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INTRODUCTION

The double affine Heche algebra (DAHA) has been introduced by Cherednik (see [C04])
for the bridging between several branches inside mathematics, from representation theory
and algebraic combinatorics to mathematical physics.

Among different variants of DAHASs, one of the most important is the rational DAHA,
which is a kind of deformation for the smash product algebra of the algebra of differential
operators with the symmetric group.

We take the definition of rational DAHA from [S14]. We start with the smash product:

Definition 0.1. [S14] Let A be an associative algebra with an action by a finite group G.
The smash product A#G is isomorphic to A ® CG as vector space, while the multiplication is

defined by (f1 ® f2)(91 ® g2) = fr9:1(f2) ® g192-

We would also introduce the space b,¢4, which is the locus on the affine space A™ which S,
acts freely, or the space A"\(|J P;), Pi; = {z; = x;}. With this, we consider the algebra of
differential operators on b4, denoted Dy, , and define the Dunkl operators:

Definition 0.2. [S14, Definition 1.3] The Dunkl operator D; is defined by the formula
0 1

Om; i

D; =t

(1 = sij) € Dy, #5n-

Ty — Ty
Inside the formula, t, c are fixed constants taking value in the base ring or field.

In fact, we have a relatively the following relation between the Dunkl operator [S14,
Definition 1.3, Lemma 1.4]:

[Di, Dy] =0,
[Di, ;] = csij,
(D, x;] =t — chij.
i
With this, we could define the rational DAHA H, ., which is the subalgebra generated by

x;, D; and S,. Explicitly, it is defined by the following:
1
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Lemma 0.3. The algebra H; . is the quotient of R{x;,y;}?_1#S, by the following relations:

[y 23] = 0, [y 5] = 0, [y 23] = s, lyany] = £ = D csie
J#i

There is an analogy for the differential operators in characteristic p, namely crystalline
differental operators [BCEY21]. It is an algebra of differential operators with good functorial
properties. Notice that there is a large center for this algebra due to the non-faithful action
of it on the polynomial ring. For the characteristic p case of rational DAHA, the crystalline
differential operators are usually used as a replacement for the algebra of differential operators.
[BFG21]

There’s a key property for the prismatic differential operators : the Azumaya property.
With this property, the algebra structure could be simplified locally into matrices, and it
would bring more connections, such as the ones connecting the Calogero-Moser spaces and
Morita equivalence. For these two algebras, with a large center, they are in fact Azumaya
over their centers. [BMR08, BFG21]

Recently, in study of crystalline cohomology, the algebra of g-differential operators was
introduced, see e.g. a talk by Vologodsky [V24]. It is a variant of differential operators on
G, with relation dxr — x0 = 1 replaced with the g-commutator relation: dxr — qzd = x. It is
defined over the base ring Z, [qil}@_l). Although it is in characteristic 0, the p-adic structure
gives it the properties similar to the characteristic p crystalline differential operators, such as
the large center and the Azumaya property.

In this article, we're interested in generalizing the rational DAHA into the g-differential
case, or specifically, the case with ¢ = 1 over Z,,.

We start by giving the generalization of the g¢-differential operators into multivariable,
which is also mentioned in [V24]. Then, we substituted ¢ = ¥/1 as ¢, and developed the proof
for its Azumaya condition. After this, we give the definition of e-Dunkl operators, and then

give a generator-relation definition for the ¢-DAHA structure.

1. ¢-DIFFERENTIAL OPERATORS ON G,,

1.1. g-differential operators. Here, we define the algebra of g-differential operators, which
we learned from [V24].
The g-differential operator is an analogue of the algebra of differential operators on G,,.

Fix a prime p.

Definition 1.1. [V24] The ring (algebra) of q-differential operators on G,,, Dyg,,, is defined

by
o (Zat0y )
¢Gm (Ox — qxd — x) (4—1.p) '

Remark 1.2. D,g,, is an algebra over the base ring Z,[[q — 1]].
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Remark 1.3. [V24] When taking ¢ = 1, we have D, g,, becomes the differential operator

%)

Dg,,, where the operator 0 acts as x5_.

There is an action of Dyg,, on the space Zp[z*='][[¢ — 1]/}, where x acts by multiplication,
and Of (z) := f(qw) f()_

1.2. Generalization to multivariable. Similar with differential operators on GJ.,, there is
also a multivariable generalization for ¢-differential operators.
To write the relation inside the ring, we introduce the notation [z, y], = zy — qyz, and call

it the “g-commutator”.

Definition 1.4. [V24] The ring (algebra) of q-differential operators on G}, Dygn , is defined

by
Z +1 xil,&- A
Dycs ( ™ =i }) |
) (¢—1,p)

(relation

The relation mentioned inside are the following (i # j):

xl?

8

J

&
Q

)

0,
0,
0,

S
8

[, 7]
[0, 9]
[0 2]
[0, :]q =

SV

8

iy Lilg —

Again, this is an algebra over the ring Z,[[¢ — 1]], and it would degenerate into the algebra
of differential operators on G}', when taking ¢ = 1.

Similar with the one variable case, Dygn admits an action on Z,[z;'][lg — 1]]}, where z;
f(@:)—f(z)

q—1

acts by multiplication, and 0, f(z) = , with © = (24, -+ ,x,), and Z, is the vector

with the ith coordinate scaled by g¢.
1.3. g = € substitution.

Proposition 1.5. When substituting q by a pth root of unity €, the ring of q-differential

where the relations are the same with above, with q replaced by €.

operators in n variables becomes

Proof. We notice that (e —1)P = >"" € ( ) = €” — 1 =0 when considering in characteristic
p, thus (¢ — 1)¥ would be zero modulo P,

Thus, since (p)? C (p,e — 1)? C (p), we know the completion of the two ideals would be
the same. The ring of ¢-differentials would then become a completion by ideal (p), which
gives the base ring Z,,. O
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Lemma 1.6. The center of D, g,, is isomorphic to the subalgebra

L, ((e=Do+1)P—17"

Lle] |27,
(e—1)r p
Proof. We consider the ring %, where K is a field with characteristic 0, and x,y are

generators. Thus, given a polynomial P = ) ., c;a™y™, ¢ € K[e|, we have 2P — Px =
Sierci(l—em)amitlym yP — Py =% (€™ —1)2™iy™ . Thus, all elements commute
with both x and y must have all terms vanishing, thus lies in the ring K|e][z*P,y?]. It is

obvious that this ring indeed lies in the center, thus is itself the center.
Qplel{z*",0}

Ox—exd—x

(e — 1)0 + 1 to replace 0 would give the same ring as a generator. As ((e — 1)0 + 1)z =
(e—1)0z+z=(c—1)(exd + ) + z = €((e — 1)xd + ), we have Q,[e]{z*!, (¢ — 1) + 1}
indeed have the relation above, and has center Q,[e][z*?, ((e — 1)0 + 1)7].

Since we're working on Z,[e| instead of its quotient field, we have the center being the
intersection of Q,[e][z*?, ((e — 1) + 1)?] and Zpld{e™.0}

Now, we consider the ring . Notice that the base ring is a field, thus using

. As 0 has integral coefficients, we

Ox—qro—z
could at most put (¢ — 1)? on the denominator. With noticing % is indeed in the
ring, we have it as the second generator.
Since taking center commutes with completion, we can conclude the result. 0

Moreover, we could extend this result into multivariable case:

Proposition 1.7. The center of D.gn 1is isomorphic to the subalgebra

v (e= Do+ 1) —17"
v (e—1)p

Zye]
p
Qple{=F "y},
(yizi—exiy;) )
Notice that this ring is isomorphic to ®%p[€] Boldie™ v} We have show that the center of

YTr—exy
Qplel{z*y}
YT—€TY

the tensor product of n copies for Q,[e][z*?, y?].

Proof. We first consider the ring

is isomorphic to Q,[¢][z*?,4?] in Lemma 1.6. Hence, we have the center also being

Now we would get the center of D.gn being the intersection of it with Q] (257, ((e —

1)0; + 1)P], which gives the subalgebra in the proposition after taking the completion. [
Notice that although our algebra is of characteristic 0, it behaves similarly to the crystalline
differential operators in characteristic p. It would indeed drop into the crystalline operators
when taking modulo p, as we show below.
First, we define the ring of crystalline differential operators.

Definition 1.8. [BCEY21, Corollary 9.7]Let k be a field with characteristic p > 0, and X be
a smooth variety. Then the sheaf of algebras of crystalline differential operators Dy is locally
generated by the function algebra Ox and the tangent Lie algebroid Ty, with the relation

[0, f1 = a(f)-
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Remark 1.9. For X = G"

m’

we have the crystalline algebra being defined as

k[x, 0]
D n = L ! !
Ein (Os; — x;0; — ;)

+p ]

i Y

with the center k[x

To develop more structure for this algebra, we start with recalling equivalent definitions for
Azumaya algebra. In what follows, the subscript of a ring or a field means the base change.

Lemma 1.10. [B23, Lemma 18.1]Let R be a commutative ring and A be a finitely generated
and projective R-module. Then the followings are equivalent definitions for Azumaya property.

(a): The map A® A’ — Endg(A) is an isomorphism.

(b): For every algebraically closed field k and a homomorphism R — k, Ay is isomorphic
to Mat,, (k).

(c): For every mazimal ideal m C R with k = R/m, the ring Ay, is a central simple algebra
over k.

If A satisfies any of these, we say A is Azumaya over R.
We'll also introduce an Azumaya property for differential operators on G,, inside charac-
teristic p fields.

Lemma 1.11. Let k be an algebraically closed field with characteristic p, and X being a
smooth k-variety. The ring of crystalline differential operators on X is Azumaya over its
center.

Proof. This is [BMRO08, Theorem 2.2.3]. d

Remark 1.12. For finite field F' and a smooth F-variety X with dimension n, the differential

operator Dx is finitely generated and projective over its center.

Proof. The finite generated situation is clear. For the projective case, we consider Dy ® g R/m
for R being the center. For a fixed ideal m, we have a pair (z, () inside the cotangent bundle,
and throught this we could take out the central maximal ideal inside R, thus we have the
quotient Dx ®g R/m being a p" dimension R/m vector space.

We consider the action of Dx ® g R/m on this vector space, and would get an injective from
this algebra to the endomorphism algebra. Through some dimension count, we notice that
the map is indeed isomorphism, thus proving the dimension of the vector space Dx ®g R/m
is always p?". O

Now, we would prove the Azumaya property in Lemma 1.11 also holds for all finite fields:

Lemma 1.13. Let X be a Fyn-variety. The algebra of crystalline differential operators on X
18 Azumaya over its center.
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Proof. This is a local statement, so we check it in the affine case.

Let A be the algebra of crystalline differential operators on X. We consider the second
condition in Lemma 1.10. Let R = Z(A). Given a morphism R — k, with k algebtaically
closed, it extends to a morphism Ry — k. Given that AE = DXE is Azumaya over its
center, we have A satisfies the second condition for all algebraically closed k£ with morphism
Z(Ag;) — k, we have all Aj, with Z(A) — k satisfying this condition. Thus, we have the
algebra of crystalline differential operators for all the varieties over F,» being Azumaya over

their center. O

We return to our algebra of g-differential operators.
Remark 1.14. D g is finitely generated and projective over its center.

Proof. Again, finitely generatedness is clear. The projective condition comes from the same
proof: we first take a maximal ideal and consider it as a vector field in F,», and through a
dimension comparison with injectivity toward endomorphism ring and the count of generators,

we would get a fixed dimension for the vector field, thus proving the projectivity. O
Theorem 1.15. [V24] D g is Azumaya over its center.

Proof. Let A = Fple|[z*',0]/(dz — exd — x), then Degn = A). We consider the base ring
R = 7Z,[e][z*?, %], and work on the third condition. Notice that for all maximal
ideals for this ring, the residue field would be in shape of F,». Now we focus on the base
change Ap , = Fyn [z, 0.

As A]Fpn = Dgy, for the smooth [F.-variety Gy, we have A]Fpn being Azumaya over its
center from Lemma 1.13, and since it has a base ring being a field, it is indeed a central
simple algebra over F,». Thus we proved the result that the algebra A being Azumaya over
its center.

Since Azumaya property and center are preserved under completion, we have D, gn over

Zy|e] being Azumaya over its center. O

2. DEFINITION AND FIRST PROPERTIES OF ¢-RATIONAL DAHA

Similar with the Dunkl operators, we would take the space that S,, acts on freely, which is
the space b, = G\ P;;, with P;; := {x; = z;}. To ensure z; is invertible, we begin with G,,
instead of G,.

We consider the e-differential operators on b, Dy, , which is isomorphic to localization of
D.gn by (x; — ;).

Now, we define the new e-Dunkl operators as generalizations for the Dunkl operator, on
the space Dy, #Sy:
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Definition 2.1. The e-Dunkl operator, D;, is defined by the formula
1
Di:tfpai— —(1— ii)-
e -

Inside the formula, t,c are fived constants taking value in Z,|e].

Similar with the standard case, we also want commutativity for the ¢-Dunkl operators,
which indeed holds true:

Lemma 2.2. The g-Dunkl operators commute.

Proof. We consider the Dunkl operator action on an arbitrary monomial P = [z}, which

results to ( ——
_ 1 — gik Yiglim %\ P

te; Pla;] P — Z cp ;p — wl;

ki g J

We again apply D; to D;P, and compare it with D;D;P. Since two operators would

commute if they operate on disjoint coordinates, we only check if the two have the same
coordinate. As the t? term would be automatically symmetric, we only need to consider the
other two.

For the cross term, we only consider the case when k; = j in D; or k; = ¢ in D;. With
ignoring the common factor —tep ], ; 2", the term becomes

I L e et O e 0 EAO
/ r; — o o ol —x] r] — % v

which is invariant under s;;.

For the ¢? term, notice that when k; = j in D; and k; = i in D;, the two operators only
differ by a sign, thus they would be symmetric. Thus, we just need to consider k; = j, k; = 1,
or k; = k;. Hence, we could label the only term differ with 7 and j inside being k.

We fix some k. With relabeling xf’x? zy* = x%Pz°. The sum becomes:

1 l.aybzc o xcybza B xayczb o xcyazb N 1 l.aybzc o xbyazc B xayczb o xbycza
yp_zp xrP — zP gjp_yp yp_zp xp_yp xP — zP

1 xaybzc _ xcybza QTbyaZC _ :rbycza
yp_'rp xP — zP N yp—zp
1 a c c a a,,c c._a
:(xp —yP)(yP — 2P) (2P — aP) ((yp —aP)(x ybz —x ybz —x% 2+ xby 2%)
+ (2P — 2P)(2%y"2° — 2Py 2 + 2by 2 — Pyt + 2y 2t — 2y Rt + (yP — 2P) (2P — xcybza)>
1
" (wr — ) (yp — ) (2P — a?) <Iaybzc(29p — 207) + 2y 2 (2P — yf — 2P) + Y2 (2P + 2P — 2)

+ by (yP — 2P) + Y (2P — :cp)>
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Which is invariant under s;;. By adding through all k& # 4,7, the ¢* term itself would
be invariant, and so D;D; would be invariant. Thus all D; are commutative over the

polynomials. O

Let us investigate the presentation of this algebra by generators and relations, which we
call ¢-DAHA.:

Definition 2.3. The ¢-DAHA H, . is a subalgebra of Dey, #S, generated by v, D;, S, over
Lyle].

In fact, the ¢-DAHA is connected with the crystalline differential operator even if they are
in different characteristics.

Theorem 2.4. When doing the mod € — 1 reduction, q-DAHA would reduce to different forms
based on if t and ¢ vanish or not. Specially, when € — 1 does not divide t and c, it becomes
Dgy, [

- | over F,,.

Proof. We denote the new space being A.

We have Z, €] becoming its residue field F,,, since e—1 with the valuation ]ﬁ is a uniformizer.
Moreover, since € becomes 1, we have the differential operator behave as [0, z] = 1, which is
the same with the operator in the algebra of crystalline differential operators.

Since (x,fsf;?) € A and s;; € A, we have W € A, thus we have xi% € A given
(e — 1)  ¢. Thus, we have m € A for all k, and we could eliminate all the ¢ term inside
the g-Dunkl operator to get tz; ?0; € A, thus tz; **' € A and ;' € A given (e — 1) { ¢.

Notice that given (e —1)|t or (e — 1)|c, we have the term of J; or > xficpzj completely vanish.

Thus, we have the ¢-DAHA modding (e — 1) as the following:

(Dey, {(a; — ;)" (e—Dtet;
) P (= Dle.(e = D1t
Fplzi, (2i — 25) icicjcn, (e =Dt (e = 1) f¢;
| Fplziizs, (e —1)ft,c.

O

Instead of the simple relations inside rational case, there’s some more complex relations.
b

Lemma 2.5. Given (e — 1) t t, ¢, the relations in the g-DAHA are the following:

T — T
D _ 31]7

[DZ', {Ej] =C

1 —p (e—1) xz (€x; — ;)8
[-Di7 xi]e - +c E )
l’
J# J
Disij = Siij, QTZ'SZ']' = Sijl’j.
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Proof. We first calculate the first two relations.
Consider [D;, z;], clearly z; would commute with all the terms not containing x;, thus the
result would be the same with the commutator [—c—=—(1 — s;;), ], which gives value
i

1 1 (zj —x5) + (v —x5)s; (i — 35)s85
_C—xf — (E§<1 - Sij)iﬁj + CJTJ'—:EZP _ :L‘f(l — Sij) =_C xf — x}]g = xf — gj? .

For [D;, x;], we notice that we need to eliminate the coefficient for 9;, thus we need to take
the e-commutator. notice for all j # i, the latter term is symmetric, we could just do it once:
For the first part, we have

[t770;, 2 = ta; [0, @) = ta; ™.

For the second part, we have

1 (ex; — x;) — (ex; — ;)84
=

Now we prove that there’s no other relations.

Suppose there’s one more relation: > P, = 0, where P; are all monomials in shape of
Py, » Py, 95k, since the previous two relations would allow us to change all polynomials into
sum of monomial in this way. Moreover, we could divide everything by € — 1, until at least
one term is not divisible by € — 1.

After this, we consider the reduction of this mod ¢ — 1. Notice this becomes a nonzero
expression inside the crystalline differential operators smash product with .S,,, which would
be nonzero. O
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