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1 Abstract

This paper proves Strichartz estimates for the Schrodinger Equation with a potential term and white noise
dispersion. We restrict our equation to dimension 1. We consider dispersive estimates using work from Goldberg et
al.[4]., as well as Strichartz estimates using work from de Bouard et al. [2].

2 Introduction

The Schrodinger Equation is a partial differential equation commonly used in Quantum Mechanics. It is used to
model the positions and behaviors of particles as well as time evolutions of wave functions. It takes the form

{iut:Hu (1)

Ut=0 = UQ

where the Hamiltonian H = —A + V for some potential function V.

We also consider a stochastic version of the equation,

{iut+AuoB(t) =0 )

Ut=0 = UQ

where §(t) is a standard one-dimensional Brownian motion and o denotes the Stratanovich product. This equation
is commonly used in the field of fiber optics where light is being guided through optical (glass) fibers. This has
applications ranging from internet and television to medical devices. Equation 2 is used to describe signal propagation
in optical fibers with dispersion management [1, 2]. Light can be composed of many different wavelengths, with each
wavelength having different behaviors in the fiber. Additionally, distortion can be caused by elements in the fiber
itself. Thus, dispersion management is used to limit these effects.

Combining the above two forms of equations, we consider the following equation:

{z’du:Huodﬂ -

Ut=0 = UQ

Here, we replace the Laplacian from equation 2 with the Hamiltonian, leading to an interaction between the potential
and the brownian motion. Studying this equation is motivated by the Euler-Heisenberg interaction, which dictates
the bending of light when interacting with an electric charge [5]. While the bending of light has been studied with
respect to forces like gravity, a small electric charge peculiarly leads to a non-linear interaction. This creates a more
complicated model, modeled similarly to equation 3. We will now investigate this equation providing a decay rate of
|1€|771 for the L norm of the solution with L' initial solution.



We use work by Goldberg et al. [4], which examines equation 1 when in dimensions 1 and 3 . By projecting on the

spectral measure of the Hamiltonian, it finds a dispersive estimate of |t|7T1 for the solution operator. We use their
approach to generate a dispersive estimate for equation 3 below.

Theorem 1. As shown below in section 3, the solution operator to equation 3 is e PMH et L}(R) = {f:

S5 @)+ |]) de < oo} Assume V' € Li(R), and let Py. be the projection onto the absolutely continuous
spectral subspace. If our system has no resonance at zero energy (as defined below in section 3), then,
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We also use work by de Bouard et al. [2], which creates Strichartz estimates for equation 2. By using Theorem 1,
along with the estimates from de Bouard, we can create Strichartz estimates for equation 3.

Theorem 2. Let 2 <r < oo and 2 < p < oo such that % > % — % orr =00 and p=2. Let S(-,0) be our solution

operator for equation 3 given initial condition att = o. Additionally, set p such that v’ < p < r, where v’ is the Holder
conjugate of r. Then, there exists a constant ¢, such that for any s € R, T <0, and f € L (Q; L" (s,s +T;LE))

|/s S(0)Pac(H) f(0) do|Lo(o;ir(s,s1iLn)) < Cﬂﬂ“»PTﬂ|f|LP(Q;Lr’(s,s+T;L£'))

wz’th,u:%+i*%

Theorem 3. Let 2 < r < 0o and 2 < p < oo be such that % > % — L orr =00 and p = 2. Then there exists a

P
constant ¢, > 0 such that for s € R,T >0, us € L"(£%; L2),

|S(" S)Pac(H)us

23
Lr(@sLr(s,s1mirh)) < 12 gLy (12)

Specifically,

e PO Poc(H uo| Lr (s 0.7:12)) < T2 uo| oz, 12)

3 Dispersive Estimates

Consider the equation

idu=(—A+V)uo dp

with u € R, V € L}(R), 3(t) a standard one-dimensional Brownian motion, and some initial condition ug. V € L}(R)
means [~ [V(z)|(1+ |z|) dz < .

We can approach this equation by converting to its Ito form,

idu = %Z(—A +V)2udt + (—A + V)udp

In the integral form, this evaluates to

i(u(t) — u(0)) + %/0 (A +V)?udt — /0 (—A+V)udgf =0

Define the Hamiltonian, H, as —A + V.

Let us consider the function

g(t, ) = uo(x) / e ONaE ()
o(H)



where dH is the spectral measure.

We can apply Ito’s lemma to see

ig(t,z) = ig(0,2) + i /0 t / (—iN)e= 18> AH (\uo () B, + / / X2)e= BN AH (Ao () dS

t . t
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0 0

Thus, idg = HgdfBs — %Hzg dt and so g is a solution to equation 3. We see our solution operator is e () a5
defined by the functional calculus.

For V € L'(R), H is essentially self-adjoint on the domain
{f € L*(R)|f, f'are a.c and — f" +V f € L*(R)}

This means that e *##®) is a unitary operator. Additionally, define P,. as the projection onto the absolutely
continuous spectral subspace.

Theorem 1. Assume our system has no resonance at zero energy. Then,

B -1
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Corollary 3.0.1. For1 <p<2
. —1
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where the LP norm is over the probability space Q0 of 5(t)

Proof. Using Theorem 1, we just take the LP norm of |ﬂ(t)|%1 This is equivalent to

1
( Jair Jo x2 ez2t dx) ’
We can now substitute in u = % yielding
1
<\/2277rt 000 u%peg du) ’
The integral converges when p < 2, leading to growth bounded by \15|7T1 O

To prove Theorem 1, the concepts of resonance and energy must still be explained first.

Define Jost solutions [4] fi(z,-) as solutions to

feOa) + V(@) fe (A 2) = A (N 2)
satisfying |f+(\,z) — e¥®*| — 0 as © — +oo. For V € L}(R), these Jost solutions exist for all A € R. Define the
Jost solutions of A\ as having energy A2

Next, define the Wronskian W (f1,..., f,) of n functions as the determinant formed by the functions and their
derivatives up to order n —1. Denote W () as W (f4+(A,-), f—(A,-)). There is a resonance at zero energy if W(0) = 0.

We proceed with the proof of Theorem 1 by adapting the method used by [4]. We start by considering the high
energy case.



3.1 High-energy Dispersive Estimates
Let Ao = ||V]|? and let ¥ be a smooth cut-off such that x(\) = 0 for A < \g and x()\) = 1 for A > 2.

Lemma 3.1. , »
e PO (H)|[1500 S 1807

Note that the resolvent Ry equals (H — (A +i€)) L. Define Ry (X +i0)(z) = lim._,o+ Ry (XA % i€)(x). Thus,

+i 4.
Ro(A £ i0)(z) = —~e*ilzIVA

using Fourier analysis. We then apply the Born expansion, which says for any L; functions
g y pply p ) y y 9

oo

(Ry(A£i0)f,9) = > (Ro(A+i0)(—=V Ro(A +i0))" f, g)

n=0

For A > 0, note that Ry (A —i0)g € L. Further expansion leads to

[(Rv (A +i0)(VRo(A +i0)" £, 9)| < VN IVIFIf IR By (A = i0)glloc

We now introduce another function xr. Let L > 1 and let ¢ be a smooth function with ¢(A) = 1 if [A] < 1 and
d(A) = 2 if |A| > 2. Additionally, denote E as the spectral measure and F,. as the absolutely continuous part. Note
that x(H)E(dX) = x1(H)Ea(dN)

Proposition 3.1.1 (Stone’s Formula).

b
;(ma, ) + 1 (a. b))) — o [ Rl i0) - R i0) *)

Proof. Using functional calculus, write the right side as

.1t 1 1
lim — — — - dz
e—0+ 27 J, \u—(z+4+1ie) u—(z—ie)

This expression equals 0 if u ¢ [a, b] and equals 1 if u € (a,b). Additionally, if u = a or u = b, the expression equates
to % Thus, after applying functional calculus, this is equivalent to

(1 ([a, b)) + 1 ((a, b))

N =

From Stone’s Formula, we know

<Eac(d)‘)fag> = Rv)‘+20) _RVP‘_ZO)]fag> dA

(5]

We now make the change A — A\2. Here, note the equality Ry(A\? —i0) = Ro((—\)? +i0), which allows us to extend
the range of integration.

(e PDHYL(H)f, g)| = |(2im) " /0 h D eI L (NA{(Ro (A+i0)(V Ry (A+i0))" — Ro(A—i0) (V R (A—i0))") £, g) dA|

n=0



= |(2im) Y / T 0N OB+ i0)(V Ro(A + i0))" — Ro(A — i0)(VRo(A — i0)") f. 9) A

n=0

o0

=|(2im) 1Y /OOO POV N LNIA((Ro(A2 +i0)(V Ro(A? +i0))" — Ro(A2 — i0)(V Ro(A? — i0))") f, g) dA|
n=0

=|(2im) 7 / T ON L 2)A(Ro (N +i0)(VRy(A + 0)" f. g) A
n=0"Y —>X

To work with this, first make the substitution

1 n ) n
RoO® + 10V +10))"(2.) = iy [ [ Vi) MemsbtvmdtSisalon i da, . da,

j=1
We first integrate by A, which yields
—1 = —-n > —1 2ta —nyn/2 n
(e POHXL(H) f,9)] S D2V D) Sgﬁ‘ eTHBONHN AN ANV 111 gl
n=0 @ >

Note that the quantity inside the absolute value is equivalent to the solution of equation 1 at time ¢ and position a,
and initial data [XL()\2))F”)\6L/2]V

—ilz—y? )
For equation 1, the solution given initial condition fy is given by % fRe o fody. The solution grows at
—4a1
—1

rate |3(t)| = if we disregard the initial condition component. Here, the initial condition is fo = xz(A2)A~"AL/2.

Thus, we must show that sup;~; ,>0 ||[XL()\2))\_”)\3/2}VH1 < o0
where V represents the inverse Fourier Transform.

If n = 0, this yields

1D O3] [l < LSRN LA (1 + 11 = x(32))V]1) < o

For n > 2,

It ODAT(©)lle < XL AT 11 < C(A0)AT™?

where C'()\g) only depends on \g

For the n =1 case,
e DA™ loo < D ORI oo < 00
when L > 1

Thus,

sup  ||xe AH)A" A2Vl < oo
L>1,n>0

concluding the high-energy part and Lemma 3.1.



3.2 Low-energy Dispersive Estimates

For low-energy portion, note that for x < y,

f+(i/\’ y)f— (i)‘v y)

Ry (A2 +i0)(z,y) = W ()

where f are the Jost-solutions [4].

Using Stone’s formula,

o0
2im / BN (A) Eae(dN) (2, )
0

_ /Oo e—iﬁ(t))\z)\x()\2)[f+()‘vy)f*()‘wr) _ f+(—/\,y)f7(—)\,$)]d)\

0 W) W(=X)

= ‘/_O:o e—iﬂ(t)A2>\X()\2)Wd>\

Write fi(\, 2) as et m_ (X, 2). Using [3], the function m. (z,2) — 1 belongs to the Hardy Space on the upper half
plane, allowing for various estimates on its Fourier Transform in the first variable. Let my (¢, z) denote this Fourier
Transform in the first variable.

We take the following Lemma from [4].

Lemma 3.2. Let V € L} (R), 7 = 1,2 and X be a smooth, compactly supported cut-off function which is 1 on the
support of x. Then x(N)W(X) and W[fy (X, -), f-(=\,-)] both have Fourier transform in Lj_,(R)

But we can now apply Lemma 3.2 to equation 3 to yield another lemma for Strichartz estimates.

Lemma 3.3.

s AX(A) -1
iB(E)A 5
igr;l L WOy Frsy) f-(\ ) dA| S |B(1)]

Proof. We must consider the three cases t <0<y, 0 <z <y, and z <y < 0.

Ifz<O<uy:

supl [~ e sV I £ ) ()

o 2 i Ax(A)
=su e BN g=iMe—y) _ZAY (O y)m_ (N, z) d)
ol o pm- (2 4

<18 F

The last inequality follows in the same way as the high-energy part we apply the dispersive bound from the
Schrodinger equation and

. Ax(N) v
bup||[mm+(>\vy)m—(/\’$)] || < oo

This comes from Lemma 4 where [YW]V € L'(R) allows us to apply Wiener’s lemma so that X o the Fourier
XMW ()

Transform of an L! function.

The other two cases are similar due to symmetry, so we consider the case 0 < z < y.

Write f_ (X, z) = a(A) fr(A ) + BO) f (=A, 2) with B(0) = XA and a(\) = SEW[F- (A, f+ (=), )]




Thus,

sup| [ e XS L - )

_ 2 Aa(A) N
< o iB(t)A ix(z+y) iB(L)A iA(y—z)
Nbup|[ € € 7)2()\)W()\)X(/\)W’L()\’y)mJ“()\’x) O1/\|+|/7 € € XA)my (A y)my (=, z) d)|

1

Slew=

4 Strichartz Estimates

In the previous section, we developed various dispersive estimates. These can be used to create Strichartz estimates
for equation 3.

Lemma 4.1. Let us be some initial condition at time s. Let S(t,s) be the solution operator for equation & given
initial condition at time s with s < t, which we know is equal to e"*=)8t=5) Then for any p > 2, S(t,s) maps LP
into LY with constant Cp such that

OP
1B(t) — B(s)|2

[S(t; ) Pac(H)us| Ly <

‘us‘Lg'

Proof. Theorem 1 covers the case p = oo. Additionally, S(¢,s) is an isometry on L2. Thus, the result then follows
from Riesz-Thorin Interpolation. O

From [2], we take the following lemma without proof.

Lemma 4.2. Let o € [0,1), then there exists a constant ¢, depending only on « such that for any T > 0 and

f € 12(9 12(0,T)
(/ (/ sl @) dt)s%T?—aE (/OTIf(S)2d5>

Lemma 4.3. Leta=0,r <o ora€ (0,1),2<r< % and let p be such that v’ < p < r. Then there exists C' such
that for any T'> 0 and f € LB (S L (0,7)),

2

|/ |6(t) )| (s |dS’L”(LT(O ) S CT* 3| f| Lo (0.1

Proof. First, plug in a = 0 and see the equation obviously holds when r = co. Additionally, if « < 1 and r = p = 2,
this is Lemma 4.1. Using these two cases, we can use interpolation to generate the full result.

O

Theorem 2. Let 2 < r < o0 and 2 < p < oo such that % > % — % orr =00 and p = 2. Additionally, set p such

that ' < p < r, where r' is the Holder conjugate of r. Then, there exists a constant c, ., such that for any s € R,
T <0, and f € L5(Q; L7 (s, + T5 LY))

| [ SC0)Pac(H)f(0) do|peqainr(s,sm522)) Z CornT 1| Lo (arasmirr’y)

S



.. e _ . 2 1
Proof. Let (r,p) be an admissible pair if r = co and p=2or if 2 <r < 00,2 <p < oo, and 2 > 5 —

1

P
Choose some admissible pair (r,p). Choose p such that 7 < p < r and let f € L%(Q;Lr/(s,s + T; L’z’l)). Using
Lemma 6, note

‘ / S(tva)Pac(H)Jc(O’) do

LE
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Using Lemma 4.3 with o = £ — % €[0,1), we see
S , p(2+35-1) 1P
. (|/S () Fac(H)f (o) do U(s,s+T;L’;>) S A g e s
leading to the theorem. O
Theorem 3. Let 2 < r < oo and 2 < p < oo be such that % > % —% orr =00 and p = 2. Then there exists a

constant ¢, > 0 such that for s € R,T >0, us € L"(; L2),

S(-,8)Pac(H)us € L(Q L7 (s, s + T LP))

and

1S (s 8) Pac(H )us|pr (L (s,s4+1522)) < CT%|US L7, (L2)
where p=2 — (% — %)
Specifically,

—1 I3
™ PO Poc (H)uo| (g (o7i22)) < 1% uol g 22)

Proof. Let the adjoint of S(t,s) be S(s,t) with the adjoint taken with respect to the L2 inner product. Thus, when
FELL(x [s,s+T] xR) and us € L"(Q; L2), we can use the adjoint to see

s+T

/’ (S(t,5) Pac(H)us, (1)) dlt
s+T

:/' (e, S(s, 1) Puc () (1))

s+T
<ludz] [ SGOPLIIO W],
We also see

s+T
|| S(s,t)Puc(H)£(2) dt]

S

2
L3



/S+T/ S(t,0)Pac(H) f(0)) dt do

://s<a<t<s+T(f(t) S0} FaclH)S( dtdo+//<t<a<s+T ), 5(t,0) Fac(H) f (o)) dt do

=2 / v/S<(7<t<g+T(f(t)’ S(t,0)Pac(H) f(0)) dt do

:2/”( /Sto » )f(a)da)dt

<2[f

ptwerrag| [ SCORLI@0] e

We can then use theorem 2 to see

s+T
E / (S(t, )us, £(£)) dt

< \/iE ('usL§|f|ir/(s,s+T;L£/)’/. S(.’U)Pa ( )f( )
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L’" (L7 (s,8+T;L%))
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