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Abstract

We study the notion of formal duality, which was introduced and developed by
Cohn, Kumar, Reiher, and Schiirmann through their study of ground state configura-
tions of particles in Euclidean space. Here, we prove some results in the classification
of formally dual pairs in cyclic groups and products of cyclic groups. For example, we
prove the non-existence of primitive formally dual pairs in a cyclic group of the form
7./2FZ for k > 2. Together with Schiiler’s result on cyclic groups with odd prime order,
this completes the classification of formally dual pairs in a cyclic group of prime power
order. Finally, we use orthogonality relations to consider the existence of formally dual
pairs in Conway’s conjectural 5 dimensional packings.

1 Introduction

The notion of formal duality is inspired by Cohn, Kumar and Schiirmann’s numerical result
on ground state configurations of particles in Euclidean space (see [2]). They considered
the Gaussian function G, := exp(—mcr?) as a potential function and analyzed the ground
state configurations under fixed point density. The interesting fact they found is that the
ground state configurations for G. and G/, seem to be “formally” dual, a generalized no-
tion of the duality of a lattice. The key idea about formal dual configurations P, Q is that
for any function f, the potential energy of P with potential function f is the same as the
energy of Q with potential function f, the Fourier transform of f. The Poisson summation
formula indicates any lattice and its dual lattice are formally dual. In fact, many non-lattice
configurations also have formal duals, though very rare. It is thus interesting to find such
configurations.

Later, Cohn, Kumar, Reiher and Schiirmann [I] provided a solid algebraic foundations for
the theory of formal duality. They reformulated the definition of formal duality for periodic



packings in the setting of finite abelian groups. In addition, they proved the non-existence
of formal dual pairs in group Z/p?Z, and gave two examples in (Z/pZ)?, the Gauss sum
construction, and Z/4Z, the TITO construction. However, they could not find any other
essentially different formal dual pairs. Therefore they conjectured that all formal dual pairs
can be constructed from the two examples, by inflating the group and taking products.
Therefore they introduced the notion of primitive formal dual pairs, which are those that
cannot be obtained from other pairs using the two methods mentioned. However, in this
paper, we found a formal dual pair in (Z/p*Z)?. Although it is an analogy to the Gauss sum
construction, it is indeed primitive.

By generalizing the proof for Z/pZ, Schiiler proved the non-existence of primitive formal
dual pairs in Z/p*Z for all odd prime p. He gave a restriction on the cyclic group with order
2, that is only Z/2%7Z may have primitive formal dual pairs. In this paper, we solve this case
and show that only Z /47 have primitive formal duals.

We first provide relevant tools and background on formal duality such as basic defini-
tions and weight enumerators [4] in Section 2. We also introduce some structural results
on formally dual pairs through “parametrized” formal dual pairs to obtain “orthogonality”
relations relating formally dual pairs in a subgroup in Section 3.

Then, we discuss some classification of special cases of formally dual pairs in certain spe-
cial cyclic groups and products of cyclic groups in Section 4. We first use the same method
as in the Gauss sum construction from [I] to prove the existence of a primitive formally
dual pair in (Z/p*Z)?. Next, we prove the non-existence of primitive formally dual pairs in
7./2%7, for k > 2 by analyzing the identities involving weight enumerators and restrictions in
[4] and using the orthogonality relations found earlier. The final main result in this section
is the proof of the nonexistence of primitive formal dual pairs in an arbitrary abelian group
of squarefree order using basic results on formal duality.

The remaining sections have to do with alternative representations of formally dual pairs
and what they may represent in geometric setting (e.g. in sphere packings). Next, we
consider relations between formally dual pairs via representations of formally dual sets as
graphs in Sections 5 and 6. Finally, we analyze the existence of formally dual pairs in
Conways conjectural tight packings in dimension 5 using earlier results on structures of
parametrizable formal dual pairs in Section 7.

2 Definitions and Useful Lemmas

In this section, we provide a clear definition of formal duality, and some useful results in
[M] and [4]. First, we introduce the weight enumerator, which is used to simplify all the
statements in this paper.

Definition 2.1. For a subset T of an (additive) abelian group G, we define the weight
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enumerator: the function vy : G — N, for each vy,

vr(y) = #{(z1, 22)|21 — 22 = Yy, 21, 22 € G}. (1)

The weight enumerator describes the difference set T'— T' with multiplicity. Using this
notation, recall that the dual group of GG is the group of homomorphisms G — C*, we could
define formal duality in abelian group G as

Definition 2.2. Let S be a subset of G and T' be a subset of its dual group G. Then we say
S, T are formally dual to each other if for each y € G

\ﬁ S Gy = |—7{|w<y>. 2)

zes

In [1], the authors proved the symmetry of this definition, so one can interchange 5, T in
this definition. Also notice that for an abelian group G, G is sometimes identified as G. For
example, let G = Z/nZ x Z/mZ, v = (u,v),and y = (w, z). Then the relation

(z,y) = GG (3)

identifies G with G , where (,,, and (,,, are primitive n-th, and m-th roots of unity respectively.
Furthermore, a restriction relating the cardinality of set S, T is given in [I]

Lemma 2.1. Let S be a subset of G and T be a subset of G. If S, and T are formally dual,
then )
S| 1T] = |G| = |G]. (4)

By expanding the left side of Definition 2.2, and using |z|? = 2z, Schiiler (see [4]) proves
the following lemma:

Lemma 2.2. Let S be a subset of G, and T" a subset of @, then S, T are formally dual to
each other if and only if for each y € G,

S 2
() = Y vs0) (0,5 )

veG

Now let us consider the case where G = Z/nZ. Then we could identify G with G, by set-
ting (z,y) = (Y. Based on the above equation, together with results in field automorphism,
it is proved in [4] that

Lemma 2.3. InZ/nZ, if T is formally dual to some subset of Z/nZ, then for anyy € Z/nZ,
let d = gcd(y,n),
vr(y) = vr(d). (6)

This lemma allow us to focus on vr(d) where d is a divisor of n.
In addition to above conditions on formal dual pairs, there are two main methods de-
scribed in [I] to construct formal dual pairs from given ones:
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1. Let 51, 99,17 and T, be subsets of G, G, él and ng, respectively. Suppose (S;, T;) are
formally dual pairs, for i = 1,2, then 51 x Sz and T} X T are formally dual as subsets
of G1 X GQ, Gl X GQ.

2. Let H be a subgroup of GG. Then there is a natural restriction map ¢ : G — H whose
kernel the annihilator of H. If S C H and T' C H are formally dual, then S C G and
¢~Y(T) C G are formally dual.

The two methods above motivate the notion of primitive formal duals, which are defined as

Definition 2.3. Let S be a subset of G and T be a subset of G, then we say S,T are
primitive formal dual sets if they are formally dual and S is not contained in a coset of a
proper subgroup of G, T is not contained in a coset of a proper subgroup of G.

3 Structures of Parametrizable Formal Dual Pairs

From Definition [2.3] we can see that the notion of formal duality is only determined by
the weight enumerator function. Two sets with the same weight enumerator can not be
distinguished. In this section, we study the relations of weight enumerators of formally dual
pair S, T. We find a nice symmetric result for group (Z/pZ)", where p is a prime.

The group G = (Z/pZ)" can also be equipped with the structure of an F space. We
find an identity for the sum of the weight enumerator function over a subspace of 7.

3.1 Orthogonal equation

For a formal dual pair (S,7T) in (Z/pZ)", where p is a prime, there are some linear equations
in Lemma 2.2 relating the weight enumerators vg and vy to each other. However, these
relations usually involve complex numbers and are hard to compute. We use an averaging
method to give a relation with only integer coefficients. Here is our main result:

Theorem 3.1. If S,T are formally dual in G = (Z/pZ)", then for any y € G, we have

1+ P = S o) )

a€G,a-y=0

|SI?
p

Proof. Let ¢ = ¢*™/?. Given a formally dual pair S, T, we have by Lemma 2.2 that

ay |S|2
Z vs(a)(* = WVT<Z/)7 (8)
a€eG

for all y € G. Since (P = 1, we can write the left side as ag + a1{ + -+ + a,-1¢?~'. The
coeflicients are



Recall that we have vr(ky) = vr(y) for all y € G, and k # 0. If k # 0, we have

> ws(a) = ws(ka) = > vs(a). (10)

a-y=k a-y=1 a-y=1
This means that a; =as = -+ = a,-1. So implies that
ao+a1—|—---+ap_1=|5’2 (11)
5L ) (12)
ap —ay = ——=vr\y).
T
Thus, we have
1S]? . (p—Drr(y)
ag = 1+ ) 13
This is exactly what we want to prove. [

One important corollary is the following:

Corollary 3.2. Let S,T be given as above. Suppose U is a u dimensional subspace in (F,)",
and V = U*. Then, we have that

Y ws(a) “ﬂzw (14)

zeV yelU

Notice that the equation is clearly true for U = {0}, and the u = 1 case is Theorem 4.1.
For general U, this follows from summing some equations like .

Proof. We consider as a equation for y. Adding such equations over U, the left hand side
1s )
5]

ISE ey @=DISES~, () (15)

Pt =
The right hand side is
Y nw =Y X 1 19
yeU a-y=0 aeG yeU,y-a=0

If a € V, all the y € U are orthogonal to a. So > ;. o1 = |Ul =p". If a ¢ V, we can
write a = a+ f with @ € U, € V. Then the y € U that are orthogonal to a, are the y
orthogonal to av # 0. These y forms a u — 1 dimensional subspace in U. There are p“~! such
y. From these observations, we have

ﬂ St + (p ;|172||S| ZVT(?J) :puZVs($) _i_puflzys(x)

p

yeU zeV z¢V
(p" = p" ")) ws(a) +p" D vs() (17)
zeV zeG
p—1 -
= p" ) ws(z)+p"[S|%
p zeV
Comparing both sides of the equation, we get the intended result. [ |
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Using this corollary, we can analyze some specific kind of subsets, Specifically, we can
analyze those which can be parametrized by a subgroup. More formally, in G = (Z/pZ)" =
U x V, where U,V are subgroups of G, we call S parametrized by U if S = {(u,a,),u € U}.
For such an S, notice that U is a subspace of GG, and U,V are orthogonal complements to
each other. Note that vg vanishes on {0} x V except at 0. Thus, it follows from the above
corollary that 3 ;. oy vr(y) = |T| = vr(0). So, v vanishes on U x {0} except at 0.
Combining this with the cardinality of 7', T" must be parametrized by V. In the following
section, we give a more general result.

3.2 Orthogonal relation

Given a general abelian group G, we can always decompose it as a product of cyclic groups,
say G = Z/mZ X Z/noZ X - - - Z/niZ. In this section, we will prove an “orthogonal” structure
for a specific kind of formally dual pair. The main result is that if one of S, T can be
parametrized, then the other must also be parametrized on an “orthogonal” subspace. In
[3], Conway hypothesized that tight packings fibers over lower dimensional tight packings.
Thus almost all tight packings in Conway’s list are parametrizable. So results in this section
can reduce the difficulty of finding formal dual sets for tight packings.

Theorem 3.3. Let (S,T) be a formally dual pair in G, U = Z/nZ X Z/noZ X ---Z/nsZ,
and V =7Z/ns1Z X --- Z/nyZ be abelian groups. If S = {(u,ay) tuev, then T' = {b,,v}vev .

In the following lemma, we suppose n;(1 < i < s) are s positive numbers. And consider
group P = Z/mZ x Z/noZ X ---Z/nZ. We consider primitive roots (; = e>™/™ for each
1 <17 <s. We use z“ to represent monomial xfx@? -.-xP for B € P. Similarly, we use ¢*

to represent (;'Ch% - -+ (P

Lemma 3.1. Let [ = >."  x%, where n = II{_n;, and oy € P. If [ vanishes on all
r=C%a€P,anda#0, then f =T_ (1 + x4+ -+ 2.

Proof. We prove this by induction on s, which is the number of variables. For s = 1, by
assumption, f is a sum of n; monomials, and f has root ¢* for 1 < k < n;. So this means
f is divisible by TI}L  (z — ¢*) =1+ 2z +2? +--- + 2™ ~L. Since f is a sum of n; monomials
with degree smaller than nq, f must equal to this polynomial.

Now suppose we have proven the case of s — 1 variable polynomials. Then we have,

ni—1

fla)=>" i, (18)

k=0

for all f satisfying the conditions given in the lemma. Here each f; is a polynomial with
variable xo, 3, -, z4. For each a = (ag, a3, , ) € Z/no X -+ L/nsZ, o # 0, we know
that f vanishes on ((*®. Fixing (x,--- , ) = (%, and considering as a polynomial of
x1, it has n; roots, namely z; = (¥, 0 < k < n; — 1. Since the degree of f as a polynomial
of x1 is at most ny; — 1, we must have f = 0.



This means that f; vanishes on (“ for each k. Using the result for s — 1 variable polyno-
mial, we have that each fi, =II} (1 + a2+ -+ + 2"~ 1) Combining this with , we get
our intended result. |

Using this lemma, we are able to prove Theorem 3.3.

Proof. The assumption for S given in the theorem implies that v(0,0,---,0,y) = 0 for all
nonzero y € V. Also the assumption in Theorem 3.3 implies that |S| = nyng - n,, with
|T| = ngy1- - ng. By Definition 2.2, we have

T
e = st (1)
acT
Let g be the k variable polynomial of the form
=> (20)
acT

Let f be the k — s variable polynomial

f(strla"' 7*1']6) :g(171> 717w3+17"' 7xk)' (21)

For each nonzero y € V., f(¢¥) = 0 if v5(0,0,---,0,y) = 0. By Lemma 4.1, we have that

=0 (I+z+- -1, Since |T| = ng1nsp2 - - - g, from the definition of f, we must

have T' = {b,, v}vev. |

4 (Classification of Formal Duals

In this section, we will first give an example of primitive formal dual pair in (Z/p*Z)%. Then
we prove the non-existence of primitive formal dual pairs in Z/2*Z. Next, we give restrictions
on formal duals in the group (Z/pZ)?. Finally, we use divisibility to show that abelian group
with square free order has no primitive formal dual pairs.

4.1 A Primitive Formal Dual Pair in (Z/p*Z)?

We use the same method as the Gauss sum construction in [I] to give a formal dual pair in
G = (Z/p*Z)?, where p is an odd prime. First, we prove a lemma:

2mi
Lemma 4.1. Let p be an odd prime, ( = e?* be a p*-th root of unity. For a,b € G, let o, B
be natural numbers such that p®||a, p°||b. Then

) 0
|y gemn ) = { o g;z (22)

neG



Proof. We expand the left side using |2|> = 22, and change the order of summation. In the
equations below, we use t = n — m.

} Z Can2+bn Z Can —Hm Z C—an —lm

neG neG neG

_ Z Ca(nQ—mZ)—i—b(n—m)
_ g Z Ca(t2+2mt)+bt

teG@ meG

_ Z CatQ—i-bt Z CZatm

teG meG

_ pk Z Cat2+bt

phet

:pk Z Cbpk*"‘t'

0<t/ <p>

(23)

Here we used t = p*~*¢ in the last step and notice that at? is divisible by p* for ¢ divisible
by p®. In the last expression, notice when 3 < o, bp*~® is not a multiple of p*, therefore we
get 0, otherwise we get pF+e. [ |

The following pair
((a,b), (c,d)) = ¢+ (24)

makes the group G x G self-dual. So from definition 2.2, the definition of formal dual pair
in (Z/p*7)? becomes:

Definition 4.1. Let S, T be subsets of (Z/p*Z)?, then we say S, T are formally dual if and
only if for any (z,y) € (Z/pT)?,
S
‘ Z Cax-i—by‘ ‘ ‘ y) (25)
(a,b)es

One example is in the case k = 1, (see [I]) where S = {(n,n?)} and T = {(n% n)} are
formally dual. We will prove that the construction as the one used in [I] is still valid for
k> 2.

Theorem 4.1. Let S = {(n,n?*)|n € G} and T = {(n*,n)ln € G}. Then (S,T) is a
primitive formal dual pair in (Z/p*7Z)?.

Proof. The theorem contains two parts: one is that S, 7" are formally dual, the other is that

the pair is primitive. From the construction, we see that |S| = |T| = p*, so we need for any
(a,b) € G x G,
an n 2
[ D¢ = prwr(a.b). (26)
neG



vr(a,b) is the number of solutions for following equations,

n—m = a(modp®) (27)
n?> —m? = b(modp") (28)

We use the same notion of «, # in Lemma 3.1. Clearly if 5 < «, then there is no solution. If
B > «a, then the above second equation becomes

n +m = b(modp"®). (29)

Combining equation , , it is easy to check that the number of solutions is p®. This
coincides with the definition of formal duality.

Now we show that the pair is primitive. First, neither of S,T is contained in a proper
subgroup. Otherwise, by symmetry, we assume T is contained in a subgroup H. Since
k
(z,2%), (y,y?), (z+y, (x+y)?) € T, we have (0, 22y) € H, therefore by taking z = 1,y = 2,
(0,1) € H. Since (1,1) e T C H, (1,0) = (1,1) — (0,1) € H and therefore H = G x G.

Earlier in the paper, we found a Gaussian construction for (Z/p*Z)?, and showed that
it is primitive. This only means that the construction cannot be obtained through inflation
of smaller pairs. Now we show that it also cannot be obtained by taking products. Recall
that the “Product Construction” says: If Sy,7; are formally dual in group G, and S, T3
are formally dual in Gg, then S; x Sy and T} x T, are formally dual in G x Gj.

From now on let G = (Z/p*7Z)?, S = {(n,n?*)},T = {(n?,n)}. We shall prove that there
is no Gy, S;,T; (i = 1,2) as above such that G = G X Gy, T'="T; x Ty, and S = S; X Ss.
Also G1, G5 non-trivial.

The following theorem assures that G; = Z/p*Z. Let A, = Z/p"Z.
Theorem 4.2. If G =2 A,, x Ay, X -+ Ay, = P and each a; > 0, then s =2 and a1 = as = k.

Proof. Our main observation is that isomorphism preserves the order of each element. First,
we say that a; < k. Since for each 7, there is an element with order p®, and orders in G is
not greater than p*, we must have a; < k. Then we say that there exists an 4, a; = k. Let
a = max{a;}, then for any element in P, say o = (g, , ), we have p®a = 0. So the
orders in P is not greater than p®. This means a = k, and there is an i, a; = k.

Without loss of generality, we assume that a; is arranged in ascending order. If there is
another j, a; = k, then we are done. Otherwise, a; < k for ¢« < s. With the same notation
a above, we have p*~la = (0,0, -+ ,p*ta,). So a has order p* if and only if «, is coprime
to p. Therefore thereare p?*~!(p — 1) elements with order p*. On the other hand, we notice

that there are p*~*(p¥ — p*~1) more such elements in G, which gives a contradiction. [ |



Now we show that the analogous Gaussian construction is not a product. Otherwise
G = G x Gy, where G; is isomorphic to Z/pFZ. (Since we can further decompose G; to
product of cyclic groups.) We realize G; as subgroups of G and suppose G is generated by
u = (ug,us), Gy is generated by v = (v1,v2). So by assumption there exists aq, by, az, by such
that

aju + byv = (1,0) (30)
asu + bov = (0, 1) (31)

(e - (0Y): )

This is true modulo p*, and so is modulo p. Consider these elements in F,, we have

This means

(a1by — aghy)(ugvy — ugvy) = 1(mod p). (33)

Since (n,n?) = (a1n + aan®)u + (byn + byn?)v, we have (ayn + ayn®)u € S;. Similarly,
(a1n?® + aan)u € Ty for any n. However, a;, as are not both multiples of p, by . So both
S1, T, contain elements with order pF. (for example one of a; + ag, 2a; + 4asy is not a multiple
of p). And notice that both of them contains 0 = a; - 0 + ay - 0. This means S, 7T} is a
primitive formal dual pair. However, Schiiler has proven that there is no primitive pair in

Z/p*Z and we have a contradiction.
[

4.2 Non-existence of Primitive Formal Duals in Z/2"Z

Since any abelian group is a product of some cyclic groups, it is natural to analyze the
existence of primitive formal duals in cyclic groups. Among them, the simplest cases are
Z/nZ, with n been a prime power. If n is an odd prime power, then primitive formal dual
pairs do not exist (see [4]). In the same paper, Schiiler gives some restrictions on the case of
Z/2*Z. So we are only left to consider the case k = 2l and |S| = |T| = 2. In the following
discussion, we always assume [ > 1.

By analyzing the identities given in [4], we find that the weight enumerator vy of T' can
be solved (see Theorem 3.3). Eventually vr(2%) = 1 for small a, and 0 for large a. And we
will then show that there is no T" with that weight enumerator.

We first prove the following lemma.

Lemma 4.2. Suppose T is a subset of ZJ2"Z, k = 21, and |T| = 2. If v,(2°) = 1 for all
0<B<a<l letT;={x e T|lr=ilmod2%)}. Then we have |T;| = 2! for each i.

Proof. We prove it by induction. For a = 1, we have 14(1) = 1. The number of pairs (z,y)
where z —y is odd is equal to the sum )., vr(z). By Lemma 2.3, each vp(x) = vp(1) = 1.
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So the sum is 22~!. On the other hand, the pair is obtained by taking one element in each
of Ty and T;. Since |Ty| + |T1| = |T'| = 2!, the quantity equals

1
2AT[ITh| < 5(ITo] + |Th])* = 2t (34)

So the equality holds and |Tp| = |T}| = 217! = 2172,

Now suppose the lemma holds for o < I. By the induction hypothesis, we have |T;| = 2!-°.
Here T, denote the set of numbers in 7" with residue ¢ modulo 2% = u. For av + 1, let T}
denote the set of numbers with residue ¢ modulo 2**!. Then we have T UT/,, = T;, and
T!NT/,, = 0. Note that number ¢(2%/2%)vp(2%) = 2271 it is the number of pairs with
(z,y) in T such that (z —y,n) = 2*. So, we have

2= Y ATTLL S ) SUT+ 1T
0<i<20—1 0<i<20—1 (35)

S % .9, (2l—a)2 — 22!—05—1.

Thus, equality holds and |T}| = |T7,,|, for each i. This means the statement is true for
a+ 1. |

Let us turn to the original problem, the existence of primitive formal dual pairs in Z/2*Z.
In the following discussion, we assume k = 21, |S| = |T| = 2!, vr(1) = v5(1) and vp(2F71) =
vs(2¥1) = 0 (see [4], Theorem 4.1 and Example 4.4).

Before trying to solve vr, we state the following result:

Theorem 4.3. ([Jl/, Corollary 3.4) If S,T are formally dual sets in Z/nZ, then for each y,

ISP

| vr(y) =) Culged(y,n),e) - vs(e). (36)
eln

Here
Cu(dye)= Y p(n/eg)g, (37)

glged(dn/e)

where 1 1s the mobius function.

Using this result, together with the assumptions above, we could solve the v for T that
has a formal dual.

Theorem 4.4. If S,T are formally dual subsets in Z/2*Z, where k = 21, then vp(2%) =
vs(2%) =1 for0<a<l—1; 0 forl <a<2l—1. Also, vp(0) = |T| = 2".

Proof. We prove by induction that vy(2%71) = vg(2%) = 0 for each 1 <t < [. First of all,
our assumption implies that the statement is true if £ = 1. Assuming that the statement is
true for all 0 < ¢ < n < [, we shall prove the case for n 4+ 1. Using Theorem 3.2, we have,

2wp(2%) = 2 — 2w (27 + 27 e (2877) 4 - 4+ 20s (227, (38)
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for all 0 < x < 2[. Then by our assumption, for all 0 < z < n, all terms of RHS vanishes
except the term 2!. So vp(2%) = 1 for 0 < 2 < n. This is also true for S, since S and T
satisfy the same assumption. For x = n, we have

2lup(2m) = 28 — 2mpg(28 . (39)

The left side is a non-negative multiple of 2!. So vg(2%7""1) is 0 or 2I=". If it is 2", we
show there is a contradiction. If there exist at least 3 numbers in S with the same residue
modulo 2%~"~1 then we could assume without loss of generality that they have the form
22=n=1q 2%=n=1p and 22~""lc. Then at least two of a,b, c have the same residue modulo
2. For example a, b, then 22771 — 22"~} is a non-zero number that is divisible by 22",
This contradicts our assumption that vg(2%~") =0 for all 0 < t < n.

This fact implies that S contains 2!=" pairs a;, a; + 227", with 0 < i < 2/=". And the
2i=7+1 numbers are different elements in S. Now notice that

a; + 22l—n—1 — (CLj + 22l—n—1) = a; — ay. (40)

Suppose that (a; — a;,n) = 2¢, this means vg(2?) > 2. Since vg(2%) =1 for z <n — 1, we
have that d > n. Also n < [ implies 2l —n — 1 > n, so the 2="*! numbers have the same
residue modulo 2". Applying our Lemma 3.2 for a = n, we get a contradiction, since each
residue class can only have 2!=" elements. Therefore, vg(2%~""1) = 0 and the same result is
true for T'.

Now the induction process is complete and we have for vg(2%~) = 0 for 0 < t < I. From
our discussion under equation (38)), we also have vg(2) = 1 for 0 < ¢ <1—1. Here vg(1) =1
is the assumption. [ |

Now we show that there is no S C Z/2%Z that corresponds to vg above. Then we could
conclude that there is no primitive formal dual pairs in Z/2*Z. Since vg(2') = 0 and |S| = 2/,
we know that S form a complete set of residues modulo 2'. Suppose S = {i + 2'a;}. Then
because for each 0 < k <2 —1, 1+ k-2 is odd, then vg(1 + k- 2') = 1. Notice that,

vs(1) +vs(1+2) + - +vg(1 + 22" - 1)) =24 (41)

From the structure of S, there are exactly 2! pairs with difference the form 1 + k- 2!. And
they are 1+ 2/(a;;1 — a;). This implies that

{14k 290 <k <2 =1} = {1+ (a1 — a) Y22 U{1 +2(ap — ag_ — 1)}, (42)
(these elements are understood as elements in Z/2*Z) and
{0 <k <2'—1} = {aiy1 —a;]0 <i < 2" =2} U{ag — ay_; — 1}(mod 2")  (43)
By taking the sum of all the elements in both sets, we get
(2" = 1)2"71 = —1(mod 2%). (44)

This is a contradiction for { > 1.
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4.3 Conditions on Formally Dual Pairs in (Z/pZ)?

Although it is difficult to generalize the work above to Z/nZ for arbitrary n, we can make
some progress on product of groups. And among them the simplest case is (Z/pZ)*. In
[1], the authors give an primitive formal dual pair using Gaussian construction. Although
we could not solve the case completely, we find some restrictions. In [2], they prove that
invertible linear transformations preserve formal duality, in the setting of R™. This fact can
be proven directly in abelian groups G' = (Z/pZ)?, for p prime. In fact, we have the following
result:

Theorem 4.5. Let ¢ : G — G be a transformation such that ¢(x,y) = (ax + by, cx + dy),
with ad — be # 0 (mod p). Then ¢ is invertible. Let S, T be formal dual subsets of G. Then
there exists a invertible transformation v such that ¢(S) and ¥'T) are formally dual.

Proof. In fact, from the assumption in the theorem, we could let v = (ad — bc)~!. Define
¥ : G — G such that ¥(x,y) = (udx — ucy, —ubx + uay). Then it is easy to check that 1
is invertible. In fact, if we see elements in G as a column vector, then the matrix associated
with 1) is the inverse transpose of the matrix associated with ¢.

Suppose S, T are formally dual. Let S" = ¢(S), T" = ¢(T). It is easy to verify that
|S" = |S],|T"| = |T|. In addition, for a € G,

I/T/(Oé) = #{(tl,tz) € TIQ,tl — 1ty = Oé} = #{(tl,tg) < T2,t1 — 1y = @ZJ_l(Oé)}. (45)
So

vi(a) = vr(v~'(a)) (46)
vsi(a) = vs(¢™ (o)) (47)

In order to prove that 77 and S” are formally dual, we can use Lemma 2.2 for T, S, which
shows

2
() = Y vs(3)(5.0). (15)
BeG
Then, we have
S’ 2 S 2
i) = ()
= vs(B)(B, 0 (@)
BeG
(49)
= _vs(e7 (Ao (B), ¥ ()
BeqG
= Z VS’(B)<5aa>
BeG
So ', T" are formally dual. Note that we used the fact (¢~1(8),¢ " (a)) = (B, a), which can
be verified directly from the definition of v, ¢. [ |
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Eventually we give the following restriction.

Theorem 4.6. If S and T are formally dual in the group (Z/pZ)?, where p is an odd prime,
then under two invertible transformations, we could write S = {(i,a;)} and T = {(b;,7)}, or
one of S, T = (Z/pZ)?, the other contains any single element.

The theorem is trivial for if one of |S|,|T’| = 1. In the following discussion, we consider
the case |S| = |T'| = p. First, we have a lemma analagous to Lemma 2.3, which gives some
equalities between weight enumerators.

Lemma 4.3. If x is not zero, then

vr(z,y) = vr(l,yz™") (50)

This lemma can be proved using the same method in section 3 ([4]) by considering the
field automorphism Q(¢,) — Q(Cg_l). We take( = ¢, be the primitive p-th root of unity, in
this section.

Lemma 4.4. Let S = {a;}}_, be a sequence of elements in Z/pZ. If

> =0, (51)

)

then the image of S is Z/pZ.
Proof. In fact, implies the polynomial ) 2% is a multiple of >, <i<p1 ' [ |

Notice that
> vr(a,y) =T = p*. (52)

(zy)
Combined with lemma 3.3 and that vr(0,0) = |T| = p, we have

vr(0,1) +> vr(L k) =p. (53)

Since the left side is a sum of p + 1 non-negative integers, there is at least one zero term.
Suppose that S = {(a;, b;),0 <i <p—1}. Iif vp(0,1) = 0, then it follows from the definition
of formal duality (Definition 3.1) that Y, (% = 0. By Lemma 3.4, {b;} = {i}. By the same
reason, we must have {a; + kb;} = {i} if vp(1,k) = 0. Without loss of generality, we can
assume that a; + b;k = i. By taking the invertible transformation, x — x + ky,y — y, we
can assume S = {(,x;)}. Now note that vg(0,1) = 0. If T = {(¢;,d;)}, use Lemma 3.3
again and we have {d;} = {i}. The order does not matter in the definition of formal duality,
so we get the form in Theorem 3.5.
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4.4 Abelian Group of Square-free Order

In this section, we prove the following theorem:

Theorem 4.7. There are no primitive formal dual pairs in an abelian group with square-free
order.

Proof. Suppose G is an abelian group with order n square free. We have by Lemma 2.1 that
|S| and |T'| are coprime to each other. Recall that any abelian group G' can be written as
product:

G=Z/MZL XZLInZ--- x L|niZL. (54)

Then we can identify G with G using the correspondence (a1, a9, ,ag), (by,bg, -+  bg) —

¢obregab> L ¢ Notice that in this setting (x,y) is an algebraic integer for each pair (z, ).
So from Lemma 2.2, %UT(y) is an algebraic integer. Since it is rational, it is actually an

integer. This means |T'| must divide vz (y) for each y. From Lemma 2.2, we have

0 < ISPEE = | S o) Prs(o) < (D17 = ISP (55)

€S zesS

Hence vry = 0 or |T'|. If S, T form a primitive formal dual pair, then both |S|, |T| # 1. So
there exists a non-zero y € G, such that vp(y) = |T. implies that the equality holds,
and thus (z,y) = 1 for all x € S. So S is contained in the kernel of y, which is a subgroup
of G. The subgroup is proper since y is non-zero, and |S| # 1.

From Definition 2.3, we can conclude that there is no such formal dual in abelian group
with square-free order. [ ]

Notice that the only thing needed was |S|,|T| are coprime to each other. So we have the
following more general result:

Theorem 4.8. If S,T is a primitive formal dual pair, then ged(|S|,|T]) > 1.

5 A Graph Representing Formal Dual Relations

Now we have many properties for each pair of formal dual sets. However, the relations
between formal dual pairs are still not analyzed. In this section, we use a graph to represent
the relations of formal duality. Given a finite abelian group A, formal duality is a relationship
between two of its subsets. We represent the subsets of A be vertices, and connect two vertices
if the subset they represent are formally dual. We call this graph G. This may not be a
simple graph, since there may exists formally self-dual sets, which will result in a self-loop.
In the following discussion, we do not distinguish the vertex with the subset it represents.

Our first observation is about the neighborhoods of the vertices. Let N(P) be the neigh-
borhood of a vertex P. Since it is the set of all the vertices that are directly connected to
P, it represents the set of all subsets of A that are formally dual to P. Then
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Theorem 5.1. Let G be the graph defined above. If N(A)NN(B) # (), then N(A) = N(B).

Proof. Let T, S be formally dual sets. By Definition 2.2, the weight function vr is uniquely
determined by S. In fact, this is the only condition required. If another 7" has vy = vp,
then S, T" are also formally dual.

Now suppose that N(A) N N(B) # 0. Let C be a set formally dual to both A, and B.
For any other element D € N(A), vp = v¢, since both C, D are formally dual to A. From
our discussion above, we have D and B are formally dual, since C' is formally dual to B,
Thus N(A) C N(B). Since N(B) C N(A) by symmetry, N(A) = N(B). |

From this theorem, we have more observations on the graph. In particular, the structure
of the graph would be extremely simple, if there is no formally self-dual sets. Such sets do
not occur very often, e.g. when the order of the group is not a square.

Corollary 5.2. Suppose there is a triangle in the graph G. In other words: there exists
A, B, and C' which are pair-wise formally dual. Then A, B, C" are all formally self-dual sets.
Note that A, B, C may not be distinct from each other.

Proof. Since C' € N(A) N N(B), we have that N(A) N N(B) # 0. Then N(A) = N(B),
which contains A. So, A is formally self-dual. We also have that B, C' are formally self-dual
by symmetry. [

In fact, we have a more general result, which follows from the above corollary by induction.
The triangle there can be replaced by any n-cycle, with n odd.

Corollary 5.3. Suppose n is odd. If there exists a n-cycle in G, say A; € G,i=1,2,--- ,n,
with A; formally dual to A1, (Ans1 = A1), then these n points forms a complete subgraph,
and each A; is formally self-dual.

Proof. We use induction on n. The n = 3 case was proven in Corollary 5.2. Now suppose
the statement is true for n — 2. Then consider a n-cycle A;Ay---A,. Consider the four
consecutive vertices Ay, Ay, A3, Ay. Note that N(A;) N N(A3) is not empty because they
both contain As. So Ay C N(A3) = N(A;). Then we get the (n — 2)-cycle A1 A A5 -+ A,.
By our induction assumption, we know this (n — 2) points forms a complete subgraph. And
each A;,1 # 2,3 is formally self-dual. Since the four points chosen can be any consecutive
four points, the n points A; form a complete subgraph and each A; is formally self-dual.
Now the induction process is complete. [ |

From the above Corollary, one can easily see that when GG has no formally self-dual set,
G is simple and has no odd cycle. This means that G is a bipartite graph. In fact, we can
say more in this case.

Theorem 5.4. If G has no formally self-dual set, then each connected component is a
complete bipartite graph.
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Proof. Since G is clearly a finite graph, it suffices to consider one of its connected component.
Pick any point P in this graph and let B = N(P) and A be the set of points that are not in
B. We prove that this is a complete graph (A, B). First, points in B are not connected to
each other. Otherwise there will be a triangle with vertices P and these two points. Since
this component is connected, the set A — {P} is connected to {P} U B. So, there exists a
point @ € A — {P}, which is connected to at least one element in {P} U B. The element
cannot be P, since B = N(P) are all its neighborhoods. So @ is connected to one of B.
From Theorem 5.1, we know N(Q) = N(P) = B. We can continue this process until there
is no point left. The process must end because there are only finitely many points. |

Notice that this theorem as well as above ones are also true if we only consider those
points with specific orders. For example, consider the group G = Z/10Z. In this case we
can simply consider the subsets with order 2, or 5, then it is naturally a bipartite graph.

6 Formally Self-dual Sets

As seen in the previous section, formally self-dual sets make the graph complicated. However,
these kinds of sets are very rare. We could not even find any primitive ones. In this section,
we analyze formally self-dual sets in some specific groups.

6.1 Examples in Z/n?Z.
Theorem 6.1. In G = Z/n?Z, the set S = {kn}}—, is formally self-dual.

Proof. Let ¢ = >/ "*  For any r € (G, Definition 2.2 gives

1> ¢ = nwg(r). (56)
k=0

It is easy to check that the left side is 0 when 7 is not a multiple of n, and n? when r is a
multiple of n. In the former case, elements in S — S are multiples of n, since each element
in S is a multiple of n. So vg(r) = 0 if r is not a multiple of n. In the latter case, it is easy
to verify that vg(r) = n, since for any a € S, a +r is also in S. |

6.2 Formal Self-duality in (Z/pZ)?

In this section, we consider the group G = (Z/pZ)?. First, we note that the only formally
self-dual set in (Z/2Z)%*s S = {(0,0),(1,1)} (up to a translation). Since there are only 2
essentially different cases, it is easy to check. In the following discussion, we consider p be a
odd prime.

Theorem 6.2. For p =3 (mod 4), there is no formally self-dual set in (Z/pZ)?.

First, we need a lemma
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Lemma 6.1. Let S and T be a formally dual pair in (Z/pZ)*. By Theorem 3.4, we can
assume T = {(i,b;)}, S = {(a;,7)}. Then vs(a,1) =vr(1,—a), for any a € Z/pZ.

Proof. By Definition 2.2, we have for all a € Z/pZ,
2

= pvs(a, 1). (57)

p—1

Z Caieri

=0

Expanding the left side, we have

p—1
=0

So this is a polynomial of (. Writing it as A = ag+a;(+- - -+a, (P!, we have the following

2

=) QI =N (2, )Y (58)
2

x?y

ag = Qy=-""=0qp| (59)
ag+ar+---ap = [SP=p’ (60)
ap = ZI/T(QT,—QQS') :p+(p_1)VT(17_a) (61)

This implies a; = p — vp(1, —a) and that A = ay — a; = prr(1, —a). Comparing this with
the right side of , we get

VT(L —CL) = VS(aa 1) (62)

[ |

Now we are able to prove Theorem 6.2.

Proof of Theorem[6.4. We are considering the case S = T. Under some proper transfor-
mation (see Theorem 3.5), we can assume that S =T = {(i,b;)} = {(a;,7)}. This means
vs(0,1) = vg(1,0) = 0. We also have

PP =157 => vs(z,y)
z,y

— ot (= Dus(0,1) + (- 1) S ws(La) (63
=p+(p—1) Y vs(1,a).

a=1

Thus, we have that
p—1
p:ZyS(l,a). (64)
a=1
By Lemma 6.4, we have vg(1,a) = vg(—a,1) = vg(1,—a™1), for a # 0. If p = 3 (mod 4),

there is no a, such that a = —a~!. Hence by summing the right side by pairs, it is an even
number, which contradicts our assumption that p is odd. [ |
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When p = 3 (mod 4), (Z/pZ)? indeed contains a formally self-dual set.

Theorem 6.3. If p = 1 (mod 4), S = {(i,ai)}’—y, with a*> = —1 (mod 4), is a formally
self-dual set.

7 Formal Duals in Tight Packings with dimension 5

The existence of formal duals for periodic sphere packings is an interesting problem posed
in [I]. The authors prove that the only Barlow packing that has a formal dual is the
face-centered cubic lattice. The Barlow packings correspond to Conway’s conjectural tight
packings for dimension 3 (see [3]). For dimension 4, his conjectural tight packing is Dy,
which is a lattice, and naturally has a formal dual: its dual lattice. Hence we analyze the
existence of formal duals for tight packings in dimension 5 in this section.

7.1 Conway’s Conjectural Tight Packings

We describe the conjectural tight packings in Conway’s list, and then transform the con-
struction to the language of formal duality. In [3], all tight packings with dimension 5 can be
constructed by superposing layers of D,. With his notation, the four cosets in dual lattice
Dy} are

[0] = Dy, [1] = Dy + (3,

11
a§7§)

DN | —
DN | —

1 (65)

11
2272

1
The covering radius of Dy is 1, so each two adjacent layers are separated by a distance
of v/2—1 = 1. In the space with dimension 5, consider oy = 0, ay = (%, %, %, %, 0),
Qo = (07 07 07 17 0)7 a3 = (%7 %7 %7 _%7 O)

We only consider periodic tight packings, and assume there are n layers in each period.
Then the underlying lattice A is spanned by Dy x {0} and v = (0,0,0,0,n). The j-th layer is
a translation a; + 2 of A. Here a; is one of o;,7 = 0, 1,2, 3. From the discussion in Conway’s
paper ([3], section 5), the two adjacent layers must have different cosets of Dy, so a; # a;41.

From the above discussion, we could let G = (Z/27Z)? x Z/nZ, which is generated by
g, a1, 2 modulo A. Each element (i, j, k) in G corresponds to a translation icy + jo + ]jl—”
of D4.

Under this setting, the tight packings correspond to a subset T' = {(a;, b;, 1) ?:_01 of G,

with (a;, b;) # (ait1, bit1), where subscript is understood modulo n. We would like to know
which tight packings corresponds to subsets that have formal duals.
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7.2 Existence of Formal Duals

If the set T" has a formal dual S, then |S| = 4, by Lemma 2.1. By Theorem 4.3, since T is
parametrized by Z/nZ, S is parametrized by (Z/27Z)?. So, S has the form {(0,0,0), (1,0, a),
(0,1,b),(1,1,¢)} if 0 € S. (A translation will not affect formal duality.) In order to deter-
mine existence of formal duals for tight packings, we will begin by analyzing possible (a, b, ).

Let ¢ = e’n . The definition of formal duality becomes,
16
[T (=1)7¢ 4 (=126 + (=1 | = (., 2), (66)

for any z,y,z. Since (a;,b;) # (a;y1,bi+1), we have vp(0,0,1) = 0. Substitute this in the
above equation, we get

1+ ¢*+ ¢+ ¢c=0. (67)
Take (z,y,2) = (1,0, 1), with the above relation, we have
16
—ur(r,y,2) = 41+ ¢ (68)

So [1+¢"|? is a rational number, and thus an integer. This implies that b € {0, %, £%, +%,+2}
= A. If we take (x,y,2) = (0,1,1),(1,1,1), we get a, ¢, € A. Combining this with . there

are 4 possible {a,b,c} as a set (elements can repeat): {0,%,5} {55 —%hH 15,5 —§)

5,—% ¢t Note that —5 and S have the same formal duals. So, formal duals for each
possible (a,b,c) from {3, —%, %} can be found in {3, %, —¢}. Thus there are three cases.

Note that numbers like @ may not be integers. All the statements below and above should
be understood as : If 2 ( or %) exists, then...

One quick observatlon is that for all the cases, we have vr(0,0,12) = n from equation
66| So the sequence (a,,b,) has period 12. This means the uniform packing A%, which has

period 8, has no formal dual.

Case 1 (a,b,c) is a permutation of (0,2,%). In this case, from (66), we always have
vr(0,0,2) = n. This means the sequence (a,,b,) has period 2. By consider-
ing vr(z,y,1), we can determine T. Eventually, those 7" with formal duals have
{(ao,bo), (a1,b1)} = {(0,0),(0,1)},{(0,0),(1,0)}, or {(0,0),(1,1)}. These three T

corresponds to the three uniform packings A: 0101..., 0202..., 0303...

Case 2 (a,b,c) is a permutation of (3, %, —%). In this case, we have v7(0,0,4) = n, similar
to the case above. So the sequence of layers have period 4. For simplicity, we will
list those T with formal duals, by showing the first four letters. In the list, we use
0 for (0, 0), 1 for (0, 1), 2 for (1, 0), 3 for (1, 1), which corresponds to Conway’s
notation of the four cosets of Dy. Those T are : 0213, 0312, 0123, 0321, 0132, 0231.

These are uniform packings AZ.

Case 3 (a,b,c) is a permutation of (§,%,—%). In this case, v7(0,0,6) = n. Hence the
sequence of layers has a period 6. Since we are assuming n is divisible by 6, each
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vr(r,y,1) must be a multiple of . However, it is easy to check that for each (a, b, c),
there are some (w,y) for which vr(z,y,1) = 7. This is not a multiple of ¢, which is
a contradiction.

In sum, the tight packings with formal duals are A} and AZ.

8 Open Problems

There are still many problems left to analyze from the above sections. It would be interesting
to analyze the existence of formal duals in Z/nZ. In addition, our examples of self-dual
sets, our examples are not primitive. One could try to find any primitive formal self-duals.
Furthermore, although the construction of formal dual pair in (Z/pFZ)? is primitive, they
can still be generated by taking products of Gaussian construction. Can anyone find a real
“primitive” example of formal dual pair?

Further, when analyzing the formal duals in product group Z/mZ x Z/nZ, we find that
the formal dual pairs can usually be obtained by inflating those in (Z/dZ)?, where d is the
greatest common divisor of m,n. Is this always possible if we add a restriction that S is
parametrized by Z/mZ? For example, this works for the group Z/47Z x 7Z/nZ, which was
analyzed in section 7. If m,n are coprime to each other, the order of S,T" are coprime to
each other under our restriction. By section 3.4, they are induced by trivial ones.
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