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Abstract

We study correlation detection across multiple sparse graphs. Un-
der the null, we observe m independent Erdős–Rényi layers Gi ∼
G(n, ps) with p = n−α+o(1) for α ∈ (0, 1]. Under the alternative,
layers are generated from a latent parent G0 ∼ G(n, p) by indepen-
dently keeping each parent edge with probability s. For m = 2, Ding
and Du [9] established a sharp threshold for detection. We extend the
detection threshold to any number of layers.

1 Introduction

Networks often come in multiple layers: we may observe several graphs on
a common vertex set, with edges in different layers exhibiting latent de-
pendence. This paper studies correlation detection in such multilayer set-
tings, in the sparse asymptotic regime. Concretely, we observe m layers
G = (G1, . . . , Gm), each on the same n labeled vertices. Under the alterna-
tive, they are edge–correlated noisy copies of a single latent parent graph,
each subjected to an unknown vertex permutation. Our goal is to decide,
from the observed layers, which hypothesis generated the data.

Models. We fix p = p(n) = n−α+o(1) with α ∈ (0, 1] and a copying pa-
rameter s ∈ (0, 1).

H0 : (independence): G1, . . . , Gm
i.i.d.∼ G(n, ps), independent across layers.

H1 : (correlated): sample a parent G0 ∼ G(n, p). Let V (G0) and E(G0) de-
note the vertex and edge sets of G0. Draw permutations Π∗

1, . . . ,Π
∗
m ∈

Sn (where Π∗
1 = id for simplicity). Conditional on G0 and Π∗ :=

(Π∗
1, . . . ,Π

∗
m), generate the layers by keeping each parent edge inde-

pendently with probability s:
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P
[
(u, v) ∈ E(Gi)|G0,Π

∗] = {
s if (Π∗−1

i (u),Π∗−1

i (v)) ∈ E(G0)

0 if (Π∗−1

i (u),Π∗−1

i (v)) /∈ E(G0)

independently over i ∈ [m] and unordered pairs (u, v). Marginally,
each Gi ∼ G(n, ps).

Problem statement. Our goal is to test H0 versus H1 given the observed
layers G = (G1, . . . , Gm), while the latent alignment Π∗ = (id,Π∗

2, . . . ,Π
∗
m)

remains unknown. It is standard that the optimal testing error is governed
by the total variation distance between the null and alternative laws. Our
main contribution is to give a strong detection threshold in the sparse regime.

1.1 Background and related work

The graph alignment problem has received sustained interest over the last
decade, with applications in network de-anonymization [14], cross-species
component matching via protein–protein interactions [3], and textual infer-
ence in natural language processing [12]. For the two-layer case m = 2,
there has been substantial progress on the alignment problem [17, 18, 6, 5,
11, 19, 15, 7, 4]. Cullina and Kiyavash [5, 6] established sharp thresholds for
exact alignment, and Cullina [7] obtained a sharp threshold for almost-exact
alignment. The exact threshold for partial alignment was resolved by Ding
and Du [8], who connected partial recovery to a correlation-detection test
based on densest subgraphs [9]. In multigraph settings (m > 2), progress
is more recent: Ameen and Hajek [1] proved a sharp threshold for exact
recovery, and Massoulié–Vassaux [16] established an impossibility threshold
for partial alignment.

For m = 2, Ding and Du [9] established a sharp threshold in the sparse
regime: correlation is detectable iff nps2 exceeds ϱ−1( 1α), where ϱ(·) is the

limiting densest–subgraph ratio for G(n, λn) (see Proposition 1.1). Informally,

above this threshold the correctly aligned intersection G1 ∩G
Π∗−1

2
2 contains

a linear vertex set with ratio at least 1
α ; under independence, with high

probability no permutation Π produces such a witness.

Proposition 1.1. ([2], Theorem 1, Theorem 3) For any constant λ > 0,
there exists a constant ϱ(λ) > 0 which can be explicitly written via a varia-
tional characterization, such that for any Erdős–Rényi graph G ∼ G(n, λn),

max
∅≠U⊂V

|E(U)|
|U |

→ ϱ(λ) in probability as n → ∞, (1)
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where E(U) is the collection of edges in E(G) with both endpoints in U .
Moreover, ϱ(·) is continuous, increasing, and satisfies

1 ≤ ϱ(β)

ϱ(α)
≤ β

α
, ∀ 0 < α < β, (2)

We call the largest subgraph that maximizes the left-hand side of (1)(if
there are many such subgraphs, pick one of them arbitrarily) the densest
subgraph.

Proposition 1.2. ([9], Proposition 2.3) For λ > 1, ϱ(λ) > 1 and ϱ is
strictly increasing. Furthermore, there exists some constant cλ > 0, such
that with probability tending to 1 as n → ∞, the size of the densest subgraph
in an Erdős–Rényi graph H ∼ G(n, λn) is at least cλn.

1.2 Our contribution

We extend this picture to any number of layers m ≥ 2. In particular, we
quantify how additional layers amplify the effective signal via the union of
all pairwise intersections.

Define qm(s) := 1 − (1 − s)m − ms(1 − s)m−1. This is the probability
that a parent edge appears in at least two observed layers, which is obtained
by counting the complement: (1− s)m is the probability a parent edge does
not appear in any graph and ms(1− s)m−1 is the probability a parent edge
appears in exactly one graph. Let P and Q denote the laws of the observed
layers under H0 and H1, respectively.

Theorem 1.3. Suppose p = p(n) satisfies p = n−α+o(1) for some α ∈ (0, 1]
as n → ∞. Let λ∗ = ϱ−1(m−1

α ), then for any constant ε > 0, the following
holds. Suppose there exists a value λ∗∗ such that s satisfies npqm(s) ≥ λ∗+ε
and nps2 ≤ λ∗∗, then

TV(P,Q) = 1− o(1) as n → ∞

where TV(P,Q) = 1
2

∑
ω |P [ω]−Q[ω]| is the total variation distance between

P and Q.

In other words, above this threshold detection is possible: in the corre-
lated model, the permuted pairwise-intersection union⋃

i<j

G
Π∗−1

i
i ∩G

Π∗−1
j

j

3



contains (with high probability) a linear-size subgraph whose ratio exceeds
m−1
α . Under independence, with high probability there is no choice of per-

mutation Π for which the same union contains such a witness.

2 Correlation Detection

We next define our test statistic. For any permutations Π2, . . . ,Πm ∈ Sn

and Π = (id,Π2, . . . ,Πm) ∈ Sm−1
n , let

GΠi
i = (V (G), E(GΠi

i )), where (Πi(u),Πi(v)) ∈ E(GΠi
i ) iff (u, v) ∈ E(Gi)

In other words, the graph GΠi
i is the graph Gi after permuting its vertices.

We define HΠ as

HΠ = (V (G), EΠ), where (u, v) ∈ HΠ iff (u, v) ∈ GΠi
i ∩G

Πj

j for a pair i < j

the union of all pairwise intersection graphs after applying the permutation
Π. This extends the test statistic done by Ding and Du. By using the con-
dition npqm(s) ≥ λ∗ + ε, we force a linear dense subgraph on the correlated
case that won’t happen w.h.p. on the independent case.

Let T (G) be the test

T (G) ≜ max
Π

max
U⊂HΠ:|U |≥n/ log(n)

|EΠ(U)|
|U |

Notice that for the case m = 2, this reduces to the densest subgraph on
G1 ∩GΠ2

2 across the permutations Π2.

Theorem 2.1. Suppose p = p(n) satisfies p = n−α+o(1) for some α ∈ (0, 1]
as n → ∞. Let λ∗ = ϱ−1(m−1

α ), then for any constant ε > 0, the following
holds. Suppose there exists a value λ∗∗ such that s satisfies npqm(s) ≥ λ∗+ε

and nps2 ≤ λ∗∗, let τ = ϱ(λ∗)+ϱ(λ∗+ε)
2 , then

Q[T (G) < τ ] + P [T (G) ≥ τ ] = o(1)

Lemma 2.2. Theorem 2.1 implies Theorem 1.3.

Proof. Conditioning on the event {T ≥ τ} we have
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TV(P,Q) =
1

2

∑
w∈{τ≥T }

|P (w)−Q(w)|+ 1

2

∑
w∈{τ<T }

|P (w)−Q(w)|

≤ 1

2

∑
w∈{τ≥T }

[
Q(w)− P (w)

]
+

1

2

∑
w∈{τ<T }

[
P (w)−Q(w)

]
= 1− o(1)

Let λ = nps2, by Proposition 1.1

m− 1

α
= ϱ(λ∗) < τ < ϱ(λ∗ + ε) < ϱ(npqm(s))

Correlated case: Under H1, we have that HΠ∗−1 is an Erdős–Rényi

G(n, npqm(s)
n ). Since ϱ(npqm(s)) > τ , by Proposition 1.1 and Proposition 1.2

we have that with probability 1 − o(1), HΠ∗−1 has a giant dense subgraph
with ratio at least τ . Therefore, Q[T (G) < τ ] = o(1).

Independent case:
The outline of the proof is to divide the edges EΠ(U) of the densest linear

subgraph U of HΠ into m(m−1)
2 disjoint parts

EΠ(U) =
⊔

1≤i<j≤m

E i,j
Π (U) (3)

E i,j
Π (U) =

{
(u, v)

∣∣∣∣∣ (u, v) ∈ E(GΠi
i ) ∩ E(G

Πj

j ),

(u, v) /∈ E(G
Πi′
i′ ) ∩ E(G

Πj′

j′ ) for (i′, j′) ≺ (i, j)

}
, (4)

with (i′, j′) ≺ (i, j) the lexicographic order. Then bound the probability that
each |E i,j

Π (U)|/|U | is above certain ratio (for this we use disjointness). After
that, we just union bound across all possible

(
n
|U |

)m · |U |!m−1 intersections

of size |U |. For this sake, we are going to use the following Chernoff bound
for Binomial variables ([13], Theorem 4.4): For X ∼ Bin(n, p), let µ = np,
we have:

P[X ≥ (1 + δ)µ] ≤ exp(−µ[(1 + δ) log(1 + δ)− δ]) (CB)

Lemma 2.3. For any ϵ > 0, there exists a positive integer l = l(ϵ,m)
such that any permutation Π where HΠ has a giant dense subgraph U of
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ratio larger than τ also satisfies the following: there exists an assignment
ti,jΠ ∈ {0, 1, . . . ⌈lτ⌉} such that if we divide the edges of HΠ into m(m−1)

2 parts
as explained in (3), (4):

1. Loss of ratio at most ϵ:
∑

i<j
ti,jΠ
l ≥ τ − ϵ (5)

2. Not increase of previous ratio:
|Ei,j

Π (U)|
|U | ≥ ti,jΠ

l for i < j

3. Above-mean for Chernoff bounds: |U |· t
i,j
Π
l ≥

(|U |
2

)
p2s2 ≥ E[E i,j

Π (U)]
for i < j

If we define ri,jΠ =
|Ei,j

Π (U)|
|U | , the lemma says that we can round down the

ratios for each ri,jΠ to the nearest fraction of the form t
l without losing too

much information. The third condition is just to safely use the Chernoff
bound for P[Bin()] in the calculations below.

Proof. Since HΠ has a giant subgraph of ratio at least τ that means that:∑
i<j

ri,jΠ ≥ τ

Take ti,jΠ = ⌊lri,jΠ ⌋ if |U | · ⌊lr
i,j
Π ⌋
l >

(|U |
2

)
p2s2, otherwise ti,jΠ = 0. We claim this

is the assignment we are looking for. Notice we have

∑
i<j

ri,jΠ −
∑
i<j

ti,jΠ
l

=
∑

i<j|ti,jΠ ̸=0

(
ri,jΠ −

⌊lri,jΠ ⌋
l

)
+

∑
i<j|ti,jΠ =0

ri,jΠ

In particular, ri,jΠ − ⌊lri,jΠ ⌋
l ≤ 1

l . If t
i,j
Π = 0 we have ri,jΠ − ⌊lri,jΠ ⌋

l ≤ max(1l ,
(|U |

2

)
p2s2/|U |) =

1
l . The reason is that

(|U |
2

)
p2s2/|U | = o(n−α+o(1)) < 1

l . Therefore∑
i<j

ti,jΠ
l

≥
∑
i<j

ri,jΠ − m(m− 1)

2
· 1
l
≥ τ − ϵ

for l > ⌈m(m−1)
2ϵ ⌉.

By Lemma 2.3 we can bound the probability of existing a Π that cre-
ates the giant dense subgraph in HΠ by a union bound across all possible
assignments of ti,jΠ satisfying the conditions in Lemma 2.3 and the probabil-
ity of existing a Π that gives the giant dense subgraph across each of those
assignments.
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Lemma 2.4. For 0 < ϵ ≪ τ − ϱ(λ∗). For any assignment 0 ≤ ti,j ≤ ⌈lτ⌉,
i < j, satisfying (5), there exists ν = ν(m, τ, α) > 0 such that

P

 ∃Π ∈ Sm−1
n , ∃U ⊆ HΠ, |U | ≥ n/ log n

|E i,j
Π (U)|
|U |

≥ ti,j

l
for all i < j, and

|EΠ(U)|
|U |

≥ τ

 = o(n−ν)

(6)
where E i,j

Π are defined as in (3), (4) and l = l(ϵ,m) is the integer found in
Lemma 2.3

Proof. We can upper bound (6) by

∑
k≥n/ logn

Pr
[
∃U ⊆ V (HΠ), |U | = k :

|E i,j
Π (U)|
|U |

≥ ti,j

l
for all i < j

]
. (7)

By a union bound over candidates Π with U a random subset of size k, we
upper bound (7) by

∑
k≥n/ logn

(
n

k

)m

(k!)m−1 Pr
[ |E i,j

Π (U)|
|U |

≥ ti,j

l
for all i < j

]
, (8)

since there are
(
n
k

)
possible ways to choose the k vertices for each graph and

k! ways to permute them across each graph (except the first one). More-
over, once U is fixed, since the variables |E i,j

Π (U)| for i < j are negatively
associated we get

Pr
[ |E i,j

Π (U)|
|U |

≥ ti,j

l
for all i < j

]
≤

∏
1≤i<j≤m

Pr
[ |E i,j

Π (U)|
|U |

≥ ti,j

l

]
. (9)

(see Appendix A for more details). However, E i,j
Π (U) is a binomial ran-

dom variable which is bounded by.

P
[ |E i,j

Π (U)|
k

≥ ti,j

l

]
≤ P

[
Bin

(k(k − 1)

2
, (ps)2

)
≥ ti,j

l
k
]

as the probability of a specific edge appearing in E i,j
Π (U) is upper-bounded

by the probability of the same edge appearing in GΠi
i ∩G

Πj

j . Therefore, we
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have (8) is bounded by:

∑
k≥n/ log(n)

(
n

k

)m

k!m−1
∏
i<j

P[Bin(
k(k − 1)

2
, (ps)2) ≥ ti,j

l
k]

(CB)

≤
∑

k≥n/ log(n)

(
n

k

)m

k!m−1
∏
i<j

exp(− ti,j

l
k log(

2 ti,j

l

kp2s2
) +

ti,j

l
k)

=
∑

k≥n/ log(n)

(
n

k

)m

k!m−1
∏
i<j

exp(− ti,j

l
k log(

2 ti,j

l n

λkp
) +

ti,j

l
k)

≤
∑

k≥n/ log(n)

(
n

k

)m

k!m−1
∏
i<j

exp(− ti,j

l
αk log(n) + o(k log(n)))

where the last inequality came from log(
2 ti,j

l
n

λkp ) = log( n
kp) + o(1) = (α +

o(1)) log(n) + o(1). Therefore, (6) is bounded by

∑
k≥n/ log(n)

(
n

k

)m

k!m−1 exp(−
∑
i<j

ti,j

l
αk log(n) + o(k log(n)))

≤
∑

k≥n/ log(n)

(
n

k

)m

k!m−1 exp(−(τ − ϵ)αk log(n) + o(k log(n)))

By taking ϵ such that τ − ϵ > m−1
α + 2ς for a fixed ς = ς(α, τ,m) we obtain

the bound on (6):

∑
k≥n/ log(n)

(
n

k

)m

k!m−1 exp(−(
m− 1

α
+ 2ς)αk log(n) + o(k log(n)))

≤
∑

k≥n/ log(n)

(
n

k

)m

k!m−1 exp(−(
m− 1

α
+ ς)αk log(n))

≤
∑

k≥n/ log(n)

(
n

k

)
nk(m−1) exp(−(m− 1 + ς∗)k log(n))

=
∑

k≥n/ log(n)

(
n

k

)
n−kς∗ ≤

∑
k≥n/ log(n)

(2e)nn−kς∗ ≤ n(2e)nn−nς∗/ log(n) = o(n−ν)

where ς∗ = ςα.
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Proof of Theorem 2.1. Now we are ready to bound the probability under
the null, such that there exists a Π with a giant, dense subgraph in HΠ. By

Lemma 2.3 we can divide the probability into at most ⌈l(ϵ,m)τ⌉
m(m−1)

2 possi-
ble scenarios, and by Lemma 2.4 each of those scenarios has o(n−ν) probabil-

ity. Therefore the total probability is bounded by ⌈lτ⌉
m(m−1)

2 o(n−ν) = o(1).
Therefore, P [T (G) ≥ τ ] = o(1).

This proves Q[T (G) < τ ] + P [T (G) ≥ τ ] = o(1) as required.

2.1 Implications

Recall
qm(s) = 1− (1− s)m −ms(1− s)m−1.

A Taylor expansion at s = 0 gives

qm(s) =

(
m

2

)
s2 − 2

(
m

3

)
s3 + O(s4) =

(
m

2

)
s2
(
1−O(ms)

)
. (10)

Hence for s = o(1/m) we have

npqm(s) =

(
m

2

)
nps2 (1 + o(1)).

Therefore the detection condition

npqm(s) > ϱ−1
(
m−1
α

)
is asymptotically equivalent to

nps2 >
2

m(m− 1)
ϱ−1

(
m−1
α

)
as s → 0. (11)

A convenient bound comes from the trivial inequality ϱ(λ) ≥ 1
n |E(G)| =

λ
2 (the densest–subgraph ratio dominates the global average), which implies
ϱ−1(x) ≤ 2x. Plugging this into (11) yields, for the sparse regime α = 1,

nps2 ≥ 4

m

an enough threshold for correlation detection. Thus, compared with the
two-layer case (which requires a constant order signal level), the m-layer
threshold improves the constant by a factor on the order of 1/m. In partic-
ular, for m ≥ 4 the required constant is strictly below 1.
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Finally, recall that in the two-layer setting the sharp detection threshold
was key for establishing the partial-alignment threshold [8]. By the same
logic, the present m-layer condition

npqm(s) > ϱ−1
(
m−1
α

)
suggests partial alignment should be feasible throughout this region as well.
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A Appendix

First, let’s call some definitions and propositions from [10].

Definition A.1 (Negative association, [10], Definition 1). Let X :=
(X1, . . . , Xn) be a vector of random variables.

1. (−A) The random variables, X are negatively associated if for
every two disjoint index sets, I, J ⊆ [n],

E
[
f(Xi, i ∈ I) g(Xj , j ∈ J)

]
≤ E

[
f(Xi, i ∈ I)

]
E
[
g(Xj , j ∈ J)

]
for all functions f : R|I| → R and g : R|J | → R that are both non-
decreasing or both non-increasing.

Proposition A.2. ([10], Proposition 7)

1. If X and Y satisfy (−A) and are mutually independent, then the aug-
mented vector

(X,Y) = (X1, · · · , Xn, Y1, · · · , Ym)

satisfies (−A).

2. Let X := (X1, · · · , Xn) satisfy (−A). Let I1, · · · , Ik ⊆ [n] be disjoint
index sets, for some positive integer k. For j ∈ [k], let

hj : R|Ij | → R

be functions that are all non-decreasing or all non-increasing, and de-
fine

Yj := hj(Xi, i ∈ Ij).

Then the vector Y := (Y1, · · · , Yk) also satisfies (−A). That is, non-
decreasing (or non-increasing) functions of disjoint subsets of nega-
tively associated variables are also negatively associated.

Lemma A.3 (Zero–One Lemma for (−A), [10], Lemma 8). If X1, . . . , Xn

are zero-one random variables such that
∑

iXi = 1, then X1, . . . , Xn satisfy
(−A).

Proposition A.4 (Marginal Probability Bounds,[10], Proposition 4). Let
X1, . . . , Xn satisfy (−A). Then

Pr
[
Xi ≥ ti, i ∈ [n]

]
≤

∏
i∈[n]

Pr
[
Xi ≥ ti

]
.
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With this in hand, we can prove (9)

Proof. Under H0, each Gi ∼ G(n, ps) is invariant under vertex relabeling,

hence (GΠ1
1 , . . . , GΠm

m )
d
= (G1, . . . , Gm). Therefore, we can assume without

loss of generality that Π = id. For each edge e ∈ EΠ(U) and 1 ≤ i < j ≤ m,
define

Xi,j,e = 1{e∈Ei,j
Π (U)},

where {E i,j
Π (U)}i<j are the disjoint edge sets defined by the lexicographic

assignment rules 3 and 4. By construction, for each e ∈ EΠ(U), we get∑
1≤i<j≤m

Xi,j,e = 1{e∈EΠ(U)} = 1

Therefore, we have that Xe = (Xi,j,e 1 ≤ i < j ≤ m) satisfies the Zero-One
Lemma for (-A). SinceG1, G2, . . . , Gm are independent, the sets {Xe}e∈EΠ(U)

are independent. Proposition A.2(1) implies that (Xe)e∈EΠ(U) is negatively
associated, and Proposition A.2(2) that

(|E i,j
Π (U)|)1≤i<j≤m = (

∑
e∈EΠ(U)

Xi,j,e)1≤i<j≤m

is negatively associated, (by taking the disjoint index sets Ii,j = (Xi,j,e)e∈E(U)

and the non-decreasing functions hi,j : R|Ii,j | → R defined by hi,j(v) equal
the sum of all the coordinates of v). This gives us our desired bound by the
Marginal Probability Bounds.
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