BINARY X-RAYS OF PERMUTATIONS

BANGZHENG LI AND YUAN YAO

ABSTRACT. The X-ray of a permutation matrix is the summation of elements on each diagonal.
Each X-ray satisfies some obvious constraints, but the converse does not hold, i.e., not all integral
vectors satisfying the contraints can be realized as the X-ray of a permutation matrix. It has been
conjectured that if we add the assumption that the vector is binary, then the converse holds. In this
paper, we prove that any binary vector satisfying the constraints can be realized as the X-ray of a
doubly stochastic matrix.

1. INTRODUCTION

Fix an integer n and consider a permutation 7 on n elements, which corresponds to a permutation
matrix P. Then the X-ray of P is defined to be the sequence (zg, 21, ..., T2,—_2), where z; represents
the number of 1’s on the i*" diagonal, as illustrated by the following diagram:

n=2

\J’t d[%onq'

\(_’fl'\ 37’4 l J [ a e, \
dia el J[@onql (?

Similarly, we can define the X-ray for an arbitrary matrix A € Mat,,x,(R) to be (zq, z1, ..., Tan—2),
where z; represents the summation of elements of A on the i** diagonal. More concretely,
= Y A 0<k<2n-2
i—j=k—n+1
A natural question to ask is that when a sequence of integers (zg, z1,...,Ton—2) € Zi’g_l can be

realized as the X-ray of a permutation. There are some obvious constraints we need to impose on x;’s,
which we will derive in this paper later. However, these constraints are not enough to fully determine
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whether an integer sequence is an X-ray, and even worse, the problem of determine whether a specific
sequence is an X-ray is NP-complete by [3] and [4].

However, it was conjectured in [1] that if we impose the additional assumption that (xg, z1, . .., T2,—2)
is binary, i.e., x; € {0,1}, then these constraints are sufficient. In other words, every binary = vector
satisfying these constraints can be realized as the X-ray of a permutation matrix. In this paper, we
prove a weaker statement: every binary x vector satisfying these constraints can be realized as the
X-ray of a doubly stochastic matrix, i.e., a non-negative real matrix having each row and each column
sum up to 1.

Here is an overview of our paper. In Section 2, we introduce the s sequence, which is the same as the
x sequence but in another perspective. We also provide some obvious constraints on the s sequence.
In Section 3, we find the constraints on the x sequence which is equivalent to the constraints on the
s sequence, and we will use them as the constraints we want to impose on an x vector. In Section 4,
we give more constraints on the z sequence, and show that for binary x vectors, the constraints in
Section 3 implies all these constraints. In Section 5, we use the tools we have developed so far to prove
the final statement: all z vector that satisfies the specific constraints in Section 3 can be realized as
the X-ray of a doubly stochastic matrix.

2. THE s SEQUENCE

For a,b € Z, we use [a,b] to denote the set {m € Z:a <m <b}. We use &, to denote the
permutation group on n elements. Another way to represent an X-ray is to use the s sequence. Let
Y ={y€Z": {y1,92,--,yn} = {1,2,...,n}} with a bijection &,, = Y, 7 ~ (7(1),7(2),...,7(n)),
then we wonder which s € Z" lies in the Minkowski difference Y — Y. There is an action of &,, on Z"
by permuting the entries, and for ¢ € &,, we have commutative diagram

YxY — 72"

oxa| l”

YxY — 7"

This diagram shows that s € Z" lies in Y —Y if and only if o(s) lies in Y — Y, so we can talk about
whether an element 5 € Z"/&,, lies in Y — Y or not. Also, this diagram tells us that if s € Y =Y,
then o(s) = (1,2,...,n) — (7(1),...,7(n)) for some o, € &,,.

Thus, from an s sequence § € (Y —Y)/6,, we can get an x sequence (o, ...,ZTap—2) € ZQZ%_l,

where z; = #{j € [1,n] : s; =i — n+ 1}, which is the X-ray of the above 7. Also, from an z sequence
(xoy...,Tapn—2) € Z2>76_1 (that is the X-ray of # € &,,) we can get an s sequence § € Z"/&,,, where
i € [-n+1,n — 1] appears x;4,_1 times in s, which lies in (Y —Y)/&,, because it is just the image
of (1,2,...,n) — (7(1),...,7(n)) under map ¥ — Y — (Y —Y)/&,,. Moreover, these two maps are
inverse to each other.

2n—1

As a result, talking about whether z € Z{; " is an X-ray is the same as talking about whether the
corresponding § € 2" /&, lies in (Y —Y')/&,,. For simplicity, when we write an s sequence (s1, ..., $p)

we will omit 5§ and assume that the sequence is up to permutation, which allows us to assume s; <
9 < --- < s,. Then a binary x vector corresponds to an s sequence with s; < s9 < -+ < §p,.
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Now we have some obvious constraints on s € Y — Y. Let s = (s1,...,8,) = (¢(1),...,0(n)) —
(r(1),...,m(n)) with s; < --- < s, then
spn=0c(n)—m(n)<n-1
Sn+Sn—1=0n)+on—1)—7(n)—7n(n—1)
§n+(n—1)—1—2
=n=-2)+((n-1)-1)
=2(n—2)
Sn+Sn-1+S$n—2=0cn)+on—-1)4+0c(n—2)—n(n)—n(n—1) — m(n—2)
<n+n-1)4+Mn-2)—1-2-3
=n=3)+((n-1)-2)+((n-2)-1)
=3(n—3)

Thus, sy, + Sp—1+ -+ Sp—k+1 < k(n — k). By similar reasoning,
s1=0(1) —x(1)
> —(n—1)
s1+s2=0(1)+0(2) — (1) — w(2)
>14+2—-n—(n—-1)
I-(n—-1)+(2-n)
—2(n — 2)

Thus, s1 + 81 + -+ + s, > —k(n — k). We summarize the s inequalities as
Forward s inequalities: s, + $p—1 4+ -+ Sp—p+1 < k(n—k),1 <k <n
Backward s inequalities: s1 + s + -+ s, > —k(n —k),1 <k <n.

Notice that if we plug in £ = n into the forward inequalities, we get s; + -+ + s, < 0, and if we
plug in k = n into the backward inequalities, we get s; + -+ + s, >0, so s1 + - - - + s, = 0, which is
true because s1 + -+ s, =0(1)+---+0o(n) — (7(1)+---+7(n)) =n(n+1)/2—nn+1)/2 =0.

3. EQUIVALENCE OF CONSTRAINTS

Recall we have the s inequalities: s, < n — 1,8, + Sn—1 < 2(n — 2), 8, + Sp—1 + Sn—2 < 3(n —
3),...,81 > —(n—1),81+82 > —2(n—2),... We want to transform these inequalities into inequalities
in xg,x1,...,Ta,—2. Note that if we pick xo,_o many (n —1)’s, xa,_3 many (n — 2)’s, up to To,—1_k
many (n — k)’s, then the forward s inequality becomes

(n—1xop—o+-+n—FKkzom_1-k < (Tan—2+ -+ Topn_1-k)(N — Top_o — -+ — Tap_1-k)

& (Tan—2+ + Ton—1-1)> < Ton_o + 2T2p_3 + -+ + kTop_1_-

Now we claim that these inequalities are equivalent to the forward s inequalities: s, +-- -+ $,_; >
i(n —i). Our previous discussions show that from the forward s inequalities we can get (the above)
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x inequalities. Now from the above x inequalities, in order to get the s inequalities, we only need to
prove the above inequality where zo,_1_j is replaced by 0 < x < x9,,_1_. Let

g(z) = (van—o + -+ Don_k + 2)* — (Top—2 + 2T2n_3 + - + (k — D)woy_p + ka).

Then we have g(0) < 0, g(x2,-1-%) < 0, so because g is a quadratic polynomial in z and has leading
coefficient 1 we see g(z) <0 for all 0 < x < x9,_1_k, as desired.

Also, there exists n many s; is equivalent to xg+x1 + -+ -+ 2,2 = n. Thus, we get the equivalent
x constraints:

T € 0,0 <i<2n—2
To+ T+ FToap_2="n
(Tan—2 + Tan—3 + -+ + Ton—1-k)> < Top—2 + 2T2n—3 + - + kTop_1-4,1 <k <2n—1
(@o+a1+ - +ap1)? <m0+ 2w+ +hap_1,1 <k <2n— 1.

We now claim that these constraints are equivalent to the following alternative x constraints:

z; € L>p,—(n—1)<i<n-1
o+ T+ -+ Toap—2=n
2kx2n—2+(2k*1)z2n—3+"'+1‘2n—1—2k S k(k’+1),1 <k<n

2kxo+ (2k — D)y + - + 21 < k(k+1),1<k<n

= 1ty

where we agree that s, 1 =2_1 = 0.

We first show that the original z constraints imply the alternative x constraints. Because the
original x constraints is equivalent to the s constraints, it suffices to show that the s constraints imply
the alternative = constraints. For a s sequence (si,S82,...,58,), a shrinking operation is to specify
i,7 € [1,n] such that s; + 2 < s;, then replace s; by s; + 1 and replace s; by s; — 1.

We claim that every s sequence can be obtained by the “root” s sequence (—n+1,—n+3,...,n—
3,n — 1) via shrinking operations (up to permutation). To prove this claim, consider a tournament
among n players, where each game has three outcomes: win, draw, or lose. A player get 1 score from
a win, 0 score from a draw, and —1 score from a lose. Then the s sequence corresponds to a score
sequence in this tournament by [2]. Now pick two players p;, p; such that s; < s;, i.e., the score of p; is
less or equal to the score of p;. If p; wins p;, then after changing the result to a draw, we would have
s;°% = s; — 1 and sj°V = s; + 1, which corresponds to an inverse shrinking operation. By the same
argument, if p; draws with p;, then after changing the result to lose, we perform an inverse shrinking
operation.

Now we reorder the players such that s; < sy < - < s, and changing the results of the tournament
such that p; loses p; if ¢ < j, then the score sequence becomes (—n+1,—n+3,...,n —1). Note that
each time we only need to change one match from win to draw, or from draw to lose, so we see after
some inverse shrinking operations we can get (—n + 1,—n + 3,...,n — 1). Therefore, the original s
sequence can be obtained by the root s sequence via some shrinking operations.

Finally, note that the root s sequence satisfies the alternative z constraints, and if a s sequence
satisfies the alternative x constraints, then after a shrinking operation it still satisfies the alternative
x constraints. Thus, the s constraints implies the alternative x constraints.
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Now we show the other direction. Assume that the alternative x constraints hold. Fix a k and
consider t = xop_o + -+ + Top_1—k. Lhen

Qxon—o+ -+ 2t +1—k)ron_1-1 < 2tTop—2 + -+ Top_1-2t < Lt + 1)
& 2t(ran—o+ - Top_1-k) + (T2n—1 + -+ Ton_1-k) — Ton—2 — 2T2p3 — - — kTop 1 ST+ 1)
S (Tan—2+ -+ Ton1-k)° < Tan—2 + 2@on_3 4+ + ko1,
which is 1-side of the original x constraints. The other side of the constraints is completely symmetric.

Now let us illustrate the fact that these constraints cannot fully determine whether x € ZZ4™! can

be realized as the X-ray of a permutation matrix. Let n = 6,23 = z7 = 3, and all other z; = 0, as
depicted below:

o o o 3 0o ©

One can verify that this x sequence satisfies the alternative z constraints. If this x sequence
corresponds to a permutation matrix, then since the green region can be covered by 2 rows and 2
columns we see there can only be at most four 1’s in the green region. However, each of the two
diagonals depicted in the diagram contains three 1’s, so we see that the green region contains at least
six 1’s, which gives a contradiction.

4. INEQUALITY INDUCED BY WEIGHTS

4.1. Inequalities. For simplicity, in this section we will work with board with 1 size larger, which is
the same as the original problem if we replace n by n — 1. If an x sequence (zo,...,Za,) € Ri%“ is
the X-ray of some doubly stochastic matrix A (the indices will run from 0 to n), then we have

Non-negative: A;; > 0,0<1i,5 <n

Equation R;: ZAij =10<i<n
J

Equation Cj: ZAij =L0<j<n
i

Equation Dy: Z Aij =x,0 <k <2n.
i—j=k—n
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We now pick (wo, ..., w,) € Rggl. For k € [0,2n], let

b — ; . ,
Lol ()
i+j=k
then after adding w; copies of equation R;, w; copies of equation C;, and minus by copies of equation
Dy, we get 3, . BijAij = 25" Jwi — i”o b, where 3;; > 0 for all 7, j. Thus, we see we have

2n n
Inequality I(w) : Z oé?zgn(wi +wj) <2 Zwl
z+3 =k i=0

Now let us see some specific I(w)’s:

I(k,k—1,...,1,0,0,...,0) : 2kzog + (2k — D)y + -+ wop—1 < k(k+1),0<k<n+1
I(O 071,2 ,]{) 2k172n (2]6'71)1‘2”_1 +"'+$2n_2k+1,0 S k S n+1
I(L1,...,)cxp4+a1+ -+ 22y <n+ 1

The first two inequalities corresponds to exactly the inequality in the alternative x constraints,
while the third can be implied by the alternative x constraints. In this section, we will show that for
x € [0,1]2"+1 ] if I(w) holds for all above w’s, then I(w) holds for all w € RZ§!. In order to do this,
let us set up some notations. -

For each w = (wp,...,w,) € Rg‘gl and x = (zg,...,T2,) € RQZ%H, we obtain a function fy 5 :
L, — R, where £, is the collection of layouts of stones on a (n+1) x (n+ 1) chessboard, such that
each diagonal has exactly 1 stone. The function f, , is given by the following diagram:

Wg WL}» W3 \l‘/) \)ll \/J“

0O ®) ua (luo)xo+(wb+w\)y)
o O 19, X, iy —‘-(\'J):('\/Jo) XL+ LULTWI) Xg
Ne P ot W) X T (gt ) %
l
(2 Wy) X
o|o ® oW ‘*’?J{ 1w3) 6 1 (i) X9
N ( *)Xx‘r(wwﬁxq
. e T Ws )%
o] 0 >(\‘r We
N

ST S
}K,Q ‘fxq x4 ¥q X() )(Y

Let W, = {(1,0,...,0),(2,1,0,...,0),...,(n,n—1,...,1,0)} C ]R"'H. There exists a map X :
Rggl — R, w — > w;. Then the inequality I(w) becomes ming, fw@ <23 w.
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4.2. One-sided case. In this section we are going to show that for any = € [0, 1]*" !, if ming,, f,. <
2% for all v € Wy, then ming,, fu,, < 23w for all w € RY, x {0}.

We use induction on n. For n = 1 this is trivial, since every element in R>q x {0} is a scalar

multiple of (1,0), and the condition min f,, , < 2¥w is invariant under scalar multiplication. Thus,
we assume n > 2.

Note that when v = (n,n—1,...,0) € W, the condition ming, f,, < 2Xv becomes 2nz + (2n —
1)$1 + -+ 2o < TL(TL + 1).

Pick 1 < m < n such that w,_,,/m is minimal. We now consider the new weight

n n—1 m+1
I n—m-+1
w = (wO - mwn—m; w1 — Wn—my -+ Wn—m—1 — m wn—m70 S REO .

Then from induction hypothesis there exists a layout Ly € L,_,, such that fi . (L1) < 23w/,
where &' = (20,...,%2(—m)). Now we pick Ly € L,, consisting of a horizontal line of stones in
the bottom line and a vertical line of stones in the rightmost column. Then let L = Ly - Ly be the
“concatenating of layouts” illustrated as below (the blue one is L; and the green one is Ls).

Wg WLP N}, \/‘l) Vl V“

o Ws
o | o | %o W,
AN
) % W,
ol 0o X1 W,
M
o X} /‘/JLF
o|0 | © Ky We
N N x )(
)Q,Q 7\7 x4 *q b ¥
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Finally, we have

Wn—m
fw,g;(L) = fw/,g;/(Ll) + T(ano + (2n — 1)1‘1 —+ -+ J)Qn_l)
2m —1

Wn—m + Wp—m+1 — wnm) Ton—2m—+1

2m — 2

Wn—m + wn7m+2 - wnm) x2n72m+2

m—1
Wp—m+1 — ———  Wn—m | T2n—m+1
m

m — 2
wnferZ - Twnfm x2n7m+2

1
(wn—l - Wn—m | T2n—1
m

n—m 1 n—m
< 2%’ + 7’L(7’L + 1)w + 2(wnm+1 + Wpomi2 + - FWp—1 — i(m - 1)mw )
m
n+m)(n—m+1)w,_m Wn—m
:2(w0+w1+'~+wn,m)—2( N ) +n(n+1)

2 m m
+ 2(wn—m+1 + Wpn—m+2 + -+ wn—l) - (m - 1)wn—m

wnfm

= 2Yw +
= 2w,

(nn+1)=—(m+m)(n—m+1) —m(m—1))

as desired.

4.3. Two sided case. Now let

W =W, U{(0,...,0,1),(0,...,0,1,2),...,(0,1,2,...,n)} U{(1,1,..., 1)} C RZ™.

We will show that for any = € [0,1]?"*1, if ming,, f, . < 2Xvforallv € Wi, then ming, fu < 2Xw
for all w € Rggl.

We first show this when some w,, = 0. Then by the one-sided case there exists L; € L,, and
Ly € Ly, such that fU)O*}'rrLywO*)"L (Ll) < 2Ywo—m and fwn—)(n—m)7wn—>(n—m) (LQ) < 2an%(nfm)' Now
let L = Ly - Lo, then

fw,m(L) = fw0—>m7r0—>m (Ll) + fwnﬂ(n—rn)vznﬂ(n—nl) (L2)
< 2(wo +wi + - F W) + 2w+ Wing1 + -+ Wwy)
= 2w,
as desired.

Note that when v = (1,1,...,1), the condition ming, f, , < 2Xv becomes xo+z1+- - -+x2, < n+1.
Now for the general case, we pick the minimal w,, and consider w} = w; — wy,, then by previous
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discussion there exists L € £,, such that f, (L) < 2Xw’. Finally,

fw,ac(L) = fw/7x(L) + me(zo 44+ xQn)
< 28w’ +2(n+ Dwp,
= 2Xw,

as desired.

5. EXISTENCE OF NON-NEGATIVE REAL SOLUTION

Now we are going to show that when all I(w)’s are satisfied, then there exists a non-negative real
solution. Let V' = R™*™ be the collection of possible ways to fill in real numbers into a n by n board.
We can view each A € V as a real matrix. For convenience we will write A;; where ¢, j runs from 0
ton —1.

Theorem 5.1. Let S C [0,2n — 2] be the collection of diagonal indices with cardinality n and I(w)
be the corresponding weight inequalities. If I(w) holds for all w € RZ,,, then there exists A € V such
that -

A;j; >0 foralli,j € [0,n—1].

>
> Aij =1 for each i € [0,n — 1].
2

t

=

rough the k’s diagonal.

Proof. Let P C V be the polytope consists of A € V' such that:
(1) A;; >0 foralli,j e [0,n—1].
(2) >°; Aij < 1for each i € [0,n — 1].
(3) >, Aij <1 for each j € [0,n—1].

Let H C V be the plane consists of A such that di(A) = 1 for each k € S and 0 otherwise. We
claim that PNH # @. Assume the contrary, PNH = &. Then by the hyperplane separation theorem,
there exists a hyperplane separating P and H, i.e., there exists a linear functional f : V' — R such
that f(P) and f(H) are disjoint.

Note that since H is a plane, in order for f(H) # R, we need f(H) consists of one point. After
possibly scaling f we can assume f(H) = {1}. Then by the definition of H we see f = 2?;62 apdy

for some o € R such that >, _gar = 1. Now 0 € P and f(0) = 0, so since P is compact there exists
€ > 0 such that f(p) <1—e€forall pe P.

We now have the linear programming problem:

Inequality R;: ZAij <1,0<i<n-1
J

Inequality C;: ZAij <1,0<5<n—-1
i

Inequality E;j: —A;; <0,0<4,5<n—1
n—1
They imply inequality D: Z O jin—14;; <1 —e
i,j=0
Then from LP duality, there exist r; € R>q,¢; € R>g,€;; € R>¢ such that if we add r; multiple of
inequality R;, ¢; multiple of inequality C;, and e;; multiple of inequality F;; together, the resulting
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inequality would have left hand side being exactly that of inequality D, and right hand side being
<1l-—e.

Thus, if we let c;. = Cp—_1-j, then r; + c;» > a;4j for all 4,5 € [0,n — 1], so
RS RIS
- ,

mln rl + c E ap = 1.
es = kes

Let w; = (r;+¢})/2, then we claim that for each k, we have min; | j—j(w; +w;) > min;j—p(r; +c§).
To see this, just note that if w; +w; achieve minimal value, then from (r; +c}) + (r; +¢}) = 2(w; +w;)
we see one of 7; + ¢} or r; + ¢; must be at most w; + w;, as desired. Therefore we get

QZwi:ZTi+ZC;’§1_E

mln (w; + w;) > min rz—i—c;-) >1,

= k
pes = 5=

which implies I(w) does not hold, a contradiction.

As a result, there exists A9 € PN H. Now sum Ay through all diagonals we see the summation
of all entries of Ag is n, so the summation of each row and each column must be 1 in order for the
summation of all entries to be n. This shows that Ay is the desired element. O

As a result, we get

Corollary 5.2. Suppose (xg,T1,...,Tan—2) € Z2" Y satisfies:
2 € {0,1},0<i < 2n—2
To+T1+ -+ T2 ="n
2Uitgn_o + (2k — V)agn s+ + Ton_1 ok < k(k+1),1 <k <n
2kxo + (2k — D)ag + -+ aop—1 < k(k+1),1 <k <n,

where we agree x_1 = Top—1 = 0. Then (xg,x1,...,Tan—2) can be realized as the X-ray of a doubly
stochastic matrix.
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