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Abstract
We present a proof of conjecture 4.4 in [1] about the bounds in the exponent for the Fractal
Uncertainty principle.
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1. INTRODUCTION

The Fractal Uncertainty Principle (FUP) is a statement which vaguely speaking states that no
function can be localised in position and frequency close to a fractal set. Before diving into the
Fractal Uncertainty Principle, it is perhaps useful to review the standard uncertainty principle,
which has to do with the Fourier transform of a function on the real line. The standard uncertainty
principle we have in mind is the one used in [I]: Choose h > 0 and define the following unitary
fourier transform Fj, : L2(R) — L?(R) given by, for an integrable function f

1
\V2mh

In the case where f is not integrable, F} can be given by extension from the restriction of F to the
dense subspace S(R), Schwartz space. With this in mind, the continuous version of the FUP might
be stated as so: Both f and Fp,f cannot have large mass on the interval [0, h]. Intuitively, this saying
that the fourier transform ’smears out’ functions. This is seen in the standard formula
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We can make the statement about rigorous. For X C R, denote the operator 1x as the multiplication
by the indicator function for X. So

(e = {10 e

0, otherwise

Then the standard version of the uncertainty principle can be formulated precisely as

[NIES

h
V2T

|| L0, FnLion|| < (1.2)

where || - || is denotes the operator norm on L?(R).

The uncertainty principle discussed in this paper involves localisation on more esoteric sets than
intervals. Specifically, subsets of Zy, and under the discrete fourier transform Fpy acting as an
operator on CV. Similar to the continuous case, our work will involve obtaining an upper bound for
the operator norm

IxFnlx]]

for certain fractal sets X C {0,1,..., N — 1} of interest, called Cantor sets. The Fractal uncertainty
principle in this case gives an upper bound for the operator norm in terms on the integer N, typically
exponential. An example bound might look something like

|[1xFnlx|| is O(N™P)as N — oo

for an exponent (5.

FUP has seen some applications in fields like quantum chaos, the study of quantum systems in sit-
uations where the underlying classical system has chaotic behavior. For a more in-depth review of
Fractal sets and FUP and its applications, see [1].

2. REVIEW

We will start by defining the discrete Fourier transform and outlining it’s basic properties. We will
then introduce discrete cantor sets, which will be play an important role in the study of the Fractal
Uncertainty Principle presented in this work.

2.1. DISCRETE FOURIER TRANSFORM
Let N be a natural number. For a vector u = (u(l))fi 61 € CV, the discrete fourier transform
Fn :CN = CV is given by
N-1

_ b
\/> =0

Equivalently, as a matrix with entries (f)jl with 0 < 7,1 < N —1, we have (]—“)jl = \/% exp (_2%]'1)‘

(Fnu)(y exp ( 27”‘7[) u(l) (2.1)

An important property of Fy is that it’s unitary: this means that it preserves the euclidean norm
| - | of u. So for each u € CV, we have
[ Fn (u)] = [ul



Throughout this paper, we’ll use || - || to denote, unless otherwise stated, the operator norm of a
linear operator (on the appropriate vector space). Recall the operator norm ||T’|| of a linear operator
T on a vector space V is given by

1T := sup ||Tully

[[ul|=1

An associated norm is the Hilbert-Schmidt norm, for an operator 1" on a Hilbert space H, given by
o0
2 2
T3 =D [(Tei, )|
i=1

Where (-, -) is the inner product.

2.2. FrRacTAL AND DISCRETE CANTOR SETS

For an integer M, we define Zy; := {0,1,..., M — 1}. For a given M and an alphabet A C Z,,, the
discrete cantor set Cy, is a subset of Zy, where N = M¥. of the following form

k—1
Cr = {Zale ta; € A}
=0

An important quantity associated with these sets is their dimension J, given by

5= logl4]
~ logM

Importantly, N° = |A[¥ = |Cy|.

3. FRACTAL UNCERTAINTY PRINCIPLE FOR DISCRETE CANTOR SETS

With the background information in hand, we’re ready to state and prove the theorem of the Fractal
Uncertainty Principle for discrete cantor sets, following the same argument presented in [I]. We
define 1¢, : CN — CY to be the indicator operator of C;. That is to say

te, ) = {1 B0

0, otherwise

Theorem 3.1. Let M > 3, N = M*, and A be a non-empty and strict subset of Zys.Then 35 >
max (0, % — (5) and a constant C, depending only on M and A such that

H]leFN]lckHCN—mN < CN~? (3.1)
Recall 6 is the dimension of A defined above.

Define
i = |[Le, Fnlellev e

One important idea in the proof of this theorem is the observation that log rj is subadditive, that is,
log 7, 4k, < logrg, + logry,

as shown in the lemma below



Lemma 3.2. For all k1,ka > 1 we have vy, 41, < Ty - Thy

Proof. Let k = k1 + ko, N; = M*, N = M*. Define

2(Cr) = {u e CY : suppu C G}
So that rj is the norm of the operator

G = £2(Ck) — (C)

given by Gru = l¢, Fyu for u € £2(Cy,).
The proof of this lemma relies on writing Gy, in terms of Gy, and Gi, by using the fact that

Cr = Ck, + N1Cr, = Ci, + NoCy,
Consider u € £2(C;) and let v = Gyu. Associate to u,v the |A[Ft x |A|*? matrices U,V given by

Uap = u(N1b+ a), Vo = v(Naa + b) for a € C, and b € Cy,

For j = Naop + q € Ck, where p € Ci, and g € Cy,, we have

Vi = 0(i) = Fuli) = oVap o) = o Y e (IO g (5

aeckl ,béck2

Notice that Ny Ny = N, so we can write (3.2) as
1 2mipa 2mibq 2miaq
PN > e N, )P\, )P N )

aeCkaEC;Q
27ripa> < 2maq) ( 2m'bq)
= e - e e —-— U,
- % e () (e 3 e (R
k1 ko

Define the intermediate |A|¥* x |A|¥2 matrix U’ obtained by replacing each row U, of U by Gy, U,
that is,

2mibq

1
U, S e (-2 g,
TN e TP )T
bECkQ

Then define the intermediate |A[* x |A|*2 matrix V' obtained by multiplying pointwise each entry

of U’ by exp( M) SO
2miaq
Va'q = exp <— N ) U(;q
Then V is obtained by replacing each column V! of V' by Gy, V.. Specifically,

Z < 2mpa> v
pq m aq

Now note from the definitions of U and V' that the norms of u,v are the Hilbert-schmidt norms

of U,V respectively:
= > Ul (ol = Y [Val
aeckl ,beCkQ CLECkl ,beCkQ




For each row U/ of U’ and corresponding row U, of U, we have
Uy =G Ur = |U]| <11 |[Un| = IU'|l1s < 11U s

Additionally, ||V'||gzs = ||U’||ms because |V
column V! of V’

4| = [Ug,|- For each column V. of V' and corresponding

Ve=Gn Vi = Vel < V| = [IVllus < iV ||ms

and putting this together implies
HVHHS < Tk1rk2||U‘|HS

We use lemma 3.2 to give a proof of Theorem 3.1.

Proof. Lemma 3.2 allows us to use Fekete’s lemma, which says that for a sub-additive sequence
{an}%ozl, that iS An+m S an, + A,

. an . .0p
lim — =inf —
n—oo n n n
By lemma 3.2, the sequence {%ggr]\ﬂ} Zil is subadditive. If 3k’ such that
log . < 1 )
STk §_ =
i log M < min | 0, 5

Then

log 7y, . ( 1)
1 0 — =
A ogar (003

So we can choose 8 > 0 so that

| log r . . logry
im =in
k—oo klog M k klog M

<—B<min(0,5—%>

Then for large enough S, £ > S would imply that

log 7 <3
klog M

And then by choosing a large enough constant C' we can then get for all k

log 7y, < log C

—B = rp,<CN P
FlogM = Floghl " =

We just need to prove that 3k such that

log r.
klog M

1
< min (0,5 - 2) & r; < min (1,N5*%)

The proof of this consists of two parts:

Claim 1. There exists k such that rp, < 1.
We proceed by contradiction. Since Fy is unitary, we have ||1¢, Fn1c, || < 1. Assume that r, = 1,
which implies that Ju € CV \ {0} such that

e, Fnle.ul = |ul



Note that this implies suppu C Ci and supp (Fyu) C Cg.

Define the polynomial p by

N-1
p(z) = > u(l)?
=0
so that ) o
Fru(y) = \/—Np (eiTm>

Since supp (Fyu) C Cg, it means that for j € Zy \ Cg
Fnu(j) =0
and so p has at least
Zx5\ Cil = |Zn| — Ckl = M* — |A]* > M* — (M — 1)*
roots. The last inequality above is true because |A| is at most M — 1 as A is a non-empty strict

subset of Z,y.

On the other hand, the set Zy \ C contains M k=1 consecutive numbers:
aM* a1 MR 4 (MR 1)

for a € Zyr \ A. We can ’shift’ Ci circularly, which does not change the norm 7y, to map these
numbers to

(M —1)M*1 (M — )M 1, MF —1

Using the fact that supp(u) € Cg, it follows that u(l) = 0 for (M — 1)M*=! <1 < M* — 1, which
gives that
degp < (M — 1)M*!

Combining this with the lower bound on the number of zeros of p gives
M* — (M —1)* < degp < (M — 1)M*!
However, for large enough &, we have
(M —-1)F < M1 — MF— (M - 1) > (M - 1)M*! = MF — pF?

which is a contradiction. So 3k such that r; < 1.

Claim 2. For k > 2, we have 1, < N3 )
Once again, we proceed by contradiction. Note that N 9=3 is the Hilbert-Schmidt norm of Ic, Fnle,.
Letting (e;); ;" denote the standard orthonormal basis

N
Cil? _
e, Fvie s = 3 e Prteel = Y e Fval = 3 3 [Fa)l = 9F = v
=1 1eCy, 1eCy, jECx

1

Note then that if 7, = N°" 2, then Le, Fnle, is a rank 1 operator. In fact, ||1c, Fnle,||ms is the
square root of the sum of the norm squared of the eigenvalues of 1¢, Fn1lc,, while ||1¢, Fy1le, || is the



norm of the eigenvalue with the largest norm. Then the determinant of any 2 x 2 minor of 1¢, Fy1c,
is 0, that is

_ 2mijl _ 2migl’
N N
det <€ © ) — 0 for all §,§,1,' € ),

_2mijl 2w’
N

e N e

and evaluating the above expression gives

g
G=)t=1) ]])V( )GZVj,j’,l,’leCk

However, for k > 2, we can take j =, j' =1’ € Cj, so that [ # I’ and |l —I'| < M < +/N. This choice
of j =1 and j' =1’ gives a contradiction, which finishes the proof of the FUP. O

4. BOUNDING THE EXPONENT

Theorem 3.1 gives an upper bound on the operator norm of localizing the fourier transform on discrete
cantor sets. This is achieved by getting a lower bound on the exponent 3, that is 8 > max(0, % —9)
(3.1) holds. This next section is about the tightness of this bound. Specifically you might wonder if
that bound may be improved, or if the lower bound of max(0, % — ) is the best you can do, in that
for any given 4, you can construct alphabets and M so the best 3 tends to max(O,% — ). We can
ask the following question:

Question. For a given § € (0,1), can we exhibit a sequence of pairs (M;, A;) such that

(S(Mj,Aj) = 10%\|4A]| — (5, 6 (Mj,Aj) — max (; — (5, 0>
J

Where B(M, A) := —limsup;,_, %, N = M* (represents the best 3 in (3.1))?

We’ll see that this is indeed the case. We break this into parts. For § < %, the answer is in the

affirmative, as in Proposition 3.17 in [2]. For § > 3, this is believed to be true, illustrated in the
following conjecture (Conjecture 4.4 in [1]). The conjecture is as follows:

Conjecture 4.1. Fiz § € (%, 1). Then there exists a sequence of pairs (Mj, A;) such that
5(Mj,Aj) — 5, 6(Mj,Aj) —0

Here §(M, A) = lo%\/llm and

log||1¢, Fnl log||1¢, Fnl
B(M. A) = — lim sup ogllle,Fnlell _ . clogllle, Fnle,l

N = M*
00 log N k log N ’

Informally, this is saying that the 'best’ 5 in (3.1) can be made arbitrarily small for a given § € (%, 1).
The main theme of this paper has been building up to proving this conjecture. Before going into the
proof, we will look at the case for when § < % for inspiration. For § < %, we will prove the following:



Proposition 4.2. Assume that § < %, and 2 < L <2V M. Consider the alphabet
A={0,1,....,L -1}

Then for M large enough, there exists some global constant K such that 5(M, A) is bounded above

by
1 KI?

B< o —0+

— 4.1
2 M log M (41)

The proof of proposition 4.2 relies on exploiting the structure of Ci to get a lower bound for
l|Lc, Fn1lc,||- For an alphabet A C M, we define a function G4 given by

Ga(x) = \/1M Z exp(—2miax)
acA

Getting a lower bound for G4 is going to help us find a lower bound for ||1¢, Fy1lc,||, as shown in
the lemma below.

Lemma 4.3. We have the following equality:

k .
Axtie)() =164 (%) (4.2

s=1

Proof. For a set S C Zy, define the vector 1g by

1, ifjes
15(j) =
s(7) {0, otherwise

with each n; € AM® = {aM® : a € A}. Mathematically we can express this as

k—1
o= Y (H 1AMs<ns>)

no+-+ng_1=n \s=0



So,

no+-+ng_1=I

1 = - Oming
- 75 > (e (-7
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Below, we present the proof of proposition 4.2.

Proof. Put u = 1¢,, so that

Recall that A ={0,1,...,L — 1}. From lemma 4.3, we have

k .
. J
Fu) () =TT 6 (55)
s=1
which gives
[Ie, Fyleul® 1 _ 1
JECK JECK
Since A is an arithmetic series, a quick calculation shows that

exp (—2miLz) — 1
VM (exp (—2miz) — 1)

(oo )

For s € N, j € Q, consider the fractional part of #, {#} We have

Ga(z) =

Take L > 9 and let

1

et = 25 <[5l G

©

k

[1

s=1

)

i

exp <— 27;\2.[‘7.1> Z <k1_[1 1anss(ns)

s=0

M

)

)

) 1 ans (ns)>




and since L < 2vV M

2I2 Ms—-1 <1:>{j}<1
9 Ms(M—1)~ -

So for such j € 2 and s € N, we have

s (312 -

ol o i = | et

where

J 1
osr{d)<l
- Ms) — 2

The function [0, %] S x|S0 g positive on its domain, so for some global constant K, we have
1 sin(mz) 1 < J ) L
07 :| — > = = G _— >
re [ 2 T - K ‘ 4 Ms)| ™~ KM

In particular,

1 .
e > TF > IFn(1e,) ()P
JECK

1 .
ﬁZ\FN(lck)(J)’Q
jeq
|Q’ LQk
= IR KR
L2k
> -
— (3K)2kMk

This lower bound on 7“,% gives

log . >5_1 log 3K

klogM — 2  logM
which implies that
1 log(3K)
< - =04+ ———
b= 2 + log M

Now if for some ¢ > 0 we have L > ¢v M, then we can choose a constant D such that

DIL? . log(3K)

2
D > log(3K
D 210g(3K) = TR 2 Tog M

which gives the bound in (4.1).

. L .
Next we consider the case where i is small. We have

Ga(@)] = |Ga({z})

sin (L {z}) ‘

L
>
'z VM| Lrn{z}
Note that for x small, we can pick some positive constant H such that

sin (mz)

>1—Hz>0forxz >0
T

10



and so

> i ()

i) <o)

and if M is big enough —— < - for some constant g so
g gh 777 < i q

o (i) = 7 (- 57)

for some constant H > 0. We finally get that

In general we have

LQk LQ 2k
1“,% > <1 — —H )

MF M

which implies that

klogM — log M 2+ log M
1 log (1— H]\j/:;)

2
log g, S logL, 1 log (1— H]\{} )

>0 — =
- 2 * log M
When z > 0 is small, we have 0 < —log(1 — z) < Dz, for some constant D > 0. Since LHQ is small,
or specifically as HWLQ is small, we have
1 DHI?
<l 54 D7

2 +MlogM

The proof for Conjecture 4.1 is similar to the one presented above. We tweak the choice of €.

Proposition 4.4. Let § € (%, 1). For an integer M, alphabet A C Zyy, let B be as defined above, so

log r . . logrg
= —in
k klog M

—_1 =
b= = e 0
where 1, = ||1c, Fnle,||. Suppose L = | M°| with M big, and A = {0,1,...,L — 1}. Then for some
constant W, we have

g W
log M

(4.4)

Proof. Say L ~ M?®, with § >
{0,1,..., L — 1}. Recall that

Specifically, let L = |[M?®]. We consider the alphabet A =

N[ =

Ga(z) = \/1M Z exp (—2miax)

a€A

For this choice of A we have
1 exp(—2miLz) —1

VM exp(—2miz) —1

Ga(x) =

11



We once again put u = 1¢,, so then

H]leFN]leuuz

JEC

P>

Recall that i

Fy (1) () = [[ Ga (Aj)

s=1

This time, let
1-6

M
0
"3

k—1
0= {Zb,M’":bi c7Zn

r=0

}Cck

and pick M large enough so that LM ;_5J is non-zero. For s € N, j € (), consider the fractional part
f 1=, {MS} We have (with b; € ZN [0 M~ 6})

. s=1 4 8 1—6 s
M) =M 3 \Ms(M—1)

Now for M > 5, we have

2M 2M Ms—1

and

which gives that

For j € 2 and s € N, we have

s (512 -

Note that

oo )l )| et

sm(7r:c)

Since the function [O, 2] Sx—

some global constant K > 1 such that
6s(3r:)

.2k 1,2k 1 <M15 ) k 1,2k

‘ is strictly positive on the domain, it follows that there exists

for jeQ,seN

>
K\ﬁ
So

jeQ = |Fn (1) G =

= K2kp\k - Tk = Lk’Q|K2kMk ~ Ik 3 K2k )k

12



For some other global constant 1 > ¢ approximately equal to 1, we have
2 Ve A
"k = Tk 3 K2k )k
Let 1 > d approximately equal to 1 be s.t. L > dM?°. We get

2 1 Med\* _( cd F
"k =k \ T3 ) T \3K2

2
o, Ton()
—in
k klogM — 2logM

which gives

8=

O]

Observe how Proposition 4.4 implies the truth of Conjecture 4.1. For § € (%, 1), we create the pair
(M;, Aj) by setting
(Mj7Aj) = (j7 {O’ L., UJJ - 1})
Then 5
log|j°]
log j

From Proposition 4.4, we get some constant W > 0 such that

5(Mj,Aj): —)(5&Sj—>OO

0 < B(M;, 4j) <

logj = [(Mj,Aj) = 0asj— o0

5. FURTHER QUESTIONS

A natural question to ask is how tight the bound on beta (4.4) from Proposition 4.4 is. One possible
way to improve this bound might be to obtain a better choice of u.

Our initial choice of u was u = 1¢,. Observe that we can write
1Ck == 1A>I< 1AM [N 3 ]_AMk_z * 1AM’“_1
where * is the convolution operator.

To get an improved bound on [, we can systematically look for u that optimizes this upper bound.
As a start, we can choose

U=g*GM* " *Gpk-2*Gpph-1

where g € CM with suppg C A and

M (n) =
gar=(n) 0, otherwise

{g(]\;}s), ifn=aM?® fora € A
Here we view ¢ as a function on CM g by extending it by zero. Notice that gass is supported in AM?.

With this much more general choice of u, the hope is to be able to systematically find the most
optimal upper bound on the exponent .

13
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