KAZHDAN-LUSZTIG POLYNOMIALS ON SUBREGULAR AFFINE WEYL
GROUP ELEMENTS IN TYPE B

KENTA SUZUKI

ABSTRACT. We extend the techniques in [BKK22] to the non-simply-laced situation, and calculate
explicit special values of inverse Kazhdan-Lusztig polynomials in type B. We thus obtain some
explicit character formulas for certain irreducible representations of affine Lie algebras of type B.
To do so, we explicitly compute the canonical basis of the equivariant K cY (./\7 ), where N — N is the
Springer resolution, and G is the adjoint dual Lie group. To explicitly describe the canonical basis,
we prove an equivariant version of the derived McKay correspondence, for any graph automorphism
of simply-laced Dynkin diagrams.

1. INTRODUCTION

Let g be a simple, finite-dimensional Lie algebra, and let g be the associated affine Lie algebra.
Le W = QY x W be the affine Weyl group, which acts (denoted by o) on the dual of the Cartan
E* by the shifted action by the sum of the fundamental weights p. For each character A € E*, we
may define two g-modules: M(A), the Verma module, and L(A), the unique irreducible quotient of
M(A) (see §3.7 for details). Although by construction the character of M(A) is easy to describe,
the character of L(A) is much more complicated to describe. For \ € E* regular (i.e., the stabilizer
of the W-action is trivial) and v € /I/I7, there exists an equality in the K-theory of the category O,
[KT00, Thm 1.1]:

(L o N)] = > e(lwv Hmy[M(w™" o N,
weW
where e: W — {£1} is the sign, and mY := m (1) are special values of the inverse Kazhdan-Lusztig
polynomials. Thus, calculating the character of L(A) is essentially equivalent to calculating m?.
We calculate m? when g = so(2n + 1) and v € W is in the subregular two-sided cell, and is

the shortest element in the coset vW (which is a finite subset of W, explicitly enumerated in
Lemma 6.0.3). In particular, this allows us to prove the following analog of [BKK22, Thm 2.9]:

Theorem 1.0.1. Let g = s0(2n+1). Letw € W be one of the elements enumerated in Lemma 6.0.3
and let \ € 6* be such that A = w;l()\) s quasi-dominant, where w is the longest element in the
coset wa. Then
Rch L(A) = Z e(uw) Z mg, " VWMD)
ueWw yeQVY

where my," is given in Theorem 8.0.4.

To calculate, we use the fact that the m? are realized in the Qv C W-action on K¢ (N );
explicitly, K GY (/\7 ), where N = N is the Springer resolution of the nilpotent cone in g", has
the standard basis {[O(A)] : A € Q"} and the canonical basis, i.e., the irreducible objects of
the heart of the exotic t-structure on DP(Coh(N)), see [Bez06] and [Bezl6]. Moreover, letting
U := Ogubreg UOreg C N be an open dense subset consisting of the regular and subregular nilpotent

orbits, on which we have the restricted Springer resolution U—U , there is a surjection K GY (/\N/' ) —
1
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KG'(U). Moreover, KG” (U) has a canonical basis parametrized by w € W in the subregular two-
sided cell and which is the shortest element in the coset wW. Thus, calculating m) for such
elements reduces to calculating the class of Oy (A) in K G¥(U), as an explicit linear combination of
the canonical basis. B

We explicitly characterize the canonical basis of K GV(U ) by proving an equivariant version of
the derived McKay correspondence, and observing the standard t-structure on the derived cate-
gory of double quiver representations transfers to the exotic t-structure on the derived category of
Coh®” (U) (sce §A and §7).
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3. PRELIMINARIES

3.1. Notation. We fix the following notation:

e (G is a simple simply-connected reductive group with Lie algebra g. Let GV and g" be
the dual Lie group and Lie algebra, respectively. We fix a pinning: T C By C G and
QY C By € GY. Let QY := hom(T"V,G;,) = hom(G,,,T) be the root lattice of GV, and
let A be the dual lattice. Let ® C A be the root system for G, with simple roots A, and
let ®V be the root system for GV, with simple roots AY. There is a canonical bijection
ac€ A a¥ = (22 ) c AV. Let W be the Weyl group of G and GV (identified by

(a,0)”
Sa > Sqv), and let W :=QV x W be the affine Weyl group of G.

e For each a € A let Py, C G be the parabolic subgroup generated by s, and By (and
denote the Lie algebra by Px,o)- This provides a bijection between A and conjugacy classes
of minimal parabolic subgroups of GV.

o B =Ry ~G'/By, the flag variety, is the set of Borel subalgebras of g¥. For each a € A,
Py ~GY/ PC\Y/’ o is the partial flag variety, the set of parabolic subalgebras of g¥ conjugate
to p. There is a canonical projection 7;: % — Z;, which sends b" to the unique parabolic
algebra p;, D b" conjugate to p, (equivalently, the projection GV /By — GY/PY,). The
fibers of 7; are isomorphic to PY,/By ~ P!,

e N = N,v is the variety of nilpotent elements in g

e Oy is the set of regular nilpotent elements in g¥, and Ogupreg is the set of subregular
nilpotent elements in g¥. Let U := Qgypreg U Oreg, an open and dense subset of V.

Let 7: N = T*% — N be the Springer resolution: T*%B ~ {(z,bY) € g¥ x B : x € [b,b]},
and m(z,bY) := z. For each z € N, let B, := {b € # : x € [bY,bY]} be the scheme-theoretic
fiber of 7 over x, called a Springer fiber. Given any locally closed subset X C N, we denote the
scheme-theoretic pre-image 7 (X)) as X.

Let ’Hq(/W) be the Hecke algebra, with a free Z[g*!]-basis {Hw}, 7~ Then [KL79] defines

C, e HQ(W) such that C, = ¢~/ C, and which admit an expansion
C, = Z Pw,v(Q)Hw
w=xv
where P, ,(q) = 1 and when w < v, the polynomial P, ,(q) € Z[g] has degree < ¢(v) — {(w) — 1.

The inverse Kazhdan-Luszitg polynomials m?(q) are then characterized by:

Hy =Y e(wo " )my(q)Cy.

v=w
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We will be particularly interested in the special value m¥ := m¥(1).

Remark 3.1.1. Unless otherwise specified, %, := 7~ !(x) is the scheme-theoretic fiber, which
in general may be non-reduced. For example, when G is of type Dy and e € g is subregular
nilpotent, then %, is the exceptional divisor of a the resolution of a type D4 Kleinian singularity
22 + 9% + 23 = 0, which is non-reduced.

We will be interested in the K-theory K¢ (ﬁ ). It fits into a standard short exact sequence
0= K (Quubreg) — K¢ (U) = K (Oyeg) — 0,
where KG’ (@reg) ~ 7 and K&’ (@Subreg) ~ K?%(4%,) for any e € Osubreg Where Z is the reductive
part of the centralizer Zgv(e).! By an abuse of notation, we often do not distinguish between
elements of K% (%.) and their image in K¢ (U).
3.2. Equivariant line bundles.

Definition 3.2.1. For A € QV, let Ox(\) := GV x50 C_,, a GV-equivariant line bundle on 4.
For a locally closed subset X C £, we let Ox(\) := Ogz(N)|x.

In fact, all GV-equivariant line bundles on % are obtained this way:
Lemma 3.2.2. A — O4()\) gives an isomorphism A =5 Pic®" (8).
Example 3.2.3. For each i € I, there is a GV-equivariant line bundle on % whose fiber over b € &
is m;(b)/b. This is Og(a)).
Lemma 3.2.4. For each i € I, the line bundle Oz(\) restricted to 7, *(p;) ~ P is Op1((\, ).
3.3. Folding Dynkin diagrams. Let AV C ®" be a simple, simply-laced root system (i.e., of

type A, D, or E) in a Euclidean vector space 17\/, and let I' be a finite group of automorphisms of
the root system (equivalently, graph-theoretic automorphisms of the Dynkin diagram). We assume

without loss that (&¥,a") = 2 for all @ € AY. Assume further for any a¥ € AV and v € I" such
that & # y(a"), the two coroots & and y(a") are orthogonal to each other. B
Then we define the folding of the root system AV as follows: for each T-orbit ¢ € T\ AV, let

O‘Z = Z av,
aVvel

which has length 2|¢|, by our orthogonality assumption. Now let AY := {a : ¢ € I'\AV}, which
form a basis of the root system @V := (@) = {a¥ € &V : y(&@¥) = &" for all y € T'}, in the
Euclidean space V'V := (V)L
Example 3.3.1. Let A C ®V be of type D,,;1, where n > 3. Explicitly:

VY= R{e1,...,eént1}

3V ={tete:1<i#j<n+1}

AV :i={e —€y....en1 —en} U{en £ eni1}

Then I' = {1,0} where o(¢;) := ¢; for i < n and o(€,41) := —€,41 satisfies the conditions above.
The folding then gives a root system AY C ®V of type Cj,:

VY i=R{ey,...,en}
PVi={te e :1<i#Aj<ntU{E2:1<i<n}
AV = f{er — e, en1 — €} U {260},

1Equivalently, extend e to a sla-triple {e, h, f} in g¥. Then let Z. := Zgv (e, f).



4 KENTA SUZUKI

Let a; :=¢; — €41 for i <m —1 and B := 2¢,.
Example 3.3.2. Recall that explicitly, the Fg lattice is
8 6
~ . 1
QY = {Z a;€; - either all a; € Z or all a; € Z + 3 and Zai = a7+ ag = 0},

i=1 i=1
with root system

Y :={e¢; — €j 11 # j, either 4,5 ¢ {7,8} or i,j € {7,8}}
U {%(:l:el -+~ £ €g) : 3 minus signs among €, ..., eg and 1 minus sign among €7, e},
with simple roots
AV = {a) =ei—€1:2<i < 5}U{BV =er—eg}U{FY = %(61—62—63—64+65+66—67+68)},

with Dynkin diagram:

€1 — e = 20y + 3y + 20y + 27" +ay +7Y

@ . 4 L 4 . 4
~V ~V ~V ~V Vv
Qy ag ay ol B

Thus, the folded root system ®" has simple roots:
af = a%/ = €5 — €5

Vv ~V
062 :a4:€4*65

~ - 1
Oég/:a:\;)/+’yvz5(61—62+€3—3€4+65+66—67+68)

aX:aQ +5V:62—63+67—68.

We recover a more standard presentation for Fy by letting

1

8 = 5(3614-52—eg,—5's4~|—e5+66+67—68)
1

62 = 5(61—€2+€3—€4+65—€6—67+68)
1

53 = 5(61—62+€3_€4_65+66_67+68)
1

04 1= 5(61—62+63—3€4+55+66_67+68)7

which are orthonormal, so o = 02 — d3, 5 = 03 — 0y, 0§ = dg, 0 = %((51 — 02 — 63 — 84). They
form the Dynkin diagram:

01+ 0o alv (y¥ (xg a\{
where 81 + 0y = af + o + a + 2. Moreover, we have:
1 2 3 4 5

4
1
Q {;la all ¢; € Z or all a; € 3 + }

In fact, any simple Lie algebra can be realized as the folding of a simply-laced Lie algebra: C),
is the folding of Ay, 1 and Gy is the folding of D4. Thus, we realize our root system of GV as the
folding of a simply-laced adjoint reductive group G by some automorphism group I'.
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3.4. The Springer resolution. Since the projection to the second factor N = Bis GV-equivariant,
the G'-equivariant line bundles Oz()) pullback to GV-equivariant line bundles O g(A).

For each @ € A, as in [BKK22, §4.1] let ¢, be the closed immersion (an inclusion of vector
bundles over #)

(3.4.1) No:=T*Py xp, B={(x,0") g’ x B:x € 1), ma(bY)]} = N =T*3.
Lemma 3.4.2 ([Ach12, Lem 5.3]). For each a € A, there is a GV -equivariant short exact sequence
0— (’)ﬁ(av) = O = iaxOf. — 0.

3.5. Kleinian singularities and Slodowy slices. Let {e, h, f} be a slo-triple in gV such that
e € Ogubreg- Then let S := (e+Zgv(f)) NN, which is a surface with a Kleinian singularity and has

a resolution of singularities 7g: S — S. Here S carries the action of Z, := Zav (e, f). Since 7g is
given by a sequence of blow-ups, the exceptional divisor %, is the union of P'’s. The Z.-orbits of
irreducible components of %, can be explicitly described:

Lemma 3.5.1. For e € Qgbreg, the Springer fiber B, == {b € B : e € b} has a (set-theoretic)
decomposition

B = | J (B NN,
a€EA
where Ny, is defined in (3.4.1). Here
BNy = 7 (50)
for so i ={pl € Py :e€pl,pl]} C Py is a finite set with a transitive Z.-action. In other words,
B, is a finite union of PL’s.
Let P, := 7, '(s4), a disjoint union of P'’s, so set-theoretically,” %, = Uaea Pa- Now, the

intersection multiplicity is given as: P, -Pg = —(a", 3Y). The sheaf of ideals defining Z. C S has
the following explicit description:

Proposition 3.5.2. Let af € ®V be the minimal positive coroot such that (ogf,a) > 0 for any
o € AY. Then there is a short exact sequence of Og-modules

0— Og(a(\)/) — Og% Ogge —0
Proof. By [Art66], the sheaf of ideals defining %, C S is O35(=Znum), where Zyuy, the numerical

cycle, is the unique minimal positive exceptional divisor supported on %, such that Z,ym,- P, < 0 for
all @ € A. Using the formula P, -Pg = —(a”, 3¥) and Example 3.2.3 gives the desired result. O

Remark 3.5.3. Let GV have unfolding GV. Then agy € ®" is the highest weight of ®V.

Example 3.5.4. When G is of type B, then using notation from Example 3.3.1, we have o =
af +208 +-- 420+ =€+ €.

Example 3.5.5. When G is of type F4, then o = 81 + d2, since the highest weight of E6 is €; — €,
in the notation of Example 3.3.2.

In fact, the exact sequence of Proposition 3.5.2 extends to U:

Corollary 3.5.6. Let o € @V be as in Proposition 3.5.2. Then there is a G -equivariant short
exact sequence of coherent sheaves on U

0—>(9(7(a5/)—>(’)[7—>(9@sbeg — 0.

Proof. Indeed, the restriction to S is exact by Proposition 3.5.2. By G'V-equivariance, this sequence
must also be exact. ]

2As noted in Remark 3.1.1, . may be non-reduced.
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3.6. K-theory. There is a standard short exact sequence of W ~ KG" (J\7 s N )-modules
0 — K (Osubreg) = K(U) = K (Oreg) — 0.

Note that 7 is an isomorphism on the dense open subset Qg C N, s0 K G(@reg) ~ K G((O)reg) ~ C.

Moreover, K G(@Subreg) ~ K% (%,), where e € Osubreg; and Z, is the reductive part of the centralizer
of e (i.e., the centralizer of a sla-triple completing e).

Lemma 3.6.1 ([Lus02, Prop 2.9]). The W -action on K?%<(%,.) is such that A € A C W acts as
- ® 0z, (N).

Lemma 3.4.2 allows us to inductively calculate the QV-action on Og:
Lemma 3.6.2. For every ¥ € AV and \ € QV,
[O5(A + a¥)] = [05(N)] = [Op, (V)].

3.7. Representations of the affine Lie algebra g. Let g := g[t*™!] ® CK @ Cd be the affine Lie
algebra associated to g, with root system ®. Then g admits a standard direct sum decomposition
§=0,®bhdn_, where h := h ® CK & Cd, and n=n &P, 0t", and n_ :=n_ o P, ., 0t™.
Let b := hny. For any character A € §*, extending trivially to i} gives a character b — C. Now,
the associated Verma module is

M(A) == U(§) ©y Ca.
which has a unique irreducible quotient L(A).

Definition 3.7.1. For A € h*, let &k 1= A(K), the scalar by which the (central) element K € g acts
on L(A).

The above representations naturally live in the following category:

Definition 3.7.2. Fix a k > —h", the dual Coxeter number. The category O, is the full subcate-
gory of the category of g-modules of level k, consisting of g-modules M such that

(1) M = eaueﬁ* M,,, where M,, is a generalized p-weight space for 6;
(2) each M, are finite-dimensional; and
(3) for any p € h* there exists only finitely many 8 € u+ Q1 such that Mz # 0.

For an object in the category O, we can define the character:

Definition 3.7.3. For an object M € Oy, let the character of M be

ch M = Z(dimM#) et

peb*
which is an element of the group of formal power series C[[h*]] := {Zueﬁ* ayet :a, € C}.
Moreover, for convenience, let R:=eP Ha€$+, where EI\>+ C ® is the set of positive roots of g.

Moreover, let p:= Y7, A;, where A; € E* are the fundamental weights. Then

Rch M(A) = M7,
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4. EXPLICIT COMPUTATIONS IN Sp,,

Recall the classification of nilpotent orbits in type B [CM93, Thm 5.1.3]:

Lemma 4.0.1. Nilpotent orbits in spo,, are in one-to-one correspondence with partitions of 2n in
which odd parts occur with even multiplicity.

Example 4.0.2. The regular nilpotent orbit, corresponding to the partition [2n], can be realized
as follows. Let V' = V(2n — 1), the unique irreducible representation of s[(2) of dimension 2n. It
has a unique (up to constant) bilinear pairing V' (2n —1) ® V(2n — 1) — C which is anti-symmetric.
Then e € sl(2) is a regular nilpotent element in sp(2n) = sp(V).

Example 4.0.3. The subregular nilpotent orbit corresponds to the partition [2n — 2,2], and is
realized on V =V (2n — 3) ® V(1), with the symplectic form as above.

Now, for G = Sp(V'), the flag variety £ is identified with:
B={0CV1---CV,CV:dim(V;) =i, and w(V,,V,) =0}
={0C Vi C Vo SV Vi = Vo).
For convenience, also let Vy = 0 and Vs, = V. Given a nilpotent element = € sp(V'), the Springer
fiber 4, is:
By ={(V;) e B :2V; C Vg fori=1,...,n}
={(Vi))e B:zV;CV_yfori=1,...,2n}.

Here, the two definitions agree, since w(zv,w) + w(v,zw) = 0 for all v,w € V implies zV; C V;_4

and 2Vt C V- are equivalent.
Moreover, for each integer j < n, let &; be the partial flag variety of type j, i.e.,

P ={0CV,CViori#j,2n—j: Vi = Vo, dim(V;) =4, and for all iy < i, Vi, C Vi, 1.
J = 7 1 2

The natural projection & — &?; simply forgets V; and Va,,_;.

Proposition 4.0.4. Let x € sp,,, be subreqular nilpotent. Then B, is a union of n + 1 copies of
Pl

Proof. As in Example 4.0.3, identify V with V(1) @ V(2n — 3). The n + 1 copies of P! are given
as follows:

e For each j < n, consider the partial flag:

G _ [ B V(20— 3)an2ta 1<i<j
' VI @ @i, V(2n —3)on-ar1 j<i<n.

Then let Pé{j = W{l((V(j))1§i§n7i¢j).

7
e For j = n, there are nonzero v € V(1)1 and w € V(2n — 3); and for 1 < i < n, we may let

VE Bh1 V(21 — 3)2n—2k-1 i<n—1
P Clotw) @ @pZ V(2n —3)an-ok-1 i=n— L.

Then let PLlH: =71 (V) 1<i<n).

7

Now, %, is the union Pa1U~-UPaH_1UPé+UP%_. O

Note that Zgaa(e) ~ Z/2 is generated by o which acts as —1 on V(1) and as 1 on V(2n — 3).
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Lemma 4.0.5. The fized points of the o-action on B, are the points x; for 1 < j < n correspond
to the flag

) ._ @Z:l V(Qn.— 3)an—2k—1 1<y
' V(1)1 @@, V(2n —3)an—ok—1 i >3]

When 1 < j <n, we have x; = ngj,l ﬁP}Xj.

Now, we may explicitly describe the Z/2-action:

e for 1 < j < n, there is a canonical isomorphism Péj ~P(V(1)1 @ V(2n — 3)2p—2j-1), 50 0
acts by an order 2 involution, fixing z;_1 and z;.

e there are canonical isomorphisms Pé L ~P(Cvtw)®V(2n—3)_1), and o swaps the two
copies.

Similarly, we may characterize the Z.-action on %, when G is of type F4. Recall that by §3.5, the
Springer fiber %, has Z.-equivariant components P, ..., Py, (using notation from Example 3.3.2).
Here, P, and P,, are connected and isomorphic to P!, while P, and P, have two components
isomorphic to P.

Proposition 4.0.6. Let G be of type F;, and let e € g¥ be subregular nilpotent. Then Z. acts on
Be as an involution on Py, and P, and swaps the two components of P, and P, .

Proof. By [Slo80], using notation from §3.5, the resolution 7g: S Sis isomorphic to the resolution
of the type Eg Kleinian singularity z%+12+22 = 0. By the proof of Lemma B.0.1, the automorphism
Z. must act as (z,y,2) — (—x,y, —z), which acts as a graph automorphism of the Dynkin diagram
of Eg, as in Example 3.3.2. Thus, everything is clear except that the Ze-action on P, is nontrivial.

However, since Zyum (defined in §3.5) is the highest weight of the Eg lattice, and Zyym - Po, < 0,

i.e. oy is connected to the affine vertex in the Eg Dynkin diagram, the line P,, appears in the

blow-up X at a point of X : 2% + 13 + 22 = 0. Let A3 := {((z,y,2),(s : t : u)) € A®> x P2 :
rt = ys,xu = 2s,yu = zt}, which has an affine open A3 ~ ;‘;‘3’7&0 i (z,y0,20) = (x,2y0,220), the
intersection X N Ai’#) is identitified with {(z,y0,20) € A? : 2% + zyd + 23 = 0}. Moreover, the
involution (z,y, z) — (—x,y, —z) induces the involution (z,yo, z0) — (—z, —yo, 20). The pre-image
of the exceptional divisor is then {(0,0, 20) € A3 : 22 = 0}, which is a (double) line, on which the
involution acts non-trivially. O

We introduce the following notation, for convenience, when G is of type Fy:
o 1; =Py NPy,
e For i = 1,2, let y; be other fixed point of the involution on P,,.>

for : = 1,2,3. Here x1 is a point, while z9 and x3 are two points.

5. THE EQUIVARIANT K-THEORY OF THE SPRINGER FIBER %, IN TYPE B

Recall the following [CG97, Thm 5.4.17]:

Lemma 5.0.1 (Thom isomorphism theorem). Let m: E — X be a G-equivariant affine bundle on
X. Then for any j > 0 the homomorphism 7*: K]G(X) — KJG(E) s an somorphism.

We also have:

Lemma 5.0.2. Let n: F — X be a flat G-equivariant morphism and let F' C F be a flat G-stable
closed sub-variety. If (m|p\p)*: KG(F\F") ~ K&(X) is an isomorphism, then there is a short
exact sequence

0— K9F') — K9F) - K¢(F\F') = 0.

3yi is uniquely determined, since all involutions of P! have two fixed points.
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Proof. There is a long exact sequence of G-equivariant K-theory:
KE(F) = K (F\F') —» K9(F') — K¢(F) — K¢(F\F') — 0.
Thus, it suffices to check K& (F) — K (F\F") is surjective. But that is true since the composition
with K&(X) — KY(F) is the isomorphism (mlp\pr)* KE(F\F') ~ K&(X). O
Using the description of %, obtained in Proposition 4.0.4:
Proposition 5.0.3. Let G be of type B. There is an isomorphism of R(Z/2)-modules
K%?(8,) ~ R(Z)2)®" & C,

where R(Z/2) acts on C wvia the projection K%/?(x) — K (%) ~ C. Eaplicitly, the following forms a
basis:
. C;tl, the skyscraper sheaf on {x1}, with o acting as +1, respectively.

° (’)fs}l_ , the structure sheaf on P}Xi with o acting as 1, for 1 <i<n-—1

. OP};+'—'P;13_ , the structure sheaf on the disjoint union Pé+UPé_, with the trivial o -equivariant
structure.
Proof. Consider the filtration
FO={x} CF' =P, C---CF"'=P, U.---UP,  CF":=%.

=

The assumption of Lemma 5.0.2 is satisfied by F* C F'*! for 0 <4 < n—1 by Lemma 5.0.1, and for
i =mn — 1 since the Z/2-action on F"2\F"~! ~ Al1J Al is free. Thus, we obtain exact sequences,
foreach 0 <i<n—1,

0 — KZ/2(FZ) N KZ/2(FZ'+1) — KZ/2(Fi+1\Fi) — KZ/2(P1 \{377,}) -0,

Q41

where by the Thom isomorphism KZ/Q(PéiH\{xi}) ~ R(Z/2). Thus, inductively, K%/2(F"~1) ~
R(Z/2)®"™. Moreover, for i =n — 1 we obtain

0— K#2(Fr=1) — K*?(F") — K*?(A' UAT) = 0,

where since the Z/2-action on A’ LI Al is free, K%/2(A' U A') ~ K(A') = C. The statement
follows. O

Lemma 5.0.4. When G is of type B, the canonical basis of KGv(ﬁ) consists of:
051, ~[0%,, and [Opy (=2.)], [Ops (~zi21)] for 1 <i < n—1, and [Op, (=)
Similarly:

Lemma 5.0.5. When G is of type F;, there is an isomorphism of R(Z/2)-modules K%/?(%,) ~
R(Z/2)® & C2, and the canonical basis of K& (U) consists of

[05], 1031, [0p,, (—21)], [Op,,, (—y1)], [Op,, (—21)], [Op., (—42)], [Op,, (—22)], and [Op,, (—xs3)].

5.1. Equivariant line bundles in type B. Explicitly, the character lattice of GV adjoint of type
C, is

QY = {i ai€; : iai =0 (mod 2)}.
i=1 i=1

Recall that the G-equivariant line bundles of % are of the form Oz(\) := G xB C_, for some
A € X*(T), where —\ is inflated and viewed as a character of B, and C_) is the corresponding



10 KENTA SUZUKI

1-dimensional representation of B. Explicitly, given integers aq, ..., a,, consider the line bundle on
2 whose fiber over (V;) is

n

2n
QVi/Viea) = Q) (Vi Via) ot

i=1 i=n+1
We can completely describe the restriction to %,:
Lemma 5.1.1. Let G be of type B. The Z/2-equivariant line bundle Oz(\)
e Oz(N)lpr = Op1 (a;i7; — a;112i41) for 1 <i<n—1; and
* Oz(Nlpy, upy = Opy(any).

2. 18 such that:

Proof. Fori =1,...,n—1, the underlying line bundle of O (\)|p: has fiber over V;—1 CV C Viy
isomorphic to (V/V;—1)®¥7% @ (Vi1/V)®7%+1, ie., it is Op1 (a; —ozi+1).4 Moreover, the underlying
line bundle of O%()\)‘P}ii has fiber over V;,_1 CV C V11 lisomorphic to (V/Vy—1)® 9 i, it is
OP/lii (an,)-

Moreover, the fiber of Og(\) over z; (as in Lemma 4.0.5) is
-1

<.

n
Ve =350 e VAT e @ V-5,
1 i=j+1
so 0 # 1 € Zg(e) acts as (—1)% on the fiber of Oz(\) over z;. O

)

As an immediate corollary, we obtain an explicit description of the @QY-action on K% (%.) in
type B:
Corollary 5.1.2. .7 a;e; € QY acts on K%/*(%B,) as:
A-[CL] =0 [C]]
A+ [Opy, ) = [Opy, (2 + (1 0)CE] = (Lt -+ on[CE ]
A [Opﬁ] = [Opﬁ(_y)] - (an - 1)[C{y+,y7}]'
Proof. Follows from induction on the exact sequence

0— Opéj ((aj — 1)zj — ajprzjp1) — Op}lj (ajxj — ajp12j41) — Cg(g;l)aj — 0. O]

Remark 5.1.3. Although the Corollary is not in terms of the canonical basis, we will see later
(see Lemma 7.0.5) how to express [C}] in terms of the canonical basis.

We also describe the Z.-equivariant structure on Og, (A) when G is of type Fy:

Lemma 5.1.4. Let G be of type Fy, and let A = Z?:l a;0; € QV. The Z/2-equivariant line bundle
Og, (M) is such that:
e Op,, (N\) ~ Op,, ((a1 —a3)z1+ (ag —a1)y1) and Op,, (N\) ~ Op,, ((ag—ay)z1+ (a1 —aq)ys).
e Op,, (\) ~Op,,(2a472) and Op, (A) ~ Op,, ((a1 — a2 — a3 — as)x3).

Proof. By Lemma 3.2.4 we know the underlying line bundle of Op, (A) is Opi(a2 — a3) and the
underlying bundle of Op,, (A) is Op1(as — a4), so it suffices to calculate the Z/2-equivariance of
Oz, (A) at z1. Observing that Op,, (may) ~ wg;m, we see the equivariant structure on O4_(may)
at x1 is (—1)™. Similarly, Og, (mas) at z1 is (—1)". Moreover, Og_(a3) and O, (ay) has trivial
equivariant structure at x; since zj is not in Py, or P,,. Thus in general the Z/2-equivariant
structure of O, () at 1 is (—1)*1 7%, O

4Alternatively, use Lemma 3.2.4.
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6. TWO-SIDED CELLS IN TYPE B

Let G be of type B, so W= QY x W is the affine Weyl group of type B. Explicitly, W is viewed
as the group of signed permutations, i.e., permutations on {1,...,n,1,...,n} fixing the subsets
{i,i} for each 1 <i < n.

Recall that there is a bijection between two-sided cells in the affine Weyl group W and nilpotent
orbits in sp,, [Lus89]. Under the bijection, the nilpotent orbits Oreg and QOgypreg, respectively,
correspond to the two-sided cells (the description follows from [Lus83, Prop 3.8]):

Creg = {1}

Csubreg = {w € W : w has a unique reduced decomposition}.

We first make some easy preliminary observations:

Lemma 6.0.1. In a Coxeter group (s1,...,Sk|(sis;)"™9 = 1) with m;; = 1 and m; > 2 for i # j,
if w=s;4 -8, 15 a unique reduced decomposition, then:

(1) For each k <n —1, my, , > 3; and
2) No pattern of the form s;s;s; appears for i,j such that m;; = 3, no pattern of the form
J J
sisjsisj appears for i,j such that m;; = 4, etc.

In other words, w defines a path (iy,...,i,) on the Coxeter-Dynkin diagram such that an edge ij
appears < mj; — 1 times consecutively.

Proof. For (1), if m;,;,,, = 2 then s; and s;_,, commute with each other, so swapping s;, and
Si,,, gives another presentation of w.

Similarly for (2), if m;; = 3 then s;s;5; = s;si5;, and m;; = 4 then s;5;5;5; = 5;5i5;8i, so the
reduced decomposition is not unique. O

Thus, describing the set cqunreg is replaced by a graph-theoretic problem. Recall that the Coxeter-
Dynkin diagram of W = QY x W is

So

52 53 Sn—2 Sn—1 Sn

S1
Explicitly, the reflections s, and s; in QY x W are explicitly given as:

So = (€1 +€2).(1—~ 1,2+ 2)
si=(,i+1)for1<i<n-—1
Sp = (n—Mm).

Definition 6.0.2. Let W/ be the set of minimal length representatives of right W-cosets in W,
Then W/ = W /W ~ QY under the natural map. Let v +— w, be the inverse map.

Recall that the canonical basis of K% (#.) is paramterized by csubreg N W/ In particular,
Csubreg N W/ has size 2n + 1.
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Proposition 6.0.3. Let W= QY x W be the affine Weyl group of type B. Then the elements of
Csubreg W/ are one of:

(6.0.4) So = Weq+es
(6.0.5) 5158250 = Weyteq
(6.0.6) 8i8i—1 " 8250 = Weyeipy JOr2<i<m
e 2<3 <
(607) Si* 8n_1SnSn—1""*8258, = {w€1 €5 for ) Stsn
Wey—e, fori =1

(6.0.8) 5682 "+ Sp—18nSn—1 " 8280 = W2e,-

Proof. Since we know csubregﬂﬁ/\f has size 2n+1, it suffices to check that any element of csubregﬁwf
must be one of the enumerated po/s\sibilities. -

Let w = 84, -+ 8, € Csubreg I W/. Then i = o since w € Wf, so we may view w as a path
(ikyik—1,...,171) on the Coxeter-Dynkin diagram starting at s,. If a path does not go through s,
then by Lemma 6.0.1 no edge appears consecutively, so they must be the minimal path to some
vertex:

(0),(0,2,1) or (0,2,...,i—1,3) for some 2 <i<n— 1.

These are cases (6.0.4)-(6.0.6). Otherwise, w must begin with (0,2,...,n). Either the path ends
there, or goes to n — 1, in which case the rest of the path is a path on {o,1,...,n — 1} starting at
n — 1 with no consecutive edges, so the possibilities are:

(0,2,...,n,n—1,...,4) forsome 1 <i<nor(02....,n,n—1,...,2,0).
These are cases (6.0.7) and (6.0.8).
We thus obtain a total of 2n + 1 candidates for elements of cgypreg N W/, as desired. ]
Analogously,

Proposition 6.0.9. Let W= QY x W be the affine Weyl group of type F,. Then the elements of
Csubreg W are one of:

(6.0.10) S0 = Wy,
(6.0.11
(6.0.12
(6.0.13
(
(
(
(

5150 = W1(5)465+05+84)
528180 = W1 (6 462483—44)

83525150 = W1 (5, 465—53+64)

6.0.15

6.0.16
6.0.17

6.0.14) 5453525150 = W1 (6, —55+65+64)
) 5283525180 = W1(6,15,—63-64)
) 518283525180 = Ws,

50515283525150 = Wey—6; -

7. PINNING DOWN THE CANONICAL BASIS IN TYPE B

These canonical basis elements, described in Lemma 5.0.4, must correspond to elements of the

subregular two-sided cell of /VI7, as enumerated in Lemma 6.0.3. To match the elements, recall that
for A € QV there is an equality [BKK22, §6.7]

thol= Y mC,.

wy Swy
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We calculate the expression for all of the A € QY such that w) € Csubreg N W Here, 1 = [05] €

T U
KC'(U), so by Lemma 3.6.1, ty-1 = [OF(A)]. For A = €1+¢€2, by Corollary 3.5.6 and Example 3.5.4,
(7.0.1) [Op (1 + €2)] = [05] — [0, ],

0 Cu,, 1o, = —[(9__%6]. Now, using Lemma 3.6.2 and Lemma 5.1.1, in case (6.0.6), for 2 < i < n,

(7.0.2) [Og(er + €i1)] = [Op(er + €2)] + Z[OPaj (—zj+1)] = [Og] = 05, ] + Z[OP“J (—zj+1)];

= [Op,, (—it1)]. In case (6.0.5), by (7.0.2) for i =2,
[Op (€2 +€3)] = [O(e1 + €3)] + [Op,, (—72)]
= [05] — [05. 1+ [Op,, (—22)] + [Op,, (—23)],

so C

Weq+e;qq

50 Cw62+e3 [OPal (_x2)]
Moreover, (6.0.7) corresponds to (for 2 <1i < n):

[Oﬁ(q — EZ)] = [(’)5(61 + En)] OPB + Z Opa

n—1 n—1
(7.0.3) = [0g] = 1051+ > _[Op,, (~zj21)] + [Op, (=9)] + D _[Op,, (=),
=2 j=i

S0 Cwelfen = [Opﬁ(_y)] and C“:l_fi = [OPa,L (_ml)]
Note that the above calculation actually gives a change-of-basis formula. For convenience, let

1 ifj=1
(7.0.4) d; = ?‘7 .
2 if2<j<n-1

Lemma 7.0.5. Forany2<i<n-—1,

n—1
(7.0.6) [C5]= (03] - [Op,, (—21)] = Y (1 +0)[Op, (=))] — [Op,(-y)]
j=2
i—1 n—1
(7.0.7) [C2]=103]- ) djlOp, (~2j+1)] = ) (1+0)[Op,, (~2;)] = [Op,(~y)]
=1 i=i
n—1
(7.0.8) [Cy) = (1+0)[0% ]~ (1+0))_ dj[Op, (—z;)] - 2(Op,(~y)].
j=1

Proof. When i = 2, (7.0.3), together with Lemma 3.6.2, gives:

[O5] = [Op.,,] = [Of Z [Op,, (=2j11)] + [Op,, (=2;)]) + [Op, (=)},
j=
which, since [Op, | = [C{,]+[Op,, (—21)], gives (7.0.6). Now the rest follows from observing that
from the exact sequences
0 — Op, (i) —>Oi§ —CH =0

0— Opai(—$i+1) —>Oi§ — C;r+1 =0

which gives [Cf ] = [C}]+ [Op,,. (—7i)] - [Op,, (—$i+1)]- O

Ti4+1

Remark 7.0.9. Note that the multiplcities in (7.0.4) exactly match o, in Example 3.5.4.
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By (7.0.6), case (6.0.7) when i = 1 gives:
[Op (€2 — e1)] = [Op] + [Op,,, (21 — 22)]
= [0g] + [Op,, (—22)] - [C]
n—1
= [0p] = 1051+ > _(10p, (=;)] + [Op,, (—2j+1)]) + [Op,(=y)];
j=1
which gives Cy,, . = [Op,, (—71)].
Finally, case (6 0.8) is

(05 (2e2)] =[O (e1 + €2)] + [Op,,, (—222)]

1

= [05] = [03,] + [Op,, (—22)] - [C;,

n—1
= [05] - (03,1 - (03] + [Op,, (2] + > _([Op, (=2))] + [Op,, (—zj+1)]) + [Op,(-y)],
j=2

80 Cuy,,., = —[0g4 |.
Thus, we conclude:

Theorem 7.0.10. The canonical basis of K& (U) are:

C1=Cuyy = [Of]]
Cuweyiey = Op,, (—22)]  ifi=1
051 S0 C€1+€Z+1 — [OPQ (_x7,+1)] Zf2 S 7 S n—1
Cuwe, ey [OPE( y)] ifi=n
C Cuey o, Opal( x)] ifi=1
s Oy, = (O (—w)] if2<i<n—1
Csy = Cup e, = — j@e]
Csos9-:5n_15n5n_15250 = Cw2€2 = _[O;&J'

8. COMPUTING KAZHDAN-LUSZTIG POLYNOMIALS IN TYPE B

We hope to express O () € K% (U) in terms of the canonical basis, where A = ajay 4 - - +
an_10n—1 + bB. By a repeated application of Lemma 3.6.2, we know:

(=
—_

az2—1

[Oﬁ Z Opal iaq)] Z [(’)pa2 (ar0q +iag)] + -+ + [OPB (mraq + -+ ap—10m—1 +iB)]
i= =0 i=0
a;—1 az2—1
=Y [Op,, (iz1 +iz2)] + Y [Op,, ((i — a1)az +izs)] + - + Z Op,((2i — an-1)y)],
=0 =0

which is now a class in K% (%,.). Letting Z. = (o), we calculate (1 + ¢) and (1 — o) times the
above class.

Proposition 8.0.1. Adopt the convention that ag = 0. Then

n—1
(1+0)([0g] = [O5(N]) = D a;(1 +0)[Op,, (=2;)] + 2b[Op, (—y)] + N[C,]
j=1

where N :=a? +---+a2_, + 20 — (a1a2 + - - - + an_2an_1 + 2a,_1b).
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Proof. Note that (1+0)CE = C,, for all 1 < i < n, so:

(14 0)(0g) - (050D = 3 3 (1+ )0k, | + (2 — 4y )[C +2Z (Op,] + (21 — a0)[C,)
7=1 =0
n—1la;j—1
(1+0) Za]Opa]—i—Qb(’)pB ZZ 22—aJ1+2222—an1
j=1 7j=1 =0

n—1
=(1+0)> a [Op,,,] +20[0p,] + N'[C,]
j=1

where N’ = Z;L;ll (a? —a; —aj_1a;) + 2(b> — b — ap_1b). Now observe that

(1+0)0p, ]~ [C)] = (1 +0)[Op, (~2)] = (O, (~2,)] + [Op, (~2;11)].

]
To calculate (1 — 0)([Og] — [OF(N)]), we first have:
Lemma 8.0.2. Let k,{ € Z, and let 1 <i <n — 1 be arbitrary. Then in K% (%.),
(1—0)[0p,, (mz; +nzit1)] = (1 - 0)[Op, ] + (1 —o™)[CL] + 0(1 - 0")[C], ]
Proof. By induction on the exact sequences
0— Opai ((m — 1)21?1' + n:):,'+1) —>Opai (mxl + TL:L'H_l) — (C(_l)m —0
0— Op,, (mz; + (n — D)xiyq) —0Op,, (mx; +nxiy1) — (C;Zjl) — 0. O
Proposition 8.0.3.
1 % a a
(1= 0)([0g) ~ (05 () = 5 > (1 — "~ )CL].
7j=1
Proof. By Lemma 8.0.2, and observing that 1 — o = %(1 0)?,
a;j—1 a;j—1
(1=0) Y _[Op, (i —aj-1)z; +izj)] = 5(1=0) Y (1= 0)[Op, | +0(1 =0 )[C]]
=0 =0
+o(l-a")[CF,,])
1 a;—1
=a;j(1 —0)[Op, | +5(1~0) Y (e ] +0'(CT L))
i=0
1
~ 2, -o)(CE] + [CE,.)
1, . G 1
= 5(o- aj—1 __ oI J—l)[(ci_j] —'I— 5(1 )[(C;_-&-l]

where the last equation uses that 2[(91:%_] - [(CL] —[C,] = (1 + 0)[Oa, (—z;)] is killed by 1 — 0.
Thus, in total,

n

S (1 -t [C] .

(1-0)(05] - [0V = 5
j=1
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Theorem 8.0.4. Let G be of type B. For any A = ajo1 + -+ ap_10,-1 + b5 € QV,

m%jﬁ@ = %N + i#{l <j<n:aj_1#a; mod 2}
m:f,?ﬁ%l =N — %ai + %#{Z <j<mn:aj_1 #a; mod 2}
mﬁu"?l_e” =N-b
m,) =N-— %ai — %#{z <j<n:aj_1#a; mod 2}
my;) = %N — i#{l <j<n:aj_1#a; mod 2}

WX

1 al 1 .

mwe2+53 - §N - [?1 + 1#{1 S .7 S n: aj—l i aj mOd 2}
1
2

wy _
W—eg+eg

a 1 .
N—LéJ—Z#{lgjgn:aj_liéaj mod 2}

where N := a% + -+ ai_l +2h% — (arag + -+ + ap—2an—1 + 2a,-1b), and we set ag, a, := 0.

Proof. Combining Lemma 8.0.1 and Lemma 8.0.3, with notation as in the lemmas, we obtain

n—1 n
= 2 01+ 0)[Op,, (~7)] + DO, ()] + ZNIC] + § (1~ 0" 1)[Ch ]
j=1 =1

Now, note that the formulae in Lemma 7.0.5 greatly simplify modulo ker(1 — o):

€] = (03,1 - [Op,, (—21)]

Ch]= 05,1 - Zz_édk[opak (~ape)] for2 < j <n.
Thus: 7
03]~ [05(0] = Z_j 41+ 0)[Op,, (~2)] + b0, (~y)] + 3 (1~ *)(05,] - [Op,, (1))
+3 Z o105, - gdk[op% (~xs)])

n—1
+;N((1—|—a of ] ;dj (1+0)[Op,, (—z;)] = 2[0p,(=y)])

1 1 o .
=5 N(1+0)[0F ] +ZZ (1 - 0% % 1)[0F |
7j=1

L= om)[Op, (- ;223 N)(1+0)Op, (<)
1Y e O, (~ak)] + (b~ N[O, ()

1<k<j<n
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Since this equals — 37, 3 my>Cy, we obtain (where 2 <i <n —1):

1 1 ,
my? = 5]\7 + 1#{1 <j<n:aj_1 #a; mod 2}
1 ., .
mgjﬁﬁwl =N - Ui + 5#{2 <j<n:aj_1#a; mod 2}
my, . =N-=b
w 1 1, .
m,? =N-— 9~ 5#{7, <j<n:aj_1#a; mod 2}
1 1 ,
m,; = §N — 1#{1 <j<n:aj_1#a; mod 2}
A —EN—(ﬂ1+1#{1< | <n:a;j_1 #a; mod 2}
Weg+e3 - 2 2 4 SN ajfl a] O
wo Ly w20 moed 2)
Woej ey 2 2 4 )= - 85-1 J
O
Remark 8.0.5. Although the expressions in the theorem are not obviously integers, they are. For
example, mﬂ?ﬁmrl are always integers since #{¢ < j < n : aj_1; # a; mod 2} is the number of
sign changes in the sequence a;, aj+1, ..., a,-1,0, which matches the parity of a;.

APPENDIX A. THE DERIVED MCKAY CORRESPONDENCE

Let I' € SLy(C) be a finite subgroup of order m, and let 7 be the tautological 2-dimensional
representation of I'. Let (A2)[™ be the Hilbert scheme of O-dimensional subschemes ¢ C A2 of
length m, i.e.,

(A" .= (T c C[x,y] : Clz, y]/I is m-dimensional}.
Let A2//T be the closed subscheme
A?))T := {I C Clz,y] : I is T-invariant, and C[z,y]/I ~ C[T] as [-representations}.

Let £ be the tautological I'-equivariant vector bundle over A2//T, with fiber over ¢ C X being
I'(¢,0¢). Then A%//T — A?/T is a resolution of singularities, and by [KV00], there is a derived
equivalence

(A.0.1) D"(Coh(A?//T)) =5 DP(Cohr(A?)) : F — Rhom(E, F).

A.1l. In the language of quivers. We re-cast the equivalence in the language of quivers, where
we now assume I' # 1 to avoid technicalities. Let M (I") be the McKay quiver, i.e., with vertex set
I :=Trr(T") (where for i € I we let m; denote the corresponding representation of I'), and an edge
between 4, j € I, denoted i ~ j, when 7; appears in m; ® 7. For each i € I, let d; := dim(m;).
Recall [Wan02] that A2?//T" admits a quiver description: there is an isomorphism
(A.1.1)
A?))T ~{f: 7 —p End(C[T)),v € C[T] : [f(7), f(T)] = 0, {f(7)"v}n>0 generates C[I']}/C[I]*,

where f: 7 —r End(C[I']) means f is a I'-equivariant homomorphism 7 — End(CI[T']). It can equiv-
alently be considered a homomorphism f: C[I'l|® 7 — C[I'], and the condition that [f(7), f(7)] =0
becomes equivalent to the commutativity of

Clerer 2 Crerer 225 CMer

(A.1.2) sar | |7
Cler C[r.
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Now, there is an isomorphism:

homp(C[I'| ® 7, C[[']) ~ EB hom(C%,C%),
(i,j)e{x[
~j

which allows us to re-write (A.1.1) is isomorphic to:

Q(M(T)) := {(xij) € [ [ hom(C#,C) : for alli € I, Y mijaji =0,
invj i
there are no subspaces 0 # V; C C% such that x;;V; C V;}/ H GL4, (C),
i€l
which notably only depends on the quiver M(I'). Here > ., z;;zj; = 0 is equivalent to the com-
mutativity of diagram (A.1.2). Now the quiver variety carries a tautological bundle of quiver
representations of dimension (d;);c;: namely, let V; := Qdi be the trivial vector bundle, with
homomorphisms z;;: V; — V;. The tautological vector bundle I' on A?//T becomes €P;; End(V;).
Moreover, as in [KV00, §3.4] there is an equivalence

Cohp(A?) ~ Rep(M(I)),

where Rep(M(I')) is the category of double quiver representations, i.e., a family of vector spaces
(Vi)ier and for any edge (i,j) a homomorphism z;;: V; — V; such that for any vertex i € I,
> jmi Tji%ij = 0. Now, (A.0.1) can be re-formulated as the equivalence:

DP(Coh(Q(M))) ~ D*(Rep(M)) : F — (hom(Vi, F))i, (— 0 T45)in;
where M is a quiver which is an affine Dynkin diagram of type ADE.

APPENDIX B. HOMOGENEOUS AUTOMORPHISMS OF KLEIN SINGULARITIES

Recall the following Lie-theoretic construction of Kleinian singularities: let w: T*% — N be the
Springer resolution, and let {e, h, f} be a slo-triple such that e € g is subregular nilpotent. Then

S = Ny N (e+Zg(f)) is a Kleinian singularity with resolution S := 71(S) — 5. Moreover, S
carries a natural symplectic form, as well as a Gy,-action: let ¢: sls — g be the homomorphism

~1
giving rise to the slo-triple {e, h, f}, and let t € G,,, act on S as t? - adyp <t t>'

Proposition B.0.1. Let G be a simple Lie group of type A, D, or E and let S := Ny (e + Zy(f))
be the variety defined above. Then symplectic automorphisms of S commuting with the G, -action
all arise from the adjoint action of Zg(p).

Proof. Recall that given any Kleinian singularity defined by f(x,y,z) = 0, the symplectic form is
given as the residue of dz Ady A dz/f(x,y, z).

Suppose I' is of type A, with n > 2, so C?/T is the equation 2" ! +y%+ 22 = 0, where deg(z) = 2
and deg(y) = deg(z) = n + 1. Then a homogeneous automorphism ¢: Clz,y]/(x" ! + ¢? + 22) —
Clz,y]/ (2™ + y? + 2%) must preserve the degree 2 component Cz, hence p(z) = ax for some
a € C*. Now p(y +i2)p(—y + iz) = p(x)" = (azx)"*!, and ¢(+y + iz), being of degree n + 1,
must live in Cy + Cz + Cz("1)/2 where the last term only exists when n is odd. Thus, either
o(y+iz) = c(y+iz), c(y —iz), or cx("1)/2 In the last case ¢ will not be an automorphism. Thus:

p(r) = ax
oy +iz) = c(Ly +iz)
p(—y +iz) = ¢ la" M (Fy +i2),

For the automorphism to be symplectic, we need acc™ta"*! /a" =a = 1.
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Suppose T is of type D,, with n > 5, so C2/T is given by the equation 2"~ ! + xy? + 22 = 0,
where deg(z) = 2, deg(y) = n — 2, and deg(z) = n — 1. Then any homogeneous automorphism
@: Cla,y]/ (2"t +2y? + 2%) — Clz,y]/ (2" + 2y? + 22) preserves the degree 2 component Cz, so
x — ax for some a € C*.

If n is even, then the degree n — 1 component is Cz, so ¢(z) = bz for some b € C*. If n is odd,
then the n —2 component is Cy, so ¢(y) = cy for some ¢ € C*. In either case, there are a,b,c € C*
such that ¢(z) = ax,o(y) = by, p(2) = cz, where a1 = ab?® = ¢?. For such an automorphism
to be symplectic, we furthermore need abc/c? = 1, i.e., ab = c. Together they imply a = 1 and
b=c==+1.

Suppose I is of type Dy, so C?/T" is given by the equation 2% 4 3> + 22 = 0, where deg(z) =
deg(y) = 2 and deg(z) = 3. Now ¢: Clz,y]/(z® + y> + 22) — Clz,y]/ (2> + y> + 2?) preserves the

degree 3 component Cz, so p(z) = cz for some ¢ € C*. Moreover p(z+ (3y) divides p(2)? = ¢?22 =

—2(z +y)(z + Gy)(x + ¢3), and is of degree 2, so must be a constant multiple of x + Cg(j)y for
some o(j) € {0,1,2}. Let

o(x+Qy) = aj(z + §Vy),
2

so apajaz = c¢. Moreover, ¢ being symplectic tells us (by looking at the ¢-action on d(x + y) A
o(0) o(1) o(0) o(1)
—< G =G5

¢ 3 2 : _

agay. Thus, in fact
a(0 (2
43( : 3( :

¢ -
1-¢2

1—-¢s

Cg(l) _ C§(2)
(3— (3

This gives an automorphism group of Ss.

If T is of type Eg, then C2/T is defined by x* + y3 + 22 = 0, where deg(z) = 3, deg(y) = 4,
and deg(z) = 6. Thus by homogeneity there exists constants a,b € C* such that p(x) = az
and (y) = by. Together with the fact that ¢(z* + y3) = a*2z* + b?y? is the square of some
¢(z) € Cz + Cx?, we conclude that ¢(z) = cz, where a* = b® = 2. Moreover, being symplectic
tells us, as above, that ab = c¢. Thus b =1 and a = ¢ = £1, giving an automorphism group of order
2.

If T is of type E7, then C?/T is defined by 23y + y> + 22 = 0, where deg(z) = 4, deg(y) = 6, and
deg(z) = 9. Degree conditions immediately imply ¢(x) = az, ¢(y) = by, and ¢(z) = cz for some
a,b,c € C* such that ab = b® = ¢ = 1. Now as usual ab = ¢, so we must have a = b = ¢ = 1.

If T is of type Es, then C?/T is defined by 2® + 3 + 2% = 0, where deg(z) = 6, deg(y) = 10,
deg(z) = 15. Degree conditions immediately imply ¢(z) = az, ¢(y) = by, and ¢(z) = cz for some
a,b,c € C* such that a® = b> = ¢ = 1. Now as usual ab = ¢, so we must have a = b = ¢ = 1.

a0 = sgn(o) a1 = sgn(0) a3 = sgn(o) e=1.

0

Thus, the McKay equivalence (A.0.1) can be upgraded to the equivariant derived McKay equiv-
alence

Theorem B.0.2. Let G be a simple Lie group of type A, D, or E, and let p: slo — g be such that

©® <8 (1)) Then there is an equivalence

DP(Coh%c(¥)(S)) =~ DP(Rep?e¥) (M),
where M is the affine Dynkin quiver of G.

Remark B.0.3. The standard ¢-structure on the right-hand side transfers to the exotic ¢-structure
on the left-hand side.
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