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Abstract

In this paper, we construct an algebra homomorphism from the pos-
itive part of the elliptic Hall algebra to the K-theoretic Hall algebra of
surfaces.

1 Introduction

Let S be a smooth projective surface over C. Quot and Flag schemes can be
defined on S, which parametrize certain coherent sheaves on S of finite lengths.
Let K (X) denote the G-equivariant K-theory group of coherent sheaves on X
and Quot; the moduli space of framed length-n coherent sheaves on S. Accord-
ing to [7], the following graded abelian group

K(Quot) = @KGL” (Quoty),

n>1

can be equipped with a graded algebra structure. This is called the K-theoretic
Hall algebra of Quot schemes on S.

Moreover, we also consider the (positive part of) elliptic Hall algebra A,
which can be explicitly defined by generators and relations. The main result of
this paper is the following theorem:

Theorem 1.1. There exists a homomorphism of algebras A~o — K(Quot).

The motivation of this theorem originates from several previous results. In
[4], Nakajima studied the cohomology of Hilbert scheme of points and proved
that it carries a Heisenberg algebra action. Generalizing Nakajima’s result in
[5], Negut studied the moduli space of stable sheaves on certain surfaces and
proved that its K-theory group carries an elliptic Hall algebra action. In another



perspective, in [6], Schiffmann and Vasserot studied the equivariant K-theory
of Hilbert scheme of A% and showed that its convolution algebra is isomorphic
to the elliptic Hall algebra.

The structure of this paper is as follows. In section 2, we introduce Quot,
Flag schemes and study some geometric properties of moduli spaces related to
length-2, length-3 coherent sheaves on surfaces. In section 3, we introduce the
equivariant K-theory and K-theoretic Hall algebra of Quot schemes of surfaces.
We also construct K-theory classes e, ... 4,) € KL, (Quot;,) corresponding
to certain generators E(g, . 4,) of Aso and compute the commutator relations
[e(k)» €(dy,...,d,)) for the case n = 1,2. In section 4, we prove Theorem based
on commutator relations computed in section 3.

Here are some notations in this paper. Let M be a certain Quot or Flag
scheme. M° denotes the open subscheme of M where every coherent sheaf F
appeared in quotients or flags is framed, i.e., equipped with a framing O®! — F
(I is an index set). If H is a closed subgroup of a reductive group G and H
acts on M, we often use M to denote the orbit space M x g G. In the case
when G = GL,, and H is a parabolic subgroup of G, M x iy G will be a quotient
scheme (G x M)/H (see Chapter 5.2 of [2]). C, denotes the length-1 skyscraper
sheaf supported at a single closed point x. “—” denotes a surjection map.

2 Moduli spaces and their geometry

Let S be a projective smooth surface over C. For any positive integer d, define
Quoty to be the moduli spaces of length-d coherent sheaves on S. Explicitly,
Quotg has the following functor-of-points description. For any scheme T, there
is a one-to-one correspondence between maps T — Quoty; and the following
data:

e A quotient OE?ZT — &4, where &5 € Coh(S x T is flat of length d over
T. In other words, for every point ¢t € T, £4|; is a length-d coherent sheaf
on S x {t}.

There is an open subscheme Quoty C Quoty, which has T-points correspond-
ing to the above data, with an extra constraint

e The induced map O?d — prp, Eq is an isomorphism, where pry : S xT —
T is the projection.

o~

Example 2.1. As a basic example, we have Quot; = Quot§ S, since a
length-1 coherent sheave on S corresponds uniquely to its support (which is a
closed point of S).

For a sequence of positive integers dg = (dy,...,d;) with 0 < dy < --+ < d,
define the moduli space of flags F'lagg, to be a subscheme of Quoty , such that
the set of T-points (i.e., maps from 7" to Flagyg, ) is in bijection with the following
data:

1Here, Coh(X) denotes the set of coherent sheaves on a scheme X.



e A flag of quotients

Sdy Ddi—1 ®dy
OSXT OSxT OSXT 0

l l l

Cap ——* Eap s e Eay 0

where &4, is flat of length d; over T

e The induced map O?di — prp, Eq, is an isomorphism for all 4.

When T' = Flagy,, the identity map corresponds to a universal flag of quotients
over S x Flagg , which we often denote as Uy, — -+ — Uy, . The pushforward
of Uy, along the projection S x Flagg, — Flagg, is a vector bundle of rank d;
on Flagg, . Abusing notations, we will also denote this vector bundle Uy, .

In the later sections, we will use the notation Flagy,, ., . ..m, to denote
the scheme Flagg, defined in the previous paragraph, where do = (m1,m1 +
ma,...,my +---+my). For example, Flag,, ,, = FlagE’n ntm)

Let P, ,, denote the parabolic subgroup of the general linear group GLj, 4,
consisting of lower-triangular block matrices of the form

(é g) , where A € Mat, xn, D € Mat,,xm,C € Mat,,xn.

We observe that P, ,, acts on Flagy, , by acting (in the functor-of-points de-

scription) on O?g;‘“” as well as its quotient OGSBQT. Furthermore, as a subgroup

of GLy,4n, the right action of P, ,, on GL,4y is free. As a result, P, ,, acts
on GLyyn xFlagy, ,, by h-(g,2) = (gh™"', ha). Since this action is free and
proper, its orbit space GLy,+n Xp, ,, Flagy, ,, is equipped with a scheme struc-

ture: namely, the quotient (Flagy, ,, X GLmyn)/Ppm. We shall denote this

scheme as Flagy, ,,.

Proposition 2.2. F@gn has the following functor-of-points description. For

any scheme T', the set of T'-points of Flagy, ,, is in bijection with the following
data:
(i) (’)?in;m) — Epam — En, where & is flat of length i over T for i €
{n,n +m}.

(i) Letpry : ST — T, then the data above induce an isomorphism O;‘f(m_m) =

Prry Engm-
Proof. A T-point of (Flagy, , X GLyyn)/Pp,m consists of the data
e A T-point of Flagy, ,, i.e., a flag of quotients

05y ™ ——» Oy — 0

l |

Enim En 0




and isomorphisms prp & = O?’.

e A T-point of GL; 44, which acts on Ogin;m) on the left.

Combining the two pieces of data, we obtain

where the first arrow comes from the 7T-points of GL,4,, and the other two
come from the T-point of Flagy, ,,. This is essentially the data (i) and (ii), and
we could check that the above construction is invariant by P, ., actions.

For the other direction, suppose we are given the data (i) and (ii). Eppm —
&, induces a surjection of vector bundles (’);‘?("er) — prp, &, on T. This is
exactly the data of a morphism f : T' = Gry, p4m, where Gr,. i, is the Grassman-
nian of r-dimensional quotient subspaces in a k-dimensional vector space. In
particular, prp, &, = f*Sp ntm, where Sy, 54 is the universal subbundle over
Grn,ner'

Consider the standard action of GL,, 1, on Gry, 40, this action is transitive
with stablizer P, ,,. Thus, o : GL,m — Grp nim is a principal P, ,,-bundle.
Let the fiber product B

T:=T XGry ntm GLn+m7

which is a principal P, ,,-bundle over 7. We shall define a P, ,,-equivariant
morphism 7" — Flagy, ,, X GLy . Set the map T' — GL;, 4+ to be the projec-
tion. To construct T — Flagy, ., it suffices to find the data

@S (n+m)
OS’XT

| i (1)

Ogur —* Fn

— Fnt+m

Denote 7 : T — T the projection and we pick F,, := (idg x7)*Ep, Frpm =
(idg Xm)*Eppm. We already have the data O?ingm) — Fnam by pullback. It
remains to identify the map O?:f — F, to make commute.

We claim that 7* prp, &, = (9;?". Assuming this holds, then from the ad-
junction pr. prp, &, — &, we have

?:T = (lds xpT)* pr;" PIry En - (ldS XPT)*En = Jn,

as desired. To prove this claim, consider the diagram

T —T" 7T

l s

[e]
GLner — Grn,ner



Since pry, £, = f*Sp ntm, it suffices to show that a*S,, nym = ngnm. The
standard action of GLj,4m on Gry, pqm is @ morphism GLy 4 X Grpypgm —
Gry,nt+m- The fiber of the pullback of S, 4 along this action over a point
(9,V) € GLygm X Grpy ntm is gV; restricting to GLj, 1, x{V'} for a fixed V' with
basis {vi,...,vn}, we see that a*Sy, n+m has everywhere linearly independent
global sections gv; and hence must be OgﬁHm

By the universal property of quotient, the data of a P, ,,-equivariant mor-
phism from a principal P, ,,-bundle T to Flagy, ,, X GLy 44, corresponds to a
morphism

T — (Flagy, , X GLyym)/Pom,

as desired.
Finally, we can check that these two natural transformations are inverse to
each other, so the proof is complete. O

Similarly, P, m ¢ acts on Flagy,, ,, and we can form moduli spaces such as

Flagz:n,n = (Flagz),m,n X Pn—i-Tn,E)/Pn,m,Z

Flagdt = (Flagg m.n % Prm+e)/Prm,e

Lmn
Flagzm,n = (Fla’gzm;n X G'LTL-H’H-F@)/Pnﬁ‘mZ
Then these moduli spaces have functor-of-points descriptions analogous to Propo-
sition
In later sections, we will mostly focus on Flagy ;, Flagy, ; and their vari-

ations. We shall also introduce a closed subscheme Flagy , of Flagy, whose
T-points are in bijection with the data:

e A commutative diagram

2
O?x’f‘ OSXT 0

| J |

& = & 0

where z : S — T is a map such that there exists line bundles L1, Ly on T
satisfying
51 = Ffﬁl, ker(EQ — 51) = Ffﬁg

e The quotient maps above induce isomorphisms C’)é‘ﬁi prp, & fori=1,2.

Alternatively, Flag; ,, is “cut out” by the condition that & is supported on
a single point. As before, P ; acts on Flag; , and we define Flagg , to be the

—_~—

quotient (Flagy , x GLz2)/Py 1, which is a closed subscheme of Flagy ;.



Analogously, we can define a few closed subschemes of Flagy, ;: Flagy ,
Flag; , .. Flag, , ., and Flagg , .. For example, Flagy , , parametrizes the
data

Oy — OFir —* Osxp — 0

| | |

E — 2 & — 2 8 —2L 50

The parabolic subgroup P ;1,1 acts on these schemes and we can define

Flag;;?,y = (Flag;,w,y X P271)/P1»171

Flag;’-;,y = (Flag;’x’y X P1’2)/P1’1’1

Flags , , = (Flag;x,y x GL3)/P11.1

and also for variants of Flagy , , and Flagy , ..

On each of the moduli spaces Flag; , Flagy ;, Flagy ., and Flagyg ., there
is a universal vector bundle U, — U;. This abuse of notation is acceptable,
since the pullback of U; is still U; along any of the following morphisms:

—~— —_~— P e N

Flagg ., — Flaggyx, Flccgf,1 — Flagi’)l, Flag;’x — Flagf)l, Flagg , — Flagf,l.

On each of these schemes, denote Lo = ker(Us — U;) and £, = U, then L; is

a line bundle. On Flagy , and Flagy ;, £; is P 1-equivariant; on Flagy; and

Flagyg ., we will see that £; is in fact GLg-equivariant.

On moduli spaces of variants of Flags,, (including Flag; , ,, Flagsz.y,
etc.), we denote similarly the universal vector bundles as Us — Us — Uy and
line bundles £; = ker(U; — U;—1) (where Uy = 0). On each of these moduli
spaces, L£; will carry a corresponding equivariant structure.

2.1 Moduli spaces related to length-2 coherent sheaves

As we defined previously, the scheme Quot§ parametrizes length-2 coherent
sheaves on S. To understand its geometry, we consider a stratification of the
closed points [(’)?2 — &3] of Quoty. Suppose & is supported on closed points
x,y € S (x,y could be the same point). Then

e When z # y, & =2 C, @ Cy and the map (9?2 — & is parametrized
. b . . . .
by a matrix (i d) € Matoyo: it sends a pair of rational sections

(f1, f2) in OF? (defined on an open subset U containing z,y) to (afi(z)+
bfa(z),cfi(y) + df2(y)). Since it induces isomorphism on H, we re-

€ GL3. The equivalence relations are given by (Z b) -

b
d d

!/ /
<f:L’ b ) if [a:b] =[a’ : 0] and [c: d] = [¢' : d'] as elements in P*.

quire

d/



e When z = y, & corresponds to a length-2 Og ;-module. There are two
cases:

— & is the direct sum C,®C,. Then the map O?Q —» &5 is parametrized
by GL2(C) with certain equivalence relations.

— &5 is not a direct sum of length-1 modules. Since S' is smooth, we can
assume that locally S is the affine plane A%, so Og . = C[X, Y]ixv)-
Then &; corresponds to a colength-2 ideal in C[X, Y] x y), which has
the form (X2,Y? aX + bY), parametrized by [a : b] € PL.

To understand the scheme structure near the locus x = y better, we state the
following local description of Quots, in the special case that S is birational to
A2,

Proposition 2.3. Suppose that S is birational to A2, then Quot$ is birational
to the following affine scheme:

Quoty® ;= {X,Y € Matays : XY =YV X}.

Proof. Suppose that U is an open subscheme of S isomorphic to an open sub-
scheme of A? = SpecC[X,Y]. We shall prove that locally on U, the Quot
scheme Quot$ is isomorphic to an open subscheme of Quoty’®. In other words,
consider the open subscheme @ of Quots consisting of closed points described
by the data ¢ : OF* — & (with isomorphism ¢, : H(S,08%) = HO(S, &),
such that supp(€2) C U; we claim that @ is isomorphic to an open subscheme
of Quotle.

Since & is supported on U, the local sections X € Og(U) gives rise to a

map & X &> and hence a linear isomorphism
X : HY(S, &) — HO(S, &).

Similarly, the multiplication-by-Y map induces a linear endomorphism Y on
HO(S,&;). Apparently, the maps X,Y commute with each other. Note that ¢
determines a basis on H°(S, &) and we can write X, Y as 2 x 2 matrices using the
basis determined by ¢. Therefore, this gives an open embedding Q C Quoty.
On the other hand, from the information of a pair of commuting 2 x 2
matrices X,Y, we can build a length-2 C[X, Y]-module & = Cv; @ Cuvq, such
that (1) the map ¢ : OF? — & is defined on U by ¢(1,0) = v; and ¢(0,1) = vy;
(2) X,Y acts on & as matrices X,Y with respect to the basis (v1,v2). These
data determine the structure of a closed point of Q. O

Remark 2.4. For general surface S (not necessarily birational to A%) and any
point p € S, we can find an open neighborhood U of p such that a certain
deformation of U is isomorphic to an open subscheme of A2. This implies that
locally we can deform Quot$ into Quoth.

We can use such local descriptions to prove properties of Quots which are
invariant by deformation, such as the Cohen-Macaulay, normality, and reduced-
ness.



—~—

Similar to Quot3, Flagy; and Flagy ; have similar stratifications and local
descriptions. For example, when S is birational to A2, F lagy ; is also birational
to

Flag® ={X,Y € By : XY =YX},
where B ; is the set of all lower-triangular 2 x 2 matrices. If U C S is identified
with an open subset of A2, then for a closed point [Og32 — & 5 & 5 0] (here,

the label x on the arrow & % &1 means that ker(&y — &) is supported on a
single point = € S) such that z,y € U, the corresponding data (X,Y") € Flagll‘ff
will satisfy

T = (Xa2,Ya2),y = (X11,Y11) € A”.

The P j-action on Flagy ; can be locally described as
9-(X,Y) = (9Xg ", gYg™"), for g € P11, (X,Y) € Flagi’s,

since it is essentially a change of basis. Thus, we can describe Flagy ; locally as

Flagl®s = {X,Y € B1,g € GLy : XY =YX}/ ~

where (X,Y,g) ~ (9Xg~!,gYg 1, 1). We also note that there is a morphism

Flag} ; — Quot which, by Proposition can be functorially defined by the
natural transformation

(082 —» & — &] = [082, - &)
This map can be locally described as
(X, Y. 9)] = (9Xg~ 1, 9Yg ™).

For a fixed point p = [(’)g?Q — &3] of Quots, the fiber of F/l;z\éil above p is:

o If & is supported on two points x # y, then & = C, @ C, and hence
&1 = C, or C,. In this case, the fiber consists of two points.

o If & is supported on a single point x, then & = C,. We have two subcases:

— & =2 C, @ C,. Then the map & —» & is parametrized by P!.

— &5 is not a direct sum of length-1 sheaves supported on x. Then
Es is a subsheaf of Og. The quotient map £ — &; is unique (up
to isomorphism), since & — & is determined by the image of the
constant section 1 € &. In this case, the fiber above p consists of a
single point.



We define ) to be the fiber product

—~—

y — > Flags |

[ P, (2)

’

Flagy 4 -, Quoty x S x S

where the map ¢, ¢’ are defined as follows. Let p = [ng — & 5 & 5 0] be a
closed point of Flagy ; as in Proposition Set ¢(p) = ([(’)22 — &), x,y) and
¢'(p) = (105% — &2, y, ).

Proposition 2.5. Y has the following functor-of-points description. For any
scheme T, the set of T-points of Y is in bijection with the following data:

o A commutative diagram

&
022, — & 0
N,
&
where &;,E! are flat of length i over T, and x,y are maps T — S such that
there exist line bundles L1, Lo, L7, Ly on T with

ker(é’g — 51) = Ffﬁg, 51 = Fgﬁl

ker(Ey — &) X TYL, E 2 TIL)
(Here T TY denote the graph of x,y, respectively.)

e The projection map induces an isomorphism (’)?2 = prp, Ea.

Proof. This follows from a functor-of-points description of Flag7 | equivalent to
that of Proposition its T-point consists of the data

082, & 58 50,
where z,y : T'— S such that there exists line bundles £1, L5 on T satisfying
ker(52 — 51) = F:ﬁg,gl = Fi{ﬁl

Furthermore, the projection map induces an isomorphism (9;‘32 Zprp, & O



By the functor-of-points description, we can find universal vector bundles on
Y, denote as Us, Uy, U, U;. They are the pushforward of corresponding universal
sheaves on ) x S. Again, the abuse of notation is acceptable since (referring to
diagram (2)))
pr* Uy = U, pr’* U; = U..

We denote the line bundles £; = ker(U; — U;—1) and L; = ker(U] — U]_,).

We can also analyze the fiber of the projection ) — Flag7 ;. Similar to the

case of the morphism Flagy ; — Quots, the fiber is either a single point or P!
This motivates the following result:

Proposition 2.6. Let Uy be the universal rank-2 vector bundle on Flagy ;.
There is a closed embedding v : Y — P(Us) such that the following diagram
commutes:

y —t 5P Z/[Q

N

Flagl,1

Proof. A morphism Y — P(Us) consists of the following data: a map f: ) —

Flagy? 1, aline bundle £ on ) and a surjective homomorphism f*(Uz) — L. Let
f =prand £ = £] where £} is the universal line bundle on ). We claim that
corresponding map ¢ is a closed embedding.

By Theorem 1.7.8 of [3], it suffices to show that above each closed point p =

[OFl — JFp — Fi] of Flag? ;, the map between the fibers ¢, : J, — P(Ua),
ag?,

is a closed embedding, i.e., the restriction of £ to ), is a very ample line bundle
on Y,. By our previous dlscuss1ons,

P!, if Fp = C92,
Yy %{ ?

a point, otherwise.

It suffices to consider the situation ), 2 P!, i.e., Fo = C%? for some z € S. We
see that nys — &1 induces

O = L, = Lly,.
Restricting to a closed point [CP? — F7] E|of Y, this map is (canonically)
C®% = H9(S,CP%) — HO(S, F))

As a result, Oy — L, is precisely the universal quotient 092 Q12 of the
Grassmannian Gry o P!, Hence, £, & Q; 5 = Opi(1) is very ample on Y, as
desired. ]

2By the functor-of-points description, a closed point of Yp should correspond to the data

of a certain commutative diagram. Since the data Cc%? . Fiis fixed, only the part ce? -, Fi
will parametrize Y.

10
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Proposition 2.7. The morphism pr : Y — Flagy ; is proper and satisfies
R'pr, Oy = OF/I‘—’Z?/,N $i=0,
0, if i > 0.

Proof. (The proof is analogous to Proposition 2.30 of [5].) By Proposition

we can embed ) into a P'-bundle P(U) over Flagf ;. Denote the projection
7 P(Us) — F/Z&\ED then

Rir, (Opuy)) =0 for all i > 1,
and for any coherent sheaf 7 on P(Us),
R'm (F) =0 for all i > 2.
Now, from the exact sequence
0—= K = Op,up) = 1«0y — 0,
(where K is the kernel sheaf) we obtain the long exact sequence
= R (Op,uy)) = Rpr, (Oy) = R (K) — -+

This implies that R’ pr,(Oy) = 0 for i > 1. The i = 0 case follows from Stein
factorization and the following facts:

e Flagy ; is normal. (Lemma
e Y is reduced. (Lemma [5.4)

e pr is proper and all its fibers are either a point or P!. This is addressed
by previous discussions.

O

Proposition 2.8. The natural map
ker(€a — &) — & — &
on Y x S induces a map of line bundles on Y:
Lo — L.
The zero section of corresponding line bundle £} ® /.32_1 consists of the data

{(&1,2) = (€LY} C Y,

which is isomorphic to Flagy .

11



Proof. (The proof is analogous to Proposition 2.28 of [5]) By the functorial
description, a map from 7" to the zero locus of £} ® L5 ! corresponds to the data

&
022, — & 0
X f
&l
such that
T ker(é'g — 51) — WT*(S‘{

is the zero map. Denote ker(&; — &1) = K and ker(&; — &) = K'. Since 7p is
flat, this means that
K — &

is also zero. Thus, K C X', i.e., T%(Ly) — T'Y (L)) is injective. This gives x =y
and that £o — £} is injective (since T'? is exact). From the exact sequence

0 K'/K—=E=E/K—E =E/K' =0,

we also see that £1 — L] is surjective. Note that £1 ® L2 = L] @ L =2 O
since we have an exact sequence

0— Lo — 05 = Ly —0.
As a result, we have
Orp «— Loyt =L\ L7t — Or

This shows that Or is a direct summand of £1£’1_1 and hence they must be
equal. Therefore, £, = £}, as desired. O

2.2 Moduli spaces related to length-3 coherent sheaves
Similar to Flagy q, F'lagy ; ; has the following local description:
Flag®;; ={X,Y € Bi11: XY =YX}

This also applies to Flagy 5, Flags 1, etc.
Define Y, to be the fiber product

pr Tor
Yy ————— Flag3l.
[ |

Flagyh . —— Flagg, x S x S

12



where ¢, ¢’ are defined as follows. For a closed point p = [€3 58 5 & > 0]

of Flagyl, » (here the framings of &3 and & are not written out), set

¢(p) := (€5 — &1 — 0](with the same framings), z, y).

In analogy, for a closed point ¢ = [£ 5 & 5 & 5 0] of Flagy® . (the framings
at & and &) are not written out), set

@' (q) = ([€5 — & — 0](with the same framings), z,y).
We also define )_ to be the fiber product

—_~—

pr_ pyl
Y. ——— Flagez,y

2 J‘ﬁ

Flagsy. —— Flagi, x S x S

Proposition 2.9. YV, has the following functor-of-points description. For an
scheme T, the set of T-points of V4 is in bijection with the data

o Commutative diagrams

&
0%y —» Osr 7 N
| | @
& —— & x %W
&

with maps x,y : T — S such that there exist line bundles L1, Lo, L3, L, LY
on T satisfying

ker(gg — 52) > TYLs, ker(53 — Sé) = Fg{ﬁé, e

e The above data induce isomorphisms OF' = pry, & fori € {1,3}.

A similar functorial description also applies to Y_, i.e., it is parametrized by

the data
&
0% — 0 / X
0

i i,gg%”nsg

£ — % & x f
&l

13



Proposition 2.10. On Flagel, -, denote U = ker(Us — U,), a rank 2 vector
bundle. There is a closed embedding ¢ : Yy — P(U) such that the following
diagram commutes:

y+ —t ]P’(Ll

~

Flagslh

Similar results apply to Yy — Flagyh ., Y — Flags.yz, and Y — Flagy ..

Before proving this proposition we would like to discuss the fiber of ),

above a closed point p = [€3 L8585 0] of Flagsl, » (the framings at &3
and & are not written out). The fiber is parametrized by a length-2 sheaf £} on
S which fits into diagram . Up to isomorphism, the maps £ — £5 — &; have
the same data as a length-1 subsheaf ker(E3 — &) C ker(E3 — &) supported
on y. Thus, by previous discussions we have

e if 2 =y and ker(&3 — &) = C2,
y—i—,p — . .
a point, otherwise.

Proof of Proposition[2.10 This is similar to the proof of Proposition O

Proposition 2.11. The morphism pr, : Y, — Flaggf;,,w is proper and satisfies

s ifi=0,

R pr,., (’)y+ = OFlagmyy)m
0, if 1> 0.

Similar results apply to Y — Flagylh , Y- — Flagsyz, and Y_ — Flags ..

Proof This is similar to the proof of Proposition[2.7 We first apply Proposition
0| to show that R'pr , Oy, = 0 for i > 0. For the i = 0 case, we need to
verify the following statements:

e Flagsyl, . is normal. (Lemma i
e V. is reduced. (Lemma

e The fiber of pr, is either a point or P!'. This is already addressed in the
previous discussions.

O

As in the previous section, there are universal vector bundles Us, Us, US, Uy
and universal line bundles L3, Lo, £1, L5, £, on Y.

14



Proposition 2.12. The natural map
ker(E3 — E2) — ker(E5 — &1)
induces a map of line bundles on Y, :
L3 — L)
The zero section of corresponding line bundle L ® ﬁgl consists of

{(&2,2) = (&5,9)} C Vs,

which is isomorphic to Flagg,t,m.
A similar result applies to L] ® E;l onYy-_.

Proof. This is analogous to the proof of Proposition [2.8 O

3 K-theoretic Hall algebras and commutator re-
lations

3.1 Equivariant K-theory

In this section, we recall some basic definitions and properties of equivariant
K-theory. Let G be a reducitive group and X be a scheme over C. All objects
and morphisms in this section will be equipped with G-equivariant structures.
Suppose X is a scheme over C.

The Grothendieck group K¢ (X) of G-equivariant coherent sheaves on X is
an abelian group generated by G-equivariant coherent sheaves on X, modulo
the relation [F] = [Fi] + [F2] if there exists a G-equivariant exact sequence

0—=+Fr—F—=Fa—0.

Let f: X — Y be a G-equivariant morphism of quasi-projective schemes. If
f is proper, then there is a pushforward map

fe 1 Ka(X) = Ka(Y)

defined by
FJF =D ()[R LF.

This is well-defined since R’ f,F vanishes for large i.

On the other hand, if f has finite Tor dimension (for example, when f is flat
or smooth), then there is a pullback map

[FiKg(Y) = Ka(X)

defined by
£16] =Y (-1 [Tor? (0x, G)].

%
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3.2 Refined Gysin maps

A morphism f: X — Y is called a local complete intersection (l.c.i.) morphism
if f is the composition of a regular embedding and a smooth morphism. In this
case, f has finite Tor dimension.

Definition 3.1. Suppose we have a Cartesian diagram

X — X
lf’ lf
Y — Y

where f is a l.c.i. morphism. The refined Gysin map f': K(Y') — K(X') is
defined by

F(F) =D (1) [Tord™ (Ox, F)].

i
An important property of refined Gysin maps is the following.

Lemma 3.2 (Lemma 3.1 of [I]). Suppose we have Cartesian squares

X x X
lf” lf’ lf
vy Y
where h is proper and f is l.c.i. Then
fhe=hlf : KY") - K(X).

The definition and properties of refined Gysin maps carry verbatim to the
equivariant K-theory.

3.3 Induction

This section follows from Chapter 5.2 of [2]. Let H C G be a closed algebraic
subgroup and X be a scheme with H-action. We can form the induced space
G x g X: it is the space of orbits of H acting freely on G x X by h- (g,2z) =
(gh~ Y, hz). G x g X can be identified as the quotient scheme (G x X)/H.

The projection G x X — G induces a flat morphism (G x X)/H — G/H
with fiber X. For any G-equivariant coherent sheaf 7 on G xpg X, we can
restrict F to the fiber over the base point e € G/H. Such a restriction gives an
equivalence of categories

res : Cohg((G x X)/H) — Cohy(X).
This gives a canonical isomorphism

res : Kg((G x X)/H) — K (X)

16



and the inverse map is called the induction from H to G:
ind% : Kp(X) = Kg((G x X)/H).
The functoriality of this construction implies:

Corollary 3.3. Suppose H is a closed algebraic subgroup of Hy, Ho, which are
closed algebraic subgroups of G. Let X be an H-scheme.

(a) We have

ind$, oindf}* = ind§j, oind* : Ky(X) — Ka((G x X)/H).

(b) Suppose f : X =Y is an H-equivariant, proper morphism. Then we have
a commutative diagram

KH(X) _— KH(Y)

lindg lindg

Ka((Gx X)/H) — Ka((G xY)/H)

3.4 Derived fiber squares

Consider a Cartesian diagram

X <9 X

bl ”

y' <%,y

where f : X — Y is a l.ci. morphism and ¢ : Y/ — Y is a regular closed
embedding.

Definition 3.4. In diagram , if X’ has the expected dimension, i.e., if
dim X’ —dimY’ = dim X — dimY,
then we say that is a derived fiber square.
A derived fiber square has the following property:

Proposition 3.5. Suppose is a derived fiber square, then f* and f' agree
on locally free sheaves as maps K(Y') — K(X').

Proof. Since every l.c.i. morphism can be factored into a composition of a
smooth morphism and a regular closed embedding, we can write f = fy 0 fi,

17



where f; : X — Z is a regular embedding and f5 : Z — Y is smooth. Consider
the Cartesian diagram

X — X

jf{ jfl

7 —— 7

|1 |7

Y —5 Y
Since relative dimension is preserved under base change of smooth morphism,
we have

dimZ —dimY =dim Z' — dimY".
This implies that
dim X —dim Z = dim X’ — dim Z’.

Therefore, we can assume in our original diagram that f is a smooth morphism
or a regular closed embedding.

If f is smooth, then f’ is also smooth and hence flat. Thus, both f’* and f*
agree with the usual non-derived pullback.

If f is a regular closed embedding, then X’ having the expected dimension
implies that both g and f’ are also regular embeddings. It suffices to consider
the case when X,Y are affine, since the refined Gysin map can be computed
affine-locally. By inducting on the codimension of X in Y, it suffices to prove the
case when codim X =1, i.e., X is cut out by a single function a of ¥ = Spec A.
In this case,

Tor?"((’)x,}') =0

for all ¢ > 2 and
Tor?Y (Ox, F) = ker(F % F).

Since f’ is also regular, ker(F -3 F) = 0 when F is free on X, in which case
F(IF) = Torg™ (Ox, F) = F @o,, Oyr = [*(|F]),
as desired. O

3.5 K-theoretic Hall algebra of Quot schemes

This section mainly follows from [7]. Define

K(Quot) := @ Kcr, (Quoty)
n=0

as a graded abelian group. [7] constructed a homomorphism

*Quot * Kar, (Quot,) ® Kar,, (Quoty,) — Kar,,,,, (Quot; .,)

18



which provides K(Quot) with an algebra structure. (K (Quot), *Quot) is called
the K-theoretic Hall algebra of Quot schemes. It can be shown that this algebra
is associative.
The key ingredient of the contruction of *gye+ is & homomorphism
!

VYinn * KL, x GL,, (Quot;, x Quoty,,) — Kp, . (Flag,, )

The map win,n is given by a refined Gysin pullback in the following fiber diagram:

Flagfl,m — Wam

| -

Quoty x Quot,, —— V.,

where Wy, ,,, and V,, ,,, are vector bundles over Quot; x Quot;,. With winyn, we
can define *gyo: as the composition

Kau, (Quot;) ® Kav,, (Quoty,) —— Kav, x aL,, (Quot;, x Quots,) —— Kp,  (Quoty, x Quot;,)

i m
KPm,n (Flagz,m) KGLn+m (Flagz,m) — KGLn+m (Q’U“Ot%-i-m)

(5)

3.6 K-theory classes corresponding to ey, . 4,

For n = 1,2, 3, we would like to associate a K-theory class corresponding to the
element e(q, ... 4,) Which will appear in the elliptic Hall algebra. We shall define
€(d,,....d,) @ a class in a certain equivariant K-theory group of Quot,.

e n = 1. Consider the C*-equivariant K-theory group Kcx (S), where C*
acts trivially on S. For each integer d, define e(4y to be the class (L] €
Kcx(S), where L is the structure sheaf Og with a weight-1 C*-action
(i.e., a € C* acts on a section of £ by multiplication).

e n = 2. Let dy,ds be two integers. Consider the subscheme Flagy , <
F lagi1 with P j-action and P j-equivariant universal line bundles £q,
Ly on Flagy . We define

€(dy,d2) = ﬁih[’gb € KP1,1(FZag§,x)

Via the pushforward Flag; , — Flagy ;, we can think of e(q, 4,) as the
class
‘C(lil‘cg2 [OFlagg,z] € KPl,l(Flagil)'

Finally, consider the homomorphism

GLy

indp
KPl,l(Fla’g:oI;,(l:) —1;1 KGLQ (Flagg,w) — KGL2 (QUOt;)

19



where the first arrow is given by the induction from the closed sub-
group P; 1 of GLy and the second arrow induced by the proper morphism

Flagg , — Quot3. Abusing notations, We also denote the image of e(q, 4,)
in Kar, (Quot3) as €4, d,)-

e n = 3. Generalizing the idea of n = 2 case, we define
. pd1 pda pds o
€(dy,d2,d3) *= ‘Cl £2 ‘CS € KP1,1,1(Flagx,x,z)'

Furthermore, consider the homomorphism

GL3
P111

Kp, ,,(Flag; . ,) — Kavs(Flagg , ;) — Kars(Quots).

We abuse our notations to denote the image of e, 4,.4,) along the above
composition by e(q,,4,,4,) as well.

For general n, it is possible to construct e, ... 4,) in an analogous way.
However, the moduli spaces involved in the construction will be highly singular
and it is unclear whether the commutator relations generalizing Proposition |3.6)
and Proposition [3.7] will hold.

3.7 Commutator relations
Proposition 3.6. Suppose d, k are integers with d > k, then

d—1
le(ay, k)] 7= €a) * k) — €@) * €y = Z €(a,d+k—a) € KaL,(Quoty).

a=k
Proof. In diagram , we consider the image of e(4)®e (1) along the composition:
ed) D erx) = [Ld] ® [Ek] € Kcx (S) ® Kex (S)
= [5?1) ® Ll(cz)] € Kexxex (S x S)
= (L) ® Liy)] € Kp, (S % 5)
where £,L1,L2) are isomorphic to the structure sheaves. £ has a weight-1 C*
action, L) has a weight-(1,0) C* x C* action, and L) has a weight-(0,1)
C* x C* action. By Proposition we have
wi,l[ﬁt(ﬁ) ® E’fz)] = W’il(ﬁt(jm ® 51(62))] = E‘il ® £§ € KPl,l(Flagil)'

Thus,

e @ ey — (L] ® L5] € Kp,, (Flags ;) — [L{ ® L5] € Kg, (Flags ).
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Now consider the commutative diagram

—~—

y — > Flags ,

J J

Flagy 4 -, Quoty x S x S
X‘

By Proposition and the projection formula, the map

Quots

pr, pr : Kar,(Flagt ;) = Kaw, (V) — Ko, (Flagy ;)

is an identity on classes of locally free sheaves. The same applies to pr’, pr’*. This
shows that we could compute the corresponding element [e(q), e()] on Kar, (V)
and then push forward to Kgr,(Quot3). As a result,

leays e = [L£1£5] — [LTL]] € Kar, (Flagy )
= [£9L5] - [£1£57] € Ker, (D),

where in the second line, we pullback the class [£{£5] via pr and the class [£¥L4]
via pr’ - this is acceptable since pr, pr* = pr, pr’* = id on locally free sheaves
and pogopr=po ¢ opr’ as maps Y — Quots.
By Proposition [2.8] there is an exact sequence of GLg-equivariant coherent
sheaves on Y:
0= L7 @ Ly = Oy = Oy =0

T,

Since £1Lo = L1 L], on Kgr,(Y) we have

[£4] = [£5] =[O

From this, we can calculate on Kgr,,()) that

[L1L5] = (L L5 = (LT LEN([IL] 7% = [£5]77F)

d k—1 ' 4

[ﬁkﬁg] Z ﬁ’ ﬁle—k—z—l]
—k—1 '

[ﬁk[-:g][ﬁ/ Z E’L L/Qd_k_z_l]

&

Again, by Proposition and projection formula, we can essentially view this
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—_~—

as a class on Kqr,(Flagg ). On F?&Zix, Ly 2 Ly and L, = Loy, so

d—

k—
ey ey = L5 L5 Y
=0

1
—

[£1L57* 7] € Ko, (Flags ,)

d—

kN

-1

(L7 L57"] € Ko, (Flagg ,)

N\

U

—1
= €(a,d+k—a) € Kar,(Quoty).

a=k

This completes the proof. O
Proposition 3.7. Suppose dy,ds, k are integers, then
k-1 . k-1
ey €] = 4 < ;a?dl €ladith—ad), k=di, )= ;asz €(dy,arda+k—a)>
o D ask €(aditk—ads)s ifk<di (D .lk €(dadath—a)s

Proof. e Step 1. We first show that the following diagram is a Cartesian
diagram:
Flagy 1, —— Flags,

| |

Flagy ; x § —— Quot3 x S

Let T be a scheme, then a map from T to the fiber product consists of
the following data:

3 ®2
0%y — Osxr  Ogxr — Osxr

| | |

53 _— 51 gé ? 5{

such that we have exact sequences

0—— 0%, 03, Ogyxr —— 0
0 & & & 0

Denote K = ker(E) — £7), then we can form a commutative diagram

®2 @3
Osxr —— Ogyqr —— Oy —— Ogyr —— 0

| | | !

K & & & 0

22
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Define & := &;5/K, then & — & induces & — & and we obtain a
commutative diagram

3 2
ngT ngT ? OSXT — 0

| | |

&3 & & 0

which is the data of a map T' — Flagy ; ;. This data defines a morphism
from the fiber product of Flags ; and Flagf ; x S (above the base Quotj x
S) to Flag? ;1. The construction of the morphism in the other direction
is clear. We can also check that these two morphisms are inverses to each
other.

Step 2. Note that we have another Cartesian diagram

Flagsh,, ——— Flag‘fj_yl — Flagy 11

J l |

Flagg , x S —— Flagy,; x S —— Flag}; x S

By step 1,

—_~—

Flagsh,y —— Flags, — Wa,

Tk

—_~—

Flagg , x S pxid, Quot§ x S —— Va1

is a fiber diagram. By projection formula, e(4, 4,) ® €(x) can be thought of

as a class [L{' £9° K LF) on Ker, x L, (Flags , x S), where £ is line bundle

Og with weight-1 C*-action. Since the morphism p : Flagg , — Quot3 is
proper, by Lemma [3.2

Py 0(p xid)y =pi. oy, Kp, ,(Flagg, x S) = Kp, ,(Flags ;).

To show that

—_~—

1/)!2,1 : KP1,2 (Flagg,a: X S) — KPl,z (Flag;,tf,y)

agrees with the usual pullback, we note that V5; and W5, are vector
bundles over Quots x S and Quot§ x S — Va3 is the inclusion of zero

—~—

section. Let 1//;/1 and V/V; be the pullback of V5 ; and W5 ; along Flag;’m X
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S — Quotg x S. Then we have a Cartesian diagram

Flagsh,, —— Wa,

7 = L

Flag;yx X8 —— Vo

—1
By [7], ¢21 = w!ll' Note that
dim Flags},, — dim(Flagg, x S) = 9—7 =2
and

dim Wy — dim Va,; = dim Wa; — dim Vo = rank 0%2/&, = 2,
— !
so diagram dél) is a derived fiber square. By Proposition 12,1 agrees
with the usual pullback. Therefore,

Wy [LF£52 B LY = [£5' L5 L] € Kp, ,(Flagsh.y).

Step 3. In the previous step, we see that eq, 4,y ® ex) = [LFLS LS?] €

Kp, ,(Flags?y). We can regard it as a class in Kp, , , (Flag ) (also

denoted by [£¥£3* £92]) via the induction map indllji’f .- Furthermore, by
Corollary we have a commutative diagram o

. P12
indp "~
o 111§1 o+ o
KP1,1,1(Flag:r,z,y) KPl,z(Flang»y) KP1,2(Fla92,1)
. P21 . .GL . .GL
J{mdPLl’1 lmdp1 f; lmdp1 ‘;
GLg )

1n —_~— —_

G
Kp,,(Flagsy) — Kav,(Flags,,,) — Kav,(Flags ;)

|

Kar, (Quots)

—
EN|
~—

The upper-right path agrees with diagram . However, we will use the
lower-left path to evaluate the commutator [e(4, 4,), €()]-

As before,

€(dy da) @ (k) > [LYLSLY] € Kp, , (Flagsz.y)
= [Ellcﬁglﬁgz] € KPQ,l(y—)

We consider an auxiliary class [£$£5L£32] e Kp, ,,(Flagy , ). Denote
e € Kar,(Quot$) to be the image of [£9* £5£42] under the composition
GLg

P11

KP1,1,1 (Flag;,y,w) — KGLB (Fl@gg,y,x) - KGLB (QuOtg)'
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Again, by the projection formula and the fact that P, ; is a P!-bundle over

Py 1,1, we can view this auxiliary class as an element in Kp, , (Flagz y,.).
By Proposition [2.11] we can further view it as an element

[L/ldl Eékﬁgz] € KPz,l (y—)
By Proposition there is an exact sequence on )_:

0— LLLTt = Oy — o, — 0.

lags =«

After a similar calculation as in the proof of Proposition [3.6] we obtain

k-1 di+k—a .
_ skl fpapdith—a) ipgs g
ﬁkﬁdl _ ,C/dlﬁlk _ Za_dl[ 1~2 ’ ’
SR Do RS R e

as an element of Kp, , (Flagz z,.). Moreover, combining the following com-
mutative diagram

KP2,1(Fla’g;7;7$> — KP2,1(Fla’g;;£,y)
|imaSys |matys

KGLs (Fla’gg,m,m) E— KGLs (Flagg,z,y)
and diagram , we see that

- 25:31 €(a,d1+k—a,ds)> if k>dy,
ed,d X €y —e= _—1 ) s '
) T {Zil_kl €(a,d1+k—a,d2)> it k < ds.
in Kqr, (Quots).

e Step 4. We can use similar method to calculate the difference e — e *
e(dl,dg) in KGLg (QUOtg)Z

k-1 .
=D a—d, €(dradath—a), if k> da,

_ * =
€ = €(k) * €(d1,d2) {Zgi—kl €(dya,da+h—a)s if k < ds.

Combining this with the calculation of e, 4,) * €) — e in the previous
paragraph, we obtain the desired formula of [e4, 4,), e(x)]-
O

4 Homomorphism between elliptic and K-theoretic
Hall algebras

4.1 Elliptic Hall algebra

This section follows from section 4 of [5]. Let g1, g2 be formal parameters and
q = q1q2.- We define the (positive part of) elliptic Hall algebra A~ as follows.
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Definition 4.1. The algebra A.g is defined over the ring Z[gi, ¢ ]5™ and
generated by symbols {E}, : k € Z}, modulo the following relations:

L4 [[Ek+17 Ek‘fl]u Ek] = 07

o (=—wa)(z—wgy) (2 = 2) EG)EW) = (2= £) (2= ) (c—wa) Ew)E(2),
where E(z) =Y, cp Exz™".

An alternative definition of A< uses the elliptic Hall algebra, i.e., it is
generated by symbols F,, ., where n,k € Z and n < 0, modulo certain relations
(Theorem 4.4 of [5]). The two equivalent definitions of A are identified by
Ey,=E_1.

We will also introduce the third definition of A . This will be the descrip-
tion that we will use in the later sections.

Proposition 4.2. There exists a unique collection of elements Eq, .. 4,) € Aso
foralldy,...,d, € Z such that

® Blay,.d) By, = Eldy,dn,d)oondyy) =y odi 1 d — 1,4, 41,5, d )
o E_pp=q R By ), where di = ] — [EED] 4 op 51,

An important relation among F(q, .. 4, is the following.

.....

Proposition 4.3 (Proposition 4.7 of [5]). For any di,...,d,, k € Z, we have
(Edy,..dn) Byl = (1 = q1)(1 — q2)
zn: {Zs_cll B, .di v a,dit+k—a,disr,..dn) if dy <k,

di—1 .
i—1 ™ Za;k E(dl,~~~,di—1,a,di+k*a,di+1,mdn)’ if di >k,

4.2 Proof of Theorem [1.1]

Before the proof of our main theorem, we state a key proposition which connects
the definition of elliptic Hall algebra and the commutator relations.

Proposition 4.4 (Proposition 4.8 of [5]). The relations in Definition[4.1] follow
from the special cases n = 1,2 of Proposition [].3

Proof of Theorem[I.1] Define a map Asq — K (Quot) as follows: forn = 1,2, 3,

E,,.dyy = —(1=q1)(1 = q2)eq,,....a.)>

and we extend the map linearly (since E already generates A-¢). To show
that this map is an algebra homomorphism, by Proposition [£:4] it suffices to
check the commutator relations

n k—1 .
[ ] . - Za:di e(dl,...,di_l,(l,di-‘rk—a,di_'_l,...(in)? if dZ S k?
6(d17---ad'n)’e(k) - di—1 3
> fd, >k
=1 a=k €(di,...,di_1,a,di+k—a,dit1,...dn)> I d; s

when n = 1,2. These commutator relations are proven in Proposition m and
Proposition [3.7} as desired. O
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5 Appendix

Here are several results related to the geometric properties of Quot and Flag
schemes.

Lemma 5.1. The schemes Flag;, Flagy , ., Flagg, ., and Flagy , . are
Cohen-Macaulay.

Proof. Since Cohen-Macaulay property is deformation invariant, by Remark
we can use the local descriptions by matrices. For Flagy |, we have

Flagi’f = {X,Y € Bi1 : XY =YX}

where By ; is the Borel subgroup consisting of all lower-triangular 2 x 2 matrices.
Write X = (Xyj)1<j<i<e and Y = (Yij)1<j<i<o, then Flagi’f is isomorphic to
AS cut out by the equation

Xo1 (Y11 — Ya2) = Y91 (X11 — Xo2).

This shows that dim Flagy ; = 5 and that it is Lc.i. In particular, Flagy ; is
Cohen-Macaulay.
For Flagy , ., we have

Flagloc = {X7Y S Bl,l,l XY =YX, Xog = X33,Y9 = YE),g}

z,T,Y

We can compute that F' lagi‘f;y is isomorphic to A'° cut out by equations

Xo1(Y11 — Yag) = Ya1 (X115 — X22)
X31(Y11 — Yag) — Y31 (X115 — Xog) = V3o Xo1 — X32Y2g
It is not difficult to verify that the two equations give rise to a length-2 regular

sequence. Therefore, dim Flag!®¢, = 8 and Flagg ,, is lL.ci. By symmetry,

S ) 2,y
Flag, ,, , is also Lc.i.

loc

. . . 10
9.z 15 isomorphic to A™ cut out

For Flag, , ., we can compute that Flag
by equations

Xo1 (Y11 — Ya2) = Y21 (X11 — X22)
Y30 X501 = X32Y01
X32(Ya2 — Ya3) = Y32(Xo2 — X33)

By the lemma below, Flagg , . is Cohen-Macaulay of dimension 8. O
Lemma 5.2. The ring

R = C[Il, T2,73,Y1,Y2, y3]/(a:1y2 — T2Y1, L2Y3 — T3Y2, L3Y1 — x1y3)
1s Cohen-Macaulay of dimension 4.

Proof. We claim that x1,ys3, 2 + y1, 23 + y2 form a regular sequence in R.
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e 11 is not a zero divisor in R.

For the sake of contradiction, assume that there exists A, B,C, F € C[x, ..., ys]
such that F' ¢ I and

Fr1 = A(z1y2 — z2y1) + B(woys — x3y2) + C(z3y1 — T193)-

We can further assume that A, B, C' do not contain the variable x;. This
implies that

F = Ays — Cys,
yl(Cl‘g — Al‘g) + B(l‘gyg — 1‘3y2) = O

Note that for any polynomial D, by replacing (A, B, C') with (A—ysD, B—
11D, C — y2D), the above equations are preserved. Therefore, we can
assume that B does not contain the variable y;. This gives B = 0 and
Cx3 = Axy. Furthermore, we can write C = 29oF and A = x23F for some
polynomial E. Thus,

F = Ay, — Cyz = E(x3ys — w2y3) € 1,
a contradiction!

e y3 is not a zero divisor in R/(z1) =& Clxa,x3, Y1, Y2, y3]/(X2y1, T2ys —
x3y27x3y1)-

For the sake of contradiction, assume that there exists A, B, C, F € C[za, ..., ys]
such that F' ¢ I; and

Fys = Axzyy1 + B(x2ys — x3y2) + Cr3y

We can assume that A, B, C' do not contain the variable y3, so

F = BZEQ,
Azayr = x3(By2 — Cy1)

Note that by replacing (A, C) with (A — 23D, C + x9D), the above equa-
tions are preserved. Thus, we can assume that A does not contain the
variable x3. This gives A = 0 and Bys = Cy;. We can write B = ¢y F
and C' = yo F for some polynomial E. Thus,

F = Bxy = Eyl.’EQ c Il,
a contradiction!

e zy+y; is not a zero divisor in R/(x1,y3) = Clxa, 3, Y1, y2]/(X2y1, X3Y2, T3Y1)-
Denote x5 = t — y;. We need to show that t is not a zero divisor in

Clzz, y1,y2, t]/((t = y1)y1, 23Y2, T3Y1)
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For the sake of contradiction, assume that there exists A, B,C, F such
that F ¢ I, and

Ft = A(t — y1)y1 + Brsyz + Cw3yy.

Assume that A, B, C do not contain the variable ¢, then

F = Ay,
{Ay% = x3(By2 + Cy1)
The second equation implies that A = x3A’ for some polynomial A. Thus,
F = Ay, = A'zgyy € I,
a contradiction!

e x3+ Y9 is not a zero divisor in R/(x1,ys, x2a +y1) = Clag, 23, y1, y2) /(22 +
Y1, T2y1, T3y2, 23y1) = Claz, yi,y2]/ (47, 23ya, 23y1). Denote yo = s — 3,
then we need to show that s is not a zero divisor in Clxs, y1,s]/(y?, z3(s —
.133), Igyl).

For the sake of contradiction, assume that there exists A, B,C, F such
that F ¢ I3 and

Fs = Ay} + Bxs(s — x3) + Cx3y;.

Assuming A, B, C do not contain the variable s, we obtain

F = B.Tg,
B.Z‘% = yl(Ayl + Cl’g)

The second equation implies that B = y; B’ for some polynomial B.
Therefore,
F = Bxs = B'zsy; € I,

a contradiction!

Finally, it is easy to vefiry that z1ys — xoy1, oys — x3ys form a regular
sequence in Clxy,z2,23,y1, Y2, ys3]. This shows that dim R < 4. However, since
we can find a regular sequence of length 4 in R, dimR > 4. As a result,
dim R = 4 and R is Cohen-Macaulay. O

—_—~ —~—

Lemma 5.3. Flagt |, Flagd® ,, Flagss ., Flagy% . are normal.

Proof. Since Flagy ; is P'-bundle over Flags |, it suffices to show that Flagy ; is
normal. Here we use the fact that a ring R is normal if and only if the polynomial
ring R[ty,...,t,] is normal. Furthermore, Flags ; is Cohen-Macaulay, so we only
need to prove that the singular locus of Flagy ; is of codimension > 2.

29



Since normality is deformation invariant, by Remark [2:4] we can use the local
matrix descriptions. From the proof of Lemma we see that F' laglff is cut
out by the equation

Xo1 (Y11 — Ya2) — Yo1 (X711 — Xo2).

By taking partial derivatives, we can compute that the singular locus is locally
given by

Xo1 =Yo1 = X131 — Xop = Y11 — Yoo =0,
which is of codimension 4, as desired.

Similarly, for the other cases, it suffices to show that the singular loci of
Flagy , ., Flagg , .. and Flag, , , have codimension > 2. Here we only prove

the Flagg , . case. In the proof of Lemma we computed that Flagi‘f;z is
isomorphic to

At x AG/(fﬂlyz — T2Y1,T2Y3 — X3Y2,T3Y1 — $C1y3)~
The Jacobian matrix of this ideal is

Y2~ —T2 X1
J=1|ys —-y1 —I3 z1
Y3 —Y2 —x3 X2

At general points, the rank of J is 2. The singular locus is the set of points
where rank(J) < 1. This only happens when z; = y; = 0 for all ¢. Thus, the
singular locus of Flagg , , has codimension 4, as desired. O

Lemma 5.4. ),V are reduced.

Proof. Let )’ be the fiber product

Y ———— Flag} , x GLs

| le (8)

Flag? , x GLy —2 Quotg x S x S

Then Y’ is a Py 1 x Py 1-bundle over V. As P ; is isomorphic to an open subset
of A3, it suffices to show that )’ is reduced. Here we use the fact that a ring R
is reduced if and only if the polynomial ring R[t1,...,t,] is reduced.

We would like to explicitly describe the maps ¢ and ¢’ locally via matrices.
We have discussed that locally

Flag’f ={X,Y € B11 : XY =Y X}.

Furthermore, for a closed point

0% — 05 — 0

p=l l ,

E& —2 & 250
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of Flaglff, the corresponding X,Y € By ; satisfies
y = (X11,Y11), 7 = (Xa2,Y22) € AZ.
As a result, the map ¢ can be explicitly described as

((X,Y),9) = ((9Xg ', gYg "), (X22, Ya2), (X11, Y11)).

Similarly, ¢’ is defined as
¢'((X,Y),9) = ((9Xg™ " 9Y g™ "), (X11, Y1), (Xa2, Ya2)).-
Therefore, the closed points of )’ can be locally described as:
(X,Y,¢; X" Y',¢"): X, Y, X",Y' € B11,9,4' € GLy
such that

(X11, Y1) = (X33, Y55), (Xa2, Yo2) = (X141, Y711),
9Xg ™t =g X'y gV gt =g Y9,
XY =YX, XYV =YX

At this point, we could have computed the explicit expression for )’ and
verify that it is indeed reduced. A way to simplify this calculation is to observe
that there is a free GLg-action on )’. GLs acts on fiber diagram by act-
ing on each Flagy;, Quots, and S trivially, while acting on each GLay by left
multiplication. Locally in terms of matrices, we can describe this action by

he(X,Y,q: XY, g) = (X,Y,gh ", XY g'h™ ")

for h € GLy. We can easily identify the quotient )’/ GLo as a scheme: it is the
fiber product

V' ——— Flag} ; x GLg

| I

Flag? 4 — 5 Quotd x S x S

where ¢ is the map ¢(-,1). As before, since GL5 is an open subscheme of A%,
the reducedness of )’ is equivalent to the reducedness of ).
Now, the closed points of Y can be described locally as

(X’KQ;X/’YI) : XaKX/,Y, € Bl,lag € GL2
such that

(X11, Y11) = (X5, Y5y), (Xa2, Ya2) = (X714, Y71)
gXg ' =X'gYg =Y,
XY =YX, XY =YX
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The condition X'g = gX is equivalent to

g11(X22 — X11) = g12X01,
911 X391 = g22X01,
922(X22 - Xll) = 912Xé1

and similar for Y'g = gY. The condition XY = Y X is equivalent to
Xo1(Yag — Y1) = Yo1(Xo2 — X11).

We have two cases (since g € GLo):

e g11 # 0 (i.e., in the open subset {g11 # 0} N GL2). We obtain

gi1 g11

I g2 I g2
X21 - 911)(217 }/21 gi1 Yor.

{X22 — X1 = £2 X5, {Yzz — Y = 22Y,,,
and

These equations cut out an affine space.

e g12 # 0. We obtain

Xp1 = 22(X2 — X11), Yy = 22(Yao — Y1),
and 912
X9 = %(XQQ - X11), 21 = %(Ym —Y11).

These equations cut out an affine space.

This shows that ) is reduced, as desired.
For the scheme Y, , by applying the same argument, it suffices to show that
the following fiber product is reduced:

YV, —— FlagSh.

l |

Flagy , , — Flags,; x S xS

Using the local description

Flaglsh ={X,Y € Bi11,9 € Pro: XY =YX, X1; = X33, Y11 = Yaz}
Flaglst = {X')Y' € By11: X'Y' =Y'X', X{, = X}y, Y/, = Y3y}

we can write ), locally as points (g, X,Y; X', Y”') which satisfy:
X1 = X33 = X1y = X9, Xop = X33,
Yii = Ys3 = Y{} = Yo, Y20 = Y3,
X'=gXg Y =gYg !,
XY -YX=XY -Y'X =0.
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The condition X'g = gX is equivalent to

g11X11
g1 X5 + g1 X1 922X 11 923 X11
911 X351 + 921 X595 + 931 X022 922 X359 + g32X22  G23 X359 + 933X 22
g11X11

= | 921 X11 + 922 X021 + 923 X311 g22X22 + g23X32  g23X11
931X11 + g32X21 + 933 X31  g32X22 + g33X32 ¢33 X11

Since g11 # 0, we can solve X4y, X4;:

1
—(g22X21 + g23X31)
g11

X§1 =
/ 1 !
X3 = . (931 X11 + g32X21 + 933 X31 — 921 X35 — 931 X22)
11

The other equations are:

922X55 = g33X32,
g22(X11 — X22) = g23X30,
933(X11 — X22) = g23X55.

The condition XY — Y X = 0 gives

Xo1 (Y11 — Yao) = Y21 (X11 — Xo2),
Xs32(Y11 — Yao) = Va2 (X311 — Xo2),
X01Y30 = X32Y5;.

Denote Xy = X117 — X9 and Yy = Y71 — Yoo. Then yf‘_ is locally isomorphic to
Spec C[X11, Xo1, X31, X32, X0, X359, Y11, Ya1, Ya1, Y3, Yo, Y35, gij)

cut out by the equations

922 X35 = 933 X392, 922Y45 = g33Y32, X91Yy = Y21 X,
922 X0 = g23X32, ;4 922Y0 = g23¥32, ,§ X32Yp = Y32Xp,
933 X0 = g23X35,. 933Y0 = g23Y4s. X21Y30 = X32Y5;.

On the open subset D(ga3) (i-e., {g23 # 0} N Py 2), we have X390 = 92;% and

X4y = 93;'2)3(0 and similarly for Y’s. Thus, the remaining equation is

X21Yp = Y21 Xo,

which is clearly a radical ideal.
On the open subset D(g22g33), we have X4, = 932% and Xg = 92;% and
similarly for Y’s. Thus, the remaining equation is

X21Y30 = X33Y51,
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which is clearly a radical ideal.
Since det g # 0, D(g23) U D(g22933) = V', so the proof of reducedness is
complete. O

Remark 5.5. In fact, following the same proof we can deduce that ) is actually
smooth. This is surprising since ) is the fiber product of singular schemes

Flagy ;.
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