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ABSTRACT. We derive integral formulas for the solutions of the Knizhnik-Zamolodchikov
equations in the setting of Deligne Categories.
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1. INTRODUCTION

The Knizhnik-Zamolodchikov (KZ) connection is an important object in representation
theory of affine Lie algebras and quantum groups. Namely, for an arbitrary simple Lie
algebra g we may consider a connection Vg, on a base space

C\ | {zeClu-2z} (1.1)
1<i<j<r
given by
Vis=d—h Z MQ (1.2)
KZ - Zi— Zj ij .
1<i<y<r

where €;; € U(g)®" is equal to

Q= Y 1V 100gellelte...@.. 10 Ve Wg1tte. .01 (1.3)
1<a<dim(g)

and e,, e* are dual bases in g. The Knizhnik-Zamolodchikov connection admits an obvious
generalization to the case of general linear groups.

One may consider an analogous vector bundle with the fiber equal to the tensor product
of g modules Vi, ..., V,. We may choose a root system and the Cartan subalgebra b for

g. Then since the action of g on V; ® --- ® V. commutes with €2;; and since the operators
1
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(2;; have weight 0 with respect to g, it makes sense to restrict the connection to a weight
space

Vi@ @V[WcVie -V, pebh. (1.4)
If we slightly deform the KZ connection and look for the flat sections of Vi, on (1.4),
one write a system of compatible dynamical equations and integral solutions which satisfy
both the KZ and dynamical equations [6].

The Deligne category Rep(GL;) for a parameter ¢ € C is a certain interpolation of
the representation category of the classical algebraic Lie group G L, [1]. It is possible to
produce a pencil of KZ connections in the setting of Deligne categories depending on the
parameter t [5]. Therefore we may look for the flat sections of the KZ equations in this
case as well. A direct application of the approach in [6] fails since there are no weight
spaces (1.4) in Deligne categories. Nevertheless, it is possible to find a certain (gl;, gl,.)-
duality which allows us to write integral formulas for the solutions to the KZ equations
for all non-integer and large enough integer ¢.

The paper is structured as follows. Chapter 2 contains preliminaries. In Chapter 3 we
produce the duality under which the KZ connection maps to the dynamical connection on
a certain simple module for the dual general linear algebra. Finally, the integral formulas
for solutions to the dynamical equations from Chapter 3 are presented in Chapter 4.

2. PRELIMINARIES
2.1. Kac-Moody Lie algebras. Suppose we are given an integer square matrix A of
size n and rank [, such that
a; =2, a;<0ifi#j, a;=0=a;=0. (2.1)
It is called a generalized Cartan matrix. Let h be a vector space of dimension 2n — [ with

independent simple co-roots ITY = {hY,... A’} in h and let II be a set of independent
simple roots {ay,...,a,} in b*, such that

(hi', a) = ai;. (2.2)
Then there exists a Lie algebra g(A) = n_@®h@dn,, such that n, is generated by elements
€1,...,e, and n_ is generated by elements f1,..., f, with relations
les, fi] = dishi, [ W] =0, [he] =ai(h)es, [h, fi] = —ai(h)f; (2.3)
for h, ' € b and
adl="(e;) =0, ad; “(f;) = 0. (2.4)

Those are called the Chevalley-Serre generators and relations respectively. The con-
structed Lie algebra is called the Kac-Moody Lie algebra associated to the generalized
Cartan matrix A [7].

2.2. General linear groups and algebras. The general linear group GL,(C) is the
group of invertible matrices of size n over C. The standard choice of a maximal torus
T, of GL,(C) is the subgroup of diagonal matrices and the standard choice of a Borel
subgroup B, is the subgroup of upper-triangular matrices. This yields the following
description of the Lie algebra gl,,(C) of GL,,(C) and its root system:

g[n(C) =n_6o b ) n,, n_ = Span<Eij>i>j7 n, = span(Eij)Kj, h = span(En), (25)
b* = span(Qi), QZ(E]]) = 51’]’7 R = {91 — 9]|Z 7é j}, R+ = {91 — (9]‘2 < j}, (26)
M={0;— 01}, II"={Ej;— Eii1,1}- (2.7)
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All irreducible representatios of GL,(C) (or, equivalently, integrable irreducible repre-
sentations of gl,,(C)) are parameterized by an n-tuples of integers (A1,...,A,) such that
Ai > Air1. If V is the tautological representation of GL,,(C) then any such representation
can be tensored with the one-dimensional representation A"V several times, so that A
becomes a partition of length not greater than n. The resulting representation may be
realized via a Schur functor S* applied to V.

2.3. The Deligne category. The Deligne category Rep(GL,T) for a formal variable T
and a field C of characteristic 0 is the Karoubi closure of the additive closure of the free
rigid monoidal C[T]-linear category generated by an object V' of dimension 7. For non-
negative integers n, m the endomorphism algebra of an object V®"* @ V*®™ is the walled
Brauer algebra Br,, ,,,(T") over C[T] [1].

For any element ¢ of C we may specialize the category Rep(GL,T) to T' = t. The result-
ing C-linear category Rep(GL;) is also usually called a Deligne category [3|. If ¢ is not an
integer then Rep(GL;) is abelian and semisimple [1]. For integer ¢ it is only Karoubian [1].

Indecomposable objects Ly, of Rep(GL;) are parameterized by bi-partitions (A, )
and are obtained by applying appropriate idempotents to V& @ V*®lul For any posi-
tive integer ¢ the category Rep(GL;) admits a full tensor functor F' to Rep(GL;) which
sends V' to the tautological representation of GL; and Ly, to the simple representation
in VXM @ V*@lil with the largest (w.r.t. the standard partial order on the root lattice)
highest weight if [(X) 4+ (p) < t. If I(X) + (i) > t, then F(Lp ) = 0.

The group GL; is the fundamental group of Rep(GL;) [2, 4]. The Lie algebra gl, (or
gl(V)) of GL, is
gl, =V V" (2.8)

Note that gl, is an associative algebra via the evaluation map, therefore it is also a Lie
algebra [4].

3. KZ EQUATIONS AND DYNAMICAL DIFFERENTIAL EQUATIONS

3.1. Knizhnik-Zamolodchikov equations. Consider the category Rep(GL;) for a com-
plex t. For integer m,n > 0 we may consider the Casimir operators

Q VIR Q VI 5 VE g Ve Q= Q) (3.1)

which act in 7, j tensor components via a flip if 7, 7 < n or i, j > n, and via —coev o ev for
other ¢, 7. Hereev: V®V* — 1 and coev: 1 — V@V™* are the evaluation and coevaluation
maps.

One may write the Knizhnik-Zamolodchikov connection on C™*" \ {diagonals} with
values in Homgepcr,)(Vau, VE" @ VE™)

dz; — dz;
Viz(h)=d— h§ z—zJQW (3.2)
1<J v J

where the action of €; on V**" @ V@™ is extended to endomorphisms of
Hompgepary) (Vau, V" @ VE™). We may assume |A| +n = |u| + m, otherwise

Hompep(cry (Vau, V" @ VE) =0 (3.3)
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Example 3.1.1 ([5]). In the case when both A\, = 0 and m = n we can describe §;;
explicitly: note that Hompgepcr,) (1, VE™ @ VE™) = C[S,], so for 1 <i < j < 2m and
o €5, we have

(i,j)OU, ,J<m

go(i—m,j—m), 1,7 >m

QZ‘]‘O' = (34)

—to, o(j—m)=dii<m<j
—(i,a(j—m))oa, J(]—m)%z,z§m<]
Since the vector space of homomorphisms Homgep(cr,) (Va,u, V@ VE™) has the same

dimension for all non-integer and all large enough integer ¢t = dim V| it is sufficient for us
to consider the setup for gl,,t € N - for large ¢ we have an isomorphism

F: Hom@(GLt)(V,\,H, V*®n & V®m> % Homg[t<v)\,,u7 V*®n ® V®m> (35>
Where V), , is the irreducible representation of gl, weight
()\1,)\2,...,0,...,0,...7—/12,—/11), (36)

where the first coordinates are the coordinates of A, the last coordinates are the coordi-
nates of —u and the coordinates in between are all zeros.
For large positive integer ¢ we have

Homyg, (Vx | Vi = Homyg, (Vi ® (A'V)E™ (AT g o), (3.7)

3.2. (gl;, 90,4, duality. Let ¢ be a positive integer and gl, the corresponding general
linear Lie algebra. In this section we derive a duality between the K7 equations for gl,
and dynamical differential equations for gl ., via the joint action of gl, and gl,,,, on
the space A*(V ® W), where V, W are the tautological representations for gl, and gl
respectively. The derivation is similar to [11].

m4+n

The space in (3.7) can be given the structure of a weight space of a gl(n 4+ m) module.
Namely, consider the space A*(V ® W), which inherits the action of gl(V') @ gl(W). The
skew-Howe duality states that as a gl(V') @ gl(I¥)-module

A (VW)= 5 Vs @ Wy, (3.8)

8, 1(8)<t, (6 T)<m+n
where Vs, Wyt are the irreducible representations of gl(V') and gl(W) of weights § and
0" respectively. The sum is over all partitions § satisfying the written conditions. Also,

given a choice of basis for W, we have an embedding (A*~1V)®" @ VE™ — A*(V @ W),
whose image is the subspace of gl(n + m) weight

Bi=(t—1,...,t—1,1,...,1). (3.9)
D T

Therefore, if 3 < n, A\; < m (otherwise the space (3.7) is 0) we have an embedding
Homg;, (Vi @ (A'V)E™ (A1V)E" @ VE™)
— Homg, (Vi @ (AV)®" AY(V @ W) = W, T, (3.10)

with W.r[3] being the image of the embedding. Here + is the highest weight of the
gl,-module V, , ® (A'V)®",
V=AM n+ A, 0=, n = ). (3.11)

TV
t entries

The upshot is that we will identify the space Homgep(ar,)(Va,u, V" ® V™) with the
weight space W.r[3] (Notice that the transpose 7' can be interpolated to generic ¢;




KNIZHNIK-ZAMOLODCHIKOV EQUATIONS IN DELIGNE CATEGORY 5

Lemma 3.2.3 will extend the isomorphism to generic ).

Let us take a basis z,,,1 <a <t,1 <i<m+nof VW. As a gl,-module, the space
A*(V ® W) is isomorphic to
A.[SL’Lh e th,l] KR A.[xl,n—l-m; oo 7$t,n+m]' (312)
The gl, Casimir operators €2;; (as in (3.1)) act on this space as

Qij = (ea)y (")) (3.13)

a

where {e,},{e?} are dual bases of gl;, and the outside subscripts (i) indicate action on
the i-th factor of the tensor product. Meanwhile, as a gl ..-module, we have action by
the operators k;; for 1 <i,j <m+n, i # j defined by

Kij = €a€_q + €_nq (3.14)

m—+n

where « is the root 0; — 0; of gl,, ., and ey, are the corresponding root vectors from
ga C gl,,,, normalized by Tr(e,e_o) = 1.
Let E;
Lemma 3.2.1. For any 1 <i < j < m+n, the equality
20, = —kij + By + Ejj (3.15)
holds as operators on A*(V @ W).
Proof. The action of Q;; on A*(V ® W) can be written as

Z ﬂia,iab,ixb,jaa,j (3~16)

1<a,b<t

i, 1 <i,5 <m+n, be the standard basis of gl,, ..

where z,. and 0,. are the operators of multiplication and differentiation by z,. (with
appropriate powers of —1). Similarly, the action of x;; is

E xm@a,ij,jﬁbﬂ» -+ $b7jab,i$a7i8a,j. (317)
1<a,b<t

In view of the anticommutation relation x,,;0, ; + 2y j0a; = 040;,;, We have

Rij = Z Ia,i(—l’bdaa,j + 6a,b>8b,i + l‘b,j(—xmiab,i + (5(175)8&’3' (318)
1<a,b<t
= —29” + Z (xa,iaa,i + Ia,jga,j) = —QQZ] + Ezz + Ejj (319)
1<a<t
as desired. 0

Let M, s be the subspace of A*(V @ W) with gl,-weight o and gl ,-weight 5. As a

consequence of the above lemma, we have the following theorem.
Theorem 3.2.2. A function f : {(z1, -, 2Zm+n) € C"" | 2, # 2;} — My, is a flat
section of the KZ connection
dz; — dz;
Viz=d-h Y T =%q, (3.20)
1<i<j<m+n

if and only if the function g = f - H1§i<j§m+n(zi — z;)~BHBIM2 s g flat section of the

connection 5 J J

Zi—Zj

m—+n

1<i<gj<m+n
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Additionally, by using the gauge transformation V. — hV,.h™1 where

h = exp (g Z (Bi — Bj) log(z — zj)> (3.22)

1<i<j<m+n

we can change the V. connection to the dynamical connection Vp as in [6]:

Vp=d+h Y Me_aea (3.23)

I<icjemin b 7
Proof. A straightforward computation. For the second part, note that
Calo + € abq = 26_oeq + h. (3.24)
and hY acts on M,z by ; — B, where a = 0; — 6;. L]
We also need the following lemma.

Lemma 3.2.3. For all non-integer and large enough integer t we have an isomorphism
¢ := Hompepiry) (Vay, V" @ VE™) = L+ (3], (3.25)

where L.t is the unique irreducible gl ,,,-module of the highest weight ~T.

m-+n

Proof. Note that for the specified ¢ the dimension of the LHS is the same as the dimension
of the same space for some large enough integer ¢. The dimension of the RHS is constant
for the aforementioned ¢ due to the BGG resolution.

For the choice of the LHS basis let us consider a projection
T . Hom@(GLt)(V@)l)‘l ® V*®“u‘, V*®n ® V®m) —» Homm(GLt)<V)\’“, V*®n ® V®m> (326)

and let us fix a set B from the spanning set of (w,w’)—diagrams from the bigger space
as in [1] for ¢ from a Zariski open set U C C such that the projection of B is a basis.

Let us fix a basis of the corresponding weight space from the PBW-spanning set on
the RHS. Note that the relations on the PBW vectors from the RHS are independent
on t. Indeed, otherwise it would mean that we have a singular vector above 3 in the
Verma module M, whose coefficients necessarily depend on ¢. This in turn would imply
the same fact for all large integer ¢, but with this assumption all the relations on the
PBW vectors are independent on ¢ due to the consideration of the embedding below. In
particular, it is clear that if a subset from the set of spanning PBW vectors is a basis
for some t as in the lemma, then it will also be a basis for the same weight space for all
non-integer or large enough integer ¢ because the weights of the singular vectors of the
corresponding Verma module sitting above 3 are all the same for such ¢.

For a large integer ¢ we may associate the space (3.7) with the space of gl(V') highest
weight vectors of the gl(V') @ gl(W)-weight (v, 5) in A*(V @ W). We may embed both
spaces for a large integer ¢ into the (v, §)-weight space of A*(V ® W). In turn, it can be
viewed as the space

AW @@ AW (3.27)
The highest weight vector of AW ® --- ®@ A"W is already gl(V)-singular when it is
embedded back into A*(V ® W), so if we want to get the image of LHS/RHS in (3.27), it
is sufficient for us to apply chains of gl(W) lowering operators to this vector, so that we
arrive in the correct weight space . The space in (3.27) has a basis
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where w; are the highest weight vectors in AW and
Wt(fi%--«figl ~--fz'§-~figt) =" - 5. (3.29)

The coefficients in terms of (3.28) of the basis from the LHS will be rational in ¢ and
the coefficients of the basis from the RHS will be constant. We want to produce the
matrix of the basis change from RHS to the LHS. However, when ¢ — +o00 the image of
the LHS/RHS spaces lies in the subspace of a fixed (independent on t) finite dimension:

AW @ - AN @ (AW ® -+ @ A"W)5e--ul @ AR o @ AWIB], (3.30)

where Sy_|\—|, acts by permutations of the tensor factors. Therefore, the matrix of the
basis change has fixed rational coefficients in ¢ and we can identify the spaces from (3.25)
fort e U.

To describe the isomorphism for all non-integer and all large enough integer ¢ we may
simply choose a different set B’ instead of B with the new supporting set U’ for ¢'. It is
clear that the isomorphisms agree over the intersection U N U". U

We have the following consequence of this lemma.

Theorem 3.2.4. The isomorphism ¢ in (3.25) identifies the dynamical connection on
L. [B] and the KZ connection on Hompgepr,)(Va, VE" @ VE™). In particular, if

fid(z, o 2mgn) € C™ | 2 # 253 — L7 ] (3.31)

1s a flat section of the dynamical connection, then

H (2 — z;) BB =1 (f) = H (2 = 2z) %" o7 (f) (3.32)

1<i<j<m+n 1<i<j<m+n

1s a flat section of V.

Proof. Since we know that e_,e, act as truncated Casimirs on L. [3] for all sufficiently
large integers ¢ and this action is polynomial in ¢ (in terms of a PBW basis), it follows
that e_,e, will still act as truncated Casimirs for all non-integer and large enough integer
t. O

4. SOLUTIONS TO DYNAMICAL DIFFERENTIAL EQUATIONS

4.1. Integral formulas. Due to Theorem 3.2.2 it suffices to find flat sections of the
dynamical connection (3.23) for the Lie algebra gl ,,, and the weight space L.v[3]. Ex-
plicitly, we are looking for solutions u : {(z1,..., Zmsn) € C™" | z; # 2;} — L[] to
the equations ; ;

du = —h ue_aeau 4.1
1<i<]Z<n+m S ( )

where « is the root 0, —0; of gl and e, are the corresponding normalized root vectors.

n+m

From [6] we have integral solutions to these equations, which we will now describe. Let
fi=Eiin € gl for 1 < < n+m—1 be the standard lowering operators; associ-
ated with them are the simple roots a; = 6; — 0;,;. Write 4 — 3 as a sum of simple
roots A = Z?Ilm_l m;c; for some m; € Zsq (note that v' — 3 stabilizes for generic t,
so the m; do too). Let m = Z:‘:lm*l m;, and let ¢ be the unique non-decreasing func-
tion from {1,...,m} — {1,...,n+m—1} such that [¢"!(i)| = m; forall 1 <i < n+m—1.

For permutations o € Sy define the differential m-form w, = dlog(ts1) — to-(g)) /AR
leg(tU(m_l) — ta(m)) /\leg(tU(m)); also define the operator fC(U)U = fc(g(l)) cee fc(g(m)) Let
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v denote the highest weight vector in L.r. The L.t [5]-valued differential m-form w is
defined as

Wtr, . ta) = Y (1), fuopv. (4.2)

OE Ty

Theorem 4.1.1. Let us fix an orderingl : {1,...,m} — {1,...,m} of the set {1, ..., m}.
The sections of the form

U = / exp (ﬁ (Zc(i) - Zc(z')+1) ti) o "w (4.3)
Iy i=1

span the space of solutions of the dynamical equations in L. [f]. Here I'; is a cycle given
by the picture below.

tlfl(m)

b

<.o

Pic. 1. Integration contours for I';.

® is the master function
(o T
B(tr,... tm) = [ 6“7 Tt — ty) o) (4.4)
1<i<m 1<j
and w is a L.7[fB]-valued differential m-form which has the combinatorial description
(4.2). The integrals converge in the region R(h(z; — zi41)) < 0.

Proof. From [6] we know that the sections

U(21s - Zmgn, T) 1= /FeXp (ﬁ <Z (Ze(i) = Ze(iy1) ti = (77 Z>$>>‘i>_h(x)w(t,x) (4.5)

i=1
for any appropriate cycle I' satisfy both the trivial Knizhnik-Zamolodchikov connection
(on the single variable x)

d

—4h 4.6

o T he (4.6)
where we view z = (21,...,2m1n) as an element of the standard Cartan subalgebra of

gl,,.,, and the dynamical equations for

m-+n
dz — dz:
/D = dz +h (Z 6,$d21 + Z %e—aea> . (47>
i=1

.. Zz 9
1<i<j<m+n

Here we have

(i)(a;) = H (ti _ x)—(acm,’YT) H(t’ _ tj)(ac(iyac(j)) (4.8)

1<i<m i<j
and w(t,x) is as in (4.2) but with w, replaced by
we(t, ) == dlog(tyn) —lo@) A+ - Adlog(tomm—1) = to@m)) Adlog(tomm) —x), d=d;. (4.9)

If we assume that |z| is sufficiently small and make a suitable linear change of variables
for t; we may expand the solutions in x. From the form of the (4.7) we deduce that the
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first term of this expansion, i.e. (4.3), is a flat section for Vp.

The sections u; in (4.3) span the space of flat sections of V. Indeed, consider a limit
h=ez2 =z/e e = 0sothat R(2] — 2/, ;) < 0. By deforming the contours of integration
we may assume that both “tails” of each individual contour are close to the real line.
by

) fi  Re
N '

Pic. 2. Deformation of the cycle I.

We may note that the integral u;(z], €) converges absolutely in €, so it is entire in € and
we may consider u;(z;,0). Assume for simplicity that we are working with only one term
w, of w. When we let ¢ = 0 the function under the integral (4.3) becomes entire on
C™\ (Ui {ti = Ul {t: = 0}). If we look at the function w (2], 0) without the integral
over t;-1(1), the resulting function f;(¢;-1(1), 2{) is meromorphic in ¢;-1(;y with the only pole
at t;-11) = 0. Therefore, if we perform the missing integration in ¢;-1(;) and pinch two
tails of integration from a + 0+ to +o00 + 0+ and back from 400 —i0+ to a —i0+ where
a € R.q they will cancel each other out. Thus the resulting integral computes the residue
of fi(ti-1(1), %) at ;1) = 0. If w, does not have a pole at #;-11) = 0 the integral is zero.

This argument shows that we may algebraically compute the residue of a function
i 1
exp (D (2e) = Ze(iy+1)ti)
; O SO o) — o) (o) — L) - - - (bom-1) — togm)tatm
at j-1(1y = 0 and then perform the other 7 — 1 integrations. Then we can consider the
same argument for the next variable #;-1(3). This time the function will look differently,
namely we’ll have (assume o(m) = [71(1))

(4.10)

“ 1
(—2mi) - exp ( (2o = Zeqoy 1)t - (411)
i:l,i;ﬁzl_l(l) O SO ) — to@) (o) — L) - - - tom-)

1
- (Z:/:(m) - Zé(m)+1)

I (4.12)

(o) = to@)(ta@) = te@) - - - (to@m-2) = lo@m-1))
but the last term does not contribute to the integral, because the degree of the denomi-
nator is smaller than the number of integrations. If we compute the integral over the last
term by the trick above, eventually we will have a function without any poles in some
variable ¢; which will give us 0 after the integration.

From this we see that

m

/ exp ( Z (z(’:(i) — zé(i)ﬂ)ti)wg = (=278) "6 5.1~ 10w, (4.13)
I i=1,i£1-1(1)
where w(i) =m+ 1 —14,1 <i <m. Then we have
w(2;,0) = / Z Wo fe(o)V = (—278)" fe(i=10mw)0. (4.14)
Iy

O'ESﬁ

The vectors fe,)v span L.,7[f3], so the solutions (4.3) span the space of all solutions in
L.+[5]. O

v
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Remark 4.1.2. For large integer t there is a natural embedding ¢ : L,v — A"W ®
---®@ AW which sends the highest-weight vector of L.+ to the product of highest-weight
vectors. One might also try to write solutions for large integer ¢ using Theorem 3.1 in
[6] on the gl,,,, weight space (AW ® --- @ A"W) [f]. However, we can show that the
solutions obtained in this way actually lie in the image of ¢, and are in fact the same
as the solutions obtained in Theorem 4.1.1. Explicitly, the “new” solutions are described

as follows: let P be the set of sequences o = (i1,...,1i1 ;...;it,... i’ ) consisting of the
numbers 1, ..., arranged into t rows. For each such sequence, define the differential form

Wo =Wyt 1 N AW e where wgy i, = dlog(t;, —ti,)N\---Adlog(t;, ,—t;,)ANdlog(t;,).

Also define the vector fyv = fyuy--- fc(lgl)vl R R fc(igt)vt where v; is the
highest-weight vector in AYW. Then the “new” solutions are given by

U = / exp (hz (zc(i) — ZC(Z')_H) ti> oy (4.15)
I i=1

where
@ =Y (-1, fov. (4.16)
ceP
By repeatedly using Lemma 7.4.4 from [10] and the formula for the action of a Lie algebra
g on a tensor product of g-modules we can re-arrange terms in (4.15). This way we can
see that the solutions (4.15) are the same as (4.3).

Example 4.1.3. As in Fxample 3.1.1, consider the case when A\, =0 and m =n so we
have Hom geyry) (1, V™ @ VE™) = C[S,,]. This is also identified with the gly,,-weight
space L.7[B] where

v =(t,...,t,0,...,0). (4.17)

m times m times
. . . . 2m—1
The difference v' — B is written as the sum of simple roots > ;""" m;a; where m; =

m — |m — |, so our solutions involve Tw = m? integrations.

4.2. Bethe ansatz. The problem of the Bethe ansatz is to simultaneously diagonalize
the Gaudin operators H; = ., Qi;/(2; — 2;) which appear on the right hand side of the
KZ equations. We can obtain such eigenvectors from K7 solutions by taking the limit
h — 0. Explicitly, if the spectrum of H; is simple, the Bethe vectors for H; acting on
the RHS of (3.2.3) can be extracted from KZ solutions (4.3) by using WKB method. For
that we would need to find all the critical points of the function

exp (h Z(ZC(i) — Zc(i)Jrl)ti) o (4.18)
i=1

However, it turns out that this function has many critical points which are difficult to
analyze.
Nevertheless, we may still prove that the spectrum is indeed simple.
Proposition 4.2.1. The common spectrum of the Gaudin hamiltonians H; on
Hom geyry) (Vau, V" @ V™) (4.19)
1s simple for generic t, z;.

Proof. The simplicity of the spectrum is a Zariski open condition on parameters ¢, z;, so
it is sufficient for us to prove it for a special ¢t and generic z;. The latter can be proved
by taking a sufficiently large integer ¢. In this case we have isomorphisms (3.5), (3.7)
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and (3.25), so the space (4.19) can be identified with the space Sing(A®*(V @ W), 5) of
all gl(V)-singular vectors of gl(V') & gl(W) weight space (v,8) in A*(V @ W). How-
ever, from [8] we know that Gaudin hamiltonians H; separate the Bethe vectors basis in
Sing(A*(V ® W)., 3), thus we have the proposition. O

APPENDIX A. HYPERGEOMETRIC SOLUTIONS FOR A, 4t =0 AND m =n = 2

In this appendix we will describe explicit solutions in terms of hypergeometric functions
for the special case when \,;u = 0 and m = n = 2. In this case we are working in
the space Hompep(ar,) (1, V*®? @ V%) = C[S,], and the Casimirs €;; act as in (3.4).
Then letting e, (12) be the two permutations in C[Ss] we can express a KZ section as
(21, 29, 23, 24) = f(21, 20, 23, 24) - € + g(21, 22, 23, 24) - (12), and the KZ equations read

hlof =L -t

hoyg = P [, and symm. eqgs. for z; = zr), ™€ {(12)(34), (13)(24), (14)(23)}

212 Z14

(A1)

where for brevity we denote z;; := z; — 2z; and 0; := 0,,. Also, denote A := th. Then it is
straightforward to check that the equations (A.1) are solved by

A(z, 22, 23, 24)

f(21,22723,24) - A A (A?)
213724
B(z1, 20,23, 2
9(21,22,2’3,24) = ( - A2 A3 4)' (A3)

214723
where A, B are functions depending on two parameters ¢, cs € C:

1-A
A= <%) Ng (1—h—A,1+h—A;2—A, ZMZ”) ¢

212234 212234
214232
+ o (—h, h; A, C2
212234

-1 A _A-1_-—-A4+1_-A

Note that these solutions involve one integration (in the hypergeometric functions), as
opposed to four integrations we would get in our general solutions (see Example 4.1.3).
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