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Abstract

We provide a brief introduction to the theory of Lie groups and Lie algebras.
In doing so we discuss the structure and representation theory of semisimple Lie
algebras. This section culminates in the Weyl-Kac character formula describing
the characters of finite dimensional irreducible representations of semisimple Lie
algebras. Afterwards, we introduce Lie superalgebras and similarly present the
structure and representation theory of a few important Lie superalgebras. This
will lead us to discussing the existence of a Weyl-Kac character formula for the Lie
super algebra gl(m|n).

Towards the end of the paper, we will discuss how to interpolate the category of
representations Rep gl(n) to Rep gl(¢) such that ¢ can take any complex value. This
gives rise to an underlying object known as the Deligne category. This type of inter-
polation allows us to consider theories where the number of analyzed components
is no longer constrained to the integers. Such an idea has had applications in quan-
tum field theory, for example, where one can analyze symmetries with non-integral
field or spin components.

This is an expository paper. We will mainly follow texts [3] and [2]. At the
end, however, we will give a conceptual statement about the characters of Deligne
categories for Lie superalgebras, a problem presented in [4].
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1 Lie Groups and Lie Algebras

Groups are an important structure due to their ability to represent the symmetries
of a particular system. The theory of finite groups allows us to analyze discrete
symmetries, such as the symmetries of a cube. If we want to analyze continuous
structures such as the symmetries of a sphere, however, we’ll need a new object.
This section follows the theory presented by [3].

1.1 Lie Groups

Lie groups allow us to describe infinite groups that have a continuous or differen-
tiable structure.

Definition 1.1 A Lie Group is a manifold G with a group structure such that its
multiplication and inverse maps are reqular.

Definition 1.2 A homomorphism ¢ : G - G’ of Lie groups G and G’ is a group
homomorphism that is also reqular. A Lie group isomorphism is a Lie group
homomorphism with a regular inverse.

Note, that the type of manifold used (i.e. topological manifold, real/complex an-
alytic manifold, C* manifold) gives us freedom over the regularity type of our Lie
group. From now on, assume the Lie groups we work with are analytic Lie groups.
Our goal for a good portion of this paper will be to analyze the structure and
representation theory of specific Lie groups.

1.1.1 Linear Lie Groups

We will now discuss a few important examples of Lie groups. Take K =R or C.

The General Linear Group: GL,(K) consists of the invertible n x n matrices
over field K. It obviously has a group structure and the manifold structure is seen
by noting the determinant map on GL,,(K) implies that GL,(K) c K™ is an open
subset. A linear Lie group denotes any Lie-subroup of GL,(K).

The Special Linear Group: SL,(K) consists of all n xn matrices with determi-
nant 1. They form a closed subgroup and an embedded submanifold of GL,,(K).

The Orthogonal Group: O, (K) consists of all n x n matrices preserving a non-
degenerate symmetric form ) over the vector space K". From this we can also
define the special orthogonal group by SO, (K) = 0,(K) nSL,(K).

The Symplectic Group: Sps,(K) consists of all 2n x 2n matrices preserving a
nondegenerate skew-symmetric form @ over the vector space K",

One of our main goals will be to study the structure and representation theory
of the groups GL,(K), SO, (K), and Sps,(K) which we will call the classical Lie
groups.



1.2 Lie Algebras

Take a Lie group G. Due to the manifold structure of G, we’re able to analyze it’s
tangent spaces. We’ll assume knowledge of the usual differentiable manifold defini-
tions (such as tangent spaces, vector fields, and coordinate charts) from standard
differential geometry.

1.2.1 The Exponential Map

Given a tangent vector at a point in G, can we ”nicely” extend a curve tangent to
this vector? Of course, this depends on what we mean by "nicely” but the following
theorem does this by imposing an additive structure on the curve using the group
structure of G. One can show the following using the existence and uniqueness of
ODEs:

Proposition 1.1 Take x € T'G. Then there a unique morphism of Lie groups
Yz : R = G such that v'(0) = z.

From this we can define the following:

Definition 1.3 The exponetial map, exp : T'G — G, is given by exp(z) = v,(1)
for all x € T1G.

The exponential map gives us a way to properly evaluate ”linear approxima-
tions” of a point in our Lie group in such a way that we respect the group structure.
This can be seen by the following theorem:

Proposition 1.2 The exponential map is reqular and a diffeomorphism from a
neighborhood of 0 € T\G to a neighborhood of 1 € G satisfying exp’(0) =1 : TG —
T1G.

As a remark to this theorem, note that we can define an inverse map to the
exponential map log : W — U where 1 € U ¢ G and 0 € W c T1G are particularly
chosen such that exp: U — W is a diffeomorphism.

Observe that in general, exp(z +y) # exp(x) exp(y). As a measure of how much
this equality fails, we define the following map:

p(x,y) =log(exp(x) exp(y)) Vz,y e U

for properly defined subset U c T1G. One can Taylor expand this map and obtain
the following:
1
wa,y) =z +y+gleyl+..
where [, ]: T1G x TG - T1G is some map representing the quadratic term of the
expansion, and the ... represents higher order terms. The following properties of
this map are true:

Proposition 1.3 (i) [,]: T1G x TG — T1G is a bilinear map.
(7’7’) [xvy] = _[yvx] Vm,y € TIG



(iii) [[=,y], 2] + [[y; 2], 2] + [[2, 2], 9] = 0 Va,y,2 e TG

We call this map [, | the commutator. As it turns out, all higher ordered terms
from the Taylor expansion of u(x,y) are completely determined by this commutator.
Thus, in a sense, this commutator measures the failure of our Lie group to commute
(at least sufficiently close to the identity). The structure that proposition 1.3 assigns
to the vector space 771G will turn out to be very important, justifying the proceeding
definition.

1.2.2 Lie Algebras
Definition 1.4 A Lie Algebra (over field K) is a K-algebra g with multiplication
map given by bilinear form [,]:gx g — g satisfying the following properties:

1. (Skew-symmetry) [z,y] = -[y,x] Vx,y e g

2. (Jacobi identity) [[x,y], z] + [[y, 2], 2] + [[2z,2],y] =0 Vz,y,z € g

This bilinear form is called a Lie bracket or a commutator. We will present
examples of Lie algebras in section 1.2.4.

Definition 1.5 A homomorphism of Lie algebras is an algebra homomorphism
preserving the commutator.

From the the construction at the end of section 1.2.1, we have the following
theorem:

Theorem 1.1 For a real or complex Lie group G, its tangent space g :=T1G has a
natural Lie algebra structure over the corresponding field. Moreover, if ¢ : G - G’
is a homomorphism of Lie groups then di¢ =: ¢, : T'G — TG’ is a morphism of lie
algebras.

Let Lie(G) denote the Lie algebra g = T1G, and call it the Lie algebra of G. By
theorem 1.1, we see the assignment G' - Lie(G) is a functor from the category of
Lie groups to the category of Lie algebras. This connection between Lie groups and
Lie algebras is strengthened by following section.

1.2.3 Fundamental Theorems of Lie Theory

Theorem 1.2 (First fundamental thoerem of Lie theory) For Lie group G, there
is a bijection between connected Lie subgroups H c G and Lie algebras h c LieG,
given by h = LieH.

Theorem 1.3 (Second fundamental theorem of Lie theory) Take any Lie group K
and any simply connected Lie group G. Then the map

Hom(G, K') - Hom(Lie G, Lie K)
given by ¢ — ¢, is a bijection.

Theorem 1.4 (Third fundamental theorem of Lie theory) For any finite dimen-
stonal Lie algebra g, there is a Lie group G such that g = LieG.



These theorems imply that over real or complex field K, the mapping G — LieG
gives an equivalence between the category of simply connected! K-Lie groups and
the category of finite dimensional K-Lie algebras. What this means for us is that
we can sufficiently analyze Lie groups by analyzing Lie algebras.

For example, using this equivalence of categories above, one can map between
representations of G (p : G - GL(V)) and representations of corresponding Lie
algebra g (p. : g > GL(V')). This gives rise to the following corollary:

Corollary 1.1 Let G be a simply connected Lie group and define g := LieG. Then
the assignment p — p. is an equivalence of categories between the category of finite
dimensional representations of G and the category of finite dimensional represen-
tations of g.

This means that to analyze the representation of a Lie group, it suffices to
analyze the representation theory of its corresponding Lie algebra. For this reason,
the proceeding analysis presented here will focus on the structure and representation
theory of Lie algebras.

1.2.4 Classical Lie Algebras

We will now construct the Lie algebras corresponding to the Lie groups presented
in section 1.1.1. Take K =R or C.

General Linear Lie Algebra: For G = GL,(K), one can use proposition 1.1 to
show that the exponential map corresponds to the usual taylor expansion:

1
exp(z)=1+x+ 5:52 + .

Observe that for 0 < e << 1 and A € Mat,x,(K), we have exp(eA) » 1 + €A. In
this sense, it can be shown (using the fact that exp’(0) = 1) that for sufficiently
small neighborhoods 0 € U ¢ Mat,x,(K) and 1 € W ¢ GL,(K), exp: U - W is a
diffeomorphism. In this way we conclude that g = Mat,«,(K) as vector spaces.
Taylor expanding the exponential map for G = GL, (K), one finds that:

exp(z)exp(y) =exp(z +y + %(xy —yxr)+...)

and so [z,y] = xy — yx. We call the corresponding Lie algebra of GL,(K) the gen-
eral linear Lie algebra and denote it gl,(K) :=g.

The other classical Lie groups are subgroups of Gl,,(K) so their corresponding

Lie algebras will be subalgebras of gl,,(K) and they will satisfy exp(z) = 1+x+%:1c2+...

and [x,y] = vy — yz.

Tt is enough for this equivalence to map from simply connected Lie groups. This is because (using
the universal cover of the connected component of the identity of a Lie group) one can find discrete
extensions between any Lie group (G), a corresponding connected Lie group (the connected component
of 1, G1), and a corresponding simply connected Lie group (the universal cover G of Gy).



Special Linear Lie Algebra: Consider the Lie group G = SL,(K). For A € G,
we have the condition that det A = 1. Thus when A is sufficiently close to 1 we can
use the matrix property log(det A) = tr(log A) to show

0 =log(det A) = tr(log A)

If we define the set sl,,(K) to be the space of n x n matrices of trace zero, then
we see log A € sl,(K). Likewise for log A € sl,,(K) sufficiently close to 0, we must
have 0 = tr(log A) = log(det A) = det A = 1. And thus, we see g = sl,(K) is the
corresponding Lie algebra of SL,(K). We call this Lie algebra the special linear
Lie algebra.

Orthogonal and Symplectic Lie Algebras: Now let G ¢ GL,(K) denote a Lie
subgroup preserving a bilinear form corresponding to matrix @ € Mat,«,, (K). Then
we see, for all z € gl,(K) and € > 0:

Q = (exp(ez))"Qexp(ex) = (1 + ex + %62332 +.)7Q(1 + ex + %e%z +...)

Evaluating to first order in e, this equation gives 0 = 2'"@Q + Qz. This means
g=LieG = {z € gl,(K)|0=2"Q + Qx}.

If Q is nondegenerate and symmetric, then G = SO, (K) and we call s0,,(K) := g
the special orthogonal Lie algebra.

If Q is nondegenerate and skew-symmetric, then G = Sp,,(K) and we call sp,,(K) := g
the symplectic Lie algebra.



2 Structure of Lie Algebras

This section follows the theory presented by [3]. We’ll begin by discussing important
types of Lie algebras.

2.1 The Levi Decomposition

Definition 2.1 For a Lie algebra g, it’s derived series is defined recursively by
D%g) = g and D" (g) = [D"(g),D"(g)] for all n € N. Lie algebra g is called
solvable if AN € N such that DV (g) = 0.

Definition 2.2 For a Lie algebra g, it’s lower central series is defined recur-
swely by Co(g) =g and Cri1(g) = [9,Cn(g)] for all n € N. Lie algebra g is called
nilpotent if 3N € N such that Cn(g) = 0.

One can check that the Lie algebra of upper triangular matrices is solvable while
the Lie algebra of strictly upper triangular matrices is nilpotent.

The following theorem gives us an important classification of the irreducible
representations of solveable Lie algebras.

Theorem 2.1 (Lie’s Theorem) Let g be a finite dimensional solvable Lie algebra
over C. Then all irreducible and finite dimensional representations of g are 1-
dimensional.

The following two statements give us a way to simplify identifying solvable Lie
algebras.

Proposition 2.1 A finite dimensional Lie algebra g is solvable if and only if [g, g]
18 nilpotent.

Theorem 2.2 (Engel’s Theorem) A finite dimensional Lie algebra is nilpotent if
and only if every element it contains is nilpotent.

Now, observe the following definition.

Definition 2.3 The radical of a Lie group g, denoted radg, is the largest solvable
ideal of g.

One can prove that this ideal must contain all solvable ideals of g.
Now we will present an object that will occupy much of our proceeding analysis.

Definition 2.4 A Lie algebra g is called semisimple if rad(g) = 0. That is, g has
no nontrivial solvable ideals.

The importance of this object is showcased by the following theorem.

Theorem 2.3 (Levi decomposition) If g is a Lie algebra over field K of character-
istic 0, then g is given by the semidirect product g = gss x rad(g) where gss is a
solvable Lie subalgebra of g.

This theorem is particularly useful for the case where Lie algebra g is reducible.
That is, when the radical of g equals the center of g. In this case one would get g
is a direct sum of an abelian Lie algebra and a semisimple Lie algebra.

All in all, this seems to suggest some utility to understanding the structure and
representation theory of semisimple Lie algebras. This is the task we turn to next.



2.2 Semisimple Lie Algebras

We will begin by listing a few properties of semisimple Lie algebras.

Proposition 2.2 (i) A Lie algebra is semisimple if and only if it is a direct sum
of simple Lie algebras.

(ii) If Lie algebra g is semisimple, then g=[g,g].

(iii) For Lie algebra g over C, every element x € g has a unique decomposition
x = xs+ X, where xs is semisimple, x, is nilpotent, and [xs,x,] =0.

here we say x € g is nilpotent or semisimple if the corresponding adjoint oper-
ator adz := [x,-]: g — g is nilpotent or semisimple?.

It is a fact from linear algebra that operators that are diagonalizable and com-
mute can be simultaneously diagonalized. This inspires the following definition:

Definition 2.5 A toral subalgebra b c g is an abelian subalgebra that consists of
semisimple elements. A Cartan subalgebra is a mazximal toral subalgebra.

That is, we can decompose g into joint eigenspaces of elements in a toral subal-
gebra. It is a fact that all Cartan subalgebras are conjugate to one another.

Using any Cartan subalgebra, we can apply the following decomposition.

Theorem 2.4 Let g be a semisimple Lie algebra and h c g a Cartan subalgebra.
Then we have the decomposition:

g=hbe Pa,.=be Py,

aeh* acR

where go, C g is the subspace satisfying [h,xz] = a(h)x for all h € h,x € g. Additionally
we have [gaagﬂ] c ga+6'

It is a fact that if g, # 0, then it is one-dimensional. The set R is called the root
system and consists of all nonzero a € h* such that g, # 0. Elements o € R are
called roots. Our task in the following section will be to characterize possible
root systems for semisimple Lie algebras. Before we do so however, we present the
following way of connecting roots to elements in the Cartan subalgebra.

Proposition 2.3 For Lie algebra g, the Killing form By : gxg — C given by
By(z,y) = Tr(adz - ady) is nondegenerate if and only if g is semisimple.

This proposition gives us an isomorphism h - h* from the assigmnent h +~ Bg(h, -).
The fact that this isomorphism can only exist for semisimple Lie algebras will give
us the distinguishing feature that allows us to characterize the structure of all
semisimple Lie algebras.

2Note, adx : g — g is semisimple if it can be diagonalized (as a linear map on the vector space g).



2.2.1 Root Systems

Definition 2.6 An abstract root system is a finite set R c E\O satisfying the
following:

1. R spans FE.
2. Nag = % s an integer.

3. If a, B € R are roots, then sqo(B) = f —nqpo € R must also be a root.

for E =R" for some r. The elements of R are called roots. The roots system is
called reduced if o, ca € R implies ¢ = +1.

The action of s, maps 3 to an element reflected across the hyperplane perpen-
dicular to a. Due to this we call s, a reflection operator.

By the following proposition, we see that these abstract root systems give us a
pure way of describing the root systems we constructed from the Cartan subalgebra.

Proposition 2.4 For a semisimple algebra, the root system defined in theorem 2.
s a reduced abstract root system. Here E is the real span of the roots.

Such root system has a group of symmetries, the set of automorphisms on E
preserving the root system R. We define an important subgroup of this set of
symmetries.

Definition 2.7 The Weyl group of a root system R c E is the group of automor-
phisms of E generated by sq.

Now we’ll discuss picking a basis of roots for E. For any root system, one can
pick a polarization ¢ € E*. This ¢ allows us to "order” roots in a concrete sense.
We say a root « is positive if t(a) > 0 and negative if ¢{(a) < 0. This allows us to
define the disjoint sets R = R* U R~ of positive and negative roots.

Definition 2.8 A positive root is simple if it can’t be expressed as the sum of two
other positive roots.

It can be showed that the simple roots form a basis for £ and that all positive
roots can be expressed as the sum of simple roots. The set of simple roots, II, is of-
ten called the fundamental system. There is a bijective correspondence between
positive systems and fundamental systems.

Definition 2.9 Given a root a € E, we define the coroot oV € E* by o (x) =
%. The weight lattice is given by P = {\ € E|(\,a") € Z, Ya € R}. Equiva-
lently, P is the Z-span of the fundamental weights w;, where w; is the dual basis

of the simple coroots «) .
We additionally define n* = @,cg+ g, and get the decomposition g=n"@hen*.

Definition 2.10 For a semisimple Lie algebra g with Cartan subalgebra b, the
Borel subalgebra of g is given by the solvable subalgebra b =h @& n".

10



2.2.2 Classification of Root Systems

We are now ready to classify all root systems. To start we can think about ”direct
summing” two root systems R; ¢ E; and Ry ¢ Ey. This is done by defining
R := Ry U Ry such that Ry 1L Ry in the space F = F{ & EF5. We will call this
new root system R c F the direct sum of root systems R and Ra.

Definition 2.11 A root system is reduced if it can’t be written as a direct sum of
other root systems.

These reduced root systems are thus the building blocks for all other root sys-
tems.

Theorem 2.5 All reduced root systems are classified by one of the following classes:
Any an Cm Dn; G27 F47 E67 E77 ES'

This is a powerful theorem as it tells us that these root systems are completely
classified. It remains to describe what root systems these classifications correspond
to. Before we do so however we’ll describe a couple useful ways to describe root
systems. Take some polarization of the root system giving rise to a positive root
system R* and a set of simple roots IT = {ay, ..., }.

Definition 2.12 The Cartan matriz A is defined by a;j = naa,

Definition 2.13 A Dynkin diagram for a root system R with fundamental sys-
tem II = {1, ..., } is an undirected graph with r numbered vertices satisfying the
following:

e Fach vertex corresponds to a simple root i < «.
o Vertices i and j are connected by a;ja;; different edges.

o When ai; # aji, oy and a; are of different magnitudes. We represent this dia-
grammatically by drawing a less than or greater than symbol over the edge(s)
connecting © and j.

We will mainly use Dynkin diagrams to represent the root systems we care
about. We will describe four: A,, B,,,C,, and D,,. The other exceptional cases are
described in [3].

Ap-1: The Root System for sl,(C)

The elements of sl,(C) are the n x n traceless matrices. Let h be the subspace of
diagonal matrices. This is a Cartan subalgebra. Let é; correspond to the dual basis
of the set spanned by Ej; for 1 <4 <n. Then one can show the root system is given
by R = {éi —éj|’i #:j}

Now picking polarization vector (n,n —1,...,1) it follows that the simple vectors
are given by II = {&; — €;,1}. This allows us to calculate the Cartan matrix. From
which we can construct the Dynkin diagram presented below.

~ N ~

e-e. e:-e, €.., ‘e~n

Figure 1: Dynkin diagram for root system of type A,_;.

11



Cp: The Root System for sp,,(C)
WEe'll set the preserved skew-symmetric bilinear form to be the 2n x 2n matrix:
Q= (—OIL g) Recalling that sp,,,(C) = {z € gl,,,(K)|0 = 2'"Q + Qx}, one can show

b .
that the elements of sp,, (C) are of the form z = Z & | for n xn matrices a, b, c

with b and ¢ symmetric. Let h be the subspace of diagonal matrices. This is a
Cartan subalgebra. Let €; correspond to the dual basis of the basis Ej; — Eiip i+n
for h. Then one can show the root system is given by R = {e; —e;li # j} U{e; +
e|Vi, 5} u{-e; —e;|Vi, j}.

Now picking polarization vector (n,n —1,...,1) it follows that the simple vectors
are given by Il = {€1 — €9, ..., -1 — €y, 26, }. This allows us to calculate the Cartan
matrix. From which we can construct the Dynkin diagram presented below.

eo-e‘l et‘e; é.d-n -gn l‘é'n

Figure 2: Dynkin diagram for root system of type C,,.

D,: The Root System for s0s,(C)
We'll set the preserved symmetric bilinear form to be the 2n x 2n matrix: @ =

(i g) Recalling that s0s, (C) = {z € gl,,, (K)|0 = 2'"Q + Qz}, one can show that

a

the elements of s09,(C) are of the form z = + | for nxn matrices a, b, ¢ with

b and ¢ skew-symmetric. Let h be the subspace of diagonal matrices. This is a
Cartan subalgebra. Let €; correspond to the dual basis of the basis E;; — Fiip isn
for h. Then one can show the root system is given by R = {e; —e;|i # j} U {e; +eji #
]} U {—ei - €j|i * j}

Now picking polarization vector (n,n—-1,...,1) it follows that the simple vectors are
given by Il = {é1 — €, ...,E€p-2—€n-1,€n-1 — €n, €n_1 + €y }. This allows us to calculate
the Cartan matrix. From which we can construct the Dynkin diagram presented
below.

Figure 3: Dynkin diagram for root system of type D,,.

B,: The Root System for s09,,1(C)
We'll set the preserved symmetric bilinear form to be the (2n+1) x (2n+1) matrix:

I, 0 O
Q=10 0 1,]| Recalling that $02,41(C) = {z € gly,,.1(K)|0 = 2'"Q + Qz}, one
0o 1, O

12



0 uw -u
can show that the elements of s09,.1(C) are of the form z = | w a b | for
~w ¢ -a'’
nxn matrices a, b, c with b and ¢ skew-symmetric. Let h be the subspace of diagonal
matrices. This is a Cartan subalgebra. Let é; correspond to the dual basis of the
basis Fji1,i+1 = Fitn+1,i+n+1 for h. Then one can show the root system is given by
R= {6Z‘ - €j’i :/:]} U {ei + €j’i i]} U {—61‘ - €j|i #:j} U {:I:ei}.
Now picking polarization vector (n,n —1,...,1) it follows that the simple vectors
are given by II = {é1 — €9,...,€,-1 — €, €, }. This allows us to calculate the Cartan

matrix. From which we can construct the Dynkin diagram presented below.

Figure 4: Dynkin diagram for root system of type B,,.

13



3 Representation Theory of Semisimple Lie
Algebras

We will now discuss the representation theory of semisimple Lie algebras. We
will then consider the problem of computing the characters of finite dimensional
irreducible representations of semisimple Lie algebras. While we’ll see that this
problem does have a satisfactory solution, it is the generalization of this task to
new objects that will pose a harder task. This section follows the theory presented

by [3].

3.1 Universal Enveloping Algebra

We will begin by introducing a useful object.

Definition 3.1 Take Lie algebra g. The universal enveloping algebra of g,
written U(g), is the quotient of the tensor algebra T'g by the ideal I generated by
the elements {xy —yx — [x,y]|x,y € g}.

We would like to talk about the ”degree” of an element in U(g). However, the
natural degree coming from the tensor algebra T'g is lost since the quotient-ed ideal
I sums elements of different degrees.

Mathematically what we mean by this is that U(g) has no grading. That is, we
can’t express U(g) as a direct sum U(g) = @;50(U(g)); such that (U(g))i-(U(g)); c
(U(9))ies-

Despite this, there is a workaround. This is because U(g) has the structure of a
Zso-filtered algebra. That is, U(g) has a filtration

0c FoU(g) c LU(g)c...c F,U(g) c ...

satisfying 1 € FoU(g), Unso FnU(g), and F;U(g)-F;U(g) c Fi;U(g). This filtration
is precisely given by F,U(g) = (@, 9%")/1.2

Now with this filtration, we can define the associated graded algebra grU(g) :=
@Dns08r, U(g) where gr, U(g) = F,,U(g)/Fn.-1U(g). One can check that this new
structure grU(g) has a proper grading that allows us to keep track of degrees of
elements.

Due to the conditions imposed by the ideal I, one can check that [ F;U(g), F;U(g)] c
Fi1j1U(g), implying grU(g) is commutative. Consequently, the projection ¢ :
Sg— grU(g) from the symmetric tensor algebra of g is a surjective algebra mor-
phism.

Theorem 3.1 (Poincaré-Birkhoff- Witt theorem) The homomorphism ¢ is an iso-
morphism.

If one takes a basis {z1,...,2;} for g, this theorem tells us that the image of the
ordered monomials []; 2" under ¢ gives us a basis for grU(g).

3To be precise, F,,U(g) is the image of @I, g®" under the quotient map from I.
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3.2 Highest Weight Theory

Take a semisimple Lie algebra g with Cartan subalgebra b.

Definition 3.2 Take )\ € b* and a representation V' of g. Then if a vector veV
satisfies hv = X(h)v for all h € b, we say v is a weight vector of weight \.
Additionally, we call the space of all such vectors the weight subspace of V of
weight \ and denote it by V[X]. The set of weights of V is given by P(V) ={\ €
h*|[V[A] #0}.

Clearly g, V[A\] c V[A +a].

Proposition 3.1 Any finite dimensional representation V of g can be decomposed
as V = @repx V[A]. Moreover, all weights of V are integral. That is, they lie in
the weight lattice P c h*.

Here P denotes the weight lattice from definition 2.9.
Thus to characterize a representation, it suffices to characterize its integral weights.

Definition 3.3 A wvector v € V[\] is called a highest weight vector of weight
Adif nwtv = 0. A highest weight representation with highest weight )\ is
a representation V generated by a monzero highest weight vector. That is V is a
highest weight representation of weight \ if there exists highest weight vector, veV,
of weight A such that V =U(g)v=U(n")v.

Proposition 3.2 All finite dimensional representations V have a nonzero highest
weight vector. Consequently, every finite dimensional irreducible module is gener-
ated by a nonzero highest weight vector.

It turns out that such a highest weight vector generator will be unique up to scaling.
Now, it’s clear that these highest weights will be important for characterizing the
irreducible representations. In fact, it turns out that each integral weight uniquely
determines an irreducible representation.

Definition 3.4 Define I\ c U(g) to be the ideal generated by h — A(h),Vh € b
and 0 # e; € g,,,Va; € Il. The Verma module M) is then given by the quotient

U(g)/1x-

Here we have picked out a fundamental system II = {aj,...,, }. This is an infinite
dimensional module constructed in such a way that A is the highest weight and
1€ U(g) is the highest weight vector. In a sense, this M) is the "largest” highest
weight representation of highest weight .

Proposition 3.3 The map ¢ : U(n™) - M) given by ¢(x) = xvy is an isomorphism
of U(n™)-modules.

Corollary 3.1 M) has weight decomposition P(M)) = X\ - Q+ where Q, is the set
of all elements of the form Yi_ ki for k; € Zso. Additionally, dim My[A] =1 and

each weight subspace of M)y is finite dimensional.

Using such properties of the Verma module, one can then show the following.
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Proposition 3.4 Take A € h*. The Verma module M) has a unique irreducible
quotient Ly. Additionally, every module generated by a vector of highest weight A
contains Ly as a quotient.

From this proposition, we have a bijection between highest weights and irreducible
highest weight g-modules of highest weight A\: A — L. Since we know all irreducible
modules must be highest weight modules and their highest weights must be inte-
gral, we know the set of finite dimensional irreducible modules of g must lie within
{Lx|\ € P}. Elements of this set need not be finite dimensional, so this set doesn’t
precisely describe all such modules.

Recall the weight lattice from definition 2.9. Now define P, c¢ P to be the
Zsp-span of the fundamental weights w;. Then the following theorem classifies the
highest weight of all finite dimensional irreducible representations of g.

Theorem 3.2 The finite dimensional irreducible representations of g are classified
by their highest weight A € P, via the bijection A+~ Ljy.

This sufficiently characterizes the finite dimensional irreducible representations
for our purposes. Our next goal will be to devise a character formula for these L)
modules.

3.3 The Weyl Character formula

As a reminder, in usual representation theory the character of a representation V'
of a group G is given by

xv(g) =trly(g) for ge G

For a simply connected Lie group, G, this is equivalent to evaluating xy (e*) for
all z € g. It is sufficient, however, to only calculate x|y for elements h € b as the
semisimple elements form a dense subset in g.

Our goal is thus to calculate

(e = ¥ dim v [jle®
ueP

Letting e denote the functional e*(h) = ™M) we equivalently write this as

xv = dimV[u]e!
ueP

For the case of Lie algebras, there is actually a known formula for calculating these
characters. Let p = % Y aer+ @ One can prove that p=Y! | w;.

The following formula gives the characters of the finite dimensional irreducible
representations of g.

Theorem 3.3 (Weyl character formula) Take X € P, and let x\ denote xr,, , where
L)y is a finite dimensional irreducible representation of g. Then we have the follow-
ing character formula:

(~1)Hw) gwA+p)

A

- ZwEW

XX

where A =Y, a (=1)H®)ewr,
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This character is quite simple for the case of Lie algebras. In the upcoming
sections, however, we’ll introduce new objects and the task of calculating the char-
acters for the finite dimensional irreducible representations will become much more

difficult.
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4 Lie Superalgebras

We are now ready to introduce a new structure known as a Lie superalgebra. The
Zo-grading of this structure has allowed it to be a useful tool when considering
physical systems where there is supersymmetry, a symmetry between bosons and
fermions (classes of particles). Our goal here will be to develop similar results
for Lie superalgebras as we did for Lie algebras. This section follows the theory
presented by [2]. Here we will only work over field K = C.

4.1 Basic Definitions

We start by generalizing vector spaces.

Definition 4.1 A vector superspace V is a vector space with a Zs-gradation V =
Vi@ Vi. The dimension of VisdimV = (dim V5| dim V7) and the superdimension
of VissdimV =dim V5 —dim V7.

Definition 4.2 An element a € V' of a superspace V is called homogeneous if
a €V; for some i € Zy. Additionally, |a| =1 is called the parity of a.

This parity structure is what promotes a structure to a ”superstructure”.

Definition 4.3 A superalgebra A is a vector superspace A = Ag ® A7 equipped
with a multiplication map satisfying A;A; c Ajv; where i,5 € Z.

A module M = Mg @ Mj over a superalgebra A satisfies the Zy-gradation so that
A;M; ¢ M;,; for i,j € Zy. Homomorphisms between A-modules are defined as with
classical algebras. We say a homomorphism f : M — N is of degree |f| € Zy if
f(M;) € Niyy).

With this, we are now ready to define Lie superalgebras.

Definition 4.4 A Lie superalgebra is a superalgebra g = g5 ® g7 endowed with
a bilinear multiplication [-,—] : gxg — g called the commutator satisfying the
following properties for homogeneous elements a,b,c € g:

(i) (Skew-supersymmetry) [a,b] = —(-1)1*[b, a]
(ii) (Super Jacobi identity) [a,[b,c]] = [[a,b],c] + (=1)1l¥[b, [a,¢]]
Definition 4.5 For Lie superalgebras g and g', a homomorphism of Lie su-

peralgebras is an even linear map f:g— g satisfying f([a,b]) = [f(a), f(b)] for
all a,beg.

Since we have two distinct spaces in a Lie superalgebra, it is common to use the
index set I(m|n) ={1,...,m;1,...,n} ordered by 1<...<m<0<1<..<n.
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4.2 Examples of Lie Superalgebras

We will now present the main examples of Lie superalgebras that we will utilize.

General Lie superalgebras: Take superspace V = V5@ Vi. The set of endo-
morphisms End(V') is an associative superalgebra with parity coming from |f| for
f € End(V). One can show that this implies that endowing End (V') with supercom-
mutator [a,b] = ab— (~1)Plpa gives it a Lie superalgebra structure. We call this
Lie superalgebra the general linear Lie superalgebra and denote it by gl(V').
When V = C"I" := C™ @ C", we write gl(m|n).

We can write elements g € gl(m|n) in block form as the (m +n) x (m +n) matrices:

=(c

for m x m, m xn, nxm and n x n, matrices a,b,c, and d respectively.

Note gl(m|n)g corresponds to matrices with b= ¢ =0 and gl(m|n); corresponds to
matrices with @ = d = 0. One can check that as classical Lie algebras gl(m|n)g =
gl(m) @ gl(n). Additionally, as gl(m|n)g-modules we have gl(m|n); 2 (C" e C™*)®
(C™eCn™).

Using the block form for g above, we also define the supertrace operator by
str(g) = tr(a) —tr(b).

The Ortho-symplectic Lie Superalgebras: Take superspace V = V5 & V7.
and consider a bilinear form B(:,-) : V xV - C. We say B is of parity k € Z, if
B(V;,V;) =0 unless i + j = k for all i, j € Zy. We say an even (of parity 0) bilinear
form B is supersymmetric if B |V(')><V(') is symmetric and B |Vi><Vi is skew-symmetric.
On the other hand, we say an even bilinear form B is skew-supersymmetric if
Blv;xv; is skew-symmetric and Bly;«y; is symmetric.

Now, for a non-degenerate even skew-supersymmetric bilinear form B on V =
V5 @ Vi, we define super Lie subalgebra spo(V') c gl(V') to consist of the matrices
preserving B. That is:

spo(V), = {g € gl(V)s|B(9(2),) = ~(-1)"B(x, () Var,y € V'}

and spo(V) = spo(V)g @ spo(V);. When V = C*™', we write spo(2m]l). One can
check that as classical Lie algebras spo(2mll)g = sp(2m) @ so(l). Additionally, as
spo(2m|l)g-modules we have spo(2m|l); = C*™ @ C'.

The Queer Lie Superalgebras: Take vector superspace V' = V@ Vi with dim Vj =
dim V;. Now take odd operator P € End(V)j such that P? = 1. Then we define
subalgebra q(V') c gl(V') by

a(V) = {T ¢ End(V)|[T, P] = 0}
We call this subalgebra the queer Lie superalgebra. When V = C"" we write it
as q(n).

When we pick P = \/—1( —(;l HO”), one can calculate that all elements g € q(n)

are of the form g = (Z

a) for n x n matrices a and b. Thus, it follows that as
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classical Lie algebras, we have q(n)j = gl(n). Additionally, as q(n)g-modules we
have q(n)1 = gl(n).

As is stated in [2], all finite-dimensional complex simple Lie superalgebras are

completely classified. There are more classes other than the ones described above,
but these three are the ones we will work with for the remainder of this paper.
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5 Structure of Lie Superalgebres

We will now develop some tools similar to the ones used to study the structure of
semisimple Lie algebras. We start by reintroducing some old definitions into this
new context. This section follows the theory presented by [2].

5.1 Basic Definitions

Assume that g is a Lie superalgebra of type gl or spo.

Definition 5.1 A Cartan subalgebra by of g is a Cartan subalgebra of the clas-
sical Lie group gg.

Thus, a Cartan subalgebra of a Lie superalgebra has the structure of a classical Lie
algebra. We can then decompose g into joint eigenspace of elements of h as before.

Definition 5.2 The root system for g is given by ® = {a e h*|a + 0,9, #0}. As
in the classical case we define g, to be the set of g € g such that [h,g] = a(h)g
for all h e h. The even and odd roots are given by ®5={a € ®|g,ngs * 0} and
®;={aed|g,ngy +0}.

One can show that &5n 7 = @.
We now present the following structural theorem.

Theorem 5.1 Let g be a Lie superalgebra of type gl or spo with Cartan subalgebra
h.

(i) We have a decomposition g =1 & Baco 9, -

(i) dimg, =1 for all v € ®.

(i4) [80: 03] € Garp for all o, B € @.

(iv) There exists non-degenerate even invariant supersymmetric bilinear form (-,-) :
gxg—C.

(v) Take o€ ®. Then —a € ®. Additionally, +2a € ® if and only if o is an odd
root such that (a,«) #0. For any k € Z\{£1,+2}, we must have ka ¢ D.

A root a € ® is called isotropic if (o, ) = 0. We denote the isotropic roots by
®7. This was not possible in the case of classical semisimple Lie algebras so clearly
such an a would have to be an odd root.

Just as in the classical case, we can pick a polarization vector t for our root
system. Using it one can define the positive system ®*, simple roots, the fun-
damental system II, and the Borel subalgebra b as before. Now, however, we
have decompositions ®* = ®F U ®7 and b = bg & by.
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5.2 Classification of Roots Systems

With this we can now discuss the root systems for gl and spo. We will take the
Cartan subalgebra h of diagonal matrices. Then a basis for b is given by E;;. Using
the non-degenerate supersymmetric bilinear form (a,b) = str(ab), we define the set
{61,..-,0m, €1, ..., €n } to be the basis of h* dual to {Fi1, ..., Emm, F11, ..., Enn}. One
can then calculate the action of the bilinear form on these dual vectors:

(6:,05) = 0ij, (eir€j) =—=0ij, (0i,€5)=0

where 6;; denotes the Kronecker delta function.

Root System for gl(m|n): Using the Cartan subalgebra b of diagonal matrices,
one finds that the root system for gl(m|n) is given by

Pru Py ={e—¢€j|i,7>00r4,j<0}u{=x(e—€5)]i<0<j}

for i # j € I(m|n). Note we have set ¢; = J;.

Setting the Borel subalgebra to be the subalgebra of upper triangular matrices in
gl(m|n), we get a corresponding positive system of ®* = {¢; —¢;|4,j € I(m|n),i < j}.
We call these objects the standard Borel subalgebra and standard positive
system, respectively. From the standard positive system, we can then calculate
the standard fundamental system given by IT = {; - ;+1, €j—€;+1, 6, —€1 } Where
1<i<m-land1<j<n-1.

Using this fundamental system, we can then construct the Dynkin diagram for
gl(m|n) using the same rules as for the classical Lie algebra case.

6-6., 6.6, é.-E E-& €nT Ent €= En

Figure 5: Dynkin diagram for the root system of gl(m|n) under the standard
Borel subalgebra.

Note that @ denotes isotropic odd roots while O denotes even roots.

It is worth noting that the Dynkin diagram for gl(m|n) can look very different
to this if one were to pick a different Borel subalgebra. The analysis of classifying
all Dynkin diagrams is described in detail in [2]. This analysis is important, but for
our purposes it will be sufficient to only work with the standard Borel subalgebra.

Root System for spo(2m|2n + 1): Using the Cartan subalgebra b of diagonal
matrices, one finds that the root system for spo(2m|2n + 1) is given by

DU D7 = {£0; £ 05, £20p, £ep, £ €, £€¢} U {0, €4, £0p }

for1<i<j<m,1<k<l<n,1<p<m,and 1<qg<n.
Setting the Borel subalgebra to be the subalgebra of upper triangular matrices in
spo(2m|2n + 1), we get a corresponding positive system of

DUDT ={0;+0;,20,, e €1, €6} U{0p £ €q,0p)
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for 1<i<j<m,1<k<l<n,1<p<m,and 1<qg<n.

We call these objects the standard Borel subalgebra and standard positive
system of spo(2m|2n+1), respectively. From the standard positive system, we can
then calculate the standard fundamental system given by

IT={6; — 0i+1,0m — €1, €k — €k+1,€n}

where 1<i<m-1land 1<k<n-1.
Using this fundamental system, we can then construct the Dynkin diagram for
spo(2m|2n + 1).

-8, 6.6, &€& E,-E& En=En €

Figure 6: Dynkin diagram for the root system of spo(2m|2n + 1) under the
standard Borel subalgebra.

Once again, we emit the theory that analyzes all other Dynkin diagrams for
spo(2m|2n + 1) and will solely work with standard Borel subalgebra.

Root System for spo(2m|2n): Using the Cartan subalgebra h of diagonal
matrices, one finds that the root system for spo(2m|2n) is given by

D5 U Py = {£0; £ 05, +20p, +e £} U {0, €4}

for1<i<j<m,1<k<l<n,1<p<m,and 1<g<n.
Setting the Borel subalgebra to be the subalgebra of upper triangular matrices in
spo(2m|2n), we get a corresponding positive system of

PEUDT ={0; £0;,20,, € £ €} U{0p €4}

for1<i<j<m,1<k<l<n,1<p<m,and 1<g<n.

We call these objects the standard Borel subalgebra and standard positive
system of spo(2m|2n), respectively. From the standard positive system, we can
then calculate the standard fundamental system given by

IT={8; = 0i+1,0m — €1, €k — €k+1, €En—1 + €n }

where 1<i<m-land 1<k<n-1.
Using this fundamental system, we can then construct the Dynkin diagram for
spo(2m|2n).

Eni= €

8,'8; 8;' 8; 8-.. & &.-6¢; Enat En

Figure 7: Dynkin diagram for the root system of spo(2m|2n) under the stan-
dard Borel subalgebra.

23



Once again, we emit the theory that analyze all other Dynkin diagrams for
spo(2m|2n) and will solely work with standard Borel subalgebra.
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6 Representation Theory of Lie Superalgebras

Once again, we begin this section by introducing some definitions from classical Lie
algebras into this new context of Lie superalgebras. This section follows the theory
presented by [2]. Take Lie superalgebra g = g5 ® g7.

6.1 Universal Enveloping Algebra
As before, let T'g denote the tensor algebra of g.

Definition 6.1 Let I, be the ideal in Tyg generated by ab - (-=1)19Plba - [a,b] for
homogenous elements a,b € g. Then the universal enveloping algbra of g is
given by U(g) =Tg /1.

We can similarly describe the basis elements of U (g) using an analog of the Poincaré-
Birkhoff-Witt theorem.

Theorem 6.1 (Poincaré-Birkhoff-Witt theorem) Let {x1,...,xzp} and {yl,...,yq}
be bases for g5 and g1, respectively. Then

{xgl...x;”yfl...y;ﬂrl, s Tp € L0, S1, ..., 5 € {0,1}}

is a basis for U(g).

6.2 Highest Weight Theory

Our goal in this section will be to classify the finite dimensional irreducible repre-
sentations of the Lie superalgebras gl and spo.

Let g be either gl(m|n) or spo(2mll). Take b to be the corresponding standard
Borel subalgebra and let V be a finite dimensional irreducible representation of g.

Proposition 6.1 FEvery finite dimensional irreducible b-module is one-dimensional.
The complete list is given by Cy for X € (bg/[bg, bg])*.*

Treating V as a b-module, this proposition implies V must contain a one-dimensional
b-module Cvy. Noting that V is irreducible we then use the Poincaré-Birkhoff-Witt
theorem to obtain V' = U(n™)vy which gives a weight decomposition

V=@ V[u]

peh*

where the p-weight space V] is defined as in the classical case. Using this notation
we give the following definition.

Definition 6.2 The weight \ is called the b-highest weight, the space Cuvy is
called the b-highest weight space, and the vector vy is called the b-highest weight
vector.

4For any 0 # vy € Cy} we have hvy = A(h)vy for all h e h and n*vy = 0.
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Note that b was used for these definitions as the objects are dependent on the Borel
subalgebra one uses.

Now we know that finite dimensional irreducible module is a b highest weight mod-
ule, so we will denote the finite dimensional irreducible modules by L(\), where
the notation assumes a choice of Borel subalgebra b.

The task now is to determine what weights A € h* lead to L(\) being a fi-
nite dimensional irreducible module. These facts are summarized in the following
theorems.

Theorem 6.2 Take g = gl(m|n). The complete list of finite dimensional irreducible
representations of g is given by L(X) where X\ = ¥y Xid; + ¥y vje; satisfies \; —
Nit1 € Zy and vj —vjy1 € Zy for all i, 7.

Definition 6.3 Take a partition p = (p1,p2,...). That is, take finite sequence
W1, 42y ... € Zsg with py > po > .... For such a sequence we define the conjugate
partition ' = (py, ph, ...) such that ) is the number of j’s such that pj >i. Then
an (m|n)-hook partition is a partition p that satisfies pip+1 < n.

This conjugation can be visualized as a reflection of the corresponding Young dia-
gram of the partition.
Take (m|n)-hook partition u = (1, 2, ...). Define the subpartition u* = (fim+1, im+2, ---)
and the partition v = (u*)" = (14, ..., ). From these objects we define the following
weights:

,uh = 101 + oo F Oy + V1€1 + oo + Up—1€n-1 + Upé€p

Mh_ = /L1(51 + ...+ ,umém + V1€l + ... ¥ VUp_1€En—1 — Vn€p
Theorem 6.3 Let g = spo(2m|2n + 1). The complete list of finite dimensional

irreducible representations of g is given by L(\) where X\ = Y1 A\id; + Y1 Vji€j
satisfies Ay € Ziso; A1 2 ... 2 A V1 2 ... 2 Uy, and one of the following:

(i) vj E%-FZ and A\p, > n.
(it) vj e Z and X is of the form 18 for some (m|n)-hook partition p.
Theorem 6.4 Let g = spo(2m|2n). The complete list of finite dimensional irre-

ducible representations of g is given by L(\) where X = X7 A\i0; + X7 vi€j satisfies
Ni € Zs0; M > oo 2 Aps 1 2 ... 2 || and one of the following:

(i) I/jE%+Z and Ay, 2 1.

(it) vj e Z and X is of the form i or uh_ for some (mn)-hook partition p.

6.3 Character Formulas

Recall that we were able to analyze the characters of the finite dimensional irre-
ducible representations of semisimple Lie algebras. The analog of this for the Lie
superalgebras is more complicated. In fact the full characterization for the case of
gl(m|n) is given in [1]. We will not include this entire theory here. Instead we will
present character formulas for specific types of of weights.
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Definition 6.4 Take Lie superalgebra g of type gl or spo. Given positive system
O* = df U D7, the Weyl vector p is defined by p = py — p1 where

Zaandm:% Zﬁ

+ +
OtE‘I)a BE(I)T

1

Po =5

One can calculate this object for both gl and spo.
The special type of weights we’ll look at are defined as follows.

Deﬁniti(_)n 6.5 A weight X € h* is typical if there does not exist an isotropic odd
root a € 7 such that (A +p,a) = 0.

For these specific weights, the following character formula holds.

Theorem 6.5 Let g be a Lie superalgebra of type gl or spo. Take typical weight
A€ b* such that L(X) is a finite dimensional irreducible representation of g. Then,

Mocoy (1 +¢™) T (~1)l@)euOp)=p
Mpear (1 +e77) iy

X\L(,\) =
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7 Invariant Theory and GL(t)

We have now discussed character formulas for the semisimple Lie algebras and for
the Lie superalgebras gl,spo. Our goal in this section will be to generalize gl,(C)
in such a way that parameterizes n and allows it to take any complex value. This is
very difficult to do working purely with basis vectors. Instead, we will characterize
RepGL, in such a way that avoids basis vectors and allows us to generalize to
RepGL; for t € C. The rigorous way of doing this uses an object called a Deligne
category.

7.1 Representations of gl(n)

We'll start by presenting the the irreducible representations of g = gl(n) := gl,,(C) as
done in [3]. This is calculated by using the fact that GL,,(C = (Cx x SL,(C))/ptn,’
and utilizing the known representation theory of Cx and semisimple Lie algebra

50, (C).

Proposition 7.1 The finite dimensional irreducible representations of g are high-
est weight representations Ly of highest weight . The sequence A = (A1,..., An)
must be of the form X\ = miwiy +... + myuwy, where w; = (1,...,1,0,...,0) contains i 1’s,
M, e, Mp—1 € Lo, and my, € Z.

The fundamental weight representations L, & are given by L, = A™V where it
is noted that L, = A"V is the determinant character for GL,(C). Using these
representations we can then observe what all other finite dimensional irreducible
representations must look like due to the following proposition.

Proposition 7.2 Take dominant integral weight X\ = ¥.;_; m;w; for g and let v,,, be
the highest weight vector for L,,,. Now define the tensor product space Ty = ®; Lgimi
and the vector v = Q; vsimi. Then Ly 2V where V is the sub-representation of T
generated by v.

Observe that all of the representations Ly with m, > 0 occur inside a tensor
product representation V®V. These representations will be important to us. For
this reason we give them the name of polynomial representations. Note that
when m,, <0 we denote L = (Lis_m”))*.

7.2 Schur-Weyl Duality

Here we’ll analyze tensor product representations as done in [3]. We will find that
we can use these representations to relate the finite dimensional irreducible repre-
sentations of GL,(C) to the finite dimensional irreducible representations of the
symmetric group S,.

For a partition A = (A1, A2, ..., A\p), we let |A| = A1 +... + A,,. This number is given
by the number of boxes in the corresponding Young diagram.
Observe from proposition 7.2, the representation Ly is contained in V&V for every

SHere p,, gives the
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partition A with [A| = N. Then defining the multiplicity spaces 7 := Homgy,, ¢y (L, VeN)
we get the decomposition

V®N = @ Ly ®m)
XA =N

Observe that Sy acts on V&V via rearranging of components. Additionally, this
action commutes with the action of GL,(C) on V®V. Via composition we see this
gives us an action of Sy on my. That is, the spaces 7y can be treated as represen-
tations of S,.

To further characterize these ) spaces, we note the following important lemma.

Lemma 7.1 (Double centralizer lemma) Take finite dimensional vector space V
and subalgebras A, B c End(V'). Suppose that B is isomorphic to a direct sum of
matriz algebras and A is the centralizer of B. Then the following facts hold:

(i) A is isomorphic to a direct sum of matriz algebras.
(ii) B is the centralizer of A.
(111) We can decompose V = @]y W; ® U; where W; runs through all irreducible

A-modules and U; runs through all irreducible B-modules.

Now consider setting A and B to be the images of U (gl,) and CSy in End(V&Y),
respectively. Then since the representations of all finite groups are completely

reducible, the following theorem allows us to apply the double centralizer property
to A and B.

Theorem 7.1 (Schur-Weyl duality) A is the centralizer of B.

From this we conclude the useful fact that B is the centralizer of A.

7.3 Invariant Theory and Deligne Categories

We now turn to invariant theory as presented in [5]. We know from proposition 7.2
and from the descriptions of L, that every finite dimensional irreducible represen-
tation of gl(n) is contained in some tensor product V® ® V®* for r, s € Zyg. Thus,
in order for us to better understand the category of gl(n) modules we will need to
analyze the morphism between such tensor modules.

Consider the space of module morphisms between two tensor modules V® ®
V®51* and V2 @ V®2*, This is given by the space of invariant maps:

Homg(,,) (VE @ V1 VE2 @ V2 ) x (V1 @ VEI1*) @ VE 2 @ @z yeln)

~ (V@(T1+52)x— ® V®(T2+51))g[(n) ~ Homg[(n) (V®(7‘1 +52)7 V®(7‘2+51))

If r1 + s # 79 + 51, then there are no such invariant maps.
Otherwise, let 71 + so = r9 + s =m. Then the invariant maps are given by

Hog(,y (VE™, V™) 2 (End(V®™))s()

This is precisely the centralizer of gl(n) within the space End(V®™). By Schur-
Weyl duality, we know this is given by the elements spanned by CS,,.
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Let [r, s] denote the representation V® @ V®%* of gl(n). Thus we can abstractly
represent the category Rep GL,, by its objects, of the form [r, s], and observing the
morphisms between them described by the symmetric group. The object [r,s] can
be visualized by writing r copes of V' and s copies of V* in a row. The morphisms
can be visualized by drawing arrows between the corresponding spaces mapped to
each other by the symmetric group. For example, the following portrays a mor-
phism from [3,2] to [2,1].

veVeVeVeV
\k —
Vo
Ve VeV

Figure 8: An example of morphism A from the gl(n)-module [3,2] to the
gl(n)-module [2,1].

Using these diagrams one can also visualize the composition of morphisms. Such
a composition [r, s1] = [r2, s2] = [r3, s3] will diagrammatically correspond to a set
of arrows [r1,s1] = [rs, s3] as well as possibly some loops. For example, consider
the morphism A from [1,1] to [1,1] pictured as follows:

VoV’

—
r

VoV’

Figure 9: A morphism from the gl(n)-module [1,1] to the gl(n)-module [1,1].

We see that composing A o A results in the following diagram:
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— —
VeV — O
| S

Vo | *
VeV VeV

Figure 10: A depiction of the composition Ao A. A loop results from this
composition.

where we see the diagram for A% appears to be equivalent to the diagram for A

plus an extra loop. One can explicitly compute that A? = nA. In fact every loop
in a composition of morphisms will result in an extra factor of n.
It is precisely this factor of n that allows us to create our abstraction. The idea
behind the construction of Rep GL; is we begin with the same objects [r,s] and
morphisms from the GL,, case. Now, however, every time a loop appears in a com-
position of morphisms we assign a factor of t. This way ¢ can take any complex
value! The rigorous construction of the object GL; uses an object called the Deligne
category.

We can similarly talk about irreducible representations of GL; by considering
its simple objects. Weyl characters for this object have been described in [4] and

[6].

7.4 Future Goals

We have talked about abstractions from Lie algebras to both Lie superalgebras
and Deligne categories. The characters of both gl(m|n) and gl(¢) have been de-
scribed in [1] and [4], respectively. Now the main object this project we will want
to consider in the future is a similar interpolation for Lie superalgebras. The goal
is then to generalize the Weyl-Kac formula in the context of Deligne categories for
Lie superalgebras.
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