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Abstract. We extend the techniques in [BKK22] to the non-simply-laced situation, and calculate
explicit special values of inverse Kazhdan-Lusztig polynomials in type B. We thus obtain some
explicit character formulas for certain irreducible representations of affine Lie algebras of type B.

To do so, we explicitly compute the canonical basis of the equivariantKG∨
(Ñ ), where Ñ → N is the

Springer resolution, and G∨ is the adjoint dual Lie group. To explicitly describe the canonical basis,
we prove an equivariant version of the derived McKay correspondence, for any graph automorphism
of simply-laced Dynkin diagrams.

1. Introduction

Let g be a simple, finite-dimensional Lie algebra, and let ĝ be the associated affine Lie algebra.

Le Ŵ = Q∨ ⋊W be the affine Weyl group, which acts (denoted by ◦) on the dual of the Cartan

ĥ∗ by the shifted action by the sum of the fundamental weights ρ̂. For each character Λ ∈ ĥ∗, we
may define two ĝ-modules: M(Λ), the Verma module, and L(Λ), the unique irreducible quotient of
M(Λ) (see §3.7 for details). Although by construction the character of M(Λ) is easy to describe,

the character of L(Λ) is much more complicated to describe. For λ ∈ ĥ∗ regular (i.e., the stabilizer

of the Ŵ -action is trivial) and v ∈ Ŵ , there exists an equality in the K-theory of the category Oκ

[KT00, Thm 1.1]:

[L(v−1 ◦ λ)] =
∑
w∈Ŵ

ϵ(wv−1)mw
v [M(w−1 ◦ λ)],

where ϵ : Ŵ → {±1} is the sign, andmw
v := mw

v (1) are special values of the inverse Kazhdan-Lusztig
polynomials. Thus, calculating the character of L(Λ) is essentially equivalent to calculating mw

v .

We calculate mw
v when g = so(2n + 1) and v ∈ Ŵ is in the subregular two-sided cell, and is

the shortest element in the coset vW (which is a finite subset of Ŵ , explicitly enumerated in
Lemma 6.0.3). In particular, this allows us to prove the following analog of [BKK22, Thm 2.9]:

Theorem 1.0.1. Let g = so(2n+1). Let w ∈ Ŵ be one of the elements enumerated in Lemma 6.0.3

and let λ ∈ ĥ∗ be such that Λ = w−1
i (λ) is quasi-dominant, where w is the longest element in the

coset Ŵλw. Then

R̂ chL(Λ) =
∑
u∈W

ϵ(uw)
∑
γ∈Q∨

m
wγ
w euγw(Λ+ρ̂),

where m
wγ
w is given in Theorem 8.0.4.

To calculate, we use the fact that the mw
v are realized in the Q∨ ⊂ Ŵ -action on KG∨

(Ñ);

explicitly, KG∨
(Ñ ), where Ñ → N is the Springer resolution of the nilpotent cone in g∨, has

the standard basis {[OÑ (λ)] : λ ∈ Q∨} and the canonical basis, i.e., the irreducible objects of

the heart of the exotic t-structure on Db(Coh(Ñ )), see [Bez06] and [Bez16]. Moreover, letting
U := Osubreg∪Oreg ⊂ N be an open dense subset consisting of the regular and subregular nilpotent

orbits, on which we have the restricted Springer resolution Ũ → U , there is a surjection KG∨
(Ñ ) →

1
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KG∨
(Ũ). Moreover, KG∨

(Ũ) has a canonical basis parametrized by w ∈ Ŵ in the subregular two-
sided cell and which is the shortest element in the coset wW . Thus, calculating mλ

v for such

elements reduces to calculating the class of O
Ũ
(λ) in KG∨

(Ũ), as an explicit linear combination of
the canonical basis.

We explicitly characterize the canonical basis of KG∨
(Ũ) by proving an equivariant version of

the derived McKay correspondence, and observing the standard t-structure on the derived cate-
gory of double quiver representations transfers to the exotic t-structure on the derived category of

CohG
∨
(Ũ) (see §A and §7).
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3. Preliminaries

3.1. Notation. We fix the following notation:

• G is a simple simply-connected reductive group with Lie algebra g. Let G∨ and g∨ be
the dual Lie group and Lie algebra, respectively. We fix a pinning: T ⊂ B0 ⊂ G and
Q∨ ⊂ B∨

0 ⊂ G∨. Let Q∨ := hom(T∨,Gm) = hom(Gm, T ) be the root lattice of G∨, and
let Λ be the dual lattice. Let Φ ⊂ Λ be the root system for G, with simple roots ∆, and
let Φ∨ be the root system for G∨, with simple roots ∆∨. There is a canonical bijection
α ∈ ∆ 7→ α∨ := ( 2α

(α,α) ,−) ∈ ∆∨. Let W be the Weyl group of G and G∨ (identified by

sα 7→ sα∨), and let Ŵ := Q∨ ⋊W be the affine Weyl group of G.
• For each α ∈ ∆ let P∨

α,0 ⊂ G∨ be the parabolic subgroup generated by sα and B∨
0 (and

denote the Lie algebra by p∨α,0). This provides a bijection between ∆ and conjugacy classes

of minimal parabolic subgroups of G∨.
• B = Bg∨ ≃ G∨/B∨

0 , the flag variety, is the set of Borel subalgebras of g∨. For each α ∈ ∆,
Pα ≃ G∨/P∨

α,0 is the partial flag variety, the set of parabolic subalgebras of g∨ conjugate

to p∨α. There is a canonical projection πi : B → Pi, which sends b∨ to the unique parabolic
algebra p∨α ⊃ b∨ conjugate to p∨α,0 (equivalently, the projection G∨/B∨

0 → G∨/P∨
α,0). The

fibers of πi are isomorphic to P∨
α,0/B

∨
0 ≃ P1.

• N = Ng∨ is the variety of nilpotent elements in g∨

• Oreg is the set of regular nilpotent elements in g∨, and Osubreg is the set of subregular
nilpotent elements in g∨. Let U := Osubreg ∪Oreg, an open and dense subset of N .

Let π : Ñ = T ∗B → N be the Springer resolution: T ∗B ≃ {(x, b∨) ∈ g∨ × B : x ∈ [b, b]},
and π(x, b∨) := x. For each x ∈ N , let Bx := {b ∈ B : x ∈ [b∨, b∨]} be the scheme-theoretic
fiber of π over x, called a Springer fiber. Given any locally closed subset X ⊂ N , we denote the

scheme-theoretic pre-image π−1(X) as X̃.

Let Hq(Ŵ ) be the Hecke algebra, with a free Z[q±1]-basis {Hw}w∈Ŵ . Then [KL79] defines

Cν ∈ Hq(Ŵ ) such that Cv = q−ℓ(v)Cv and which admit an expansion

Cν =
∑
w≼v

Pw,v(q)Hw

where Pv,v(q) = 1 and when w ≺ v, the polynomial Pw,v(q) ∈ Z[q] has degree < ℓ(v) − ℓ(w) − 1.
The inverse Kazhdan-Luszitg polynomials mw

v (q) are then characterized by:

Hw =
∑
v≼w

ϵ(wv−1)mw
v (q)Cv.
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We will be particularly interested in the special value mw
v := mw

v (1).

Remark 3.1.1. Unless otherwise specified, Bx := π−1(x) is the scheme-theoretic fiber, which
in general may be non-reduced. For example, when G is of type D4 and e ∈ g is subregular
nilpotent, then Be is the exceptional divisor of a the resolution of a type D4 Kleinian singularity
x2 + y3 + z3 = 0, which is non-reduced.

We will be interested in the K-theory KG∨
(Ũ). It fits into a standard short exact sequence

0 → KG∨
(Õsubreg) → KG∨

(Ũ) → KG∨
(Õreg) → 0,

where KG∨
(Õreg) ≃ Z and KG∨

(Õsubreg) ≃ KZe(Be) for any e ∈ Osubreg where Ze is the reductive

part of the centralizer ZG∨(e).1 By an abuse of notation, we often do not distinguish between

elements of KZe(Be) and their image in KG∨
(Ũ).

3.2. Equivariant line bundles.

Definition 3.2.1. For λ ∈ Q∨, let OB(λ) := G∨ ×B∨
0 C−λ, a G∨-equivariant line bundle on B.

For a locally closed subset X ⊂ B, we let OX(λ) := OB(λ)|X .

In fact, all G∨-equivariant line bundles on B are obtained this way:

Lemma 3.2.2. λ 7→ OB(λ) gives an isomorphism Λ
∼−→ PicG

∨
(B).

Example 3.2.3. For each i ∈ I, there is a G∨-equivariant line bundle on B whose fiber over b ∈ B
is πi(b)/b. This is OB(α∨

i ).

Lemma 3.2.4. For each i ∈ I, the line bundle OB(λ) restricted to π−1
i (pi) ≃ P1 is OP1(⟨λ, α∨

i ⟩).

3.3. Folding Dynkin diagrams. Let ∆̃∨ ⊂ Φ̃∨ be a simple, simply-laced root system (i.e., of

type A, D, or E) in a Euclidean vector space Ṽ ∨, and let Γ be a finite group of automorphisms of
the root system (equivalently, graph-theoretic automorphisms of the Dynkin diagram). We assume

without loss that (α̃∨, α̃∨) = 2 for all α̃∨ ∈ ∆̃∨. Assume further for any α̃∨ ∈ ∆̃∨ and γ ∈ Γ such
that α̃∨ ̸= γ(α̃∨), the two coroots α̃∨ and γ(α̃∨) are orthogonal to each other.

Then we define the folding of the root system ∆̃∨ as follows: for each Γ-orbit ζ ∈ Γ\∆̃∨, let

α∨
ζ :=

∑
α̃∨∈ζ

α̃∨,

which has length 2|ζ|, by our orthogonality assumption. Now let ∆∨ := {α∨
ζ : ζ ∈ Γ\∆̃∨}, which

form a basis of the root system Φ∨ := (Φ̃∨)Γ := {α̃∨ ∈ Φ̃∨ : γ(α̃∨) = α̃∨ for all γ ∈ Γ}, in the

Euclidean space V ∨ := (Ṽ ∨)Γ.

Example 3.3.1. Let ∆̃∨ ⊂ Φ̃∨ be of type Dn+1, where n ≥ 3. Explicitly:

Ṽ ∨ := R{ϵ1, . . . , ϵn+1}

Φ̃∨ := {±ϵi ± ϵj : 1 ≤ i ̸= j ≤ n+ 1}

∆̃∨ := {ϵ1 − ϵ2, . . . , ϵn−1 − ϵn} ∪ {ϵn ± ϵn+1}.
Then Γ = {1, σ} where σ(ϵi) := ϵi for i ≤ n and σ(ϵn+1) := −ϵn+1 satisfies the conditions above.
The folding then gives a root system ∆∨ ⊂ Φ∨ of type Cn:

V ∨ := R{ϵ1, . . . , ϵn}
Φ∨ := {±ϵi ± ϵj : 1 ≤ i ̸= j ≤ n} ∪ {±2ϵi : 1 ≤ i ≤ n}
∆∨ := {ϵ1 − ϵ2, . . . , ϵn−1 − ϵn} ∪ {2ϵn}.

1Equivalently, extend e to a sl2-triple {e, h, f} in g∨. Then let Ze := ZG∨(e, f).
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Let αi := ϵi − ϵi+1 for i ≤ n− 1 and β := 2ϵn.

Example 3.3.2. Recall that explicitly, the E6 lattice is

Q̃∨ := {
8∑

i=1

aiϵi : either all ai ∈ Z or all ai ∈ Z+
1

2
, and

6∑
i=1

ai = a7 + a8 = 0},

with root system

Φ̃∨ :={ϵi − ϵj : i ̸= j, either i, j /∈ {7, 8} or i, j ∈ {7, 8}}

∪ {1
2
(±ϵ1 · · · ± ϵ8) : 3 minus signs among ϵ1, . . . , ϵ6 and 1 minus sign among ϵ7, ϵ8},

with simple roots

∆̃∨ := {α̃∨
i := ϵi− ϵi+1 : 2 ≤ i ≤ 5}∪{β̃∨ := ϵ7− ϵ8}∪{γ̃∨ :=

1

2
(ϵ1− ϵ2− ϵ3− ϵ4+ ϵ5+ ϵ6− ϵ7+ ϵ8)},

with Dynkin diagram:

ϵ1 − ϵ6 = 2α∨
5 + 3α̃∨

4 + 2α̃∨
3 + 2γ̃∨ + α̃∨

2 + γ̃∨

α̃∨
2

α̃∨
5

α̃∨
3 α̃∨

4 γ̃∨ β̃∨

Thus, the folded root system Φ∨ has simple roots:

α∨
1 = α̃∨

5 = ϵ5 − ϵ6

α∨
2 = α̃∨

4 = ϵ4 − ϵ5

α∨
3 = α̃∨

3 + γ̃∨ =
1

2
(ϵ1 − ϵ2 + ϵ3 − 3ϵ4 + ϵ5 + ϵ6 − ϵ7 + ϵ8)

α∨
4 = α̃∨

2 + β̃∨ = ϵ2 − ϵ3 + ϵ7 − ϵ8.

We recover a more standard presentation for F4 by letting

δ1 :=
1

2
(3ϵ1 + ϵ2 − ϵ3 − 5ϵ4 + ϵ5 + ϵ6 + ϵ7 − ϵ8)

δ2 :=
1

2
(ϵ1 − ϵ2 + ϵ3 − ϵ4 + ϵ5 − ϵ6 − ϵ7 + ϵ8)

δ3 :=
1

2
(ϵ1 − ϵ2 + ϵ3 − ϵ4 − ϵ5 + ϵ6 − ϵ7 + ϵ8)

δ4 :=
1

2
(ϵ1 − ϵ2 + ϵ3 − 3ϵ4 + ϵ5 + ϵ6 − ϵ7 + ϵ8),

which are orthonormal, so α∨
1 = δ2 − δ3, α

∨
2 = δ3 − δ4, α

∨
3 = δ4, α

∨
4 = 1

2(δ1 − δ2 − δ3 − δ4). They
form the Dynkin diagram:

δ1 + δ2 α∨
1 α∨

2 α∨
3 α∨

4

where δ1 + δ2 = α∨
1 + α∨

2 + α∨
3 + 2α∨

4 . Moreover, we have:

Q∨ = {
4∑

i=1

aiδi : all ai ∈ Z or all ai ∈
1

2
+ Z}.

In fact, any simple Lie algebra can be realized as the folding of a simply-laced Lie algebra: Cn

is the folding of A2n−1 and G2 is the folding of D4. Thus, we realize our root system of G∨ as the

folding of a simply-laced adjoint reductive group G̃∨ by some automorphism group Γ.
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3.4. The Springer resolution. Since the projection to the second factor Ñ → B isG∨-equivariant,
the G∨-equivariant line bundles OB(λ) pullback to G∨-equivariant line bundles OÑ (λ).

For each α ∈ ∆, as in [BKK22, §4.1] let ια be the closed immersion (an inclusion of vector
bundles over B)

(3.4.1) Ñα := T ∗Pα ×Pα B = {(x, b∨) ∈ g∨ × B : x ∈ [πα(b
∨), πα(b

∨)]} ↪→ Ñ = T ∗B.

Lemma 3.4.2 ([Ach12, Lem 5.3]). For each α ∈ ∆, there is a G∨-equivariant short exact sequence

0 → OÑ (α∨) → OÑ → iα∗OÑα
→ 0.

3.5. Kleinian singularities and Slodowy slices. Let {e, h, f} be a sl2-triple in g∨ such that
e ∈ Osubreg. Then let S := (e+Zg∨(f))∩N , which is a surface with a Kleinian singularity and has

a resolution of singularities πS : S̃ → S. Here S carries the action of Ze := ZG∨(e, f). Since πS is
given by a sequence of blow-ups, the exceptional divisor Be is the union of P1’s. The Ze-orbits of
irreducible components of Be can be explicitly described:

Lemma 3.5.1. For e ∈ Osubreg, the Springer fiber Be := {b ∈ B : e ∈ b} has a (set-theoretic)
decomposition

Be =
⋃
α∈∆

(Be ∩ Ñα),

where Ñα is defined in (3.4.1). Here

Be ∩ Ñα = π−1
α (sα)

for sα := {p∨α ∈ Pα : e ∈ [p∨α, p
∨
α]} ⊂ Pα is a finite set with a transitive Ze-action. In other words,

Be is a finite union of P1’s.

Let Pα := π−1
α (sα), a disjoint union of P1’s, so set-theoretically,2 Be =

⋃
α∈∆Pα. Now, the

intersection multiplicity is given as: Pα ·Pβ = −(α∨, β∨). The sheaf of ideals defining Be ⊂ S̃ has
the following explicit description:

Proposition 3.5.2. Let α∨
0 ∈ Φ∨ be the minimal positive coroot such that ⟨α∨

0 , α
∨⟩ ≥ 0 for any

α∨ ∈ ∆∨. Then there is a short exact sequence of O
S̃
-modules

0 → O
S̃
(α∨

0 ) → O
S̃
→ OBe → 0

Proof. By [Art66], the sheaf of ideals defining Be ⊂ S̃ is O
S̃
(−Znum), where Znum, the numerical

cycle, is the unique minimal positive exceptional divisor supported on Be such that Znum·Pα ≤ 0 for
all α ∈ ∆. Using the formula Pα ·Pβ = −(α∨, β∨) and Example 3.2.3 gives the desired result. □

Remark 3.5.3. Let G∨ have unfolding G̃∨. Then α0 ∈ Φ∨ is the highest weight of Φ̃∨.

Example 3.5.4. When G is of type Bn, then using notation from Example 3.3.1, we have α∨
0 =

α∨
1 + 2α∨

2 + · · ·+ 2α∨
n−1 + β = ϵ1 + ϵ2.

Example 3.5.5. When G is of type F4, then α∨
0 = δ1+δ2, since the highest weight of E6 is ϵ1− ϵ6,

in the notation of Example 3.3.2.

In fact, the exact sequence of Proposition 3.5.2 extends to Ũ :

Corollary 3.5.6. Let α∨
0 ∈ Φ∨ be as in Proposition 3.5.2. Then there is a G∨-equivariant short

exact sequence of coherent sheaves on Ũ

0 → O
Ũ
(α∨

0 ) → O
Ũ
→ OÕsubreg

→ 0.

Proof. Indeed, the restriction to S̃ is exact by Proposition 3.5.2. By G∨-equivariance, this sequence
must also be exact. □

2As noted in Remark 3.1.1, Be may be non-reduced.
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3.6. K-theory. There is a standard short exact sequence of ZŴ ≃ KG∨
(Ñ ×N Ñ )-modules

0 → KG(Õsubreg) → KG(Ũ) → KG(Õreg) → 0.

Note that π is an isomorphism on the dense open subset Oreg ⊂ N , so KG(Õreg) ≃ KG(Oreg) ≃ C.
Moreover, KG(Õsubreg) ≃ KZe(Be), where e ∈ Osubreg, and Ze is the reductive part of the centralizer
of e (i.e., the centralizer of a sl2-triple completing e).

Lemma 3.6.1 ([Lus02, Prop 2.9]). The Ŵ -action on KZe(Be) is such that λ ∈ Λ ⊂ Ŵ acts as
−⊗OBe(λ).

Lemma 3.4.2 allows us to inductively calculate the Q∨-action on O
Ũ
:

Lemma 3.6.2. For every α∨ ∈ ∆∨ and λ ∈ Q∨,

[O
Ũ
(λ+ α∨)] = [O

Ũ
(λ)]− [OPα(λ)].

3.7. Representations of the affine Lie algebra ĝ. Let ĝ := g[t±1]⊕CK ⊕Cd be the affine Lie

algebra associated to g, with root system Φ̂. Then ĝ admits a standard direct sum decomposition

ĝ = n̂+ ⊕ ĥ⊕ n̂−, where ĥ := h⊕ CK ⊕ Cd, and n̂+ := n+ ⊕
⊕

n>0 gt
n, and n̂− := n− ⊕

⊕
n<0 gt

n.

Let b̂ := ĥ⊕ n̂+. For any character Λ ∈ ĥ∗, extending trivially to n̂+ gives a character b̂ → C. Now,
the associated Verma module is

M(Λ) := U(ĝ)⊗
U(b̂)

CΛ,

which has a unique irreducible quotient L(Λ).

Definition 3.7.1. For Λ ∈ ĥ∗, let κ := Λ(K), the scalar by which the (central) element K ∈ ĝ acts
on L(Λ).

The above representations naturally live in the following category:

Definition 3.7.2. Fix a κ > −h∨, the dual Coxeter number. The category Oκ is the full subcate-
gory of the category of ĝ-modules of level κ, consisting of g-modules M such that

(1) M =
⊕

µ∈ĥ∗ Mµ, where Mµ is a generalized µ-weight space for ĥ;

(2) each Mµ are finite-dimensional; and

(3) for any µ ∈ ĥ∗ there exists only finitely many β ∈ µ+Q+ such that Mβ ̸= 0.

For an object in the category Oκ, we can define the character:

Definition 3.7.3. For an object M ∈ Oκ, let the character of M be

chM :=
∑
µ∈ĥ∗

(dimMµ) · eµ,

which is an element of the group of formal power series C[[ĥ∗]] := {
∑

µ∈ĥ∗ aµe
µ : aµ ∈ C}.

Moreover, for convenience, let R̂ := eρ̂
∏

α∈Φ̂+
, where Φ̂+ ⊂ Φ̂ is the set of positive roots of ĝ.

Moreover, let ρ̂ :=
∑r

i=0 Λi, where Λi ∈ ĥ∗ are the fundamental weights. Then

R̂ chM(Λ) = eΛ+ρ̂.
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4. Explicit computations in Sp2n

Recall the classification of nilpotent orbits in type B [CM93, Thm 5.1.3]:

Lemma 4.0.1. Nilpotent orbits in sp2n are in one-to-one correspondence with partitions of 2n in
which odd parts occur with even multiplicity.

Example 4.0.2. The regular nilpotent orbit, corresponding to the partition [2n], can be realized
as follows. Let V = V (2n − 1), the unique irreducible representation of sl(2) of dimension 2n. It
has a unique (up to constant) bilinear pairing V (2n− 1)⊗V (2n− 1) → C which is anti-symmetric.
Then e ∈ sl(2) is a regular nilpotent element in sp(2n) = sp(V ).

Example 4.0.3. The subregular nilpotent orbit corresponds to the partition [2n − 2, 2], and is
realized on V = V (2n− 3)⊕ V (1), with the symplectic form as above.

Now, for G = Sp(V ), the flag variety B is identified with:

B := {0 ⊊ V1 · · · ⊊ Vn ⊂ V : dim(Vi) = i, and ω(Vn, Vn) = 0}

= {0 ⊊ V1 · · · ⊊ V2n−1 ⊊ V : V ⊥
i = V2n−i}.

For convenience, also let V0 = 0 and V2n = V . Given a nilpotent element x ∈ sp(V ), the Springer
fiber Bx is:

Bx := {(Vi) ∈ B : xVi ⊂ Vi−1 for i = 1, . . . , n}
= {(Vi) ∈ B : xVi ⊂ Vi−1 for i = 1, . . . , 2n}.

Here, the two definitions agree, since ω(xv,w) + ω(v, xw) = 0 for all v, w ∈ V implies xVi ⊆ Vi−1

and xV ⊥
i−1 ⊂ V ⊥

i are equivalent.
Moreover, for each integer j ≤ n, let Pj be the partial flag variety of type j, i.e.,

Pj := {0 ⊊ Vi ⊊ V for i ̸= j, 2n− j : V ⊥
i = V2n−i, dim(Vi) = i, and for all i1 < i2, Vi1 ⊊ Vi2}.

The natural projection B → Pj simply forgets Vj and V2n−j .

Proposition 4.0.4. Let x ∈ sp2n be subregular nilpotent. Then Bx is a union of n + 1 copies of
P1.

Proof. As in Example 4.0.3, identify V with V (1) ⊕ V (2n − 3). The n + 1 copies of P1 are given
as follows:

• For each j < n, consider the partial flag:

V
(j)
i :=

{⊕i
k=1 V (2n− 3)2n−2k−1 1 ≤ i < j

V (1)1 ⊕
⊕i−1

k=0 V (2n− 3)2n−2k−1 j < i ≤ n.

Then let P1
αj

:= π−1
j ((V

(j)
i )1≤i≤n,i ̸=j).

• For j = n, there are nonzero v ∈ V (1)1 and w ∈ V (2n− 3)1 and for 1 ≤ i < n, we may let

V ±
i :=

{⊕i
k=1 V (2n− 3)2n−2k−1 i < n− 1

C(v ± w)⊕
⊕n−1

k=1 V (2n− 3)2n−2k−1 i = n− 1.

Then let P1
β± := π−1

n ((V ±
i )1≤i<n).

Now, Bx is the union P1
α1

∪ · · · ∪P1
αn−1

∪P1
β+ ∪P1

β−. □

Note that ZGad(e) ≃ Z/2 is generated by σ which acts as −1 on V (1) and as 1 on V (2n− 3).
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Lemma 4.0.5. The fixed points of the σ-action on Be are the points xj for 1 ≤ j ≤ n correspond
to the flag

W
(j)
i :=

{⊕i
k=1 V (2n− 3)2n−2k−1 i < j

V (1)1 ⊕
⊕i−1

k=1 V (2n− 3)2n−2k−1 i ≥ j.

When 1 < j < n, we have xj = P1
αj−1

∩P1
αj
.

Now, we may explicitly describe the Z/2-action:
• for 1 ≤ j < n, there is a canonical isomorphism P1

αj
≃ P(V (1)1 ⊕ V (2n− 3)2n−2j−1), so σ

acts by an order 2 involution, fixing xj−1 and xj .
• there are canonical isomorphisms P1

β± ≃ P(C(v±w)⊕ V (2n− 3)−1), and σ swaps the two
copies.

Similarly, we may characterize the Ze-action on Be when G is of type F4. Recall that by §3.5, the
Springer fiber Be has Ze-equivariant componentsPα1 , . . . ,Pα4 (using notation from Example 3.3.2).
Here, Pα1 and Pα2 are connected and isomorphic to P1, while Pα3 and Pα4 have two components
isomorphic to P1.

Proposition 4.0.6. Let G be of type F4, and let e ∈ g∨ be subregular nilpotent. Then Ze acts on
Be as an involution on Pα1 and Pα2, and swaps the two components of Pα3 and Pα4.

Proof. By [Slo80], using notation from §3.5, the resolution πS : S̃ → S is isomorphic to the resolution
of the type E6 Kleinian singularity x4+y3+z2 = 0. By the proof of Lemma B.0.1, the automorphism
Ze must act as (x, y, z) 7→ (−x, y,−z), which acts as a graph automorphism of the Dynkin diagram
of E6, as in Example 3.3.2. Thus, everything is clear except that the Ze-action on Pα1 is nontrivial.

However, since Znum (defined in §3.5) is the highest weight of the E6 lattice, and Znum ·Pα1 < 0,
i.e. α∨

1 is connected to the affine vertex in the E6 Dynkin diagram, the line Pα1 appears in the

blow-up X̃ at a point of X : x4 + y3 + z2 = 0. Let Ã3 := {((x, y, z), (s : t : u)) ∈ A3 × P2 :

xt = ys, xu = zs, yu = zt}, which has an affine open A3 ≃ Ã3
s ̸=0 : (x, y0, z0) 7→ (x, xy0, xz0), the

intersection X̃ ∩ Ã3
s ̸=0 is identitified with {(x, y0, z0) ∈ A3 : x2 + xy30 + z20 = 0}. Moreover, the

involution (x, y, z) 7→ (−x, y,−z) induces the involution (x, y0, z0) 7→ (−x,−y0, z0). The pre-image
of the exceptional divisor is then {(0, y0, z0) ∈ A3 : z20 = 0}, which is a (double) line, on which the
involution acts non-trivially. □

We introduce the following notation, for convenience, when G is of type F4:

• xi := Pαi ∩Pαi+1 for i = 1, 2, 3. Here x1 is a point, while x2 and x3 are two points.

• For i = 1, 2, let yi be other fixed point of the involution on Pαi .
3

5. the equivariant K-theory of the Springer fiber Be in type B

Recall the following [CG97, Thm 5.4.17]:

Lemma 5.0.1 (Thom isomorphism theorem). Let π : E → X be a G-equivariant affine bundle on
X. Then for any j ≥ 0 the homomorphism π∗ : KG

j (X) → KG
j (E) is an isomorphism.

We also have:

Lemma 5.0.2. Let π : F → X be a flat G-equivariant morphism and let F ′ ⊂ F be a flat G-stable
closed sub-variety. If (π|F\F ′)∗ : KG

1 (F\F ′) ≃ KG
1 (X) is an isomorphism, then there is a short

exact sequence

0 → KG(F ′) → KG(F ) → KG(F\F ′) → 0.

3yi is uniquely determined, since all involutions of P1 have two fixed points.
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Proof. There is a long exact sequence of G-equivariant K-theory:

KG
1 (F ) → KG

1 (F\F ′) → KG(F ′) → KG(F ) → KG(F\F ′) → 0.

Thus, it suffices to check KG
1 (F ) → KG

1 (F\F ′) is surjective. But that is true since the composition
with KG

1 (X) → KG
1 (F ) is the isomorphism (π|F\F ′)∗ : KG

1 (F\F ′) ≃ KG
1 (X). □

Using the description of Be obtained in Proposition 4.0.4:

Proposition 5.0.3. Let G be of type B. There is an isomorphism of R(Z/2)-modules

KZ/2(Be) ≃ R(Z/2)⊕n ⊕ C,

where R(Z/2) acts on C via the projection KZ/2(∗) → K(∗) ≃ C. Explicitly, the following forms a
basis:

• C±
x1
, the skyscraper sheaf on {x1}, with σ acting as ±1, respectively.

• O±
P1

αi

, the structure sheaf on P1
αi

with σ acting as ±1, for 1 ≤ i ≤ n− 1

• OP1
β+⊔P1

β−
, the structure sheaf on the disjoint union P1

β+∪P1
β−, with the trivial σ-equivariant

structure.

Proof. Consider the filtration

F 0 := {x1} ⊊ F 1 := P1
α1

⊊ · · · ⊊ Fn−1 := P1
α1

∪ · · · ∪P1
αn−1

⊊ Fn := Be.

The assumption of Lemma 5.0.2 is satisfied by F i ⊊ F i+1 for 0 ≤ i < n−1 by Lemma 5.0.1, and for
i = n− 1 since the Z/2-action on Fn−2\Fn−1 ≃ A1 ⊔A1 is free. Thus, we obtain exact sequences,
for each 0 ≤ i < n− 1,

0 → KZ/2(F i) → KZ/2(F i+1) → KZ/2(F i+1\F i) = KZ/2(P1
αi+1

\{xi}) → 0,

where by the Thom isomorphism KZ/2(P1
αi+1

\{xi}) ≃ R(Z/2). Thus, inductively, KZ/2(Fn−1) ≃
R(Z/2)⊕n. Moreover, for i = n− 1 we obtain

0 → KZ/2(Fn−1) → KZ/2(Fn) → KZ/2(A1 ⊔A1) → 0,

where since the Z/2-action on A1 ⊔ A1 is free, KZ/2(A1 ⊔ A1) ≃ K(A1) = C. The statement
follows. □

Lemma 5.0.4. When G is of type B, the canonical basis of KG∨
(Ũ) consists of:

[O
Ũ
],−[O±

Be
], and [OP1

αi
(−xi)], [OP1

αi
(−xi+1)] for 1 ≤ i ≤ n− 1, and [OPβ

(−y)].

Similarly:

Lemma 5.0.5. When G is of type F4, there is an isomorphism of R(Z/2)-modules KZ/2(Be) ≃
R(Z/2)3 ⊕ C2, and the canonical basis of KG∨

(Ũ) consists of

[O
Ũ
],−[O±

Be
], [OPα1

(−x1)], [OPα1
(−y1)], [OPα2

(−x1)], [OPα2
(−y2)], [OPα3

(−x2)], and [OPα4
(−x3)].

5.1. Equivariant line bundles in type B. Explicitly, the character lattice of G∨ adjoint of type
Cn is

Q∨ = {
n∑

i=1

aiϵi :
n∑

i=1

ai ≡ 0 (mod 2)}.

Recall that the G-equivariant line bundles of B are of the form OB(λ) := G ×B C−λ for some
λ ∈ X∗(T ), where −λ is inflated and viewed as a character of B, and C−λ is the corresponding
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1-dimensional representation of B. Explicitly, given integers a1, . . . , an, consider the line bundle on
B whose fiber over (Vi) is

n⊗
i=1

(Vi/Vi−1)
⊗−ai ≃

2n⊗
i=n+1

(Vi/Vi−1)
⊗a2n+1−i .

We can completely describe the restriction to Be:

Lemma 5.1.1. Let G be of type B. The Z/2-equivariant line bundle OB(λ)|Be is such that:

• OB(λ)|P1
αi

≃ OP1
αi
(aixi − ai+1xi+1) for 1 ≤ i ≤ n− 1; and

• OB(λ)|P1
β+⊔P1

β−
≃ OPβ

(any).

Proof. For i = 1, . . . , n−1, the underlying line bundle of OB(λ)|P1
αi

has fiber over Vi−1 ⊊ V ⊊ Vi+1

isomorphic to (V/Vi−1)
⊗−ai ⊗ (Vi+1/V )⊗−ai+1 , i.e., it is OP1

αi
(ai−ai+1).

4 Moreover, the underlying

line bundle of OB(λ)|P1
β±

has fiber over Vn−1 ⊊ V ⊊ Vn+1 isomorphic to (V/Vn−1)
⊗−an , i.e., it is

OP1
β±

(an).

Moreover, the fiber of OB(λ) over xj (as in Lemma 4.0.5) is

j−1⊗
i=1

V (2n− 3)⊗−ai
2n−2i−1 ⊗ V (1)

⊗−aj
1 ⊗

n⊗
i=j+1

V (2n− 3)⊗−ai
2n−2i+1,

so σ ̸= 1 ∈ ZG(e) acts as (−1)aj on the fiber of OB(λ) over xj . □

As an immediate corollary, we obtain an explicit description of the Q∨-action on KZe(Be) in
type B:

Corollary 5.1.2.
∑n

i=1 aiϵi ∈ Q∨ acts on KZ/2(Be) as:

λ · [C+
x1
] = σa1 [C+

x1
]

λ · [OP1
αi
] = [OP1

αi
(−xi)] + (1 + · · ·+ σai)[C+

xi
]− (1 + · · ·+ σai+1−1)[C+

xi+1
]

λ · [OPβ
] = [OPβ

(−y)]− (an − 1)[C{y+,y−}].

Proof. Follows from induction on the exact sequence

0 → OP1
αj
((aj − 1)xj − aj+1xj+1) → OP1

αj
(ajxj − aj+1xj+1) → C(−1)aj

xj
→ 0. □

Remark 5.1.3. Although the Corollary is not in terms of the canonical basis, we will see later
(see Lemma 7.0.5) how to express [C+

xi
] in terms of the canonical basis.

We also describe the Ze-equivariant structure on OBe(λ) when G is of type F4:

Lemma 5.1.4. Let G be of type F4, and let λ =
∑4

i=1 aiδi ∈ Q∨. The Z/2-equivariant line bundle
OBe(λ) is such that:

• OPα1
(λ) ≃ OPα1

((a1−a3)x1+(a2−a1)y1) and OPα2
(λ) ≃ OPα2

((a3−a1)x1+(a1−a4)y2).

• OPα3
(λ) ≃ OPα3

(2a4x2) and OPα4
(λ) ≃ OPα4

((a1 − a2 − a3 − a4)x3).

Proof. By Lemma 3.2.4 we know the underlying line bundle of OPα1
(λ) is OP1(a2 − a3) and the

underlying bundle of OPα2
(λ) is OP1(a3 − a4), so it suffices to calculate the Z/2-equivariance of

OBe(λ) at x1. Observing that OPα1
(mα1) ≃ ω⊗−m

Pα1
, we see the equivariant structure on OBe(mα1)

at x1 is (−1)m. Similarly, OBe(mα2) at x1 is (−1)m. Moreover, OBe(α3) and OBe(α4) has trivial
equivariant structure at x1 since x1 is not in Pα3 or Pα4 . Thus in general the Z/2-equivariant
structure of OBe(λ) at x1 is (−1)a1−a3 . □

4Alternatively, use Lemma 3.2.4.
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6. Two-sided cells in type B

Let G be of type B, so Ŵ = Q∨ ⋊W is the affine Weyl group of type B. Explicitly, W is viewed
as the group of signed permutations, i.e., permutations on {1, . . . , n, 1, . . . , n} fixing the subsets
{i, i} for each 1 ≤ i ≤ n.

Recall that there is a bijection between two-sided cells in the affine Weyl group Ŵ and nilpotent
orbits in sp2n [Lus89]. Under the bijection, the nilpotent orbits Oreg and Osubreg, respectively,
correspond to the two-sided cells (the description follows from [Lus83, Prop 3.8]):

creg = {1}

csubreg = {w ∈ Ŵ : w has a unique reduced decomposition}.

We first make some easy preliminary observations:

Lemma 6.0.1. In a Coxeter group ⟨s1, . . . , sk|(sisj)mij = 1⟩ with mii = 1 and mij ≥ 2 for i ̸= j,
if w = si1 · · · sin is a unique reduced decomposition, then:

(1) For each k ≤ n− 1, mikik+1
≥ 3; and

(2) No pattern of the form sisjsi appears for i, j such that mij = 3, no pattern of the form
sisjsisj appears for i, j such that mij = 4, etc.

In other words, w defines a path (i1, . . . , in) on the Coxeter-Dynkin diagram such that an edge ij
appears < mj − 1 times consecutively.

Proof. For (1), if mikik+1
= 2 then sik and sik+1

commute with each other, so swapping sik and
sik+1

gives another presentation of w.
Similarly for (2), if mij = 3 then sisjsi = sjsisj , and mij = 4 then sisjsisj = sjsisjsi, so the

reduced decomposition is not unique. □

Thus, describing the set csubreg is replaced by a graph-theoretic problem. Recall that the Coxeter-

Dynkin diagram of Ŵ = Q∨ ⋊W is

4

so

s1

s2 s3 sn−2 sn−1 sn
.

Explicitly, the reflections so and si in Q∨ ⋊W are explicitly given as:

so := (ϵ1 + ϵ2).(1 7→ 1, 2 7→ 2)

si := (i, i+ 1) for 1 ≤ i ≤ n− 1

sn := (n 7→ n).

Definition 6.0.2. Let Ŵ f be the set of minimal length representatives of right W -cosets in Ŵ .

Then Ŵ f ∼−→ Ŵ/W ≃ Q∨ under the natural map. Let ν 7→ wν be the inverse map.

Recall that the canonical basis of KZe(Be) is paramterized by csubreg ∩ Ŵ f . In particular,

csubreg ∩ Ŵ f has size 2n+ 1.
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Proposition 6.0.3. Let Ŵ = Q∨ ⋊W be the affine Weyl group of type B. Then the elements of

csubreg ∩ Ŵ f are one of:

so = wϵ1+ϵ2(6.0.4)

s1s2so = wϵ2+ϵ3(6.0.5)

sisi−1 · · · s2so = wϵ1+ϵi+1 for 2 ≤ i < n(6.0.6)

si · · · sn−1snsn−1 · · · s2so =

{
wϵ1−ϵi for 2 ≤ i ≤ n

wϵ2−ϵ1 for i = 1
(6.0.7)

sos2 · · · sn−1snsn−1 · · · s2so = w2ϵ2 .(6.0.8)

Proof. Since we know csubreg∩Ŵ f has size 2n+1, it suffices to check that any element of csubreg∩Ŵ f

must be one of the enumerated possibilities.

Let w = si1 · · · sik ∈ csubreg ∩ Ŵ f . Then ik = o since w ∈ Ŵ f , so we may view w as a path
(ik, ik−1, . . . , i1) on the Coxeter-Dynkin diagram starting at so. If a path does not go through sn,
then by Lemma 6.0.1 no edge appears consecutively, so they must be the minimal path to some
vertex:

(o), (o, 2, 1) or (o, 2, . . . , i− 1, i) for some 2 ≤ i ≤ n− 1.

These are cases (6.0.4)-(6.0.6). Otherwise, w must begin with (o, 2, . . . , n). Either the path ends
there, or goes to n− 1, in which case the rest of the path is a path on {o, 1, . . . , n− 1} starting at
n− 1 with no consecutive edges, so the possibilities are:

(o, 2, . . . , n, n− 1, . . . , i) for some 1 ≤ i ≤ n or (o, 2, . . . , n, n− 1, . . . , 2, o).

These are cases (6.0.7) and (6.0.8).

We thus obtain a total of 2n+ 1 candidates for elements of csubreg ∩ Ŵ f , as desired. □

Analogously,

Proposition 6.0.9. Let Ŵ = Q∨ ⋊W be the affine Weyl group of type F4. Then the elements of

csubreg ∩ Ŵ f are one of:

so = wδ1(6.0.10)

s1so = w 1
2
(δ1+δ2+δ3+δ4)

(6.0.11)

s2s1so = w 1
2
(δ1+δ2+δ3−δ4)

(6.0.12)

s3s2s1so = w 1
2
(δ1+δ2−δ3+δ4)

(6.0.13)

s4s3s2s1so = w 1
2
(δ1−δ2+δ3+δ4)

(6.0.14)

s2s3s2s1so = w 1
2
(δ1+δ2−δ3−δ4)

(6.0.15)

s1s2s3s2s1so = wδ2(6.0.16)

sos1s2s3s2s1so = wδ2−δ1 .(6.0.17)

7. Pinning down the canonical basis in type B

These canonical basis elements, described in Lemma 5.0.4, must correspond to elements of the

subregular two-sided cell of Ŵ , as enumerated in Lemma 6.0.3. To match the elements, recall that
for λ ∈ Q∨ there is an equality [BKK22, §6.7]

tλ · 1 =
∑

wν≤wλ

mwλ
wν

Cν .
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We calculate the expression for all of the λ ∈ Q∨ such that wλ ∈ csubreg ∩ Ŵ f . Here, 1 = [O
Ũ
] ∈

KG∨
(Ũ), so by Lemma 3.6.1, tλ ·1 = [O

Ũ
(λ)]. For λ = ϵ1+ϵ2, by Corollary 3.5.6 and Example 3.5.4,

(7.0.1) [O
Ũ
(ϵ1 + ϵ2)] = [O

Ũ
]− [O+

Be
],

so Cwϵ1+ϵ2
= −[O+

Be
]. Now, using Lemma 3.6.2 and Lemma 5.1.1, in case (6.0.6), for 2 ≤ i < n,

(7.0.2) [O
Ũ
(ϵ1 + ϵi+1)] = [O

Ũ
(ϵ1 + ϵ2)] +

i∑
j=2

[OPαj
(−xj+1)] = [O

Ũ
]− [O+

Be
] +

i∑
j=2

[OPαj
(−xj+1)],

so Cwϵ1+ϵi+1
= [OPαi

(−xi+1)]. In case (6.0.5), by (7.0.2) for i = 2,

[O
Ũ
(ϵ2 + ϵ3)] = [O

Ũ
(ϵ1 + ϵ3)] + [OPα1

(−x2)]

= [O
Ũ
]− [O+

Be
] + [OPα1

(−x2)] + [OPα2
(−x3)],

so Cwϵ2+ϵ3
= [OPα1

(−x2)].

Moreover, (6.0.7) corresponds to (for 2 ≤ i ≤ n):

[O
Ũ
(ϵ1 − ϵi)] = [O

Ũ
(ϵ1 + ϵn)] + [OPβ

(−y)] +
n−1∑
j=i

[OPαj
(−xj)]

= [O
Ũ
]− [O+

Be
] +

n−1∑
j=2

[OPαj
(−xj+1)] + [OPβ

(−y)] +
n−1∑
j=i

[OPαj
(−xj)],(7.0.3)

so Cwϵ1−ϵn
= [OPβ

(−y)] and Cϵ1−ϵi = [OPαi
(−xi)].

Note that the above calculation actually gives a change-of-basis formula. For convenience, let

(7.0.4) dj =

{
1 if j = 1

2 if 2 ≤ j ≤ n− 1.

Lemma 7.0.5. For any 2 ≤ i ≤ n− 1,

[C+
x1
] = [O+

Be
]− [OPα1

(−x1)]−
n−1∑
j=2

(1 + σ)[OPαj
(−xj)]− [OPβ

(−y)](7.0.6)

[C+
xi
] = [O+

Be
]−

i−1∑
j=1

dj [OPαj
(−xj+1)]−

n−1∑
j=i

(1 + σ)[OPαj
(−xj)]− [OPβ

(−y)](7.0.7)

[Cy] = (1 + σ)[O+
Be

]− (1 + σ)

n−1∑
j=1

dj [OPαj
(−xj)]− 2[OPβ

(−y)].(7.0.8)

Proof. When i = 2, (7.0.3), together with Lemma 3.6.2, gives:

[O
Ũ
]− [OPα1

] = [O
Ũ
]− [O+

Be
] +

n−1∑
j=2

([OPαj
(−xj+1)] + [OPαj

(−xj)]) + [OPβ
(−y)],

which, since [OPα1
] = [C+

x1
] + [OPα1

(−x1)], gives (7.0.6). Now the rest follows from observing that
from the exact sequences

0 → OPαi
(−xi) →O+

Pαi
→ C+

xi
→ 0

0 → OPαi
(−xi+1) →O+

Pαi
→ C+

xi+1
→ 0

which gives [C+
xi+1

] = [C+
xi
] + [OPαi

(−xi)]− [OPαi
(−xi+1)]. □

Remark 7.0.9. Note that the multiplcities in (7.0.4) exactly match α∨
0 , in Example 3.5.4.
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By (7.0.6), case (6.0.7) when i = 1 gives:

[O
Ũ
(ϵ2 − ϵ1)] = [O

Ũ
] + [OPα1

(−x1 − x2)]

= [O
Ũ
] + [OPα1

(−x2)]− [C+
x1
]

= [O
Ũ
]− [O+

Be
] +

n−1∑
j=1

([OPαj
(−xj)] + [OPαj

(−xj+1)]) + [OPβ
(−y)],

which gives Cwϵ2−ϵ1
= [OPα1

(−x1)].

Finally, case (6.0.8) is

[O
Ũ
(2ϵ2)] = [O

Ũ
(ϵ1 + ϵ2)] + [OPα1

(−2x2)]

= [O
Ũ
]− [O+

Be
] + [OPα1

(−x2)]− [C−
x2
]

= [O
Ũ
]− [O+

Be
]− [O−

Be
] + [OPα1

(−x1)] +

n−1∑
j=2

([OPαj
(−xj)] + [OPαj

(−xj+1)]) + [OPβ
(−y)],

so Cw2ϵ2
= −[O−

Be
].

Thus, we conclude:

Theorem 7.0.10. The canonical basis of KG∨
(Ũ) are:

C1 = Cw0 = [O
Ũ
]

Csi···so =


Cwϵ2+ϵ3

= [OPα1
(−x2)] if i = 1

Cϵ1+ϵi+1 = [OPαi
(−xi+1)] if 2 ≤ i ≤ n− 1

Cwϵ1−ϵn
= [OPβ

(−y)] if i = n

Csi···sn−1snsn−1···s2so =

{
Cwϵ2−ϵ1

= [OPα1
(−x1)] if i = 1

Cwϵ1−ϵn
= [OPαi

(−xi)] if 2 ≤ i ≤ n− 1

Cso = Cwϵ1+ϵ2
= −[O+

Be
]

Csos2···sn−1snsn−1···s2so = Cw2ϵ2
= −[O−

Be
].

8. Computing Kazhdan-Lusztig polynomials in type B

We hope to express O
Ũ
(λ) ∈ KG∨

(Ũ) in terms of the canonical basis, where λ = a1α1 + · · · +
an−1αn−1 + bβ. By a repeated application of Lemma 3.6.2, we know:

[O
Ũ
]− [O

Ũ
(λ)] =

a1−1∑
i=0

[OPα1
(iα1)] +

a2−1∑
i=0

[OPα2
(a1α1 + iα2)] + · · ·+

b−1∑
i=0

[OPβ
(a1α1 + · · ·+ an−1αn−1 + iβ)]

=

a1−1∑
i=0

[OPα1
(ix1 + ix2)] +

a2−1∑
i=0

[OPα2
((i− a1)x2 + ix3)] + · · ·+

b−1∑
i=0

[OPβ
((2i− an−1)y)],

which is now a class in KZe(Be). Letting Ze = ⟨σ⟩, we calculate (1 + σ) and (1 − σ) times the
above class.

Proposition 8.0.1. Adopt the convention that a0 = 0. Then

(1 + σ)([O
Ũ
]− [O

Ũ
(λ)]) =

n−1∑
j=1

aj(1 + σ)[OPαj
(−xj)] + 2b[OPβ

(−y)] +N [Cy]

where N := a21 + · · ·+ a2n−1 + 2b2 − (a1a2 + · · ·+ an−2an−1 + 2an−1b).
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Proof. Note that (1 + σ)C±
xi

= Cy for all 1 ≤ i ≤ n, so:

(1 + σ)([O
Ũ
]− [O

Ũ
(λ)]) =

n−1∑
j=1

aj−1∑
i=0

((1 + σ)[OPαj
] + (2i− aj−1)[Cy]) + 2

b−1∑
i=0

([OPβ
] + (2i− an−1)[Cy])

= (1 + σ)
n−1∑
j=1

aj [OPαj
] + 2b[OPβ

] +
( n−1∑
j=1

aj−1∑
i=0

(2i− aj−1) + 2
b−1∑
i=0

(2i− an−1)
)
[Cy]

= (1 + σ)

n−1∑
j=1

aj [OPαj
] + 2b[OPβ

] +N ′[Cy]

where N ′ =
∑n−1

j=1 (a
2
j − aj − aj−1aj) + 2(b2 − b− an−1b). Now observe that

(1 + σ)[OPαj
]− [Cy] = (1 + σ)[OPαj

(−xj)] = [OPαj
(−xj)] + [OPαj

(−xj+1)].

□

To calculate (1− σ)([O
Ũ
]− [O

Ũ
(λ)]), we first have:

Lemma 8.0.2. Let k, ℓ ∈ Z, and let 1 ≤ i ≤ n− 1 be arbitrary. Then in KZe(Be),

(1− σ)[OPαi
(mxi + nxi+1)] = (1− σ)[OPαi

] + σ(1− σm)[C+
xi
] + σ(1− σn)[C+

xi+1
].

Proof. By induction on the exact sequences

0 → OPαi
((m− 1)xi + nxi+1) →OPαi

(mxi + nxi+1) → C(−1)m

xi
→ 0

0 → OPαi
(mxi + (n− 1)xi+1) →OPαi

(mxi + nxi+1) → C(−1)n

xi+1
→ 0. □

Proposition 8.0.3.

(1− σ)([O
Ũ
]− [O

Ũ
(λ)]) =

1

2

n∑
j=1

(1− σaj−aj−1)[C+
xj
].

Proof. By Lemma 8.0.2, and observing that 1− σ = 1
2(1− σ)2,

(1− σ)

aj−1∑
i=0

[OPαj
((i− aj−1)xj + ixj+1)] =

1

2
(1− σ)

aj−1∑
i=0

((1− σ)[OPαj
] + σ(1− σi−aj−1)[C+

xj
]

+ σ(1− σi)[C+
xj+1

])

= aj(1− σ)[OPαj
] +

1

2
(1− σ)

aj−1∑
i=0

(σi−aj−1 [C+
xj
] + σi[C+

xj+1
])

− 1

2
aj(1− σ)([C+

xj
] + [C+

xj+1
])

=
1

2
(σ−aj−1 − σaj−aj−1)[C+

xj
] +

1

2
(1− σaj )[C+

xj+1
],

where the last equation uses that 2[OPαj
] − [C+

xj
] − [C−

xj
] = (1 + σ)[Oαj (−xj)] is killed by 1 − σ.

Thus, in total,

(1− σ)([O
Ũ
]− [O

Ũ
(λ)]) =

1

2

n∑
j=1

(1− σaj−aj−1)[C+
xj
].

□
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Theorem 8.0.4. Let G be of type B. For any λ = a1α1 + · · ·+ an−1αn−1 + bβ ∈ Q∨,

mwλ
wϵ1+ϵ2

=
1

2
N +

1

4
#{1 ≤ j ≤ n : aj−1 ̸≡ aj mod 2}

mwλ
wϵ1+ϵi+1

= N − 1

2
ai +

1

2
#{i < j ≤ n : aj−1 ̸≡ aj mod 2}

mwλ
wϵ1−ϵn

= N − b

mwλ
wϵ1−ϵi

= N − 1

2
ai −

1

2
#{i < j ≤ n : aj−1 ̸≡ aj mod 2}

mwλ
w2ϵ2

=
1

2
N − 1

4
#{1 ≤ j ≤ n : aj−1 ̸≡ aj mod 2}

mwλ
wϵ2+ϵ3

=
1

2
N − ⌈a1

2
⌉+ 1

4
#{1 ≤ j ≤ n : aj−1 ̸≡ aj mod 2}

mwλ
w−ϵ1+ϵ2

=
1

2
N − ⌊a1

2
⌋ − 1

4
#{1 ≤ j ≤ n : aj−1 ̸≡ aj mod 2}

where N := a21 + · · ·+ a2n−1 + 2b2 − (a1a2 + · · ·+ an−2an−1 + 2an−1b), and we set a0, an := 0.

Proof. Combining Lemma 8.0.1 and Lemma 8.0.3, with notation as in the lemmas, we obtain

[O
Ũ
]− [O

Ũ
(λ)] =

1

2

n−1∑
j=1

aj(1 + σ)[OPαj
(−xj)] + b[OPβ

(−y)] +
1

2
N [Cy] +

1

4

n∑
j=1

(1− σaj−aj−1)[C+
xj
].

Now, note that the formulae in Lemma 7.0.5 greatly simplify modulo ker(1− σ):

[C+
x1
] ≡ [O+

Be
]− [OPα1

(−x1)]

[C+
xj
] ≡ [O+

Be
]−

j−1∑
k=1

dk[OPαk
(−xk+1)] for 2 ≤ j ≤ n.

Thus:

[O
Ũ
]− [O

Ũ
(λ)] =

1

2

n−1∑
j=1

aj(1 + σ)[OPαj
(−xj)] + b[OPβ

(−y)] +
1

4
(1− σa1)([O+

Be
]− [OPα1

(−x1)])

+
1

4

n∑
j=2

(1− σaj−aj−1)([O+
Be

]−
j−1∑
k=1

dk[OPαk
(−xk+1)])

+
1

2
N((1 + σ)[O+

Be
]−

n−1∑
j=1

dj(1 + σ)[OPαj
(−xj)]− 2[OPβ

(−y)])

=
1

2
N(1 + σ)[O+

Be
] +

1

4

n∑
j=1

(1− σaj−aj−1)[O+
Be

]

− 1

4
(1− σa1)[OPα1

(−x1)] +
1

2

n−1∑
j=1

(aj − djN)(1 + σ)[OPαj
(−xj)]

− 1

4

∑
1≤k<j≤n

(1− σaj−aj−1)dk[OPαk
(−xk+1)] + (b−N)[OPβ

(−y)]
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Since this equals −
∑

wν≤wλ,ν ̸=1m
wλ
wν

Cν , we obtain (where 2 ≤ i ≤ n− 1):

mwλ
wϵ1+ϵ2

=
1

2
N +

1

4
#{1 ≤ j ≤ n : aj−1 ̸≡ aj mod 2}

mwλ
wϵ1+ϵi+1

= N − 1

2
ai +

1

2
#{i < j ≤ n : aj−1 ̸≡ aj mod 2}

mwϵ1−ϵn
= N − b

mwλ
wϵ1−ϵi

= N − 1

2
ai −

1

2
#{i < j ≤ n : aj−1 ̸≡ aj mod 2}

mwλ
w2ϵ2

=
1

2
N − 1

4
#{1 ≤ j ≤ n : aj−1 ̸≡ aj mod 2}

mwλ
wϵ2+ϵ3

=
1

2
N − ⌈a1

2
⌉+ 1

4
#{1 ≤ j ≤ n : aj−1 ̸≡ aj mod 2}

mwλ
w−ϵ1+ϵ2

=
1

2
N − ⌊a1

2
⌋ − 1

4
#{1 ≤ j ≤ n : aj−1 ̸≡ aj mod 2}

□

Remark 8.0.5. Although the expressions in the theorem are not obviously integers, they are. For
example, mwλ

wϵ1+ϵi+1
are always integers since #{i < j ≤ n : aj−1 ̸≡ aj mod 2} is the number of

sign changes in the sequence ai, ai+1, . . . , an−1, 0, which matches the parity of ai.

Appendix A. the Derived McKay correspondence

Let Γ ⊂ SL2(C) be a finite subgroup of order m, and let τ be the tautological 2-dimensional

representation of Γ. Let (A2)[m] be the Hilbert scheme of 0-dimensional subschemes ξ ⊂ A2 of
length m, i.e.,

(A2)[m] := {I ⊂ C[x, y] : C[x, y]/I is m-dimensional}.
Let A2//Γ be the closed subscheme

A2//Γ := {I ⊂ C[x, y] : I is Γ-invariant, and C[x, y]/I ≃ C[Γ] as Γ-representations}.

Let E be the tautological Γ-equivariant vector bundle over A2//Γ, with fiber over ξ ⊂ X being
Γ(ξ,Oξ). Then A2//Γ → A2/Γ is a resolution of singularities, and by [KV00], there is a derived
equivalence

(A.0.1) Db(Coh(A2//Γ))
∼−→ Db(CohΓ(A

2)) : F 7→ R hom(E ,F).

A.1. In the language of quivers. We re-cast the equivalence in the language of quivers, where
we now assume Γ ̸= 1 to avoid technicalities. Let M(Γ) be the McKay quiver, i.e., with vertex set
I := Irr(Γ) (where for i ∈ I we let πi denote the corresponding representation of Γ), and an edge
between i, j ∈ I, denoted i ∼ j, when πi appears in πj ⊗ τ . For each i ∈ I, let di := dim(πi).

Recall [Wan02] that A2//Γ admits a quiver description: there is an isomorphism
(A.1.1)
A2//Γ ≃ {f : τ →Γ End(C[Γ]), v ∈ C[Γ] : [f(τ), f(τ)] = 0, {f(τ)nv}n≥0 generates C[Γ]}/C[Γ]×,

where f : τ →Γ End(C[Γ]) means f is a Γ-equivariant homomorphism τ → End(C[Γ]). It can equiv-
alently be considered a homomorphism f : C[Γ]⊗ τ → C[Γ], and the condition that [f(τ), f(τ)] = 0
becomes equivalent to the commutativity of

(A.1.2)

C[Γ]⊗ τ ⊗ τ C[Γ]⊗ τ ⊗ τ C[Γ]⊗ τ

C[Γ]⊗ τ C[Γ].

swap

f⊗τ

f⊗τ

f

f
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Now, there is an isomorphism:

homΓ(C[Γ]⊗ τ,C[Γ]) ≃
⊕

(i,j)∈I×I
i∼j

hom(Cdi ,Cdj ),

which allows us to re-write (A.1.1) is isomorphic to:

Q(M(Γ)) := {(xij) ∈
∏
i∼j

hom(Cdi ,Cdj ) : for all i ∈ I,
∑
j∼i

xijxji = 0,

there are no subspaces 0 ̸= Vi ⊊ Cdi such that xijVi ⊂ Vj}/
∏
i∈I

GLdi(C),

which notably only depends on the quiver M(Γ). Here
∑

j∼i xijxji = 0 is equivalent to the com-

mutativity of diagram (A.1.2). Now the quiver variety carries a tautological bundle of quiver
representations of dimension (di)i∈I : namely, let Vi := Cdi be the trivial vector bundle, with
homomorphisms xij : Vi → Vj . The tautological vector bundle Γ on A2//Γ becomes

⊕
i∈I End(Vi).

Moreover, as in [KV00, §3.4] there is an equivalence

CohΓ(A
2) ≃ Rep(M(Γ)),

where Rep(M(Γ)) is the category of double quiver representations, i.e., a family of vector spaces
(Vi)i∈I and for any edge (i, j) a homomorphism xij : Vi → Vj such that for any vertex i ∈ I,∑

j∼i xjixij = 0. Now, (A.0.1) can be re-formulated as the equivalence:

Db(Coh(Q(M))) ≃ Db(Rep(M)) : F → (hom(Vi,F))i, (− ◦ xij)i∼j

where M is a quiver which is an affine Dynkin diagram of type ADE.

Appendix B. Homogeneous automorphisms of Klein singularities

Recall the following Lie-theoretic construction of Kleinian singularities: let π : T ∗B → Ng be the
Springer resolution, and let {e, h, f} be a sl2-triple such that e ∈ g is subregular nilpotent. Then

S := Ng ∩ (e + Zg(f)) is a Kleinian singularity with resolution S̃ := π−1(S) → S. Moreover, S
carries a natural symplectic form, as well as a Gm-action: let φ : sl2 → g be the homomorphism

giving rise to the sl2-triple {e, h, f}, and let t ∈ Gm act on S as t2 · adφ
(
t−1

t

)
.

Proposition B.0.1. Let G be a simple Lie group of type A, D, or E and let S := Ng ∩ (e+Zg(f))
be the variety defined above. Then symplectic automorphisms of S commuting with the Gm-action
all arise from the adjoint action of ZG(φ).

Proof. Recall that given any Kleinian singularity defined by f(x, y, z) = 0, the symplectic form is
given as the residue of dx ∧ dy ∧ dz/f(x, y, z).

Suppose Γ is of type An with n ≥ 2, so C2/Γ is the equation xn+1+y2+z2 = 0, where deg(x) = 2
and deg(y) = deg(z) = n+ 1. Then a homogeneous automorphism φ : C[x, y]/(xn+1 + y2 + z2) →
C[x, y]/(xn+1 + y2 + z2) must preserve the degree 2 component Cx, hence φ(x) = ax for some
a ∈ C×. Now φ(y + iz)φ(−y + iz) = φ(x)n = (ax)n+1, and φ(±y + iz), being of degree n + 1,

must live in Cy + Cz + Cx(n+1)/2, where the last term only exists when n is odd. Thus, either
φ(y+ iz) = c(y+ iz), c(y− iz), or cx(n+1)/2. In the last case φ will not be an automorphism. Thus:

φ(x) = ax

φ(y + iz) = c(±y + iz)

φ(−y + iz) = c−1an+1(∓y + iz).

For the automorphism to be symplectic, we need acc−1an+1/an+1 = a = 1.
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Suppose Γ is of type Dn with n ≥ 5, so C2/Γ is given by the equation xn−1 + xy2 + z2 = 0,
where deg(x) = 2, deg(y) = n − 2, and deg(z) = n − 1. Then any homogeneous automorphism
φ : C[x, y]/(xn−1 + xy2 + z2) → C[x, y]/(xn−1 + xy2 + z2) preserves the degree 2 component Cx, so
x 7→ ax for some a ∈ C×.

If n is even, then the degree n− 1 component is Cz, so φ(z) = bz for some b ∈ C×. If n is odd,
then the n−2 component is Cy, so φ(y) = cy for some c ∈ C×. In either case, there are a, b, c ∈ C×

such that φ(x) = ax, φ(y) = by, φ(z) = cz, where an−1 = ab2 = c2. For such an automorphism
to be symplectic, we furthermore need abc/c2 = 1, i.e., ab = c. Together they imply a = 1 and
b = c = ±1.

Suppose Γ is of type D4, so C2/Γ is given by the equation x3 + y3 + z2 = 0, where deg(x) =
deg(y) = 2 and deg(z) = 3. Now φ : C[x, y]/(x3 + y3 + z2) → C[x, y]/(x3 + y3 + z2) preserves the

degree 3 component Cz, so φ(z) = cz for some c ∈ C×. Moreover φ(x+ζj3y) divides φ(z)
2 = c2z2 =

−c2(x + y)(x + ζ3y)(x + ζ23 ), and is of degree 2, so must be a constant multiple of x + ζ
σ(j)
3 y for

some σ(j) ∈ {0, 1, 2}. Let

φ(x+ ζj3y) = aj(x+ ζ
σ(j)
3 y),

so a0a1a2 = c2. Moreover, φ being symplectic tells us (by looking at the φ-action on d(x + y) ∧
d(x+ ζ3y) ∧ dz/f(x, y, z)) a0a1

ζ
σ(0)
3 −ζ

σ(1)
3

1−ζ3
c/c2 = 1, i.e., c =

ζ
σ(0)
3 −ζ

σ(1)
3

1−ζ3
a0a1. Thus, in fact

a0 = sgn(σ)
ζ
σ(1)
3 − ζ

σ(2)
3

ζ3 − ζ23
, a1 = sgn(σ)

ζ
σ(0)
3 − ζ

σ(2)
3

1− ζ23
, a2 = sgn(σ)

ζ
σ(0)
3 − ζ

σ(1)
3

1− ζ3
, c = 1.

This gives an automorphism group of S3.
If Γ is of type E6, then C2/Γ is defined by x4 + y3 + z2 = 0, where deg(x) = 3, deg(y) = 4,

and deg(z) = 6. Thus by homogeneity there exists constants a, b ∈ C× such that φ(x) = ax
and φ(y) = by. Together with the fact that φ(x4 + y3) = a4x4 + b2y2 is the square of some
φ(z) ∈ Cz + Cx2, we conclude that φ(z) = cz, where a4 = b3 = c2. Moreover, being symplectic
tells us, as above, that ab = c. Thus b = 1 and a = c = ±1, giving an automorphism group of order
2.

If Γ is of type E7, then C2/Γ is defined by x3y+ y3 + z2 = 0, where deg(x) = 4, deg(y) = 6, and
deg(z) = 9. Degree conditions immediately imply φ(x) = ax, φ(y) = by, and φ(z) = cz for some
a, b, c ∈ C× such that a3b = b3 = c2 = 1. Now as usual ab = c, so we must have a = b = c = 1.

If Γ is of type E8, then C2/Γ is defined by x5 + y3 + z2 = 0, where deg(x) = 6, deg(y) = 10,
deg(z) = 15. Degree conditions immediately imply φ(x) = ax, φ(y) = by, and φ(z) = cz for some
a, b, c ∈ C× such that a5 = b3 = c2 = 1. Now as usual ab = c, so we must have a = b = c = 1.

□

Thus, the McKay equivalence (A.0.1) can be upgraded to the equivariant derived McKay equiv-
alence

Theorem B.0.2. Let G be a simple Lie group of type A, D, or E, and let φ : sl2 → g be such that

φ

(
0 1
0 0

)
. Then there is an equivalence

Db(CohZG(φ)(S̃)) ≃ Db(RepZG(φ)(M)),

where M is the affine Dynkin quiver of G.

Remark B.0.3. The standard t-structure on the right-hand side transfers to the exotic t-structure
on the left-hand side.
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