
-

Consider fi 9 ,
→ 94k = %a

Let a- E A"%wa ans , regular semisimple locus
.

We write for =f"ta)

In general for is a finite union of K-orbits

we write Fai Cfa the open dense K-orbit in for

f- Is CFE the unique semisimple orbit in FE
(closed)



o
④

grid = tharywata

We have
fat → Foi

14*
fsf

SS

t b E Fa 2K ( b) @ 90
-'

lb) is a prehomogeneous vector

space

Let s be a K - equivariant local system on f:

sit its restriction to the fibers of 4° is ranko

cuspidal local system



Take nearby cycle sheaf 4fLICCsD== Ps
④

Grinberg 's theorem ⇒ Four (Ps) = IC ( Ms)

• rank (Ms ) =/ Wal
. Ps has a large endomorphism group

To describe Ms
,
we can reduce to the case of

semisimple rank 1
.

Let us now consider the rank 1 situation

in the example, i.e .
r -- I



We have 9 ,
7 999 = { fi - - fp.iq f- to } ④

tf

Kwa Ze

Take £ to be a rankl k-equiv . local system on Gies with

-1 Monodromy along all hypersurfaces {fi -_ 012=1 . - - pts)

Then we claim

Four ( 4ft ICHI) = Iccgies
"

,

)

where gcn) =/ cat)
+Et ' cause-Pet if L has trivial

monodromy along
{f- o )( caygltp -E can)l-ME otherwise

.



Rmki) The above construction has been carried out ④

in the case of stable polar repns tin our setting,

this means FE -- fat
,
i.e .

,

the regular SS

orbits form a dense subset in S , ) in (Grinberg- tritone -H .

2) In [Vilonen - X .] we describe the local systems Ms

explicitly in the case of stable gradings for classical

types , in terms of Hecke algebras of the form

discussed in the conjecture .

(we make use of classification

of perverse sheaves in the normal crossings case)
I

consider the case of reel , 17=2--0 in the example
(G -- Splat)



we have fi. g , get
'
→ a ⑤

f- ( 24 , - - Hea) = x. f- - - Kai Kiku

Thkcg

.rs/--2lG)tOZI4zztOZMs=f.9EIeEasairial
as ④Moede £ nontrivial

km± The conjecture can be formulated explicitly for all

classical types .



c) K2 functor (Ginzburg - Guay - Opdam - Rougier) ④

W - complex reflection group Gh - vector space

Hrcatlw) rational DAHA law] Nacht ④ echt)

with parameter c

① ( Hrcatcw) ) : category O : h acts locally nilp

K2 !
↳

Bw -mod
£9 over achy

£
Bw -_ E. Chregw,

Hwi -mod Hwi -- MILTERelation, ⇐E
"

K2 : Your → Hwa -mod preserves blocks

1

modules supported on discriminant locus



d) koszul duality of blocks of category O 250

of @ydotomigrational DA HAS

( conj 'd by Chuang - Miyachi, proved by RSVV)

Ot ( HEY, CGIL.hn) % Us ( HEE level.rs)
blotch T parameter

On the categorical level , there is derived equivalence

St tilting as simple module

U U

{full support mod ) c→ {fin .

dime mod )
I

expected to be a bijection ( Shan
, Losey

Conj : arrow (d) in the diagram tx) is LRSVV ) duality .



Rink , In the case of exceptional gps , the diagram txt ⑧

suggests duality for exceptional type rational DAHAS
.

e) Etingof :

}
e trig .

BAHA

{ f. d irreps of the.iq/c-sxLEfd.irrepsofHEInCWx) )
(analogy : Lustig , affine Hecke alg → graded Heckealgs)

conj Restricting to the LY blocks
,

a) b) d) in

diagram tx) are bijection s .

( Fourier transform
' '

=
" koszul duality )



Rinks i) we expect all f. d irreps of rational DAHAs⑤
occur in this picture

2) repns of p - adic gps ?

3) categorical explanation of diagram txt ?


