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Abstract

We generalize the result of M. Kapranov, O. Schiffmann, and E. Vasserot [KSV12] by showing that, for a
number field K with class number 1, the spherical Hall algebra of Spec(Ok ), where Ok is the ring of integers
of K, is isomorphic to the Paley-Wiener shuffle algebra associated to a Hecke L-function corresponding to K.
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0 Introduction

M. Kapranov, O. Schiffmann, and E. Vasserot showed in [KSV12] that the spherical Hall algebra of Spec(Z)
is isomorphic to the Paley-Wiener shuffle algebra associated to the global Harish-Chandra function ®(s), defined

as ®(s) = %, where (*(s) = 7~ 2T'(£)((s) is the completed zeta function.

In order to define the Hall algebra of Spec(Z), vector bundles on Spec(Z) are defined as triples E = (L, V, q)
where V = R", L C V is a Z-lattice of maximal rank, and ¢ is a positive-definite quadratic form. The rank
of E is defined as rk(E) = dimg(V) = rkz(L). These vector bundles form a category Bun. The Hall algebra

of Spec(Z) is defined as H = P, Hn, where H, = C2°(Bun,) and Bun,, consists of the isomorphism classes



of rank n vector bundles. For this, it is shown that Bun, can be identified with GL,(Z)\ GL,(R)/O,, and
GL,(Q)\GL,(Ag)/Oy x [ ], GLn(Zp), and that it has a C*°-orbifold structure. A Hall product * is constructed
and proven to make H into a graded associative algebra with unit 1. The spherical Hall algebra SH is defined as
the subalgebra generated by Hy C H. It is shown that we can identify H; with C2°(Ry), so SH can be seen as
a subset of P, C°(RY).

On the other hand, @n>0 Mer(C™) can be made into a graded associative algebra with unit 1 via the shuffle
product (S, defined as

FOF = Y wFaF) .
weSh(m,n)

Here, Sh(m,n) is the set of (m,n)-shuffles, and ®,,-1(s1, ..., Smin) = HKJ. and w(i)>w(j) P (50 (5) — Sw(s))- The
Paley-Wiener shuffle algebra associated to ® is denoted by SH(P)pyy and is defined as the subalgebra generated
by the subspace PW(C) C ,,, Mer(C") of Paley-Wiener functions.

The main result of [KSV12] shows that SH ~ SH(®)pw.

Theorem 0.1. The Mellin transform M : SHy = C*(Ry) — PW(C) extends to an isomorphism of algebras

The explicit isomorphism Ch : SH =+ SH(®)pyy is defined as Ch = Mo CT, where M is the Mellin transform
M C®(R%}) — PW(C") given by M(f)(s) = faeRi f(a)as%, and CT : CERY) — C*(R7}) is a twisted
version of the constant term map CT : H, = C2°(GL,(Z)\GL,(R)/O,) — C*°(R" ), which takes an automorphic
form on GL,, and yields its constant term.

Note that, in particular, Z is the ring of integers of the field Q. In our paper, we generalize this result for a
number field K with class number 1, that is, such that its ring of integers Ok is a principal ideal domain. We
follow [KSV12] closely.

We consider the real and complex Archimedean places v € S of K, which correspond to embeddings v : K — C.
From this, we generalize Z C R to Ox C R =], .5 Ry, where R, =R if v € Sg and R, = C if v € S, and the
embedding is given by a — (v(a)),es. In our definition of vector bundles over Spec(Ok), F = (L,V, q), where
V =R", L C R" is an Ok-lattice of maximal rank, and ¢ = [[, ¢,, where g, is a positive-definite quadratic form
if v € Sg and a positive-definite Hermitian form if v € Sc. From this, we can define Bun,,, which will now be
identified with .

GLn(OK)\GLn(R)/’Cn = GLn(K)\GLn(AK)/ICm

where K, = [, 5O, and IE; = [l,esOv x Hp GL,(Ok,y). Here, O, is the orthogonal group for ¥ € Sg and
the unitary group for v € S¢, and p goes over the prime ideals of O with Ok , being the p-adic integers. In
the same way as before, we define the Hall algebra of Spec(Of), and the spherical Hall algebra SH is again
defined as the subalgebra generated by Hy; C H. However, this time we will be able to identify SH as a subset
of @,,5,C(B"), where B = Buny = Og\[[,esRE =~ Op\[],csR via taking logarithms. We know (say,
from [Mil20]) that A = O} is (non-canonically) isomorphic to Z™ T2~ where r; = #S8g and ro = #Sc are the
number of real and complex places, respectively. From this,

B=0}\ [ RY ~ R"=71/A) x Ry ~ (R/Z)" 7271 x Ry
vesS

As a result, our Fourier transform will now have the form F : C°(B™) — PW((A* x C)™), where

5 o dx
FIOW9) = [ f@lelgat™ S
x€D | |B
Here, |z|g = [}, H;g:i_l 2% and D is a fundamental domain for B". We modify the constant term map

CT : C(B™) — C*(B™) and the homomorphism Ch = F o CT accordingly. Instead of getting ¢(s) in our
computations, we end up getting a Hecke L-function corresponding to K (for the definition and properties
of this function, see [Neu99]), which we call Lg(\*,s), and we define ®x(A*,s) accordingly. After making
®D,.>0 Mer((A* x C)") into an algebra via ® and defining the Paley-Wiener shuffle algebra with respect to



D i (A*, s), which we denote by SH(®k )pyw, as the subalgebra generated by PW(A* x C), we prove the following
main result.

Theorem 0.2. The map Ch: SH — SH(DPk)pw is an isomorphism of algebras.

Structure of the paper
In section 1, we define vector bundles on Spec(Ok ), morphisms between them, their rank, and their degree.
We prove that we have bijections

Bun,, = GL,,(Ok)\GL,(R)/K,, = GL,(K)\GL,(Ak) /K,

Afterwards, we define subbundles E' C E, which we will use for our definition of Hall product. In section 2, we
define the Hall product * : Hy,, ®c H, = Hpqn as

(f*g)(B)= > deg(E')% deg(E/E')"
rk(EE,/C)Em

L0}
2

J(Eg(E/E)

and we show that it makes H = @~ , H,, into a graded associative algebra with unit 1. We define the spherical
Hall algebra SH.
In section 3, we define the set Mer((A* x C)™) of meromorphic functions on (A* x C)", and we define

Ly (N, s), a Hecke L-function corresponding to K. Then, we define ®g(s,A*) as Px(A*,s) = %7

where Li(\*,s) = 7~ ("1/2)5(27) 7 25T (X", s) L (\*,5). In section 4, using ®x(\*,s), we define the shuffle
multiplication ®, which makes B,5, Mer((A* x C)") into a graded associative algebra with unit 1. We then
define the subalgebra SH(® k) pwy-

In section 5, we define Fourier transform F and its inverse transform G. In section 6, we define M,, : C°(B") —
C°(B™), the principal series intertwiner, as

(Mu9)(9) = / p(wug) du,

ueU, (Ar)\U(AK)

Here, w is a permutation and U,, = U N (w~'Uw). This operator will allow us to connect the Hall product, the
Fourier transform, and the constant term, which we will define next.
In section 7, we introduce the constant term CT,, : H, — C*>°(B") as

CTn(al,...,an):/ f(u-diag(al,...,an))du:/ Fun - diag(as, ., an)) dug
wEUL (Ox)\Un(R) upr€Un (K)\Un (Ax)

and its twist CT as CT(f)(a) = CT(f)(a) - 6(a)?, where §(a) is the Iwasawa Jacobian. We will use these to
construct the map Ch,, = F o CT,,. We will show that Ch : SH — SH(®x )pyy is an isomorphism.

Notation

We use Ag to denote the adelic ring of the number field K and N to denote the ideal norm. We use z to
denote a tuple ((Af,s1),..., (A5, s,)) € (A* x C)". To denote the set {1,...,n} by [1,n], and we use #S to
denote the cardinality of the set S. We use p” to denote the set of integer powers of p. We write A, for the
subgroup of diagonal matrices in GL,,.
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1 Vector bundles on Spec(Ok)

Let K be a number field such that its ring of integers Ok is a principal ideal domain. In other words, the
class number of K is 1. Let S be the set of real and complex Archimedean places of K. Recall that a place v € S
corresponds to an embedding v : K — C and a norm |- |, : ¥(K) — R;. Let Sg and S¢ denote the sets of real
and complex places, respectively, and let r; = #Sg and ro = #Sc. Let R =[], s R., where R, =R for v € Sg
and R, = C for v € S¢.

A wvector bundle of rank n over Spec(Ok) is a triple E = (L,V, q), where V.= R"™, L C V is an Og-lattice
of maximal rank (i.e., a free Og-module of rank n such the map L ®, R — V induced by the inclusion L C V
is an isomorphism of R-modules), and ¢ = [], g qv, where the g, is positive-definite quadratic form on R™ for
v € Sg and a positive-definite Hermitian form on C" for v € S¢. The rank of a vector bundle E = (L,V,q) is
defined as rk(E) = rkr V = rkp, L. For example, if K = Q(¢), we have the trivial bundle (Z[i],C, 2Z), and if
K = Q(+/2), we have a vector bundle ({(a + bv/2,a — bv/2) : a,b € Z},R x R, z? x 322). Both of these examples
have rank 1.

A morphism of vector bundles f : E = (L,V,q) = E' = (L',V’,¢') is an R-linear map f : V — V' such that
f(L)c L' and ¢, (f(v)) < qu(v) forallv € V and v € S. We say that f : E — E’ is an isomorphism if f : V — V'
is an R-isomorphism, f(L) = L', and ¢'(f(v)) = ¢q(v) for all v € V. As a result, we get a category Bun where the
objects are vector bundles and the morphisms are as previously defined.

1.1 TIsomorphism classes of rank n vector bundles

Let us consider the class of isomorphism classes of rank n vector bundles, which we denote by Bun,,. To be
able to define functions in Bun,,, we show that we can identify Bun,, in the following two ways:

Bun, ~ GL,(Ox)\GLn(R) /Ky ~ GL,(K)\GLn(Ag) /K.

Here, K, =[], cs
and K, = [],c50v X HpESpeC(OK) GL,(Ok,p), where Ok, denotes the set of p-adic integers. The inclusion
GL,(Ok) C GL,(R) is induced from the embedding Ox C R given by a — (v(a)),es, and the other inclusions
come from the natural embeddings as well.

Before proving this statement, let us first exhibit some lemmas.

O,, where O, is the orthogonal group O,, for v € Sg and the unitary group U, for v € S¢,

Lemma 1.1. For (p) =p € Spec(Ok), we have
GL,(Ky) = GL,(Ok)An(p”)GLn (Ok ).
Proof. Pick any g € GL,,(K,). We split into several steps.

1. After left and right multiply by matrices in GL, (Z) we can assume g;; has the smallest v, value.

2. After right multiply by a matrix in GL,,(Og,,) we can assume g;; = 0 for j > 1. Note that g;; still has the
smallest v, value.

3. Repeat Step 1 and 2 to the (n — 1) x (n — 1) submatrix (deleting the first row and column) we can assume
g2; = 0 for j > 2; note that g;; still has the smallest v, value, while ga2 has the smallest v, value in the
submatrix.

4. Repeat Step 3 to submatrices we can assume g is lower-triangular, with g;; having the smallest v, value in
the submatrix (g¢;)e,j>i-

5. After right multiply by a matrix in GL,(Ok ) we can assume g;; = p* for some a1 < ag < -+ < ap.
6. After left multiply by a matrix in GL, (Og) we can assume v,(g;1) = an-

7. Repeat Step 6 to the submatrices we can assume vy(g;;) > an, for ¢ > j.



8. Finally, after right multiply a matrix in GL,(Ok ) we can assume g = diag (p®,...,p%" ), which finishes
the proof.

O
Corollary 1.2. We have
GL, (Ag) — GL,(K)GL, ((5K) ,

where A{( s the ring of finite adeles in K and Ok is the profinite completion of Ok, so that GL,L(@K) =
HpESpec(OK) GL"(OKJJ)'

Proof. Pick any g = (gp)pespec(0x) € GLn(A{(), where g, € GL,(Ok,) for all p € Spec(Ok) — {p1,...,Pm}
being a finite set. Let (p;) = p;. We then do the following procedure.

1. From Lemma 1.1 we can find u; € GL,(Og[1/p1]) such that u1g,, € GL,(Ox p,)-

2. From Lemma 1.1 we can find us € GL,(Ok[1/p2]) such that usuigp, € GLp(Ok p,)-

m. From Lemma 1.1 we can find u,, € GL,(Ok[1/pn]) such that wmtm—1 - u1gp,, € GLn(Ok p,,.)-

Now put © = UpmUm—1 - --u1 € GL,(K), then we have ugy,, € GL,(Of,p,) for 1 <i < m because Ox[1/p;] C
Ok.p, for i # j. For the same reason we have ug, € GL,(Ok,) for all p € Spec(Ox) — {p1,...,Pm}. Thus, we
have g = u_l(ugp)pESpcc(OK) € GLn(K)GLn(@K), which finishes the proof. O

Now we are at a position to prove the two identifications of Bun,,.

Proposition 1.3. We have bijections

o~

Bun,, = GL,(Ox)\GLy(R) /Ky = GLy(K)\GLy(Ax)/Kn.

Proof. First, let us show that Bun,, = GL, (Ok)\GL,(R)/K,. Let (M.q)(x) = q(Mz) for any matrix M and any

quadratic form q. If ¢ (z) = 27z, q(z) = 2T AT Az = A,qy (as any symmetric matrix may be written in the form

AT A), and B € GL,(R) is a matrix such that B(L) = Og. Consider the maps a : GL,(Ox)\GL,(R)/K, —
Bun,, and g : Bun,, — GL,,(Ok)\GL,,(R)/K,, defined by

a:gr (O, R (g71).(gs))

and 5
B:(L,R",q) ~ (Of,R",(AB™"),(qst)) = BA™!

To check that « is well-defined, if we choose the representative hgk instead, note that

(O B ((hgh) ™) (gee)) "= (O, B ((99) ) () = (O B (g7): (ax0))

To see that S is well-defined, if (L, R™, q) é (L',R",q"), we have that B'f = B and f.¢' =q = A'f = A (both
equalities in the double coset), so it follows that BA~! = B’A’~! in the double coset.
Finally, to check these are inverses, note that

(o B)(L,R",q) = a(BA™!) = (0%, R", (AB™").(gs)) ~ (L, R", q)

and

(Boa)(g) =B(OF, R", (g7 )u(as)) =9
as desired. Now, let us show that GL, (Og)\GL,(R)/K, = GLn(K)\GLn(AK)/@.



Now we will show that the natural map
GLn(Ox)\GLn (R) /Ky = GLy(K)\GLn(Ax)/Ky

induced from the inclusion GL,,(R) — GL,(Ak) is a bijection. It is surjective from Corollary 1.2. Now we show
the injectivity.

Let us say that (g,),cs
K = [pespec(or) GLn(Okp) X ], s Ov such that

((i(li)pESpec(OK),(g:/)VGS) = uil((id)pESpec(OK%(gv)ues) ((hp)pESpec(OK)a(hu)VGS)a that is, hp = u and gzlj =
U gy hy.
However, then u € GL,(K) N ﬂpGSpec(OK) GL,(Ok,) = GL,(Ok) since Oxg = K N ﬂpGSpeC(OK)

O = K* N\yespec(ox) Okpr a0d 50 (9),cs = (91),cs> Which concludes the proof. O

has the same image as W

ves- Then there exists u € GLy, (K) and ((hp)pespec(0x)> (hv)ves) €

Ok, and

From now on, when we say a vector bundle E € Bun,,, we will actually mean the isomorphism class of E.
Now, let us compute Bun; explicitly. As the orthogonal and unitary groups are just {£1} and S; for n =1,
respectively, we have that

Bun; = GL, (Ox)\GL1(R)/ [] (O,

veS
=0\ T 1t I
vESR v'eSc

=0\ [I®*x J] /[ =13 x [ &

VESR v'€Sc VvESR v'E€Sc
= oi\ [T R/ < I ©/s

VESR V' E€Sc
=0\ [ RY.

veS

Here, O embeds into [],.sRY by a — (|v(a)|,)ves. Furthermore, by [Mil20], O is a Z-lattice of rank
r1 +ro — 1, so if we denote this lattice by A, we have that

Bun; = O\ H RY = (RH72=1/A) x R o~ (R/Z)7 14721 R
vES

where we used the isomorphism log : RY —» R. However, the isomorphism R™ 271 /A ~ (R/Z)" 27! is not
canonical, so we prefer to use R™*72~1 /A instead of (R/Z)" 77271, This identification of Bun; will allow us to
define functions on it, as well as a Fourier transform for these functions. Denote B = Bun; = O\ [], s R} =

(RmFr2=1/A) x R for the rest of the paper. We can write an element a € B as (al):lJ{’“2 where a; € R} and we
take the equlvalence class after taking the quotient by Ox. We define a norm |- |g: B — Ry by

r1+re

la|s —Hal H a

=1 j=r1+1

The complex norms are squared because we have two embeddings v and 7 for each complex place v. Note that
this norm is well-defined, as for b € O}, we have that |b|g = |(|V(b)\)V€S|B =ILes, VO 1 es, lv(b)]2 = 1.

Let 8 be the map 8 : Bun,, = GL,,(Ox)\GL,(R)/K,. We define the degree of E € Bun,, as deg(E) = |3(E)|5.
Note that we can take the norm of S(E) € R* because we have a natural map

“= O\RY [ {1y x [ $1=8

VESR v’ eSc

We can check that deg is well-defined as det(h), det(k) € Ok for h € GL,,(Ok) and k € K,,.



1.2 Subbundles
We say that
0—F -SE-LE —0
is a short exact sequence in Bun if we have the following:
1. The induced sequences of modules are short exact.
2. The form ¢’ is equal to i*(q), where (i*q)(v") = q(i(v")), v' € V.
3. The form ¢" is equal to j.(q), where (j.q)(v") = min;(,)—,» q(v), v € V",

We say that i is an admissible monomorphism. We define a subbundle in E as the equivalence class of admissible

monomorphisms £’ — E modulo isomorphisms of the source. For each subbundle E’, we then have a quotient
bundle E/E’' = E".
We have the following three propositions.

Proposition 1.4. Let E = (L,V,q) be a vector bundle on Spec(Ok). We have a bijection between each of the
following sets:

1. Rank r subbundles E' C E.
2. Rank r primitive sublattices, that is, submodules L' C L such that L/L’ has no torsion.
3. K-linear subspaces W' C L ®p,. K of dimension r.

Proof. Given a rank r subbundle E' = (L', V', ¢’), we can map it to a lattice L’. This lattice will be primitive
because there must be some E” such that 0 - L' — L — L"” — 0 is exact, so L/L’ = L would have to be free.
This gives a bijection between (1) and (2). For a bijection between (1) and (3), we can map E’ to L' ®p, K. We
can check that these maps are indeed bijections, as desired. O

Proposition 1.5. Let E = (L,V,q) be a vector bundle on Spec(Ok). For any r € Z; and a € Ry, the set of
subbundles E' C E with tk(E') = r and deg(E) > a is finite.

Proof. The proof is the same as in [KSV12]. O

Proposition 1.6. The set Ext'(E”, E') has a natural structure isomorphic to (R/Ox)™ ™", where n' = rk(E’)
and n" = rk(E").

Proof. The proof is the same as in [KSV12]. O

2 Hall algebra

To be able to define functions in Bun,,, we show the following.
Proposition 2.1. The set Bun,, can be endowed with an orbifold structure.

Proof. The proof is very similar to that in [KSV12]. O

As a result, we can consider the set H, = C2°(Bun,) of compactly supported functions in Bun,. Let
H = @n>0 H,, be the Hall algebra of Spec(Ok). However, it is still not clear that H has an algebra structure.
Our next step is to show this.

Given f € H,, and g € H,, we define the Hall product f*g € Hyp,1y as

(f*g)(E)= > deg(E')? deg(E/E')"% - f(E')g(E/E')
E'CE
tk(E")=m



Proposition 2.2. f x g is well-defined and makes H into a graded associative algebra.
Proof. The proof is very similar to that in [KSV12]. O

Now, let SH be the spherical Hall algebra of Spec(Of ), which we define as the subalgebra SH C H generated
by Hi. In other words, SH = @n>0 HP". We define the map *» : HP™ — H,, as the multiplication map, that
is,

Translating the Hall product into group-theoretic terms, we have the following proposition.

Proposition 2.3. f' * f” can be rewritten as

(f"* ")) = f(vg)
YEP, prr (K)\GLn (K)
where Py n is the parabolic subgroup of GL,,, that is, the group of block lower triangular matrices, g = (¢’,g")
and f(vg) = |det(vg")|'= - |det(vg")|= = - f'(vg') f"(vg"). This makes sense, as we have an isomorphism

(GL,n (K)\GLyy (A ) /K) % (GLiyr (K)\GLyr (A ge) /Ko ) = (Unns g (A i) Apr i (K))\GLyy (A g ) /K

coming from the Iwasawa decomposition.

3 Hecke L-function associated to K

Let H be the hyperplane in R™+72 ~ R:ﬁ’“? that is in the kernel of |-, and let A be the lattice Oy in H.
Define dual lattice A* = {\* € H* : (\*,\) € Z for all A € A}, which is isomorphic to Z™*"2~! as Z-modules.
Note that for we can define group homomorphism (\*,-) : R™%"2 — R to be the composition of the projection
R™M*"2 — H and (A\*,-): H —» R.

For \* € A*,s € C such that Res > 1, we define

1

Fel = (z)%;o exp(2mi(A*, log z[) )N (z)*’

where the summation runs through all ideals in Ok and A denote the norm in K. Here by log |x| we mean the
tuple (log|v(x)]),cgs in R 72
The Euler product of L reads

L\ s) = ] (1 - exp(=2mi(A*, log[p))N (p) "),
pCOK

where the summation runs through all prime ideals in Ok and p is (any) generator for p.

We use Mer((A*)™ x C™) to denote the set of meromorphic functions whose domain is (A*)™ x C”, that is,
those functions f : (A*)” xC® — C such that for each \* € (A*)", the function f(A\*,-) : C* — Cis a meromorphic
function. Also, we use O((A*)™ x C™) to denote the set of entire functions whose domain is (A*)™ x C™.

Now we let

T(\s) =[] T(s/2+mixy) J] T(s +mirp)

vESR veSc
Ly (A%, s) = n "/25(27) 725D g (X, 8) L (A, 8)
Li (A%, s)

P = s 1)



From [Neu99] we see we can extend L}, to a meromorphic function in A* x C, which satisfies the functional
equation Lj, (—\*,1 —s) = L} (\*,s). Thus, we have

L*K(_)‘*v_s)
Ly (=X *,—s+1)
Ly (A, s+1)

T L (M)
=dr(\,s)7 !

(=N, —s) =

Finally, a Paley- Wiener function in A* x C is defined as follows. For any \* € A* there exists a unique \Y € H
such that (A\*,x) = AV -z for any x € H, where - is the standard dot product on H C R™ "2, Then the set of
Paley-Wiener functions, denoted by PW(A* x C), are functions in O(A* x C) such that there exists B € Ry with
the property that for any N € Z™*, we have

[FOV8)] = O((1+ )™ (1 +[AY]) ™ exp(B|Res)).

4 Shuffle algebra associated to ¢y
Let &,, denote the symmetric group of permutations of [1,n]. For this paper, we have the following conventions:
e For any n-tuple s = (s1,...,5y), we denote w(s) = (Sy-1(1);- - -, Sw-1(n)), 50 that (ww')(s) = w(w'(s)).

e We embed &,, in GL,, via w — (ew(l) ew(n)), where e; is the column vector whose i-th entry is 1
and its other entries are 0. Note that this embedding is an injective group homomorphism.

For w € G,,, let
N8 = [ @0 —AnLs;—s)
1<i<j<n
w(i)>w(j)
We have the following proposition, which will be helpful later.
Proposition 4.1. We have that @k ,(X*,s) = P -1 (—w(A*), —w(s)).

Proof. Note that



P -1 (—w(A), —w(s)) = 11 P ((—w(A))i — (—w(A))j, (—w(s))i — (—w(s));)
1<i<j<n
w™ (@) >w ™ (j)

= H P (w(N"); —w(N )i, w(s); —w(s);)

1<i<j<n
w8 >w T (j)

= 11 Dr (A1 = A1(i)y Sw=1j — Sw-1(1))
1<i<j<n
wH (§)>w ()

= 11 Drc(NF — A, 55 — s1)
1Sw(i)<w(j)<n
i>7

= JI @x(;-A.s;—s)

1<j<isn
w(j)>w(i)

= I @xO=X,si—s5)
1<i<jsn
w(i)>w(F)
:<I>K’w(s)

as desired. O

We define the set of (m,n)-shuffles as the set Sh(m,n) of permutations w € &,,4, such that w(i) < w(y)
whenever ¢,j € [1,m] or i,j € [m+ 1,m + n]. For example, Sh(2,1) = {id, (2 3), (1 2 3)}. It is straightforward
to verify that #Sh(m,n) = ("'™").

m

Now, let us define the shuffle multiplication © ., : Mer((A*xC)™)@cMer((A*xC)™) — Mer((CxA)™*™)
by F®F’ — FQF’, where

(F®FI)(Zla~~'7zm+n) = Z F(Zw(l)w-'7zw(m))F/(Zw(m+1)7"~azw(m+n)) '(I)K,w—l(zhnwzm+n)~
weSh(m,n)

Proposition 4.2. The shuffle multiplication makes €P,, o Mer((A* x C)") into a graded associative algebra with
unit 1.

Proof. The proof can be found in [FO95]. O

Let SH(Px )pyy be the Paley-Wiener shuffle algebra associated to @, which we define as the subalgebra in
(@@o Mer((A* x C)"), @) generated by the subspace PW(A* x C).

5 Fourier transform

We define the Fourier transform to be an operator F : C°(B™) — PW((A* x C)") as

FFO",s) = / N f)|efpa?y 9T

|17|B7

where D C R(fﬁ”)n is a fundamental domain for B” = (Ox)™\ R(fﬁm)n.
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Similarly, we define the inverse Fourier transform to be an operator G : PW((A* x C)™) — C°(B™) as

=5, —2mi\"
E ds.
gg(r) (27TZ (7"1+2r2)n /sGooJrz]Rn )‘T|B ' ’

A*n

Here, 0 is chosen such that the integral converges.
It can be checked that FG(g) = g and GF(f) = f. We also have the following generalization of a classical
result.

Proposition 5.1. The Fourier transform F : Hy = C°(B) — PW(A* x C) is an isomorphism.

Proof. The proof can be adapted from Vol. II, Thm. IX.11 in [RS75]. O

6 The principal series intertwiners
We define

@1 A" x C = C(B)
E(N*,5)(a) = |a|pa®™ ™ = |a|} exp(2mi(A*, log a))).

For w € &,,, we define U, = U N (w™'Uw) and
M : C2(U(Ak) An(K)\GLn(Ak)/Kn) = C(U(AK) An(K)\GLy (Ak)/Ky)

M) (g) = / P(wug) du,
€U, (Ax)\U(AK)

where we are using the Tamagawa measure on Ag. R
We will see that diag : B" — U(Ag)A,(K)\GL,(Ak)/K, is a bijection, and we use a twist to identify their
smooth functions together:

512 0=(B™) = C°(U(Ak)An(K)\GL,(Ak)/Ky)
¢ |diag(a) — @(a)d(a)/?|,

where §(a) = H1<i<j<n Ilzflls
The fact that diag : B — U(Ax)A,(K)\GL,(Ak)/K, is an isomorphism also gives us the following propo-
sition, which can be proved by translating the Hall product formula into group-theoretical terms.

Proposition 6.1. If p € H®", g € B", and $(g) = o(diag~'(g)) - 6(g)~ 2, then

(+1n(9))(9) = > 3(v9).

YEBR (O )\GLr(Ok)

Finally, we define
M, : C(B™) = C>(B")

to be the composition

C2(B") 255 0 (U (A k) An (K)\GLn (k) /Kn) 2125 C%(U (Ag) An (K)\GLa (Ax) /KCn) S5 C(B).

Note that we can also apply M, to functions in C'>°(B™) that decay fast enough.
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One of our main goals is to compute

for \* € (A*)",s € C™.

6.1 The diagonal map is bijective
In this subsection, we will prove the following proposition.

Proposition 6.2. The natural embedding Rfrﬁ'” — R™ x C™ — Ak induces a bijection between sets

B" = U,(Ak)A,(K)\GL,(Ak)/K,

(ri,...,mn) = ((id)pepy, diag (r1, ..., 7)),

where r; € [[,cs Ry

ves
To prove this proposition, we need a few lemmas.

Lemma 6.3. For prime ideal (p) = p C Ok, we have
GL,(Ky) = Bn(Ok[1/p])GLA(Ok p),

where B, = U, A, is the set of lower-triangular matrices.
Proof. Pick g € GL,(K,). We do the following procedure.

1. After right multiply by a matrix in GL, (Ok ), we can assume v,(g11) < vp(g1;) for all j € [1,n].
After right multiply by a matrix in GL,(Ok p), we can assume g; = 0 for j > 1.
Repeat Step 1 and 2, we can assume g € U, (K,).
After right multiply by a matrix in GL, (Ok ), we can assume g;; = p* for some a; € Z.
After left multiply by a diagonal matrix in B, (Ok[1/p]), we can assume g;; = 1 for i € [1,n].

After left multiply by a matrix in U, (Ok[1/p]), we can assume vy (g;1) > 0 for ¢ > 1.

N o A N

Repeat Step 6, we can assume g;; € Ok, for i > j. Now the resulting matrix is in GL,(Og,,) and we
finishes our proof.

O

Lemma 6.4. We have a bijection between sets

~

R} — Un(R)\GL,(R)/O,,
(r1,...,rn) — diag (r1,..., 7).

Proof. To see the injectivity, let us say that (r1,...,7,) and (r],..., ) have the same image, i.e., there exist

r'n

u € U,(R),0 € O,, such that diag (r1,...,7,) = udiag (r1,...,m,)o. Then take their image under the map A —

r'n

AAT gives diag ((r))%,..., (r,)?) = udiag (rf,...,r2)u”, or u=tdiag ((r))?,...,(r},)?%) = diag (r},...,72)u’.
However, LHS is lower-triangular, while RHS is upper-triangular, so we see both are diagonal, i.e., u = id, which
implies diag (r1,...,r,) = diag (v},...,7}).

Now we show the surjectivity. We identify GL,,(R)/O,, as the space of positive definite symmetric forms, say
X, via the map A — AAT. Then the action of U, (R) on X is u-q = uqu’. If the matrix of ¢ corresponds to the
basis {v1,...,v,}, then the matrix uqu’ corresponds to applying ¢ to the basis u(vy v2 --- v,)T, and we see we
can always use such actions to make the basis to be orthogonal, which shows the original map is surjective. [
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Lemma 6.5. Let %, be the set of unitary matrices in GL,,(C), then we have a bijection between sets

~

R} %5 U, (C)\GL,(C)/%,
(r1,...,rn) — diag (r1,...,75).
Proof. Just mimic Lemma 6.4. O
Now we are at a position to prove Proposition 6.2.

Proof of Proposition 6.2. The map is clearly well-defined. We first show that it is surjective.

Pick any § = ((gp)pespec(ox)s (9v)ves) € Un(Ax)An(K)\GLy(Ak)/Ky, where g, € GL,(Ok,p) for p €
Spec(Ok) — {p1,...,pm} for some primes p1,...,p;,. For p € {p1,...,pm}, from Lemma 6.3 we can write
gp = upaphy € Uy(Ok[1/p])An(Ok([1/p])GL,(Ok,p) (where (p) = p). Also, from Lemma 6.4 and Lemma 6.5, for
each v € §, we can write g, = u,a,0, € Up(K,)A,(R;)O,. Now take a = Hpe{m ap € Ap(K), then

----- Pm}

g=aly

— —1 — — —
(e twpa)| ]I ap" | b (@790 pespec(Or )~ {91,y (07 U0 A)AT10100) e s

’ L
prEP —{p} pE{PL P }

= ((id)PESpec(OK)a (a_laV)VES);

which is in the image of the map.
Now we show that the map is injective. To do this, define map ¢ : K* — [], s Ry, 2 — |v(z)| and assume

(r1,...,7y) has the same image as (r],...,r,), where r;,7; € [[ .5 R+. Then there exists

veS
((up)pESpec(OK)v (UV)VES> € Un(AK)v dlag (1’1, s 7'7;11) € AH(K)7 ((hp)pESpec(OK)7 (hl/)VES) € Kn

such that

((id)pESpec(OK)7 diag (7,/1’ s 7T;L)) = ((UP)pESpeC(OK)v (UV)VGS) diag (xla cee >$n)((id)pESpec((9x)a diag (rla R vrn)) ((hp)peSpec(OK)

Now for p € Spec(Ok ), we have u, diag (z1,. .., 2,)hy = id, so both u, diag (z1,. .., z,) and diag (xfl, . ,m;l)ugl

lie in GL,(Ok.p), which implies 2; € O .. This shows ; € K™ N (\ycgpecior) Oxp = Ok
Now notice that in [], g Un(K,)\GL,(K,)/O,, we have

diag (r],...,r,) = diag (x1,...,z,) diag (r1,...,m5)
= diag(p(zi)ri)izy,

so from Lemma 6.4 and Lemma 6.5 we see v/ = ¢(x;)7;, which implies 7] = 7; in B for all i € [1,n], hence shows

that the original map is injective and finishes our proof. O

6.2 Intertwiner of the exponential function

Let us compute the result of applying the intertwiner to the function € (\*, s)(a). In particular, we claim the
following.

Proposition 6.6. M, (¢ (\*,s))(a) = € (w(A*), w1 (s))(a) - Pr -1 (", 5).
Let us show this. We will first deal with the case n = 2, w = (12). To simplify the notations, we will compute

My, (€ (N, s) @€ (1", t))(a,b).
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To do this, we will first recall the construction of the inverse map of diag : B = U, (AK)An(K \GL (AK)/I/C\,L
Let S denote the set of Archimedean places. Take any g = ((gp)pESpec(OK) ves ) € Un(Ag)A,(K)\
GL,(Ag)/Ky. We write g, = upapky € Upn(Kp)An({p?})GLA(Ok p), 90 = woavk, € U (K,)An(R4)O,, where
O, is the maximal compact subgroup of K,, and (p) = p. Then g corresponds to

[I o' |@hes={a ] a)l™"]|ves

pESpec(Ok) pESpec(Ok)

in B™ (after dediagonalizing). From this and the fact that €(\*,s) is a group homomorphism we see we can
compute the integration on each place separately, then multiply them together to get the integration result. We
split the computation into 3 parts.

Part 1: v € Sg (the set of real archimedean places). We want to find a explicit inverse map of diag : R2 — Us(R)\

GL2(R)/O5. To do this, pick (¢ 4) € Uz(R)\GL2(R)/Os, then we first do map A — AAT to map it to a symmetric
a’+b2 ac+bd
ac+bd *+d?

form becomes (75

form ( ), and then note that in symmetric form (i z) after letting v = v — (y/)v1, the symmetric

o Zig?z/z). Thus, under this operation, the inverse map sends (‘; %) € Uz(R)\GL2(R)/O; to

<¢ﬁ+&¢@+@_W“”Wj:<¢w+&mi““0eRi

a? + b2

Now let us start integrating. We have U, (R) = {id} and U,,(R) \ U(R) = {(19)}, and apply the integral to
(a,b) the place v gives contribution

0 1\ /1 0\ [a 0
1/27-1/2 1/2 * * v
al/?b> /zeR(a G\, s) @ C (it (1 0) (x 1)(0 by))dx
) dz

)(
= a}/*p, /2 / . (52 w0, 5) 2 6 (0", 1)) (W bu)

a, 0
1/2
—ae | (VaEERE) (] e e e ) VAR g | s
S L\ \ VAR R

_1/2 71/2/00 _—— " 5 5 5 a,b,
=a,/b, CN,s—1/2)@C (u*,t+1/2 a2z? + b2, ——— | dz
z}oo( ( /2) @€ (1 / ))(v R
1 /242mint 41 /242mins [ sotoldemiQg —up)
all,/zb;l/2a,, T, bl, T, / (alZ/x2 + bZ) 2 dz

r=—00

f+1+27r1/tubt+27muubs t—1+27ri()\l*/—#;)b7y\/% F(’E*TS + il — /\l’j))
ay (S i — A3))
mipl , sH2miN" F@+W2 ;7)‘5
_ af,“ w bV+2 Ayﬁ 57;1 ('M ))
EEEr—)

sy e g [P ST = 1/2)
/CEGR(ax +b) dz=0b \/;\FF(—S)

Part 2: v € S¢ (the set of complex archimedean places). Let us first get the inverse map of diag : Ri —
Us(C\GL2(C)/%,, where %5 is the unitary group. Take any (2 %) € Uz(C)\GL2(C)/%. Then the map A — AA*

. la|>+|b|> ac+bd
sends it to ( Getbd | +|d?

when Re(t — s) > 0 since

when a,b € Ry, Res < —1/2.

), and note that in Hermitian form (3 ¥), after letting vh = vy — (§/x)v1, we see the
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matrix becomes ( z—\g(/)|2/z)' Thus, under this operation, the inverse map sends (¢ Y) € Uz(C)\GL2(C)/%: to

c

-2
7+bd det ab
a4 | e 1P~ N Sy, D] ) e
b ViaP + 1o

Then similarly, apply the place v to (a,b) yields contribution

o [ o) ()Y D)o

_ -1 1/2 * * a,T by
= ayh /IEC (52 6 ) @€ (1) (ay 0>dx

I/bl/
= a,b)! / (@05 — 1/2) 0 Gt +172)) [ a2l + 02, 22 | a
zeC v a2lz? + b2

) s—t—14mi(N],—py)

1 2t+142mip’  2t+142mip
aubylal, o p "’/ T

x

(a2l + 2
eC

o0

2t4+242mip;, 2642w, s—t—14mi(\E—p

= 2ma, Tt T / r(a,%rQ + blz,) ( ) dr
T

=0

. . b2sf2t+27ri()\;f,uz)
2t+2+42mi 2t+2m1 v

— 27_[_&” Hy bl/ Hy

2a3(t — s+ mi(p, — A}))
_ 2tHRminl p2s2min] 1
Y : t—s+mi(us —Aj)

when Re(t — s) > 0. Also, note that we should multiply by a factor of 2 for each complex place that comes from
the Tamagawa measure.

Part 3: finite place p € Spec(Ok), where p = (p) C Ok is a prime ideal. First let us find out the A in

(Cll’i (1)) = uAk € Uy(K,)An({p?})GL2(Ok,p) for i € Z,c € Ox - For i > 0 we can take A = id. For i <0 we do

column operation to make the matrix becomes (C’f 70_01;0—7;)’ then we see A = (% pgi)'

Now let us start integrating. Denote the natural embedding K — [], .5 Kv, 2 = (v())ves by t. Apply the
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place p to (a,b) yields contribution
0 1 1 0
12BN, s) @ C(uk ¢ (( >( >>dx
/m%( (A s) @ lu ))10 z 1
_ (GO s —1/2) 0@, t+1/2) (¥ 1) de
e, 10

=3 [ G enw (] g)as

JEZ

>(<€(A*,s—1/2)®‘€(u*»t+1/2)) (M%)'J Iv((;;)j)
veS

- 1}9) exp(j - 2w — A*) - log [o(p) I (p) =+

1
2 PN

1
2mi(p )\*)N( ) 1

_ (
=

when Re(t — s) > 0. Also, note that we should multiply by a factor of disc(Ox)~'/? at the end that comes from
the Tamagawa measure.
Combine them together, after letting s = sa — 51, A* = A5 — A}, we get

My (€ (AT, 81) @ €(A3, 82)) (a1, az)
= (T (AL, 52) ® C(NT, 51)) (a1, az) - disc(Ox) "2 n7 - (2m)"

H L(% + miX}) H 1
(s + midg) 5+ TN}

vESR vESE
H |L(p)|27riA*N(p)s+l -1
() espec(on) LR N (p) 1 = N (p)

when Res > 1 (for each component we need Res > 0, but for the product to converge, we need Res > 1).
As a result, for Re(sz — s1) > 1, we see

My,(€(A],81) @ € (A3, 82))(a1,a2) = (€ (A3, 52) @ €' (A, 1)) (a1, a2) P (A3 — AT, s2 — s1).

To figure out M,, € (\*,s) in the general case, we need some extra works. For w € &,, we use J,, to denote
the set {(i,7) € [1,n]?: i < j,w(i) > w(j)}. First, let us prove a lemma.

Lemma 6.7. (a;;):; € Uy if and only if a;; = 0 and ay—1(;yw-1¢) = 0 when i < j; or equivalently, (a;;) € U
and a;; =0 for (j§,i) € Jy,.

Proof. Note that
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(aij)ivj elU, < (aij)i,j € U and w(aij)i’jwfl eU
e {(aij)z-yj, (aw_l(i)w_l(j))i,j} cU
= Qi = Qy-1(3)w—1(5) = 0 fori<j

as desired. O
Corollary 6.8. Ift = (i j) is a transposition with i < j, then U, = {(a;j)i,; € U : aj; = 0}.

Corollary 6.9. Ift = (i j) is a transposition with i < j, then each equivalence class in U\U has a representative
(@irjr)ir jo with agy =1 and ayy =0 for all ' # j' except for possibly (i, 5") = (4,1%).

Proof. Let b = (be) € U\U and let bt = (Ckg)k,g be its inverse. Let d = (dkg)k,g € U; be such that diy = ¢ for
(k,¢) # (i,7) and d;; = 0. Note that h = db is also a representative of [b], but now hgr = 1 and hye = 0 for all
k # £ except for possibly ¢ = i. Now, consider m = (m;;) € Uy, with mgp = 1, mg; = —hy, for k # j, and all the
entries of m equal to 0. Note that, if n = mh, we have that ny, = 1, nge = >, murhpe = 0if k # £ and £ # 1,
and ng; = Y, Mprhri = hig — hi; = 0 if k # j. That is, n = mh = mdb is the desired representative of [b] with
ngr = 1, nge = 0 if k #£ £ except for possibly (k,£) # (j,1), as desired.

Proposition 6.10. If w € &,, and t is a transposition of the form (£ £+ 1) such that #J > #Ty, then we
have My o M, = M.

Proof. For w € &,,, we let U¥ = w™'Uw. It suffices to show that M, o M,, = M,:. We have

MM ,1(g) Z/ / P(wutvg) dudv
veUNU JucU,\U

= / Y(wt(tut)vg) dudo
veU\U,u€U,\U

= / Y(wtuvg) dudv
ue(UWtNU)\Ut,ve(UtNU)\U

Now we introduce a lemma.

Lemma 6.11. For transposition t = (£ £+ 1) and w € &,, such that #J¢ > #T, the natural map between sets
U“'nU)\ (U'NU) = (U nU")\ U*
is a bijection (note that U¥*NU C U*?).

Proof. We first show that it is injective. Take any g, ¢’ € U*NU such that there exists h € U¥*NU? with hg = ¢'.
Then h = g'g~! € U'NU (note that both U and U? are groups). Thus, g = ¢’ in (U¥*NU)\ (U'NU) and so the
map is injective.

Now we prove the surjectivity. For x € A, let A(z) be the matrix with A(z); = 1 for ¢ € [1,n] and
A(z)e041 = @, A(x)i; = 0 for all other ij’s. Then we claim that A(z) € U*" for any € Ag. This is because
the condition #J,¢ > #J. shows w(f) < w(¢ + 1), and U™ consists of matrices A with Awt)-1(i),(wt) 1) = 0
for i < j. Thus, A(xr) ¢ U"* only when there exists i < j such that (wt)=(i) = £, (wt)=1(j) = £+ 1, ie.,
i=wt(l) =w(l+1),j = wt({+1) = w(¢). However, then the assumption w(¢) < w(f+ 1) gives a contradiction.

Now given any g € (U** N U") \ U, we have § = Y(—gs¢+1)g, and the latter is in the image of the map, so
we are done. O

Thus, we see

MM ,(g9) = Y(wtuvg) du dv.

/ue(thmU)\(UtnU),ve(Uth)\U

17



Therefore, it suffices to show that

Y(wtuvg) dudv = / Y(wtzg) dz.

/udU“’WWU)\(U‘ﬂU)mE(UtﬂU)\U ze(UWtNU)\U

Note that from Corollary 6.9 we see there is a natural bijection between sets
Y - (U'NnU)\U
where Y C U is the subset {g € U : g;; = 0 for ¢ # j except (i,j) = ({+1,0)}.
Lemma 6.12. There is a bijection between sets
UNU)\ (U'NU) x (U'NU)\U = (U NnU)\(U'NU)xY = (U NU)\U,
where - denote the usual product.

Proof. Tt suffices to show that the - part is a bijection. We first show the injectivity. Let Y (z) = A(z)T, where A(x)
is the matrix defined in Lemma 6.11. Take any g,¢" € U'NU, z, 2" € A, h € U**NU such that hgY (z) = ¢'Y (2').
Then by looking at the (¢ + 1,¢) entry we see z = 2/, so hg = ¢’ and g = ¢’ in (U**NU)\ (U' NU), as desired.

Now we show the surjectivity. Take any g € (U“'NU)\U, then we see it is the image of (¢Y (—ge+1,0), Y (ge+1,0))s
so we are done. O

We now let G = (UY'NU)\U and H = (U NU)\ (U' NU), then Lemma 6.12 shows Y is a fundamental
domain for H \ G. From knowledge about Haar measure (for example, see [OV99]) we see for any f € C.(G), we

have
/Y/Hf(hy) dpm dpme :c/Gf(g) dpc

for some constant ¢ € R. We now take f to be any measurable function G — {0,1}, then after taking any
fundamental region for H we see ¢ = 1 by Cavalieri’s principle, which finishes the proof. O

Corollary 6.13. For w,w’ € &,, with #Jyw = #Jw + #Jw, we have My My, = My .

Proof. We use induction on #3J,,,. When #3J,, = 1, the statement follows from Proposition 6.10, so we assume
#7J, > 1. Then we write w’ = twy, where t is a transposition of adjacent elements and #7J,,, = #J,» — 1. Then
we have #7J,,; = #J, + 1. Now from Proposition 6.10 and induction hypothesis we see

Moy My = Moy My M,
= Mwont

wtwg

= Moy,
as desired. O
Lemma 6.14. For w,w’ € &, \* € (A*)",z € (A* x C)", we have
P (W(2))Prw(2) = P (2)-

Proof. We first show this for w’ =t = (¢ £ + 1) being a transposition of adjacent elements. To do this, we split
into 2 cases.

Case 1: #J, > #J. Then we have

(DK,w' (w(z)))q)K,w(z) = @K(Zw—l(g_‘_l) — Zw—l(g))(I)K,w(Z)

== (PK,w’w(Z)
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because w (¢ +1) > w™1(¢) from assumption that #3J;, > #7,,, and it is the only different of @k ., and @ 44
since no extra difference is allowed (we have #J4, = #J, + 1).

Case 2: #J4, < #J. Then we have w = twy for some wy that satisfies #3J,,, < #J,,. As a result, we see

(I)K,w’ (w(z))(I)K,w(z) = ‘I)K(nglt(€+1) — nglt(f))(bK;tWO (Z)
= @K(Zwo—l(z) - ngl(e+1))q’K(ngl(e+1) - Zw()_l(é))q)K7U)O (2)
= Dg 1(2)
because ®x (2) " = @y (—2).

Now we deal with the general case. We use induction on #J,.. When #7J,, = 1, then w’ is a transposition
of adjacent elements and we are done from previous discussion, so we assume #J,s > 1. Then we can write
w’ = wot for some transposition of adjacent elements ¢ and #3J,,, = #J — 1. Then we have

D g (W(2)Pr,w(2) = oot (W(2)) P (2)
= P g (tw(2)) P st (w(2)) P10 (2)
= P, (tw(2)) P K 10 (2)
= Pytw(2)
= Oy (2),

from induction hypothesis and the case when w’ is a transposition of adjacent elements, as desired. O

Now for w € &,, let CI! = {(s1,...,5,) € C" : Re(s; —s;) > 1 for (i,j) € J,,}. We are at a position to
establish the integration result for the general case.

Proposition 6.15. Let w € &,,,s € CI'_,, \* € (A*)", then
M, (N, 8) =€ (w " (A),w (8)Pr -1 (NF, 8).

Proof. We use induction on #73J,,. If #J,, = 1, then w is a transposition of adjacent elements, so from previous
discussion we see the equation follows. Thus, we assume #3J,, > 1. Then we can write w = twg with ¢ being a
transposition of adjacent elements and #3J,,, = #J,, — 1. Then

My G (N, 8) = My, My(€(\', 5))
= My, G (t(X"), ()P (A", )
= G wg "HN), wg () e 1 (HN), 1)) Dy (A, 9)
= G (w (V) w ()P (A 5)
=G (w  (N),w () Prw1 (A, ),

from Proposition 6.10, the case when w is a transposition of adjacent elements, the induction hypothesis, and
Lemma, 6.14, as desired. O

6.3 Intertwiner and the Fourier transform

Let us compute the result of composing the intertwiner and the Fourier transform. More explicitly, we claim
the following.

Proposition 6.16. F(M,(¢))(A*,s) = F(p)(w(A*),w(s)) - Pr.w(A*,s)
Proof. Choose F such that ¢ = GF. By 4.1, we have that
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F (Mo / / (GF)(wua) du?' (A", 5)(a) d"a
a€D JueU, (Ax)\U(AK)

n*EA* EUO+2RW

n*EA*

| G M=\, —8) (@ F (N, 5) () d"a

n*EA* EUO+an

*EA* 600+1R"

OGP (@1 o (1) (w(@)E N, 5)(a) d'a

/GDQ D1 0 (=) (@) (w(X"), w(s))(a) d"a
FGEF - (Pg w1 0 (1)) (w(X7), w(s))

Fw (A*) w(s)) - Prw-1 (—w(XY), —w(s))
F(@)(wX),wls)) - Prw(A; 5)

as desired. O

7 Isomorphism of the Hall algebra and the shuffle algebra

Let us show that the spherical Hall algebra of Spec(Ok) and Paley-Wiener the shuffle algebra associated
to Pk (s) are isomorphic. First, we define the constant term CT,, and its twist CT,. We will show important
properties these constant term operators satisfy. Afterwards, we define the operator Ch,, = F o CT,,, and we will

show that Ch = €P,,5( Chy, is the desired isomorphism between SH and SH(®x)pw-

7.1 The constant term

Let B, be the lower triangular Borel subgroup of GL,,, and let U,, be the unipotent radical of B,,. We define the
constant term CT,, as an operator CT,, : H,, — C°(B") given by

CT,(a1,...,an) :/ f(u~diag(a1,...,an))du:/ fluga - diag(as,...,ay)) dus
u€Un (O )\Un(R) up €U, (K)\Un (AKk)

Here, du and duy are the normalized Hall measures on U, (R) and U, (Af), respectively, such that U,(Of) and
U, (K) have volume 1.

Proposition 7.1. For any f € H,, there is some ¢ € Ry such that Supp(CT,(f)) is contained in the domain

—_

{(a17...7an) eB":ailp < ¢ laras|lp < ey oylar . can—1|p < e, — < lay...anlp <c}.

o

Proof. The proof is the same as in [KSV12]. O

We use the Haar measures dg = l}t’(d)g” and d*a =[], daai" for GL,,(R) and B", respectively. Note that the
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F(n*, t)€(=\", —t)(wua) du &t€ (N, s)(a) d*a
/aeD 27i) ”(”*2” Z /eao+1R" /ueU (AU (Ak)

*s8)(a)d%a



Iwasawa decomposition of GL,,(R) yields
GL,(R) =U,(R)-B" - K,

so we will use the notation g = u-a-k for an element g of GL,(R). If du and dk are the Haar measures on U, (R)
and IC,,, we have that
dg = d(a)du - dk - da
where
aj

sa)=6g)= ] =

= [¢%)
1<i<jsn

is the Iwasawa Jacobian.
Let us define the following positive definite Hermitian scalar products for H,, and C$°(B"), respectively:

1

(ot = | ARG ad (oe) =5 [ p@p@da
QGGLn(OK)\GLn(R) acBn

We define the twisted constant term é’an as

[N

CTn(f)a1,...,an) = CTo(f)(ai,... an) - 6(a)

Proposition 7.2. The map ﬁ‘n : H,, — C*°(B") is adjoint to *1n : H1®” — H,,, that is, we have

(1), ) = (. CTa(f) )

Proof. By Proposition 6.1, we have that

(r1n (), g =

_ / @) 3 (vg) dg
g€GL,, (O )\GL, (R)

'YeBn(oK)\GLn(OK)

- / F@)3(x) da
z€B, (Ok)\GL,(R)

B /QL’EB,L(OK)\GL"(R)

1 — 1
= JWe(y)o(y) 2 dy
YU (Ox)\GLy (R)

1

2" ) cU(R)\GL.(R) /ueUn(oK)\Un(R)

o | TE@e(@ie)? da
acB™

= <g0,é\'/fn(f)>

f(uz)gp(z)é(z)_% dudz

as desired. O
Proposition 7.3. The map CT, : SH, — C>(B™) is injective.

Proof. By definition of SH, an element f € SH, has the form f = %1 (p) for some ¢ € HP™ C C(B"). Now,

assume that f # 0, which implies ¢ # 0. We will show that CT, (f) # 0, from which injectivity will follow.
Indeed, note that, as by Proposition 7.2 we have that

(#.CTu(£)) = (. CTulran (9))) = fran (@), 12 (2)) = (£ S}y > 0.
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Then, in particular, é’vI‘n (f) # 0, as desired. O
Proposition 7.4. We have that
Ol (f' 5 f") = 30 My (CTo () © CTun (7))
weSh(n’,n'")

Proof. Recall that the Grassmannian Gr,(K™) = Py, (K)\GL,(K) splits under the right U(K)-action, into
() orbits (the Schubert cells)
Ew = I'n/ n” (K)\wilU(K)

where w € Sh(n’,n’). Now, by this and Proposition 2.3, notice that

CTu(f * ") = / > f(yug)é(g)? du
wC€UKNUAK) B, 1 (K)\GLy (K)
= > / > Fw™ vug)d(g)? du
weSh(n/,n'") we€U(K)\U(AK) veU,,_1 (K)\U(K)
= Y Mt (CTu(f) @ CTan(f")
weSh(n’,n'")
as desired. O

Proposition 7.5. Let 1,...,¢0n € C°(B) and ¢ € 01 @ -+ @ @, € CX(B™). Then

CTa(r1n(9)) = 3 Mu(p).

weS,

Proof. The proof is similar to the previous one. Note that, by Proposition 6.1,

CL(s1n(0)) = [ S Bug)le)? du

EUINU(AK) e B, (0k)\GLa (Ok)

E: My (p)

weS,

as desired. O

7.2 The Ch homomorphism

We define the operator Ch,, : H®™ — PW((A* x C)") as Ch,,(f) = F(CT,(f)) forn >1and Chy: C — C
as Cho(c) = c for n = 0. Let Ch: SH — SH(®x)pw be defined by Ch = P, Chy.

Proposition 7.6. The map Ch is well-defined as a map of sets.

Proof. It suffices to show that Ch,,(f) is well-defined for any f. We show that Ch,(f) is well-defined and
meromorphic in (A*)™ x Csg, and then we can extend it to a meromorphic function in all of (A* x C)™. The
argument is the same as in [KSV12]. Finally, as F(H;) = PW(A* x C), F(SH) C SH(®x)pw, so Ch is
well-defined, as desired. O

Now that we have defined the map Ch: SH — P, PW((A* x C)"), we claim that this map is the desired
isomorphism SH = SH(®x)py-
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Proposition 7.7. The map Ch(f) =0 if and only if f = 0.

Proof. Clearly Ch(0) = 0. Let us show the opposite. If Ch(f) = 0, we have that Ch,,(f) = 0 for all n. This implies
that F(CT,(f)) =0, which becomes CT,,(f) = 0 after applying G, but this implies f = 0 by Proposition 7.3, so
the result follows. O

Proposition 7.8. The map Ch; : SHy = Hy — PW(A* x C) is an isomorphism.

Proof. Note that é’vI‘l(f)(a) = f(a), so Chyi(f) = F(f). However, recall that by Proposition 5.1, F is an
isomorphism, so Ch; is also an isomorphism, as desired. O

Now, assume that Ch was an algebra homomorphism. In that case, by Proposition 7.7, Ch would be injective.
Furthermore, by Proposition 7.8,

Ch(SH) = @ Ch(H{™) = @ Ch(Hy)®" = A PW(A* x C)*" = SH(Pk)pw

n=0 n>=0 n>=0

so Ch would also be surjective. Thus, Ch would be the desired isomorphism. Let us show that Ch is an
algebra homomorphism. To do this, we will introduce two lemmas. We use Sh(m,n)~! to denote the set
{w € &pqn:wt €Sh(m,n)}.

Lemma 7.9. We have a bijection between sets

S, X6, x Sh(m,n)*1 = Gogn
(W', w”,w) = (w x ww,
where w' X w” is the permutation that permutes the first m elements using w’ and the last n elements using w” .
Proof. 1t suffices to show that the map
@ :Sh(m,n) x &, X &, = Sin
(w, w', w") = ww x w)

is bijective, since then we arrive at the desired conclusion by the following commutative diagram:

S, x &, x Sh(m,n)™' —— &,un

lel Nl,l

Sh(m,n) x 6,, x &, L N Sman

In order to show that ¢ is bijective, we will first show it is surjective and deduce from the fact that both
sides have the same cardinality (m + n)!. To see that ¢ is surjective, take any o € &,,1,. Then there exists
o1 X 03 € &, x &, such that o(o1 x 02)(i) < w(oy x 02)(j) for (4,5) € [1,m]?> U [m + 1,m + n]?, ie.,
o(o1 X 03) € Sh(m,n), so we see 0 = (o (01 X 02),07 05 1) € im .

Now note that the domain of ¢ has cardinality m! - n!- (™*") = (m + n)!, while the codomain of ¢ also has
cardinality (m + n)!, so we see @ is injective and finishes our proof. O

Lemma 7.10. For w' € &,,,w" € &,,,w € Sh(m,n)™!, we have

#j(w,qu)w = #Jw xw’ + #Jw-

More precisely, we have
j(w’xw”)w = (w_ljw/qu) L jw.
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Proof. The two maps

T scw = Fw xwyw
(i) = (W™ (@), w™(j))
Jw — 3(w/><wu)w
(i,5) = (i,7)
are injective, and the image of these two maps do not have intersection because otherwise there exist ¢ < j such
that (w=(i),w™1(j)) € Jw, which implies i > j, a contradiction.

As a result, we see #J(w xw)w = F#Iwxw' + #Jw. However, for wy,wy € Gppp, we have #Jyw, <
#Jw, + #Jw,, which shows #T(r xwryw = #Iw xw + #Jw, as desired. O

Corollary 7.11. For w' x w" € &,, x &,,,w € Sh(m,n)~!, we have
Mwa’xw” = M(w’xw”)w'
Proof. This follows from Corollary 6.13 and Lemma 7.10. O

As F and CT,, are linear, Ch(f’+ f") = Ch(f")+ Ch(f") follows. We also have that Ch(1) = 1. It remains to
show that Ch,,(f"* ") = Ch, (') ® Chy, (") for f' € H{@"/ and [’ € H1®"”. Let us do this. First, we compute
Chy, (f" = f")Y(N*,8). If ' = % (¢') and f" = %, ("), by Proposition 7.4, Proposition 7.5, Corollary 7.11,
Lemma 7.9, and Proposition 6.16,

Chy (% f")(A*,5) = F(CTrrnr (f % f7)) (A", 5)

=F| > My (CTu(f)@CTun(f7) | (V) 9)

weSh(n’,n'")

=F Z Mw*1 Z Mw/ ((,0/) & Z Mw”((pﬂ) (A*? S)

weSh(n’,n'") w'eS,, w’ €S, 1

=Fl > Y Y Mu (M () ® My (M () | (A, 5)

weSh(n/,n")w €6, w’'e€&, i

=F Z Z M(w/xw“)wfl((p) ()\*,8)

weSh(n’,n'") w' e,
’w”EGn//

(g o)

O'Een

= 3 F@)o(\).0(s) - Bro(N,5)

gES,

Now, we compute (Ch,(f)® Chy- (7)) (A*,8). If [/ = % (¢") and f” = %7 ("), by definition of shuffle
algebra, Proposition 7.5, Proposition 6.16, Corollary 7.11, and Lemma 7.9,
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(Chu (f)® Chir (f")A8) = D (Chr () @ Chr (f) (™ (A),w ™ (5)) - Drcap1 (A", )

weSh(w,w’)

= Y (FCTw () @ FCTw (7)) (A7), w ™ (5)) - Prcap 1 (A 5)

weSh(w,w’)

> o\ F Z My (@) | F | D2 Munlp (W™ V), w™ () - P (X, 8)

weSh(w,w’) wes,, w"’ €S, 1

Z (I)Kvw—l()\*,s)
weSh(w,w’)
Z F (M (@) (™ (N), w™ () F(Mupr () (w1 (A", ™ (57))

w Gb i
U)”€6nll

Z @K7w71()\*,8)
weSh(w,w’)
Z ]:(()0/) / —1()\*/) / _1(8 ))]:(()0//)( " _1(A*”) //w—l(sll))

w’e@n/
’LU”GGn//

g (W V), wTH () P (w T (A, w T (5))
= D Prw (N 8)Prwwr (W (A), w T (s))
weSh(w,w’)

D Fle) (W xww (), (' x w")w(s)):
w'eS,,
’LU”GGn//

- > D Fe) (W x wyw ), (@' x wwH(5)) - B gu syt (A 8)
weSh(w,w’) w'ed,,,
UJNEGH//

= Y F@)o(X).0(5) - Preo (N, 5)

ceES,

which agrees with our computation for Ch,, (f" * f”)(A\*,s). Hence, Ch : SH — SH(®Px)pw is an isomorphism,
as desired.
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