BOUNDING GAPS IN MULTIDIMENSIONAL WEYL SEQUENCES
ALLEN LIN

ABSTRACT. For a fixed N € N and a polynomial P(z) € R[z], a Weyl sequence is
a sequence of the form {P(n) mod 1}_,. Weyl sequences have natural properties
to study such as the sizes of gaps. We first give a brief exposition of known results
for Weyl sequences. Then we generalize definitions and formulate an approach to
bound the number of gaps of higher-dimensional Weyl sequences.

1. INTRODUCTION

Given N € N and d polynomials Py(z),..., Py(z) € R[z|, a d-dimensional Weyl
sequence in R?/Z% is a sequence of the form

S=S(Py,..., P N) = {(Pi(n),..., Py(n)) mod [0, 1]}

Over the past century, one-dimensional Weyl sequences have been extensively studied.
In particular, the distribution of points and the length of gaps have long been of
interest, and we naturally generalize this study to higher-dimensional Weyl sequences.
We say that an open region T'C R?/Z% is a gap in S if SNT = @.

When d = 1, we are essentially studying the distribution of fractional parts of Weyl
sequences for some polynomial P(x) € R[z], of the form S(P; N) = {P(n) mod 1}_,.
In this case, one classical result by Weyl [7,8] was his work on uniform distribution
of degree one Weyl sequences.

Fix some N € N, and suppose P(n) = an. If « € Q, say @ = a/q, then there are
only finitely many points in S(P; N) that are unique. In particular, the sequence is
periodic after ¢ terms because (a/q)n = (a/q)(n+q) (mod 1). However, if « € R\ Q,
then all N points in S(P;N) are distinct. In fact, if @ € R\ Q, the sequence
{an mod 1}_, appears uniformly distributed. More precisely, S is equidistributed,
as described by [3] and [5] and formally formulated by Weyl [7,§] in 1914.

Definition 1. A sequence S(P;N) = {P(n) mod 1}, C R/Z is equidistributed if
for any § € [0,1) and any interval I of measure ¢,
P;:N)NI

SN N )

N—oo N

= 0.

Figure (1| shows the equidistribution of points in S(P; N) = {\/§n mod 1}nN:1 for
various values of N. Definition [I| captures what happens in fixed intervals I C R/Z as
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N — oo for a Weyl sequence. For fixed but large NV, it is also interesting to consider
the gaps in a Weyl sequence. A gap in S(P; N) is an open interval (a,b) such that
S(P;N)N(a,b) = @. One natural question is bounding the number of gaps of length
at least o in S(P;N) for a fixed ¢ > 0. The points in S(P; N) appear uniformly
spaced, and the gaps have size approximately 1/N.
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FIGURE 1. The distribution of S(P; N) = {v/2n mod 1}2[:1, for (from
top to bottom) N = 30, 50, 100.

Unlike the case when deg P = 1, when deg P > 2, S(P; N) exhibits behavior
similar to that of a uniformly random sequence. For example, when P(n) = v/2n?
and S(P; N) = {P(n) mod 1}_,, Weyl proved that

[#(Sy N [0,1/2]) — N/2| < 10NY?1log N.

Furthermore, numerical estimates suggest that for any £ > 2 and for all N € N with
P(n) = v/2n*, the sequence S(P; N) = {P(n) mod 1}V, satisfies

|#(Sy N [0,1/2]) — N/2| < C,NY?1og N,

for some constant C} depending on k, though this has not been proven. Figure

compares the distribution of S(P;N) = {ﬁnk}i\;l for k = 2,3 and that of a

random sequence for N = 50.
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FIGURE 2. The distribution of S(P;50) = {v/2n* mod l}iozl, for
(from top to bottom) k£ = 2,3 and a random sequence.
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Following Vinogradov, we define e(x) := ¢*™®. Weyl’s results on the equidistribu-
tion of degree 1 Weyl sequences used Fourier analysis to study the Weyl sums

> eP(n)].

n=1

These sums are easier to analyze because we can use Fourier analysis to study them.
These sums are also useful for studying higher degree Weyl sequences.

This paper is organized as follows. In Section [2] we introduce terminology motivated
from our analysis of higher-dimensional Weyl sequences and discuss past results for
1-dimensional sequences. In Section [3] we give a discussion on finding a bound for
higher-dimensional Weyl sequences. In Appendix [A] we briefly discuss estimating the
length of the longest gap in a one-dimensional Weyl sequence.

2. BOUNDING WEYL SUMS AND GAPS IN WEYL SEQUENCES

We say A < B if A < CB for some constant C' not depending on Aor B. If A < B
and B < A, wesay A ~ B. If E is a set, |E| stands for the measure or the cardinality
of E as appropriate.

To make our problem precise, we make the following definition. In the sequel,
we fix a rectangular parallelepiped T' C R¢/Z? with axes e1,...,e; and dimensions
O1y.-.,04, S0 |T| ~ 01 --+04. We refer to such a T" as a tube.

Definition 2. We say that two tubes T7 and T5 with the same orientations and sides
are A-comparable if there exists a fat tube T of the same orientation, but sides A > 1
times larger, such that 7,UT, C T, Otherwise, we say T} and T, are A-incomparable.
A collection ¥ is pairwise A-incomparable if no two members of & are A-comparable.

Given a d-dimensional Weyl sequence S(Py, ..., Py;; N) C RY/Z¢, we pick an arbi-
trary maximal collection ¢ of pairwise A-incomparable tubes T', each contained in
SC. Our goal is to bound |#|. We may pick an arbitrary maximal collection by the
following lemma.

Lemma 1. Let 4 and % be two mazximal collections of pairwise A-incomparable
tubes. Then || ~a.4 |%|.

The general idea of the proof is as follows. Consider an element G' € ¥, and let
G’ C % be the set of elements in % that are pairwise A-comparable to G. The set

%\ | &
Ge%,

has elements that are pairwise A-incomparable to elements in %;. Adding these
elements to ¢4 contradicts the maximality of ¢;.

2.1. Finding an upper bound for |¢|. To find an upper bound for |¥|, we first
let nr: RY/Z? — R be an L'-normalized smooth bump function on 0.97. In other
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words, 17 is supported on 0.97 and integrates to 1 over R?/Z4. Next we construct a
measure z on R?/Z4 defined by

N
p= Z O(Py(n),....P4(n)) mod [0,1]4-

n=1

Define the function fr: R?/Z% — C by fr(x) :== (1 * nr)(x) — N. Then we have the
lower bound

1) G ||TIN? < / ol
R4 /74

This lower bound follows from the observation that there are |¢| A-incomparable
tubes, such that on each tube we have (u * nr)(x) =0, so

| fr(x)[* = [(u*nr)(x) = N> = [=N[* = N2,

2.2. Finding an upper bound for [ |fr|?>. Now we describe an approach to find
an upper bound to the integral in . We accomplish this using Fourier analysis and
the theory of Weyl sums. In particular, by Parseval’s theorem we have

(2) /Rd/ZdVTP— > (E(zl,...,zd)2_

Moreover,

77777

Az, za) = Y el(a-P)(n)),

n=1

so the sum in becomes

(4) >

qez\{0}

To bound the sum in ((3)) we need to bound the Weyl sum in (4)). To do this, we define
the following two terms. For the sake of simplicity, we consider when the polynomials
Py, ..., P; are monomials and have the same degree.

2
|ﬁ;(217 R Zd)|2‘

> ella-P)(n))

n=1
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Definition 3. Let a € R. The norm of « is denoted by ||«|| and is defined by
o = minfa — 2|
By definition, ||| € [0,0.5].

Definition 4. Let k be the degree of the monomials of Py, ..., P;. Let Py be the

column vector consisting of the coefficients of the kth-degree term in Py, ..., P;. Then
Rrn(Py) =Y _ min (N, |q-Pyf|™).
qeT™

To get more intuition for these two definitions, we consider the case when d = 1.

2.3. Theory of 1-dimensional Weyl sums. Suppose then that P(z) is a polyno-
mial with leading term az®. We are interested in bounding the Weyl sum

> elP(n)).

n=1

(5)

When £ =1, is essentially a geometric series and the sum is precisely

N

e(a) Z e(an)

n=1

e(a) — e(@)¥

< 2
1—e(a)

T [T—e(a)]
Note that the bound in (6] is large when |1 —e(a)| is close to 0, and this occurs when

« is close to an integer. This motivates Definition [3[ from [3].
Because |1 — e(a)| > ||a||/5, (6) implies the following theorem.

(6) > elP(n)

n=1

) ‘

Theorem 1. Let P(z) = ax + ag for some a, a9 € R. Then

N

> e(P(n))

n=1

S Nl

Essentially, Theorem [1| states that the size of a degree 1 Weyl sum depends on how
close v is to an integer, up to a constant. Now we consider the case when k = 2.
Suppose P(z) = az? + ayx + ap. Note that

> elPn)| = (Z e(P(n))) (Z 6(—P(m))> = ) e(P(n) — P(m)).

n=1 m=1 n,m=1
We can write the sum in as

(7)

No(d)
(8) Y. Y. dP(+d)—Pn)

|d|<N n=N (d)
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where N;(d) and Ny(d) are bounds depending on d and Ny(d)— Ny(d) < N. However,
P(n+d) — P(n) = 2dan + ayd, so Theorem |1 implies that (7)) is bounded by

N 2 Na(d)
de(Pm)| =D > e(P(n+d) - Pn)) < [[2da] "
n=1 |d|<N n=Ni(d)

Moreover, the inner sum in (g]) is bounded by N because

Na(d) Na(d)

S e(Ptn+d)—Pm)| < Y [e(P(n+d) — P(n))] = Nao(d) — Ni(d) < N

n=Ni(d) n=Ni(d)

by the triangle inequality. Combining these two bounds yields
2

(9) Y e(P(n)| $ ) min(N,|2de ) < > min (N, [|ldaf ).
n=1 |d|<N |d|<2N

Now (9) motivates the following adapted definition from [6].
Definition 5. Let a € R. Then define

Rpy(a) =Y min (N, [[da| ™).
|d|<D

Hence, we have the following theorem.

Theorem 2. Let P(x) be a polynomial with leading term ax® for some o € R. Then

N 2

> e(P(n))

n=1

S R2N7N(Oé).

Now we briefly discuss bounding Weyl sums of degree greater than 2. The main
mechanism here is Weyl differencing 7,8, which we have used in to compute the
bound in Theorem [2 This mechanic essentially lowers the degree of the considered
polynomial P(n) from k to k — 1, and we can inductively apply Weyl differencing a
total of k — 1 times to reduce P(n) to a degree 1 polynomial, which can be fairly
approximated because it is a geometric series.

Lemma 2 (Weyl differencing [7,8]). Let P(z) = ax® and let Py(x) :== P(z+d)—P(x).
Note that Py(x) = kdaz* 1. If Ny — Ny < N, then

No Ng(d
n=N; |[d|<N n=N1(d)

for some integers Ny(d), No(d) satisfying No(d) — N1(d) < N.

By repeated Weyl differencing we obtain Theorem
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Theorem 3. Let P(x) be a polynomial with leading term ax®. For any 6 > 0, there
exists some Cs depending on § such that
2k—1

S 05N6N2k_1_kRk!Nk717N(Oé) .

N

> e(P(n)

n=1

If « is close to a rational number of the form a/d, then ||dal|~! can be very large.
We make this formulation more precise with the following definition.

Definition 6. A number « is (C, ¢)-Diophantine if for all a/q € Q, (a,q) =1,
o — 4 > ¢
q| — q2+a'
For example, v/2 is (1/10,0)-Diophantine. We can further bound Rp y(a) if a is
(C, e)-Diophantine.
Proposition 1. Let a be (C,¢)-Diophantine. Then
Rpy(a) SC'N'"™log N + Dlog N.

Another useful bound for Rp y(«) is the following.

Proposition 2. For any § > 0,
> Rpnlaa) = CsA’D°Rap n(a)
0<|al<A
for some constant Cys depending on 6.

Propositions [If and [2| can be used to prove a bound on the number of gaps of length
at least o in a degree 2 Weyl sequence. This statement is formulated more precisely
in the following theorem.

Theorem 4. Let « be (C,¢)-Diophantine. Let P(n) = an?®, and consider the Weyl
sequence Sy = {P(n) mod 1}\_, C R/Z. The number of gaps in Sy with length at
least o is bounded by (c—2N—1+)+o),

The proof of Theorem [4] involves constructing a measure p, defined by

N
(10) n= Z 5P(n) mod 1
n=1

on R/Z, where ¢ is the Dirac delta. Using Propositions (1| and |2, one can show the
following lemma.

Lemma 3. Let p be the measure constructed in . Then

(11) > Ji(a)]* < Cs AN Ryan ().
0<la|<A

In particular, if « is (C,€)-Diophantine, then becomes

(12) > Jf(a))? < C;APN°CTT AN

0<lal<A
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Now we are ready to prove Theorem [4]

Proof of Theorem [ Let G be the number of gaps in S of length at least o. Let n,, be
an L'-normalized smooth bump function of width w over R/Z. In other words, 7, is
supported on [—w, w] and integrates to 1 over R/Z. Define the function f,,: R/Z — C
by fu(z) = (u*ny,)(z) — N. We want to bound the quantity

/ fula)? d.
R/Z

Let w = ¢/10. On one hand,
(13) 6N [ \fula)Pdo
R/Z

because there are G gaps of length at least 40 /5 where | f,,(x)|> = N?. We obtain the
value N? by an analysis of the gaps. Let (a — 0/2,a + 0/2) be a gap of length o in
S. Therefore, for any x € (a — 20/5,a + 20/5), we have

N
ful@) = (pxnu)(@) = N =Y nu(@— P(n)) = N = =N,
and so |f,(7)|*> = N2. On the other hand,
(14) / (@) do < (w™'N)
R/Z

To obtain , we apply Parseval’s theorem and get

/JR/Z |fw($)|2 dr = Z ‘E(a)r = Z m(a)|2 |ﬁ;(a)]2.

a€Z a€Z\{0}
We partition the sum
N2 e~ N2 N2 1~ |2
Yo @@= Y. + > |la@)) fu(a)
a€Z\{0} 0<|a|<w=1  |a|>w—1

and evaluate each sum separately. By , the first sum is bounded by

Y. @Pl@P < Y A < G INCTINTE,

0<]a|<w—1 0<]a|<w—1
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The second sum is bounded by

€w| _

Y @) [fa(a)® S

la]>w=1

Lo e
Z WW(GN
al< 2%

ok
+-<la|

=Y )

ok+1
0<laj< 2L
1 2k5+5+k+1

g

[\
M 1M 1M
[\

N6071N1+€

IN

w5+1

i

0

Céwf(sleéClelJre Z 2]@(671).
k=0

IA

Combining these two bounds yields that

9 9 1+0+¢
Z i(a)|” 7w (a)]” < 050_1w-
a€Z\{0}
Hence, and imply that
14+5+e
2 2 1
in which we obtain our desired bound for G. OJ

3. HIGHER-DIMENSIONAL WEYL SEQUENCES

We now return to the higher-dimensional Weyl sequences. We fix an N € N and
let Pi(z),..., Pi(z) € R[z]. Consider the d-dimensional Weyl sequence

{(Pi(n), ..., Pa(n)) mod [0,1]} c RY/Z¢.

Recall that we constructed the measure p by

N
K= Z 5(P1(n),---,Pd(n)) mod [0,1]%5

n=1

the L'-normalized bump function 7y, and the function fr == (u*ny) — N. Let T be a
rectangular parallelpiped with axes ey, ..., e4 and dimensions o1, ..., 04, and let ¢4 be
an arbitrary maximal collection of parallelepipeds that are pairwise A-incomparable
and contained in SC.

For simplicity, suppose the polynomials P, ..., P; are all monomials of degree
k, and let Py be the column vector of the leading coefficients. We first prove an
important result on the average value of Ry y for any Py.

Lemma 4. Let Py = (ki1,...,kq). The average value of Ry n(Px) is |T'|log N + N.
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Proof. Let dk = dk; - - - di,. We have

/ Ryn(Py) dk = Z/ min (N, |lg - Pi| ") dky - dkq.
Rd/zd d/ 7.4

qeT™
For a fixed q = (q1,...,q4) € T* \ {0} we have

/ min (N,Hq-PkH*l) dky - -+ dkyg
Rd/74d

(nﬁ—l)qf1 (”d+1)qd71 1
_ Z Z / - / B min(N,Hq-PkH_)dk

0<n1<qi—1 0<ng<qq—1 10 a4q
and after a change of variables, this becomes
—1 -1 . -1
it Y Y / min (N, [Py - (..., 1)) dk
0<mi<gi—1  0<ng<qq—17R/2

This quantity simplifies to

/ min (N,||Pk-(1,...,1)||71) dk ~ log N.
R /74

This analysis holds for any q € 7"\ {0}, so the total contribution from q € 7\ {0}
and 0 is |T'|log N + N. Thus,

/ RT,N(Pk) de |T| 10gN+N,
Rd /74

as required. O

We now focus on the case where the polynomials have degree k = 2. Let Py be the
column vector of its coefficients. Recall that to find an upper bound in , we need
to bound the Weyl (inner) sum in (4). This sum is precisely
2

N
S iz P iz = S S e (@ Pa)n?)| @)
(21,.-,24)€Z4\{0} qez\{o} In=1
This sum can be partitioned to
N 2
Yoo+ > [ Dela-Pyn?)| (@)
qezd\{0} qezd\{o} | In=1

qeT™ q¢T™
We now focus on bounding the first sum, as this leads to a bound for the second sum

as well. For dyadic A and for all q € 2A\T* \ AT* we have |1(q)| < 1/\". Hence, we

bound the first sum as

2 2

N N
~ 1
§ : § :e ((q~P2) nz) |77(Q)‘2 < E E q Pa)n v
qez*\{o} In=1 QE2ANTF\NT* | n=1

qeT* A dyadic
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To further bound the sum, we want to bound the sum

Z 2

N

e ((q . Pz)nQ)

qezi\{o0} In=
qeT*
Because none of the polynomials Py, ..., P; have degree more than 2, this sum is
bounded by
N 2
(16) Z Z (q-P2)n?)| < Rony-irn(P2) — N|T.
qezh\{0} In=1

qeT*

One approach to bounding the sum of Ry y terms in is to visualize the dot
product q - P5. Consider the line L spanned by P» and the orthogonal projection of
(Py(n),. .., Py(n)) mod [0,1]¢ on L for each n = 1,..., N. Denote this collection of
N points by (). The sum of Ry y terms essentially calculates how close the elements
of @) are to an integer on L. Here, () is an example of a quasicrystal.

Quasicrystals are important objects in mathematics and physical sciences. Many
properties of quasicrystals are well-known; see [1] and [4] for discussion. One natural
question pertinent to our question is the distribution of the points in () on L.

Question 1. What q € T* are such that ||q - Pa|| ~ X\ for dyadic \?

If we know more about the distribution of points in () on L, then we may be able
to find an upper bound for the sum of Ry y terms in (16)). This will lead to an upper
bound for the integral in as discussed in Section

Let m = max{deg(P),...,deg(P;)}. Similar to the one-dimensional case, the
Weyl sequence appears uniformly distributed when m = 1. However, when m > 1,
the Weyl sequence appears more uniform random. This can be seen in Figure [3] Fix
N = 10000 and consider the sequences

S = {(\/ﬁn, ﬁn) mod [0, 1]2}N ,

Sy = {(\/5712, ﬁn) mod |0, 1]2}5:1,
Sy = {(\/5712, ﬁnQ) mod [0, 1]2}521

As Figure |3| depicts, the sequence S; has a more distinct pattern, whereas S, and
Ss appear like randomly distributed points.
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2

A g

F1GURE 3. The distribution of Sy, Sy, and S3 for N = 10000.
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APPENDIX A. ESTIMATING LENGTH OF LONGEST GAP

Let P(n) = an® and let Sy = {P(n) mod 1})_,. To estimate the length of the
longest gap, we consider a bump function v, of width w and height 1 instead of 7,,.
In other words, 1), is supported on [—w, w] and has height 1. Here we aim to estimate

(17) wa n) mod 1).

The sum in counts the number of points of Sy that are in an interval of length
w. If the sum is 0, then there is a gap of length w in Sy. Roughly,

—~  Jw |a] <w™!
Yula) = {O la] > w™t"

Thus, the sum in essentially becomes

> D e(aPn)|=w|> e(aP(n))

(18) st nt s

_ Iy e(zwn P) —e((wt 1) P(n))
—|a L= e(P(n)) |

Note that :
e(—w'P(n) —e((w ' + 1) P(n))|  |\=sin ((w! + 1) 2wP(n))
; 1 —e(P(n)) ; sin (mP(n)) ’

which is the sum of Dirichlet kernels
sin ((w™' + 1) 27 P(n))
sin (mP(n))

where U, is the Chebyshev polynomial of the second kind.
By the triangle inequality, (18) is bounded by

2wz|1—e _zwzﬂ—ean2

The summand is large whenever e(an?) is close to 1, or when ||an?|| is small. Under-
standing the number theoretic properties of o may lead to better understanding of
|an?|| and thus a bound to the sum in ([17)).

Another form of analysis is to approximate the integral and bounding the error

.
N

< /

0

Dy-1(27P(n)) = = Upyp-1 (cos (7 P(n))),

sin ((w™' + 3) 27 P(x))
sin (7P (x))

dx.

/N sin ((w™' + 1) 27 P(z)) "

sin (mP(x))
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