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Abstract. The distribution of subgraph counts in Erdős-Réyni random graphs is of great interest
in extremal combinatorics. In this paper, we analyze the upper tail of the k-cycle count in the
sparse (constant-degree) regime for fixed k, in the limit as the number of vertices tends to infinity.
We provide asymptotically sharp bounds for the probability the graph contains a large number of
k-cycles via a coring argument; the logarithmic probability of containing t cycles is asymptotically
equal to the logarithmic probability of containing t disjoint k-cycles or containing a clique with t
cycles.

1. Introduction

Let G(n, p) be the Erdős–Rényi random graph on n vertices, where each edge is included inde-
pendently with probability p. It is a long-standing question to understand various random variables
and large deviations of random variables in this setting. For example, the random variable cor-
responding to the subgraph count of a specific graph H in G ∼ G(n, p) was first studied in [10].
[22] studied this problem for small complete graphs H = Ks, and [4] extended this result to other
graphs.

In the large subgraph count setting, [7] estimated probabilities of the form P[N(H,G) ≥ (1 +
ε)EN(H,G)] where G ∼ G(n, p); here, N(H,G) denotes the subgraph count of H in G. [19]
also studied the structure of graphs conditional on large subgraph counts. [15] famously used
concentration inequalities to compute this probability, but these estimates were not tight. Note
that these results only dealt with regimes for which n−1 log n ≪ p ≪ 1. However, [13] was able to
obtain upper and lower bounds for the logarithmic probability that differed only by a factor of log n.
Finally, [12] and [20] were able to pinpoint the logarithmic probability to within (1+ε) error. Work
in this area has progressed for over two decades, and includes other work such as [24], [18], [13],
[16], [6], [8], and [9]. Additionally, the lower tail – that is, studying P[N(H,G) ≤ (1− ε)EN(H,G)]
– has been considered in works such as [25] and [17].

The sparse regime occurs when p = λ
n for some fixed λ; this is the regime we will be interested in

for the entire paper, and is known as the constant-degree Erdős–Rényi random graph because the
expected degree of any vertex is λ. It is well-known that in this setting, the total number of edges is
approximately λn

2 and the graph is locally tree-like; for example, see [11]. The first paper to consider
large deviations in sparse regimes is [5], which approximated the probability of containing a large
number of triangles with the probability of containing a complete graph with the corresponding
number of triangles. Our work generalizes their result to k-cycles for any positive integer k ≥ 3. In
this paper, the upper tail of this distribution will be studied in the sparse regime.

Intuitively, the probability that at least t k-cycles will appear in G(n, p) should be approximately
equal to the probability that at least t vertex-disjoint k-cycles appear when t is low, and approxi-
mately equal to the probability that a complete graph containing t k-cycles will appear when t is
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large. The main result of this paper will provide asymptotically sharp bounds on the probability
that G ∼ G(n, p) will contain t k-cycles in the sparse regime.

First, some additional graph-theoretic notation will be needed.

Definition 1.1. Fix an integer k ≥ 3. Then a k-cycle Ck is a graph on k vertices for which there
is a labeling v1, . . . , vk such that vivj ∈ E(Ck) if and only if i− j ≡ ±1 (mod k).

Definition 1.2. Fix an integer k ≥ 3 and let G be a graph. Then the k-cycle count N(Ck, G) is
the number of distinct unlabeled k-cycles in G.

Definition 1.3. Given a positive real number µ, let Pois(µ) denote the Poisson distribution with
mean µ; in particular,

PX∼Pois(µ)[X = i] =
e−λλi

i!
for all nonnegative integers i.

Theorem 1.4. Fix an integer k ≥ 3, a positive real number ε, and a positive real number δ ≤ 1.
Then there exists a positive integer N , depending only on k, ε, and δ, for which the following
statement holds for all n ≥ N . For every positive real number p ∈ (0, 1) ∩ [δ/n, δ−1/n] and for any
nonnegative integer t ≤ k!

2k

(
n
k

)
,

PG∼G(n,p)[N(Ck, G) ≥ t] ≥ max
{
(1− ε)PX∼Pois(λk/(2k)) [X ≥ t] , p(1+ε)(2kt)2/k/2

}
and

PG∼G(n,p)[N(Ck, G) ≥ t] ≤ max
{
(1 + ε)PX∼Pois(λk/(2k)) [X ≥ t] , p(1−ε)(2kt)2/k/2

}
,

where λ is the positive real number satisfying p = λ
n .

Remark 1.5. Observe that the first expression corresponds to the probability of containing t
disjoint triangles, and the second term corresponds to containing a complete graph with t k-cycles.
In fact, one can characterize the value of t for which the transition from disjoint cycles to complete
graph occurs. A short calculation shows that the two arguments in the maximum function are equal
when c is approximately 1

2k (k − 2)k/(k−2)( logn
log logn)

k/(k−2).

The lower bound for the probability is easy to prove, as all one needs to do is compute the
probability that a certain subgraph – either t disjoint k-cycles or a complete graph on (2kt)1/k

vertices – will appear. The upper bound is more technical to prove. To summarize, it involves
a technique known as coring, first introduced in [12]. To get this argument to work, a moments
method is used to approximate the probability of containing t k-cycles with the probability a specific
kind of subgraph, known as a seed, apppears. By coring, one can show that the seed contains an
even more specific type of subgraph known as a core. Finally, one can compute the probability
a core appears and show that this upper bound effectively matches the lower bound. Our work
generalizes [12], which deals with 3-cycles (or triangles), to cycles of arbitrary size.

For odd values of k, the idea given in [12] generalizes easily. However, the situation is more difficult
when k is even because a minimum degree bound on a vertex in a core cannot be established, so
cores cannot be proved to resemble complete graphs (which is the case when k is odd). In fact, when
k is even, the minimum degree bound can never work; indeed, K2,

√
2t (for example) is a core, so it

is impossible to even prove a vertex bound of (2kt)1/k. To remedy this issue, one can instead prove
that any core must separate into connected components, each of which either resembles a complete
graph or is bipartite. A cycle-count bound on a lemma similar to a result from [2] can then be used
to bound the probability that a core appears.

One interesting observation is that the bipartite graph that maximizes the probability of its
appearance matches the probability the complete graph on (2kt)1/k appears for k = 4 only. This
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ultimately does not affect the final bound, however, but does give complications when proving
stability results.

1.1. Notation. Standard asymptotic notation will be used throughout, a summary of which is
given below. For functions f, g : Z+ → R, f = O(g) or f ≲ g means that there is a constant C such
that |f(n)| ≤ C|g(n)| for all sufficiently large n. Similarly, f = Ω(g) or f ≳ g means that there is
a constant c > 0 such that f(n) ≥ c|g(n)| for all sufficiently large n. Finally, f ≍ g or f = Θ(g)
means that f ≲ g and g ≲ f , and f = o(g) or g = ω(f) means that f(n)/g(n) → 0 as n → ∞.
Subscripts in asymptotic notation indicate quantities that should be treated as constants.

Standard graph-theoretic notation will also be used. In particular, given a graph G, V (G) is the
set of vertices in G and E(G) is the set of edges in G. Additionally, v(G) denotes the number of
vertices in G and e(G) denotes the number of edges in G.

Lastly, the following notation for k-cycle counts will be used throughout.

Definition 1.6. Fix an integer k ≥ 3, let G be a graph, and let uv be an edge of G. Then the
uv-containing k-cycle count Nuv(Ck, G) is the number of distinct unlabeled k-cycles in G containing
uv.

Definition 1.7. Fix an integer k ≥ 3, let G be a graph, and let v be a vertex of G. Then the
v-containing k-cycle count Nv(Ck, G) is the number of distinct unlabeled k-cycles in G containing
v.

Organization. The remainder of this paper is structured as follows. In Section 2 we prove the
lower bound in Theorem 1.4. In Section 3 we prove the upper bound.

2. Lower Bound of Theorem 1.4

The lower bound in Theorem 1.4 states that the asymptotic distribution of the number of Ck’s
in G(n, p) is asymptotically Poisson. This was proven by Bollobás [3] via the method of moments;
a version with a precise quantified dependence follows from applying [1, (2.9)] or the proof of
[21, Theorem 1].

Lemma 2.1. Fix a positive integer k ≥ 3 and a positive real number δ ≤ 1. Additionally, let
p ∈ (0, 1) ∩ (δ/n, δ−1/n) and let λ be the positive real number satisfying p = λ

n . Finally, let
G ∼ G(n, p) and W = N(Ck, G) be random variables. Then

dTV

(
W,Pois(λk/2k)

)
≲k,δ

1

n
.

For convenience, the following claim will be stated.

Claim 2.2. Fix an integer k ≥ 3. Then any proper nonempty induced subgraph of Ck has fewer
edges than vertices.

Proof. Any proper subgraph of a cycle is a disjoint union of paths and isolated vertices, and each
such connected component contains fewer edges than vertices. □

The following claim asserts that Poisson random variables with similar parameters are close in
total variation distance.

Claim 2.3. Let µ1 and µ2 be positive real numbers. Then

dTV(Pois(µ1),Pois(µ2)) ≤ |µ2 − µ1|.

Proof. Without loss of generality assume that µ1 ≤ µ2. Then

dTV

(
Pois(µ1),Pois(µ2)

)
= dTV

(
Pois(µ1),Pois(µ2 − µ1) + Pois(µ1)

)
≤ dTV

(
Pois(0),Pois(µ2 − µ1)

)
= 1− e−(µ2−µ1) ≤ µ2 − µ1. □
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Now, Theorem 1.4 will be proved for t ≤
√
log n.

Claim 2.4. Fix k ≥ 3, ε, δ > 0, and let np = λ ∈
[
δ, δ−1

]
and t ≤

√
log n. Then for n ≳k,δ,ε 1, we

have
PG∼G(n,p)

[
N(Ck, G) ≥ t

]
= (1± ε)PX∼Pois(λ2k/(2k))

[
X ≥ t

]
.

Proof. Lemma 2.1 immediately gives the desired result noting that for t ≤
√
log n and n ≳k,δ,ε 1 we

have
PX∼Pois(λ2k/(2k))

[
X ≥ t

]
> PX∼Pois(λ2k/(2k))

[
X = ⌊

√
log n⌋

]
> n−1/2. □

Now let t >
√
log n, ε < 1, and n ≳ε,δ,k 1 and note that

PX∼Pois(λ2k/(2k))

[
X = t+ 1

]
/PX∼Pois(λ2k/(2k))

[
X = t

]
= (λk/(2k))/(t+ 1) ≤ ε/2

and therefore

PX∼Pois(λ2k/(2k))

[
X = t

]
≤ PX∼Pois(λ2k/(2k))

[
X ≥ t

]
≤ PX∼Pois(λ2k/(2k))

[
X = t

]( ∞∑
i=0

(
ε/2
)i)

≤ (1 + ε)PX∼Pois(λ2k/(2k))

[
X = t

]
. (2.1)

Therefore to prove the lower bound for Theorem 1.4 it suffices to prove the following pair of
results (noting the transition between the two expressions as noted in Remark 1.5).

Lemma 2.5. Fix an integer k ≥ 3, reals ε, δ > 0 and suppose n ≳k,ε,δ 1. Then for np = λ ∈ [δ, δ−1]

and for any nonnegative integer t ≤ n1/2k we have

PG∼G(n,p)[N(Ck, G) ≥ t] ≥ (1− ε)P
X∼Pois

(
λk

2k

)[X = t].

Lemma 2.6. Fix an integer k ≥ 3, reals ε, δ > 0 and suppose n ≳k,ε,δ 1. Then for np = λ ∈ [δ, δ−1]

and for any nonnegative integer ⌈
√
log n⌉ ≤ t ≤ k!

2k

(
n
k

)
we have

PG∼G(n,p)[N(Ck, G) ≥ t] ≥ p(1+ε)(2kt)2/k/2.

We first prove Lemma 2.6.

Proof of Lemma 2.6. Note that if there is a clique among the first min(⌈(2kt)1/k⌉ + k, n) vertices
that there are at least t k-cycles. This occurs with probability at least p(min(⌈(2kt)1/k⌉+k,n))2/2 ≥
p(1+ε)(2kt)2/k/2 where we have used n ≳k,ε,δ 1 in the final inequality. □

The proof of Lemma 2.5 is slightly more involved as we aim to capture the behavior of the tail
to within a factor of 1 + o(1) within this regime.

Proof of Lemma 2.5. Let G ∼ G(n, p) and Dk,t be the disjoint union of l k-cycles.
First we need to estimate the number M = N(Dk,t,Kn) of copies of Dk,t in Kn. Let us label

these copies S1, . . . , SM and note that

M =
1

t!

t−1∏
j=0

(
k!

2k

(
n− kj

k

))
≥ 1

t!

(
(n− kt)k

2k

)t

=
nkt

t!(2k)t
(1−kn1/2k−1)n

1/2k
> (1−ε)

nkt

t!(2k)t
(2.2)

when n ≳k,ε 1 and t ≤ n1/2k. Also clearly P[Si ⊆ G] = pkt for all 1 ≤ i ≤ M .
Note that the events {Si ⊆ G} ∩ {N(Ck, G) = t}1≤i≤M are disjoint and therefore it suffices (by

symmetry) to prove that

P[S1 ⊆ G ∩N(Ck, G) = t] ≥ (1− ε)e−λk/(2k)(λ/n)kt.
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Let X1 denote the number of k-cycles in G that are disjoint from S1 and X2 denote the number
of k-cycles in G which are not contained in S1 but not fully disjoint from S1. Note that

P[N(Ck, G) = t|S1 ⊆ G] = P[X1 = X2 = 0|S1 ⊆ G].

First note that by considering subsets J of S1 we have

E[X2|S1 ⊆ G] ≲k

∑
J⊆S1

0<|J |<k

nk−v(J)(λ/n)k−e(J) ≲k,δ n
−1|S1|k ≤ n−1/3

where we have used that e(J) + 1 ≤ v(J) by Claim 2.2 and |S1| ≤ n1/(2k). Therefore by Markov,
we have P[X2 ̸= 0|S1 ⊆ G] ≤ n−1/3.

Thus it suffices to prove that P[X1 = 0|S1 ⊆ G] ≥ (1− ε)e−λk/(2k). To see this note that

P[X1 = 0|S1 ⊆ G] = P[X1 = 0] ≥ P[N(Ck, G) = 0] ≥ (1− ε)e−λk/(2k) .

The first equality follows as X1 considers the subset of k-cycles which are disjoint from S1, the
second uses that X1 is counting only considering a subset of all k-cycles in Kn, and the third follows
from Lemma 2.1 and n ≳k,δ 1. □

Corollary 2.7. Fix an integer k ≥ 3, reals ε, δ > 0 and suppose n ≳k,ε,δ 1. Then for np = λ ∈
[δ, δ−1] and any nonnegative integer t ≤ n1/2k we have

PG∼G(n,p)

[
Dk,t ⊂ G

]
≥ (1− ε)PX∼Pois((λk)(2k))[X = t] .

3. Upper bound of Theorem 1.4

The upper bound is more involved than the lower bound; the goal is to show that the probability
of containing t k-cycles is roughly equal to the probability either t disjoint k-cycles or a clique with
t k-cycles appears.

The proof strategy will consist of four main steps:
(1) bounding the probability that t k-cycles appears with the probability a subgraph containing

only its k-cycles, called the skeleton, appears.
(2) for each positive integer i, bounding the probability that a connected component of the

skeleton contains at least i k-cycles.
(3) for each sequence of nonnegative integers s1, s2, s3, . . . satisfying s1 + 2s2 + 3s3 + . . . ≥ t,

bounding the probability that the skeleton contains si components with at least i k-cycles
for every positive integer i.

(4) summing this probability over all such sequence s1, s2, s3, . . . and using convexity ideas
to show that the resulting sum is approximately equal to the term corresponding to the
sequence t, 0, 0, . . . (where all terms are zero except for s1 = t) or the term corresponding to
the sequence 0, 0, . . . , 0, 1, 0, . . . (where all terms are zero except for st = 1).

The most difficult of these steps is step (2). The bound depends on the size of i and consists of
three main substeps:
(2a) bounding the probability for i = 1.
(2b) bounding the probability for 2 ≤ i ≤ (log n)1/2 by the probability for i = 2.
(2c) bounding the probability for i ≥ (log n)1/2 using a seed/core argument.
The most technical of these substeps is substep (2c); it consists of four main parts:

(i) proving, using a moments argument, that most of the edges in the connected component are
contained in a seed with high probability.

(ii) proving that every seed must contain a core.
5



(iii) proving that, when the number of edges in the core is small, the probability a core appears is
approximately equal to the probability that a clique containing c k-cycles appears.

(iv) proving that, when the number of edges in the core is large, the probability a core appears is
negligible compared to the probability that a clique containing c k-cycles appears.

At a high level, a seed is a subgraph that contains most of the k-cycles and few edges, and a core
is a subgraph of a seed with its “superfluous” edges removed. It is important to note that the proof
of (iv) will depend on the size of c. Additionally, care needs to be taken in step (3) to obtain the
desired Poisson bound; it is not sufficient to simply raise the result in (2) for i = 1 to the power of
s1.

Definition 3.1. Let k ≥ 3 be an integer. A k-cycle induced graph (k-CIG) is a graph whose every
edge belongs to at least one k-cycle.

Definition 3.2. Given a graph G, define its k-skeleton Sk(G) to be the union of its k-cycles. Define
also the essential skeleton S∗(G) of G to be Sk(G) where every connected component isomorphic
to a k-cycle was removed.

That is, Sk(G) is the maximal k-CIG contained in G.
Before we begin the proof, let us note that thanks to Claim 2.4, (2.1) and decreasing ε, δ if needed

it suffices to prove the following result.

Lemma 3.3. Fix an integer k ≥ 3, positive reals ε, δ < 1 and suppose n ≳k,ε,δ 1. Then for
np = λ ∈ [δ, δ−1] and for any nonnegative integer ⌈

√
log n⌉ ≤ t ≤ k!

2k

(
n
k

)
we have

PG∼G(n,p)[N(Ck, G) ≥ t] ≤ max

(1 + ε)
e

−λk

2k

t!

(
λk

2k

)t

, p(1−ε)(2kt)2/k/2

 .

Definition 3.4. Let l,m ∈ Z+. X(l,m) will denote that event that for a random graph G,
the skeleton Sk(G) contains at least l k-cycles in connected components which have exactly m k-
cycles each. Let also X+(l,m) =

⋃
m′≥mX(l,m), X−(l,m) =

⋃
m′≤mX(l,m) and X(l, [m1,m2] =⋃

m∈[m1,m2]
X(l,m). Finally, let Y (l,m) denote the event that the skeleton of G contains exactly l

cycles in the connected components with exactly m k-cycles.

We will also require the following well known estimate on binomial coefficients (see e.g. [23,
(5.14)]).

Lemma 3.5. For every pair of nonnegative integers (n, k),(
n

k

)
≤
(en
k

)k
.

We will also use the following simple graph-theoretic lemma several times.

Lemma 3.6. Fix an integer k ≥ 3, and let G be a connected graph that is a union of k-cycles. Then

v(G) ≤
(
1− 1

k

)
e(G) + 1.

Moreover if G is not isomorphic to a k-cycle, then

v(G) ≤
(
1− 1

k2 + k

)
e(G) .
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Proof. Let the k-cycles be C1, . . . , Cl, ordered such that for every integer j satisfying 2 ≤ j ≤ c,
there exists an integer i satisfying 1 ≤ i < j such that Ci and Cj share a vertex; this is possible
because G is connected. Since G = C1 ∪ . . . ∪ Cc, it suffices to prove by induction that

|V (C1 ∪ . . . ∪ Ci)| ≤
(
1− 1

k

)
|E(C1 ∪ . . . ∪ Ci)|+ 1

for every integer 1 ≤ i ≤ c. The base case i = 1 follows trivially. For the inductive step, assume
that the inductive hypothesis holds for some integer 1 ≤ i < l. Note that the subgraph induced by
edges in E(C1 ∪ . . . ∪ Ci+1) \ E(C1 ∪ . . . ∪ Ci) is either a proper nonempty subgraph of Ck and by
Claim 2.2∣∣V (C1 ∪ . . . ∪ Ci+1) \ V (C1 ∪ . . . ∪ Ci)

∣∣ < ∣∣E(C1 ∪ . . . ∪ Ci+1) \ E(C1 ∪ . . . ∪ Ci)
∣∣− 1 (3.1)

or it is isomorphic to Ck, in which case addition of Ci+1 to C1 ∪ . . . ∪ Ci adds k new edges, but by
the assumption on connectivity, it can add at most k − 1 new vertices, so that (3.1) holds in both
cases. Now (3.1) together with E(C1∪ . . .∪Ci+1)\E(C1∪ . . .∪Ci) ≤ k and the inductive assumption
proves that

|V (C1 ∪ . . . Ci+1)| = k =

(
1− 1

k

)
|E(C1 ∪ . . . ∪ Ci+1)|+ 1 .

Finally, when G is a k-CIG not isomorphic to a k-cycle, then adding 1 ≤ e(G)
k+1 to the first result

allows us to obtain the second one. □

Remark 3.7. We will need later stated implicitly in the proof of Lemma 3.6: edges of any k-CIG
H can be partitioned into sets A1, . . . , Al, such that for any i ≤ l, A1 ∪ . . . ∪ Ai is a k-CIG whose
every connected component is nonisomorphic to a k-cycle and |Ai| ≤ 2k.

Proof. When H is connected A1 = E(C1) ∪E(C2) and Ai = E(Ci+1) \
⋃

j≤iE(Cj) for i ≥ 2 suffices.
When H is not connected, use the same construction component by component. □

We will need the following lemma, which is [12, Lemma 2.5].

Lemma 3.8. Fix an integer k ≥ 3, and let G be a graph. Then

e(G) ≥ 1

2
(2kN(Ck, G))2/k.

We will also require a bound of similar spirit, but involving Nuv(Ck, G) instead of N(Ck, G).

Lemma 3.9. Fix an integer k ≥ 3, let G be a graph, and let uv be an edge of G. Then

Nuv(Ck, G) ≤ (2e(G))(k−3)/2min(deg u,deg v) , Nv(Ck, G) ≤ deg v(2e(G))(k−1)/2

if k is odd, and

Nuv(Ck, G) ≤ min
(
(2e(G))(k−2)/2, (2e(G))(k−4)/2 deg udeg v

)
if k is even.

Proof. If k is odd, then every k-cycle containing uv is determined by the other vertex adjacent
to u, along with the locations and orientations of the k−3

2 edges that alternately span the re-
maining k − 3 vertices in the k-cycle. Therefore, the number of k-cycles containing uv is at most
(2e(G))(k−3)/2 deg u. Repeating the same reasoning for v gives the desired bound. For Nv(Ck, G)
it suffices to note that for a fixed v, k-cycle containing v can be specified by providing k−1

2 edges
together with their orientations.

If k is even, then every k-cycle containing uv is determined by the locations and orientations of
the other k−2

2 edges that form every other edge in the k-cycle. Therefore, the number of k-cycles
containing uv is at most (2e(G))(k−2)/2. Alternatively, every k-cycle containing uv is determined
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by the two edges adjacent to uv, along with the locations and orientations of the k−4
2 edges that

alternately span the remaining k − 4 vertices in the k-cycle. Therefore, the number of k-cycles
containing uv is at most (2e(G))(k−4)/2 deg udeg v. □

Claim 3.10. Let H ̸= Ck be a connected graph where every edge belongs to at least one k-cycle.
Then v(H) + 1 ≤ e(H).

Proof. Such H has at least k + 1 vertices, so the claim follows from Lemma 3.6. □

We can now start executing step (2).

Lemma 3.11. Fix an integer k ≥ 3, reals ε, δ > 0 and suppose n ≳k,ε,δ 1 and np = λ ∈ [δ, δ−1].
Then for any nonnegative integer t ≤

√
n,

PG∼G(n,p)

[
X(t, 1)

]
≤ (1 + ε)

e−λk/2k

t!

(
λk

2k

)t

and for any nonnegative integer t ≤ k!
2k

(
n
k

)
,

PG∼G(n,p)

[
X(t, 1)

]
≤ (1 + ε)

1

t!

(
λk

2k

)t

.

The proof will be similar to the corresponding lower bound, i.e. Lemma 2.5.

Proof. Let us first prove that

PG∼G(n,p)

[
Y (t, 1)

]
≤ (1 + ε)

e−λk/2k

t!

(
λk

2k

)t

(3.2)

when t ≤
√
n.

Similarly as in the proof of Lemma 2.5 let G ∼ G(n, p), Dk,t be the disjoint union of l k-cycles
and M = N(Dk,t,Kn) be the number of copies of Dk,t in Kn. Let us label these copies S1, . . . , SM

and note that

M =
1

t!

t−1∏
j=0

(
k!

2k

(
n− kj

k

))
≤ nkt

t!(2k)t
. (3.3)

Also clearly P[Si ⊆ G] = pkt for all 1 ≤ i ≤ M . Thus by the union bound and symmetry it suffices
to prove

P[S1 ⊆ G ∩N(Ck, G) = t] ≤ (1 + ε)e−λk/(2k)(λ/n)kt.

Let Z denote the number of k-cycles in G that are disjoint from S1. Note that

P[N(Ck, G) = t|S1 ⊆ G] ≤ P[Z = 0|S1 ⊆ G].

First note that by considering subsets J of S1 we have
Thus it suffices to prove that P[Z = 0|S1 ⊆ G] ≤ (1 + ε)e−λk/(2k). Note that

P[Z = 0|S1 ⊆ G] = P[Z = 0] ≤ PG′∼G(n−kt,p)[N(Ck, G) = 0] ≤ (1 + ε)e−λk/(2k) . (3.4)

The first equality follows as Z considers the subset of k-cycles which are disjoint from S1, the second
uses that X is counting only considering a subset of all k-cycles in Kn, and the third follows from
Lemma 2.1 and n ≳k,δ t. This establishes (3.2). Moreover, note that we needed t ≤

√
n only

to ensure that n − kt ≳k,ε,δ 1 in the last step to use Lemma 2.1 in (3.4). We can now lift this
assumption and in (3.4) use instead a trivial bound P[Z = 0] ≤ 1 to obtain

PG∼G(n,p)

[
Y (t, 1)

]
≤ (1 + ε)

1

t!

(
λk

2k

)t

(3.5)

assuming only t ≤ k!
2k

(
n
k

)
.

8



Now note that with t ≥
√
log n ≳k,ε,δ 1, we can assume that λk

2kt < ε/2. Then we can conclude
the statement of this lemma by simple summation based on (3.2):

PG∼G(n,p)

[
X(t, 1)

]
≤

∞∑
t′=t

(1 + ε)
e−λk/2k

t!

(
λk

2k

)t

≤ (1 + ε)
e−λk/2k

t!

(
λk

2k

)t ∞∑
l=0

(ε/2)l < (1 + 3ε)
e−λk/2k

t!

(
λk

2k

)t

assuming that ε < 1. Replacing ε with ε/3 finishes the proof for t ≤
√
n. Running the same

summation based on (3.5) instead of (3.2) yields the result for t ≤ k!
2k

(
n
k

)
and finishes the proof. □

Now continue to the step (2b).

Lemma 3.12. Fix an integer k ≥ 3, reals ε, δ > 0 and suppose n ≳k,ε,δ 1. Then for np = λ ∈ [δ, δ−1]

and any nonnegative integer
√
log n ≤ t ≤ e

√
logn/3,

PG∼G(n,p)

[
X−(t,

√
log n)

]
≤ (1 + ε)

e−λk/2k

t!

(
λk

2k

)t

.

Proof. Any component of a skeleton of G containing more than one k-cycle has more edges than
vertices by Claim 3.10. For a given number E < k

√
log n there is at most

(
n

E−1

)((E−1)2

E

)
graphs in

Kn which are k-CIGs with E edges. Now the probability that G ∼ G(n, p) contains such a graph is

pE
(

n

E − 1

)(
(E − 1)2

E

)
≤ δ−

√
logn(ek

√
log n)k

√
lognn−1 < n−1/2

when n ≳k,δ,ε 1. Now conditional on X(t2, [2,
√
log n]), G must contain at least t2/

√
log n disjoint

connected k-CIGs with at most k
√
log n edges. Note that

P
[
X−(t,

√
log n)

]
≤

∑
t1+t2=t

P
[
X(t1, 1)

]
P
[
X(t2, [2,

√
log n])

]
(3.6)

≤ (1 + ε)
e−λk/2k

t!

(
λk

2k

)t

+

t∑
t2=1

(1 + ε)
e−λk/2k

(t− t2)!

(
λk

2k

)t−t2

n−t2/2
√
logn (3.7)

so it suffices to show that
t∑

t2=1

e−λk/2k

(t− t2)!

(
λk

2k

)t−t2

n−t2/2
√
logn < ε

e−λk/2k

t!

(
λk

2k

)t

(3.8)

(which will yield the final result for 4ε instead of ε). Using (t − t2)! ≤ t!/tt2 shows that it suffices
to prove (

2kt

λk

)t2

<
ε

t
nt2/2

√
logn .

This inequality is, however, true for n ≳k,ε,δ 1 as t < n1/3
√
logn. □

Let us now introduce a core – a central object for our study of upper tails.

Definition 3.13. Fix an integer k ≥ 3 and positive real ε < 1. Additionally, let t be a positive
integer. An (ε, t)-core is a graph G without isolated vertices such that

(C1) N(Ck, G) ≥ (1− 6ε)t,
(C2) e(G) ≤ ε−1t2/k,
(C3) Nuv(Ck, G) ≥ ε2t1−2/k for every edge uv ∈ E(G),

9



(C4) G has at most 2ε−(k+2)/(k−2) connected components, and every connected component of G
has at least 1

2k
2/kε4/(k−2)t2/k edges, and

(C5) deg udeg v ≤ 2k+1ε−(k+4)t2/k for every edge uv ∈ E(G).
Let also CORE(ε, t,G) denote the event that a random graph G contains an (ε, t)-core.

Now the main purpose of these definitions is to show that conditional on N(G,Ck) being large,
G contains a core with high probability and then bound the probability of a core appearing in G to
obtain Lemma 3.3. The proof of the existence of a core will be different for small and large values
of t.

Lemma 3.14. Fix an integer k ≥ 3 and reals ε, δ > 0. Assume ε ≲k,δ 1. Then for n ≳k,ε,δ 1 the
following holds. For np = λ ∈ [δ, δ−1] and for any nonnegative integer t ≤ n1/4k,

PG∼G(n,p)

[
e(S∗

k(G)) ≥ ε−1t2/k
]
< εp(1+ε)(2kt)2/k/2 .

Proof. Assume that e(S∗
k(G)) ≥ ε−1t2/k. By Remark 3.7 we can select a subgraph H ⊆ S∗

k(G)

which is a k-CIG, none of its connected components is isomorphic to a k-cycle and εt2/k ≤ e(H) <

εt2/k + 2k. Note that Lemma 3.6 applied to every connected component of H yields

v(H) ≤
(
1− 1

k2 + k

)
e(H) .

Hence for a given E, there is at most(
n(

1− 1
k2+k

)
E

)(
E2/2

E

)
≤ nE(1−1/(k2+k))(2E)E

possible candidates for H with e(H) = E in a Kn (where we have used Lemma 3.5). Let H be the
family of these candidates. Now

PG∼G(n,p)

[
e(S∗

k(G)) ≥ ε−1t2/k
]
≤
∑
H∈H

PG∼G(n,p)(H ⊆ G)

≤
⌈ε−1t2/k⌉+2k−1∑
E=⌈ε−1t2/k⌉

pEnE(1−1/(k2+k))(2E)E

≤
⌈ε−1t2/k⌉+2k−1∑
E=⌈ε−1t2/k⌉

δ−En−E/(k2+k)(2E)E

≤ εp(1+ε)(2kt)2/k/2

where we used 1 ≲k,ε,δ

√
log n, t ≤ n1/4k and ε ≲k 1. □

Lemma 3.15. Fix an integer k ≥ 3 and a positive real number ε ≲k 1. Additionally, let t be a
positive integer. Then any graph with t k-cycles and at most ε−1t2/k edges contains a (ε, t)-core
with at least (1− 3ε)t edges as a subgraph.

Proof. If ε ≥ 1/6, the empty graph is an (ε, t)-core. Assume thus that ε < 1/6.
Let G be a graph with t k-cycles and at most ε−1t2/k edges. The idea is to successively remove

edges from G according to the following algorithm and show that the resulting graph is a core.
(1) If k is even: remove all edges uv ∈ E(G) for which deg udeg v > 2k+1ε−(k+1)t2/k to get a

graph G0.
If k is odd: remove all vertices v ∈ V (G) such that deg v > 2(k+1)/2ε−(k+1)/2t1/k to get a
graph G0.

10



(2) Define a sequence of graphs G0, G1, . . . by repeatedly setting Gi+1 = Gi \ {uivi} for some
edge uivi ∈ Gi satisfying Nuivi(Ck, Gi) < ε2t1−2/k, if such an edge exists. Let Gs be the last
graph in the sequence.

(3) Remove every connected component of Gs with less than 1
2k

2/kε4/(k−2)t2/k edges to get a
graph G′.

To show that G′ satisfies (C1), it suffices to check that at most εc k-cycles were removed during
each step.

(1) Assume first that k is even. By double counting the number of directed paths of length
three by the middle edge, ∑

uv∈E(G)

2 deg udeg v ≤ (2e(G))2

since each ordered pair of oriented edges in E(G) determines the starting edge and the
ending edge of at most one directed path of length three. Therefore, the number of edges
uv ∈ E(G) for which deg u deg v ≥ 2kε−(k+4)t2/k is at most

1
2 · (2e(G))2

2k+1ε−(k+1)t2/k
.

Now, every edge uv ∈ E(G) is part of at most (2e(G))(k−2)/2 k-cycles by Lemma 3.9. Thus,
removing all edges uv ∈ E(G) for which deg udeg v ≥ 2k/2ε−(k+1)/2t2/k removes at most

1
2 · (2e(G))2

2k+1ε−(k+1)t2/k
· (2e(G))(k−2)/2 <

ε(k+4)/2e(G)(k+2)/2

t2/k

≤
ε(k+4)/2

(
ε−1t2/k

)(k+2)/2

t2/k
= εt

k-cycles from G, since e(G) ≤ ε−1t2/k by hypothesis.
Now assume k is odd. There are at most∑

v∈V (G) deg v

2(k+1)/2ε−(k+1)/2t1/k
=

2e(G)

2(k+1)/2ε−(k+1)/2t1/k

removed vertices, each of which is contained in at most (2e(G))(k−1)/2 cycles by lemma
Lemma 3.9. Thus removing the specified vertices removes at most

2e(G)

2(k+1)/2ε−(k+1)/2t1/k
· (2e(G))(k−1)/2 =

ε−(k+1)/2e(G)(k+1)/2

t1/k

≤ ε−(k+1)/2(ε−1t2/k)(k+1)/2

t1/k

= εt

k-cycles as desired.
(2) By construction, Nuivi(Ck, Gi) ≤ ε2t1−2/k for each integer i satisfying 0 ≤ i < s. Hence,

N(Ck, Gs)−N(Ck, G0) =

s−1∑
i=0

N(Ck, Gi+1)−N(Ck, Gi)

=

s−1∑
i=0

Nuivi(Ck, Gi)

<

s−1∑
i=0

ε2t1−2/k

11



= sε2t1−2/k

≤
(
ε−1t2/k

)(
ε2t1−2/k

)
= εt,

since s ≤ |E(G0)| ≤ ε−1t2/k by hypothesis. Thus, at most εt k-cycles can be removed during
this step.

(3) For any connected component H in Gs and any edge uv ∈ E(H),

ε2t1−2/k ≤ Nuv(Ck, H) ≤ (2|E(H)|)(k−2)/2

where the first inequality follows by construction from step (2) and the second inequality
follows from Lemma 3.9. Therefore,

|E(H)| ≥ 1

2

(
ε2t1−2/k

)2/(k−2)
=

1

2
ε4/(k−2)t2/k

for every connected component H in Gs containing at least one edge. Thus, the number of
connected components in Gs containing at least one edge is at most

|E(Gs)|
1
2ε

4/(k−2)t2/k
≤ ε−1t2/k

1
2ε

4/(k−2)t2/k
= 2ε−(k+2)/(k−2)

since |E(Gs)| ≤ ε−1t2/k by hypothesis. Hence, removing all the connected components in
Gs with at fewer than 1

2k
2/kε4/(k−2)t2/k edges removes at most

2ε−(k+2)/(k−2) · 1

2k

(
2 · 1

2
k2/kε4/(k−2)t2/k

)k/2

= εt

k-cycles from G, since Lemma 3.8 states that each such connected component has at most
1
2k

(
2 · 1

2k
2/kε4/(k−2)t2/k

)k/2 unlabeled k-cycles.
Therefore G′ satisfies (C1) since N(Ck, G) ≥ c by hypothesis and each of the three steps above
removes at most εt k-cycles from the graph. Finally, G′ satisfies

• (C2) because G has at most ε−1t2/k edges by hypothesis and G′ is a subgraph of G,
• (C3) because Gs satisfies (C3) by construction in step (2), and removing connected compo-

nents in step (3) cannot change this property,
• (C4) because all components with less than 1

2k
2/kε4/(k−2)t2/k edges were removed in step

(3) and there were at most 2ε−(k+2)/(k−2) connected components, and
• (C5) if k is even, because step (1) removed all edges uv ∈ E(G) for which deg udeg v >

2k/2ε−(k+4)/2t2/k, and removing further edges cannot increase deg udeg v for any edge uv ∈
G.

Hence G′ is a (ε, t)-core, as desired. □

Finally, note that for ε ≲k 1, n ≳k,ε,δ 1 and any t ≤ k!
2k

(
n
k

)
, the clique Kmin(n,⌈(2kt)1/k⌉+k) is an

(ε, t)-core and occurs in S∗(G) for G ∼ G(n, p) with np = λ ∈ [δ, δ−1] with probability at least
p(1+ε)(2kt)2/k/2 (see Lemma 2.6) if t ≥

√
log n. Hence

PG∼G(n,p)[CORE(ε, t, S∗(G))] ≥ p(1+ε)(2kt)2/k/2 (3.9)

which, together with Lemma 3.14 and Lemma 3.15, allows us to conclude:

Corollary 3.16. Fix an integer k ≥ 3, reals ε, δ > 0 and suppose ε ≲k 1 and n ≳k,ε,δ 1. Then for
np = λ ∈ [δ, δ−1] and for any nonnegative integer

√
log n ≤ t ≤ n1/4k,

PG∼G(n,p)

[
N(Ck, S

∗(G)) ≥ t
]
≤ (1 + ε)PG∼G(n,p)[CORE(ε, t, S∗(G))] .
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Now we will need to extend Corollary 3.16 also to the regime t > n1/4k of large t. This is more
difficult and requires the moment method introduced in [14]. First, we need to obtain a more loose
structure of a seed and then refine it to show the existence of a core.

Definition 3.17. Fix an integer k ≥ 3, positive real ε and suppose n ≳k,ε,δ 1. Then for any
nonnegative integer t ≤ k!

2k

(
n
k

)
define an (ε, t)-seed as a fixed embedding into Kn of a graph H

without isolated vertices which satisfies
(S1) EG∼G(n,p)[N(Ck, G) | H ⊆ G] ≥ (1− ε)t

(S2) e(G) ≤ ε−1k(2k)2/kt2/k log 1
p .

Let also SEED(ε, t,G) denote the event that a random graph G contains an (ε, t)-seed.

It is worth noting that our Definition 3.17 of seed corresponds roughly to the seed from [12] and
preseed from [2]. However, [2] uses a bound corresponding to the result of Claim 3.19 instead of
(S2) in their definition of seed and later also core.

Claim 3.18. Fix an integer k ≥ 3, reals ε, δ > 0 and suppose n ≳k,ε,δ 1 and ε ≲k 1. Then for
np = λ ∈ [δ, δ−1] and for any nonnegative integer t ≤ k!

2k

(
n
k

)
we have

PG∼G(n,p)

[
N(Ck, G) ≥ t

]
≤ (1 + ε)P[SEED(ε, t,G)] .

Proof. In this proof we will use a simplified notation of

EH [X] := EG∼G(n,p)[X | H ⊆ G]

where H is some fixed embedding of a graph in Kn and X is a random variable being a function of
a random graph G. Also, E[X] and P[X] should mean EG∼G(n,p)[X] and PG∼G(n,p)[X] respectively
if not specified otherwise.

Let Z be the indicator random variable for G not containing an (ε, t)-seed. Let ZH = 1 if H is
not a seed and ZH = 0 otherwise. Additionally, let C be the set of k-cycles in Kn, and for every
T ∈ C let YT be the indicator random variable for T ⊆ G. Define l = ε−1(2k)2/kt2/k log 1

p . Then for
every positive integer ℓ′ ≤ ℓ+ 1,

EG∼G(n,p)

[
N(Ck, G)ℓ

′
Z
]
= E

(∑
T∈T

YT

)ℓ′

Z


= E

 ∑
T1,...,Tℓ′∈T

YT1 · · ·YTℓ′ · Z


≤ E

 ∑
T1,...,Tℓ′∈T

YT1 · · ·YTℓ′ · ZT1∪...∪Tℓ′−1


= E

 ∑
T1,...,Tℓ′−1∈T

YT1 · · ·YTℓ′−1
· ET1∪...∪Tℓ′−1

[N(Ck, G)] · ZT1∪...∪Tℓ′−1


≤ (1− ε)t · E

 ∑
T1,...,Tℓ′−1∈T

YT1 · · ·YTℓ′−1
· ZT1∪...∪Tℓ′−1


≤ · · ·

≤ ((1− ε)t)ℓ
′
,
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since if ET1∪...∪Tℓ′−1
[N(Ck, G)] ≥ (1− ε)t, then Z = 0. Note that this only holds when ℓ′ − 1 ≤ ℓ =

k
√

(2k)2 log ε

log(1−ε)
k
√
t2 log 1

p , since the maximum number of edges in a seed is kl, and T1 ∪ . . . ∪ Tℓ′−1 has
at most k(ℓ′ − 1) edges. Thus, Markov’s inequality gives

(1− ε)ℓtℓ ≥ E
[
N(Ck, G)ℓZ

]
≥ P

[
N(Ck, G)ℓZ ≥ tℓ

]
· tℓ = P

[
N(Ck, G)Z ≥ t

]
· tℓ .

Therefore,

P
[
N(Ck, G)Z ≥ t

]
≤ (1− ε)ℓ ≤ εp

1
2
(1+ε) k

√
(2ktn)2

n

as ε ≲k 1. Since for n ≳k,ε,δ 1 a complete graph on n0 = min(⌊(2kt)1/k⌋+ k, n) vertices has at most
(1 + ε)12

k
√

(2kt)2 edges and at least t k-cycles, it is a seed. Therefore

P(Xn ≥ t and G has no seed) = P
[
N(Ck, G)Z ≥ t

]
≤ εP(Kn0 ⊆ G)

≤ εP[SEED(ε, t,G)] .

Adding
P
[
{N(Ck, G) ≥ t} ∩ SEED(ε, t,G)

]
≤ P

[
SEED(ε, t,G)

]
to both sides gives P

[
N(Ck, G) ≥ t

]
≤ (1 + ε)P[SEED(ε, t,G)], as desired. □

Before we determine the existence of a core, we will need some preprocessing.

Claim 3.19. Fix an integer k ≥ 3 and positive real ε < 1 and let (log n)k
2/2 < t ≤ k!

2k

(
n
k

)
be an

integer. Then for n ≳k,ε 1 every (ε, t)-seed G satisfies N(Ck, G) ≥ (1− 2ε)t.

Proof. Note that (see a similar idea in [2, Equation 3.1])

EG∼G(n,p)

[
N(Ck, G)

]
≤
∑
J⊆Ck

N(J,G)nk−v(J)pk−e(J) (3.10)

where the sum runs over all graphs J which have no isolated vertices and are subgraphs of Ck.
Consider any ∅ ̸= J ⊊ Ck without isolated vertices. Such J is a disjoint union of paths Pl1 , . . . , Plj
where l1 + · · ·+ lj ≤ k. We may overestimate

N(J,G) ≤
j∏

i=1

N(Pli , G) . (3.11)

Selection of the directions of the first, third, . . . , (l − 1)st edge gives at most 2e(G) choices, so
N(Pl, G) ≤

(
2e(G)

)l/2. When 2 ∤ l, we can select the first vertex of Pl in at most vG ≤ n ways and

the remaining l−1 vertices in at most
(
2e(G)

) l−1
2 ways, as Pl without the first vertex becomes Pl−1

and we can recall the result for even l. Thus, for odd l, N(Pl, G) ≤
(
2e(G)

) l−1
2 n. As e(G) < n2, we

have a general bound
N(Pl, G) ≤ Ce(G)

l−1
2 (3.12)

valid for all 2 ≤ l ≤ k. Note that a more general bound can be found in [12, Theorem 5.4], where
some of the properties of a fractional independence number are used. However, in our case the proof
is much simpler and hence is provided in this paper.

Now we can plug (3.11) and (3.12) to (3.10) (note that we need to treat J = ∅ and J = Ck

separately):

EG∼G(n,p)

[
N(Ck, G)

]
≤ nkpk +N(Ck, G) +

∑
l1,...,lj

nk−l1−···−ljpk−(l1−1)−···−(lj−1)
j∏

i=1

e(G)
li−1

2 n
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= nkpk +N(Ck, G) +
∑

l1,...,lj

(np)k+j−l1−···−lje(G)
l1+···+lj−j

2

≤ δ−k +N(Ck, G) + C ′(k, ε)e(G)
k−1
2 . (3.13)

where C ′(k, ε, δ) is some constant depending only on k, ε and δ. The sum in the first line is over
all tuples (l1, . . . , lj) such that every li is a positive integer and l1 + · · · + lj ≤ k. In the third
line we use l1 + · · · + lj − j ≤ k − 1. Finally G is a seed so EG∼G(n,p)

[
N(Ck, G)

]
≥ (1 − ε)tn and

e(G) ≤ ε−1k(2k)2/kt2/k log 1
p . Hence (3.13) results in

(1− ε)tn ≤ N(Ck, G) + δ−k + C ′′tk−1
n k(log n)

k−1
2 (3.14)

where C ′′ = C ′′(k, λ, ε) is a constant depending only on k, λ and ε. Finally, note that

εt
k−1
k (log n)

k−1
2 + δ−k

as we assumed that t > (log n)
k2

2 . Thus for n ≳k,ε,δ 1 we must have

(1− 2ε)t ≤ N(Ck, G)

which finishes the proof. □

Definition 3.20. Fix an integer k ≥ 3 and positive real ε < 1. Additionally, let t be a positive
integer. An (ε, t)-precore is a graph G without isolated vertices such that
(PC1) N(Ck, G) ≥ (1− 3ε)t,
(PC2) e(G) ≤ ε−1k(2k)2/kt2/k log 1

p ,

(PC3) Nuv(Ck, G) ≥ ε2

k(2k)2/k log 1
p

t1−2/k for every edge uv ∈ E(G).

Let also PC(ε, t,G) denote the event that a random graph G contains an (ε, t)-precore.

Claim 3.21. Every (ε, t)-seed contains an (ε, t)-precore.

Proof. The proof is very similar to step (2) in the proof of Lemma 3.15.
Let G be an n-seed, and repeatedly remove edges from G that violate (PC3) (if a vertex becomes

isolated after edge deletion we remove that vertex too) to get a sequence of graphs

G = G1 −→ G2 −→ . . . −→ Gi

that terminates at Gi. By construction, Gi must satisfy (C2) and (C3). To verify Gi satisfies (C1),
note that

N(Ck, G1)−N(Ck, Gi) =

i−1∑
i′=1

(
N(Ck, Gi′)−N(Ck, Gi′+1)

)
< (i− 1) · ε2t1−2/k

k(2k)2/k log 1
pn

< ε−1k(2k)2/kt2/k log
1

pn
· ε2t1−2/k

k(2k)2/k log 1
pn

= εtn.

Therefore by Claim 3.19

N(Ck, Gi) ≥ N(Ck, G)− εtn ≥ (1− 3ε)tn . □
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Claim 3.22. Fix an integer k ≥ 3, reals ε, δ > 0 and suppose n ≳k,ε,δ 1 and ε ≲k 1. Then for
np = λ ∈ [δ, δ−1] and any nonnegative integer

√
log n ≤ t ≤ k!

2k

(
n
k

)
we have

PG∼G(n,p)[PC(ε, t,G)] ≤ (1 + ε)PG∼G(n,p)[CORE(ε, t,G)] .

Proof. It suffices to show that

PG∼G(n,p)[PC(ε, t,G) \ CORE(ε, t,G)] ≤ εPG∼G(n,p)[CORE(ε, t,G)] .

Let PC′(ε, t,G) denote that event that G contains an (ε, t)-precore with more than ε−1t2/k edges.
Thanks to Lemma 3.15 it suffices to show

PG∼G(n,p)[PC
′(ε, t,G)] ≤ εPG∼G(n,p)[CORE(ε, t,G)] . (3.15)

Let H be an (ε, t)-precore with e(H) > ε−1t2/k. Note that due to Lemma 3.9 for any edge
uv ∈ E(H) we have

ε2

k(2k)2/k log 1
p

t1−2/k ≤ Nuv(Ck, H)

≤ (deg udeg v)(2e(H))
k−4
2

≤ (deg udeg v)2(k−4)/2ε−(k−4)/2k(k−4)/2(2k)(k−4)/kt(k−4)/k(log 1/p)(k−4)/2

(3.16)

when k is even and
ε2

k(2k)2/k log 1
p

t1−2/k ≤ Nuv(Ck, H)

≤ min(deg u,deg v)(2e(H))
k−3
2

≤ min(deg u,deg v)2(k−3)/2ε−(k−3)/2k(k−3)/2(2k)(k−3)/kt(k−3)/k(log 1/p)(k−3)/2

(3.17)

when k is odd. Then (3.16) rearranges to

deg udeg v ≥ εk/22k−4k−(k−2)/2(2k)(k−2)/kt2/k(log n)−(k−2)/2 (3.18)

when n ≥ δ−1 and (3.17) gives

deg udeg v ≥ εk+12−2(k+3)k−(k−1)(2k)−2(k−1)/kt2/k(log n)−(k−1) (3.19)

when n ≥ δ−1. When n ≳k,ε,δ 1 we can combine (3.18) and (3.19) to

deg udeg v ≥ t2/k(log n)−2k (3.20)

true (regardless of the parity of k) for any uv ∈ E(H) for a (ε, t)-precore H.
For a positive integer j define

Vj =
{
v ∈ V (H) | 2j−1 ≤ deg v < min(2j , e(H))

}
for j ≤ ⌈log2 e(H)⌉. Since

∑
v∈V (H) deg v = 2e(H), so for all j ≤ ⌈log2 e(H)⌉

|Vj | <
2e(H)

2j−1
. (3.21)

Also, (3.15) ensures that for any edge uv ∈ E(H) if u ∈ Vj , then deg v ≥ t2/k

2j−1(logn)2k
.

Now assume we are given v(H) vertices together with the list of their degrees (so that the vertices
can be divided into sets Vj as above), but we are not yet given any edges. For a given u ∈ Vj only

16



those v with deg v ≥ 2−j(log n)−2kt2/k are eligible for the other endpoint of an edge incident to u.
The number of such possible v is at most

Mj =
2e(H)

2−j(log n)−2kt2/k
= 2j+1e(H)t−2/k(log n)2k .

Thus the number of pairs {u, v} such that uv can be an edge is at most

M =

⌈log2 e(H)⌉∑
j=1

Mj |Vj | ≤ 8e(H)2t−2/k(log n)2k (3.22)

of them.
Finally, note that Lemma 3.6 it follows that v(H) ≤

⌈(
1− 1/(k2 + k)

)
e(H)⌉. Hence for given m

all (ε, t)-precores in Kn with m edges are generated in the following process:
(1) select

⌈(
1− 1/(k2 + k)

)
m⌉ vertices of Kn,

(2) fix a degree sequence which possibly includes vertices of degree 0,
(3) divide vertices into sets Vj and select m edges among M possible pairs, where M is defined

in (3.22).
Recall that t ≥

√
log n ≳k,ε,δ 1, so

⌈(
1 − 1/(k2 + k)

)
m⌉ < (2k2 − 1)m/2k2, so there is at most

n(2k2−1)m/2k2 ways to select vertices in step (1). There are also at most
(
2m
m

)
≤ 4m possible

degree sequences (as they are sequences of m nonnegative integers summing to m) at and most(
M
m

)
< (eM/m)m ways of selecting edges, where according to (3.22) we have M ≤ 8m2t−2/k(log n)2k.

Hence we can provide the following upper bound for the number Nm of possible (ε, t)-precores
with m edges

Nm ≤ 4mn(2k2−1)m/2k2(8mt−2/k(log n)2k)m . (3.23)
Recall that for n ≳k,ε,δ 1 and any (ε, t)-precore H we have

e(H) ≤ ε−1k(2k)2/kt2/k(log 1/p) < t2/k(log n)2 .

Hence (3.23) is transformed to

Nm < n(2k2−1)m/2k2(32 log n)m(2k+2) . (3.24)

Now we can bound the probability that G ∼ G(n, p) contains an (ε, t)-precore with more than
ε−1t2/k edges. Thus by the union bound

PG∼G(n,p)[n contains a (ε, t)-precore with more than ε−1t2/k edges]

≤
⌊t2/k(logn)2⌋∑
m=⌈ε−1t2/k⌉

pmNm

≤
⌊t2/k(logn)2⌋∑
m=⌈ε−1t2/k⌉

n−m/2k2
(
32δ−1(log n)2k+2

)m
≤ 2n−ε−1t2/k/2k2(32δ−1(log n)2k+2)ε

−1t2/k

where in the last line we used n ≳k,δ,ε 1, so 32δ−1n−1/2k2(log n)2k+2 < 1/2.
Finally, using (3.9) we conclude that it suffices to check that

2n−ε−1t2/k/2k2(32δ−1(log n)2k+2)ε
−1t2/k < εp(1+ε)(2kt)2/k/2

which is trivially true when ε ≲k 1. □
17



Finally, Claim 3.18, Claim 3.19, Claim 3.21, and Claim 3.22 allows us to infer the following
corollary.

Corollary 3.23. Fix an integer k ≥ 3, reals ε, δ > 0 and suppose ε ≲k 1 and n ≳k,ε,δ 1. Then for
np = λ ∈ [δ, δ−1] and for any nonnegative integer (log n)k

2/2 ≤ t ≤ k!
2k

(
n
k

)
PG∼G(n,p)

[
N(Ck, G) ≥ t

]
≤ (1 + ε)PG∼G(n,p)

[
CORE(ε, t,G)

]
.

Having established Corollaries 3.16 and 3.23 we can proceed to providing an upper bound for
existence of an (ε, t)-core in G ∼ G(n, p) to ultimately conclude Lemma 3.3.

Lemma 3.24. Fix an integer k ≥ 3 and a positive real number ε. Additionally, let t be a positive
integer. Then for every connected component of a (ε, t)-core, either

(i) every vertex in this connected component has degree at least C(k, ε)−1t1/k, or
(ii) this connected component is bipartite, every vertex has degree at least two, and the product

of the sizes of the two parts is at most C(k, ε)t2/k

for some positive real number C(k, ε) only depending on k and ε.

Proof. Let H be a (ε, c)-core. If k is odd, then for every edge uv ∈ E(H),

min(deg u,deg v) ≥ Nuv(Ck, H)

(2e(H))(k−3)/2
≥ ε2t1−2/k

(2ε−1t2/k)(k−3)/2
= 2−(k−3)/2ε(k+1)/2t1/k

by Lemma 3.9, (C2), and (C3).
If k is even, then for every edge uv ∈ E(H),

2k/2ε−(k+4)/2t2/k ≥ deg udeg v ≥ Nuv(Ck, H)

(2e(H))(k−4)/2

≥ ε2t1−2/k

(2ε−1t2/k)(k−4)/2
= 2−(k−4)/2εk/2t2/k

by (EC5), Lemma 3.9, (C2), and (C3); for brevity, define

D(k, ε) = max
(
2k/2ε−(k+4)/2, 2(k−4)/2ε−k/2, 1 + ε

)
so that

1

D(k, ε)
t2/k ≤ deg udeg v ≤ D(k, ε)t2/k

for all edges uv ∈ E(H). Now, define sets

S0 = {v ∈ V (H) | deg v = 2}

S1 =

{
v ∈ V (H) | 1

2D(k, ε)
t2/k ≤ deg v ≤ D(k, ε)

2
t2/k

}
S2 =

{
v ∈ V (H) | 2 < deg v ≤ 2D(k, ε)2

}
S3 =

{
v ∈ V (H) | 1

2D(k, ε)3
t2/k ≤ deg v <

1

2D(k, ε)
t2/k

}
...

Si =
{
v ∈ H | 2D(k, ε)i−2 < deg V ≤ 2D(k, ε)i

}
when i is even and 2 ≤ i ≤ s

Si =

{
v ∈ H | 1

2D(k, ε)i
t2/k ≤ deg V <

1

2D(k, ε)i−2
t2/k

}
when i is odd and 2 ≤ i ≤ s

18



where s is the largest integer for which

2D(k, ε)s < D(k, ε)−1/2t1/k ⇐⇒ 1

2D(k, ε)s
t2/k > D(k, ε)1/2t1/k

holds. Next, define Ss+1 = V (H) \ (S1 ∪ . . . ∪ Ss) so that the sets S1, . . . , Ss+1 partition V (H) by
degree; note that by maximality of s,

min
v∈Ss+1

deg v ≥ D(k, ε)−2D(k, ε)−1/2t1/k.

Lastly, for convenience set Si = ∅ for every integer i satisfying i < 0 or i > s+ 1.
Since 1

D(k,ε) t
2/k ≤ deg udeg v ≤ D(k, ε)t2/k for all edges uv ∈ E(H),

• all edges with an endpoint in S0 have an endpoint in S1,
• for each integer i satisfying 1 ≤ i ≤ s, all edges with an endpoint in Si have an endpoint in
Si−1 ∪ Si+1, and

• all edges with an endpoint in Ss+1 have an endpoint in Ss ∪Ss−1 or have both endpoints in
Ss+1.

In particular, if uv ∈ E(H) is an edge with u ∈ Si and v ∈ Sj , then |i − j| ≤ 1 (i = j only if
i = j = s+ 1) or |i− j| = 2 and at least one of i, j is equal to s+ 1.

Now, for every connected component J of H, let

a(J) = min {i ∈ Z | 0 ≤ i ≤ s+ 1, |V (J) ∩ Si| ≥ 1}
and

b(J) = max {i ∈ Z | 0 ≤ i ≤ s+ 1, |V (J) ∩ Si| ≥ 1} ;
since J is connected, there exists an edge uivi ∈ E(J) with ui ∈ Si and vi ∈ Si+1 for every integer
i satisfying a(J) ≤ i < b(J)− 1. For every such edge,

ε2t1−2/k ≤ Nuivi(Ck, H)

= Nuivi(Ck, J)

= Nuivi(Ck, J [Si−k/2+1 ∪ . . . ∪ Si+k/2])

≤
(
2|E(J [Si−k/2+1 ∪ . . . ∪ Si+k/2])|

)(k−2)/2

because the first inequality follows from (C3), the first equality follows from the fact that k-cycles
is connected, the second equality follows from the fact that any k-cycle with vertices in both Si

and Si+1 must be contained in the sets Si−k/2+1 ∪ . . .∪ Si+k/2, and the last inequality follows from
Lemma 3.9. Therefore for every connected component J of H,

|E(J [Si−k/2+1 ∪ . . . ∪ Si+k/2])| ≥
1

2

(
ε2t1−2/k

)2/(k−2)
=

1

2
ε4/(k−2)t2/k

for every integer i satisfying a(J) ≤ i < b(J). Summing this inequality over all such i gives

(b(J)− a(J)− 1) · 1
2
ε4/(k−2)t2/k ≤

b−1∑
i=a

|E(J [Si−k/2+1 ∪ . . . ∪ Si+k/2])|

≤ k|E(J)|

≤ kε−1t2/k;

the second inequality follows because every edge in J is counted at most k times in the sum, and
the third inequality follows from (C2). Thus,

b(J)− a(J) ≤ kε−1t2/k

1
2ε

4/(k−2)t2/k
+ 1 = 2kε−(k+2)/(k−2) + 1
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for every connected component J of H.
To finish the proof of the lemma, there are two cases.

• If b(J) = s+1, then a(J) ≥ s+1− 2kε−(k+2)/(k−2). Therefore, the minimum degree of any
vertex in J is at least

2D(k, ε)a(J)−2 ≥ D(k, ε)s−2−2kε−(k+2)/(k−2)

≥ 2
(
D(k, ε)−3/2t1/k

)(
D(k, ε)−2−2kε−(k+2)/(k−2)

)
= 2D(k, ε)−7/2−2kε−(k+2)/(k−2)

t1/k,

where the second inequality follows from the maximality of s.
• If b(J) < s+ 1, recall that every edge uv ∈ E(H) with u ∈ Si, v ∈ Sj , and u, v ≤ s satisfies
|i− j| = 1. Hence, the vertices of J can be partitioned into the parts

A = V (J) ∩
⋃

a≤i≤b
i even

Si

and
B = V (J) ∩

⋃
a≤i≤b
i odd

Si.

Since the vertices of J are contained in Sa(J)∪ . . .∪Sb(J) and the bounds defining Si+2 differ
from the bounds defining Si by a factor of D2 for each integer i satisfying 0 ≤ i ≤ s− 2,

max
u∈A

deg u ≤ D(k, ε)b(J)−a(J)+1min
u∈A

deg u

≤ D(k, ε)2+2kε−(k+2)/(k−2)
min
u∈A

deg u

and similarly
max
v∈B

deg v ≤ D(k, ε)2+2kε−(k+2)/(k−2)
min
v∈B

deg v.

Therefore,

|A||B| ≤ |E(J)|
min
u∈A

deg u
· |E(J)|
min
v∈B

deg v

≤ D(k, ε)2+2kε−(k+2)/(k−2) |E(J)|
max
u∈A

deg u
· D(k, ε)2+2kε−(k+2)/(k−2) |E(J)|

max
v∈B

deg v

≤ D(k, ε)4+4kε−(k+2)/(k−2) |E(J)|2

max
uv∈E(J)

deg udeg v

≤
D(k, ε)4+4kε−(k+2)/(k−2) (

ε−1t2/k
)2

2k/2ε−(k+4)/2t2/k
= 2−k/2εk/2D(k, ε)4+4kε−(k+2)/(k−2)

t2/k

where the last inequality follows from (C2) and (C5). Finally, note that every vertex in
A∪B must have degree at least two, since cores do not have isolated vertices and any edge
incident to a degree-one vertex cannot be contained in any k-cycles.

Finally, choosing

C(k, ε) = max
(
2−(k−3)/2ε(k+1)/2, 2D(k, ε)−7/2−2kε−(k+2)/(k−2)

, 2−k/2εk/2D(k, ε)4+4kε−(k+2)/(k−2)
)

covers all cases for both k odd and k even, as desired. □
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Before we continue, let us provide a useful graph theoretic lemma first. It is (especially after
transformation to Corollary 3.26) is very similar to [2, Lemma 4.4] for H being a k-cycle, but the
slightly stronger statement will be needed for stability considerations.

Lemma 3.25. Fix an integer k ≥ 3, and let G be a bipartite graph with parts A and B and no
isolated vertices. Then

kN(Ck, G) ≤ (e(G)− |A|)k/2−1e(G).

Proof. Assume k is even, since e(G) ≥ |A| and N(Ck, G) = 0 when k is odd. For every positive
integer i, let vi be the number of vertices in A with degree i. Then for every choice of k

2 positive
integers d1, d3, . . . , dk−1 ∈ Z+, the number of labeled k-cycles in G whose ith vertex is in A and has
degree di for each odd integer 1 ≤ i ≤ k is at most(

vd1vd3 · · · vdk−1

)
· d1 · (d3 − 1)(d5 − 1) · · · (dk−1 − 1) = v1vd1

∏
3≤i≤k
i odd

(di − 1)vdi

by choosing the odd-indexed vertices of the k-cycle first, choosing the second vertex next, and
choosing the location of the remaining even-indexed vertices in order. Thus, the number of labeled
k-cycles in G whose odd-indexed vertices are in A is at most

∑
d1,d3,...,dk−1∈Z

2≤d1,d3,...,dk−1≤|B|

d1vd1
∏

3≤i≤k
i odd

(di − 1)vdi =

 |B|∑
d=1

dvd

 |B|∑
d=1

(d− 1)vd

k/2−1

where the first inequality follows because d1 ≥ 2 implies d1 ≤ 2(d1 − 1). Now, the number of ways
an unlabeled k-cycle in G can be labeled such that odd-indexed vertices lie in A is k

2 · 2 = k by
choosing a starting vertex and a direction, so

kN(Ck, G) ≤

 |B|∑
d=1

dvd

 |B|∑
d=2

(d− 1)vd

k/2

.

Finally,

e(G) =

|B|∑
d=1

dvd

since every edge in G is incident to exactly one vertex in A, so combining this result with the
previous inequality gives the desired result. □

Corollary 3.26. Fix an integer k ≥ 3, and let G be a bipartite graph with parts A and B such that
deg v ≥ 2 for every vertex v in A. Then

e(G)− |A| ≥
(
k

2
N(Ck, G)

)2/k

.

Proof. Use the bound e(G) ≤ 2(e(G)− |A|), then rearrange. □

Remark 3.27. Lemma 3.25 and Corollary 3.26 are tight up to lower order terms, as witnessed by
G = K2,m (with A being the larger part).

Lemma 3.28. Fix an integer k ≥ 3, reals ε, δ > 0 and suppose ε ≲k 1 and that n ≳k,ε,δ 1 is a
positive integer. Let also

√
log n ≤ t ≤ k!

2k

(
n
k

)
be a positive integer. Then for pn = λ ∈ [δ, δ−1] we

have
PG∼G(n,p)

[
CORE(ε, t,G)

]
≤ p(1−ε)(2kt)2/k/2 .
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Proof. Let H be any (ε, t)-core. By (C4) and Lemma 3.24, there is a real number C(k, ε) depending
only on k and ε and a nonnegative integer s ≤ 2ε−(k+2)/(k−2) for which the vertices of H can be
split into sets A1, B1, A2, B2, . . ., As, Bs, and S such that

• for each integer i satisfying 1 ≤ i ≤ s, H[Ai ∪Bi] is a bipartite connected component of H
with parts Ai and Bi such that every vertex in Ai ∪Bi has degree at least two,

• for each integer i satisfying 1 ≤ i ≤ s, |Ai| ≥ |Bi| and |Ai||Bi| ≤ C(k, ε)t2/k, and
• H[S] is a union of connected components, and deg v ≥ C(k, ε)−1t1/k for every vertex v ∈ S.

Note that s = 0 if k is odd, since the number of odd cycles in a bipartite graph is zero. Using this
characterization, the probability that H appears in G ∼ G(n, p) is at most

nv(H)pe(H) = n|S|pe(H[S])
s∏

i=1

n|Ai|+|Bi|pe(H[Ai∪Bi])

≤ δ−v(H)pe(H[S])−|S|
s∏

i=1

pe(H[Ai∪Bi])−|Ai|−|Bi|

≤ δ−v(H)p(2kN(Ck,H[S]))2/k/2−|S|
s∏

i=1

p(kN(Ck,H[Ai∪Bi])/2)
2/k−|Bi|

= δ−v(H)p−(|S|+|B1|+···+|Bs|)p(2k)
2/k/2·N(Ck,H[S])2/k+(k/2)2/k

∑s
i=1 N(Ck,H[Ai∪Bi])

2/k
(3.25)

where the first inequality follows from Lemma 3.8 and Lemma 3.25. Now, every vertex in S has
degree at least C(k, ε)−1t1/k, so

|S| ≤ 2e(H[S])

C(k, ε)−1t1/k
≤ 2ε−1t2/k

C(k, ε)−1t1/k
= 2ε−1C(k, ε)t1/k .

Additionally, for each integer i satisfying 1 ≤ i ≤ s,

|Bi| ≤ (|Ai||Bi|)1/2 ≤ C(k, ε)1/2t1/k.

Since s ≤ 2ε−(k+2)/(k−2),

|S|+ |B1|+ . . .+ |Bs| ≤ 2ε−1C(k, ε)t1/k + 2ε−(k+2)/(k−2)C(k, ε)1/2t1/k ≤ ε(2kt)1/k/2 , (3.26)

since t ≥
√
log n ≳k,ε,δ 1.

Now, when k is even (so k ≥ 4), convexity of the function f(x) = x2/k gives

(2k)2/k

2
N(Ck, H[S])2/k +

(
k

2

)2/k s∑
i=1

N(Ck, H[Ai ∪Bi])
2/k

≥ min

(
(2k)2/k

2
,

(
k

2

)2/k
)(

N(Ck, H[S]) +

s∑
i=1

N(Ck, H[Ai ∪Bi])

)2/k

=
(2k)2/k

2
N(Ck, H)2/k

=
((1− 3ε)2kt)2/k

2
, (3.27)

where the last line follows from (C1). Also, when k is odd, N(Ck, H[Ai ∪Bi]) = 0, so

(2k)2/k

2
N(Ck, H[S])2/k +

(
k

2

)2/k s∑
i=1

N(Ck, H[Ai ∪Bi])
2/k

=
(2k)2/k

2
N(Ck, H)2/k
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=
((1− 3ε)2kt)2/k

2
, (3.28)

Finally, plugging (3.26) to (3.28) into (3.25) shows that the probability that H appears in G ∼
G(n, p) is at most

δ−v(G)p((1−3ε)2kt)2/k/2−ε(2kt)2/k ≤ δ−ε−1t2/kp(1−4ε)(2kt)2/k/2 (3.29)

as v(G) < e(G) ≤ ε−1t2/k. To find the total probability that any (ε, t)-core appears, it suffices to
sum (3.29) over all (ε, t)-cores.

There are at most n2s+1 ways to pick the sizes of the sets A1, B1, . . ., As, Bs, and S. There are
at most

(
n
2

)s+1 ways to choose the sizes of E(H[A1 ∪ B1]), . . ., E(G[As ∪ Bs]), and E(H[S]). For
each integer i satisfying 1 ≤ i ≤ s, there are at most(

|Ai||Bi|
e(H[Ai ∪Bi])

)
≤
(

e|Ai||Bi|
e(H[Ai ∪Bi])

)e(H[Ai∪Bi])

≤ max

(
1,

eC(k, ε)t2/k

1
2k

2/kε4/(k−2)t2/k

)ε−1t2/k

= max
(
1, 2ek−2/kε−4/(k−2)C(k, ε)

)ε−1t2/k

ways to choose the edges in E(H[Ai∪Bi]) given the number of vertices and edges in H[Ai∪Bi], since
the first inequality follows from Lemma 3.5 and the second inequality follows from Lemma 3.24,
(C4), and (C2). Additionally, there are at most( (|S|

2

)
e(H[S])

)
≤

(
e
(|S|

2

)
e(H[S])

)e(H[S])

≤
(

e|S|2

2e(H[S])

)e(H[S])

ways to choose the edges in E(H[S]) given the number of vertices and edges in H[S] (the first
inequality follows from Lemma 3.5). Since S is a union of connected components and every vertex
in S has degree at least C(k, ε)−1t1/k,

|S| ≤ 2|E(H[S])|
C ′(k, ε)−1t1/k

≤ 2C(k, ε)t−1/ke(H[S]) ;

substituting this into the previous inequality gives the number of ways to choose the edges in
E(H[S]) as at most(

e
(
2C(k, ε)t−1/ke(H[S])

)2
2e(H[S])

)e(H[S])

≤
(
2eC(k, ε)2e(H[S])

t2/k

)e(H[S])

≤

(
2eC(k, ε)2ε−1t2/k

t2/k

)e(H[S])

=
(
2eC(k, ε)2ε−1

)e(H[S])

≤ max
(
1, 2eC(k, ε)2ε−1

)ε−1t2/k
,

where both inequalities follow from (C2). Therefore the number of (ε, t)-cores is at most

n2s+1 ·
(
n

2

)s+1

·
(
max

(
1, 2ek−2/kε−4/(k−2)C(k, ε)

)ε−1t2/k
)s

·max
(
1, 2eC(k, ε)2ε−1

)ε−1t2/k
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≤ n4s+3

(
max

(
1, 2ek−2/kε−4/(k−2)C(k, ε)

)ε−1s
·max

(
1, 2eC ′(k, ε)2ε−1

)ε−1
)t2/k

≤ n8ε−(k+2)/(k−2)+3

(
max

(
1, 2ek−2/kε−4/(k−2)C ′(k, ε)

)2ε−4/(k−2)

·max
(
1, 2eC(k, ε)2ε−1

)ε−1
)t2/k

= nC2(k,ε)C3(k, ε)
t2/k (3.30)

where
C2(k, ε) = 8ε−(k+2)/(k−2)+3 + 3

and

C3(k, ε) = max
(
1, 2ek−2/kε−4/(k−2)C(k, ε)

)2ε−4/(k−2)

·max
(
1, 2eC(k, ε)2ε−1

)ε−1

;

note that the second inequality follows from the upper bound on s.
Finally, the probability any (ε, t)-core appears is at most

nC2(k,ε)C3(k, ε)
t2/kδ−ε−1t2/kp(1−4ε)(2kt)2/k/2

≤ p(1−5ε)(2kt)2/k/2

when n ≳k,ε,δ 1 and t ≥
√
log n ≳k,ε,δ 1. Replacing ε with ε/5 finshes the proof. □

The last component needed in the final bound will be an upper bound for the probability that
G ∼ G(n, p) has small but nonempty essential skeleton. Fortunately, only a simple rough bound
will suffice.

Lemma 3.29. Fix an integer k ≥ 3 and a positive real δ. Let n be a positive integer and let a
positive real p < 1 be such that pn = λ ∈ [δ, δ−1]. Then

PG∼G(n,p)

[
e(S∗(G)) ≥ 1

]
≤ (k!)2δ−4k

4k
n−1 .

Proof. Note first that e(S∗(G)) ≥ 1 if and only if G contains two k-cycles that share (at least one)
vertex. For every nonnegative integer v, the number of pairs of k-cycles sharing v vertices is at most(

n

v

)(
n

k − v

)2( k!

2k

)2

≤
(
k!

2k

)2

n2k−v

by choosing the shared vertices first, the remaining vertices next, and the edges within each k-cycle
last. Additionally, for any two distinct unlabeled cycles C1 and C2 that share a vertex,

e(C1 ∪ C2)− v(C1 ∪ C2) ≥
e(C1 ∪ C2)

k
− 1 ≥ k + 1

k
− 1 > 0

by Lemma 3.6, so if k-cycles C1 and C2 share v vertices, C1 ∪ C2 has at least 2k − v + 1 edges.
Therefore

PG∼G(n,p)

[
e(S∗(G)) ≥ 1

]
≤

k∑
v=1

∑
C1, C2 k-cycles
v(C1∩C2)=v

p2k−e(C1∩C2)

≤
k∑

v=1

2k∑
C1, C2 k-cycles
|V (C1∩C2)|=v

p2k−v+1

≤
k∑

v=1

(
k!

2k

)2

n2k−vp2k−v+1
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≤ (k!)2δ−4k

4k
n−1 . □

Now we are finally ready to prove Lemma 3.3.

Proof of Lemma 3.3. In this proof P[X] and E[Y ] should mean PG∼G(n,p)[X] and EG∼G(n,p)[Y ] unless
specified otherwise.

First let us consider t ≥ (log n)k
2/2. Then by Remark 1.5 it suffices to show that

P
[
N(Ck, G) ≥ t

]
≤ p(1−ε)(2kt)2/k/2 .

However, we have

P
[
N(Ck, G) ≥ t

]
≤ (1 + ε)P

[
CORE(ε, t,G)

]
≤ p(1−ε)(2kt)2/k/2

for n ≳k,ε,δ, where we used Corollary 3.23 in the first inequality, and Lemma 3.28 in the second one.
This settles the result for t ≥ (log n)k

2/2.
Now assume

√
log n ≤ t < (log n)k

2/2. Since N(Ck, G) = N(Ck,S(G)) we have

PG∼G(n,p)

[
N(Ck, G) ≥ t] ≤

t∑
t1=0

P
[
Y (t1, 1)

]
P
[
X+(t− t1, 2)

]
+ P

[
X(t+ 1, 1)

]
(3.31)

since P[X+(t2, 2) | Y (t1, 1)] ≤ P[X+(t2, 2)]. Denote t2 = t − t1. Since t ≥
√
log n, we can use

Lemma 3.11 and Lemma 2.5 to conclude that

P
[
X(t+ 1, 1)

]
≤ 1 + ε

(t+ 1)!

(
λk

2k

)t+1

<
λkeλ

k/2k

kt
P
[
Y (1, t)] < εP

[
Y (1, t)

]
(3.32)

so that (3.31) gives

PG∼G(n,p)

[
N(Ck, G) ≥ t] ≤

≤ (1 + ε)P
[
Y (t, 1)

]
+ P

[
X+(t, 2)

]
+

t−1∑
t1=1

P
[
Y (t1, 1)

]
P
[
X+(t− t1, 2)

]
≤ (1 + 3ε)

e−λk/2k

t!

(
λk

2k

)t

+ P
[
X+(t, 2)

]
+ 2

t−1∑
t1=1

e−λk/2k

t1!

(
λk

2k

)t1

P
[
X+(t− t1, 2)

]
.

(3.33)

Now we can use Lemma 3.29 to bound P[X+(t2, 2)] (note that S∗(G) is nonempty if and only if
X+(t2, 2) for t2 ≥ 1) in the regime t2 ≤

√
log n. This yields

PG∼G(n,p)

[
N(Ck, G) ≥ t]

≤ (1 + 3ε)
e−λk/2k

t!

(
λk

2k

)t

+ P
[
X+(t, 2)

]
+ 2(k!)2δ−4kn−1

⌊
√
logn⌋∑
t2=1

1

(t− t2)!

(
λk

2k

)t−t2

+

2

t−1∑
t2=⌈

√
logn⌉

e−λk/2k

(t− t2)!

(
λk

2k

)t−t2

P
[
X+(t2, 2)

]
. (3.34)

At the same time note that

1

(t− t2)!

(
λk

2k

)t−t2

<
e−λk/2k

t!

(
λk

2k

)t

· eλk/2k

(
2kt

λk

)t2

<
e−λk/2k

t!

(
λk

2k

)t

t2t2
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for t ≥
√
log n ≳k,δ 1. This yields

2(k!)2δ−4kn−1

√
logn∑
t2=1

1

(t− t2)!

(
λk

2k

)t−t2

≤ e−λk/2k

t!

(
λk

2k

)t

2(k!)2δ−4kn−1t2
√
logn

√
log n ≤

≤ ε
e−λk/2k

t!

(
λk

2k

)t

for n ≳k,δ 1 and t < (log n)k
2/2. Using these results on (3.34) gives

PG∼G(n,p)

[
N(Ck, G) ≥ t]

≤ (1 + 4ε)
e−λk/2k

t!

(
λk

2k

)t

+ P
[
X+(t, 2)

]
+ 2

t−1∑
t2=⌈

√
logn⌉

e−λk/2k

(t− t2)!

(
λk

2k

)t−t2

P
[
X+(t2, 2)

]
. (3.35)

Now we can estimate the sum for t2 ≥
√
log n. Note that

P
[
X+(t2, 2)

]
= P

[
N(Ck, S

∗(G)) ≥ t2
]

≤ (1 + ε)P
[
CORE(ε, t2, S

∗(G))
]

≤ (1 + ε)p(1−ε)(2kt2)2/k/2

≤ p(1−2ε)(2kt2)2/k/2

where in the second line we used Corollary 3.16 and Corollary 3.23, in the third line we used
Lemma 3.28 and in the fourth line we used n ≳k,ε,δ 1. Now (3.35) gives

PG∼G(n,p)

[
N(Ck, G) ≥ t]

≤ (1 + 4ε)
e−λk/2k

t!

(
λk

2k

)t

+ p(1−2ε)(2kt)2/k/2 + 2
t−1∑

t2=⌈
√
logn⌉

e−λk/2k

(t− t2)!

(
λk

2k

)t−t2

p(1−2ε)(2kt2)2/k/2 .

(3.36)

We will need the following fact.

Lemma 3.30. Fix an integer k ≥ 3, reals ε, δ > 0 and suppose ε ≲k 1 and that n ≳k,ε,δ 1 is a
positive integer. Let also

√
log n ≤ t ≤ (log n)k

2/2,
√
log n ≤ t2 ≤ t − 1 and t1 = t − t2 be positive

integers. Then for any pn = λ ∈ [δ, δ−1] we have

e−λk/2k

t1!

(
λk

2k

)t1

p(1−2ε)(2kt2)2/k/2 ≤ ε

t
· e

−λk/2k

t!

(
λk

2k

)t

(3.37)

or
e−λk/2k

t1!

(
λk

2k

)t1

p(1−2ε)(2kt2)2/k/2 ≤ ε

t
p(1−3ε)(2kt)2/k/2. (3.38)

Suppose that Lemma 3.30 holds. Then we can use it to bound the sum in (3.35) to obtain

PG∼G(n,p)

[
N(Ck, G) ≥ t]

≤ (1 + 4ε)
e−λk/2k

t!

(
λk

2k

)t

+ p(1−2ε)(2kt)2/k/2 + 2

t−1∑
t2=⌈

√
logn⌉

e−λk/2k

(t− t2)!

(
λk

2k

)t−t2

p(1−2ε)(2kt2)2/k/2

(3.39)

≤ (1 + 6ε)
e−λk/2k

t!

(
λk

2k

)t

+ (1 + 2ε)p(1−3ε)(2kt)2/k/2 (3.40)
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≤ (1 + 6ε)
e−λk/2k

t!

(
λk

2k

)t

+ p(1−4ε)(2kt)2/k/2 . (3.41)

Now if p(1−4ε)(2kt)2/k/2 < ε e
−λk/2k

t!

(
λk

2k

)t
, we conclude

PG∼G(n,p)

[
N(Ck, G) ≥ t] ≤ (1 + 7ε)

e−λk/2k

t!

(
λk

2k

)t

and in the opposite case

PG∼G(n,p)

[
N(Ck, G) ≥ t] ≤ (ε−1 + 1)p(1−4ε)(2kt)2/k/2 ≤ p(1−5ε)(2kt)2/k/2 .

In both cases replacing ε with ε/7 finishes the proof. Therefore it remains to show Lemma 3.30. □

Proof of Lemma 3.30. Define c = (2k)2/k/2. Let us start from some basic bounds. We have

A1 :=
e−λk/2k

t1!

(
λk

2k

)t1

p(1−2ε)(2kt2)2/k/2 ·
(ε
t
p(1−3ε)(2kt)2/k/2

)−1

≤ ε−1e−λk/2ktt

e
√
t1(t1/e)t1

(
λk

2k

)t1

p(1−2ε)(2kt2)2/k/2−(1−3ε)(2kt)2/k/2 (3.42)

≤ ε−1e−λk/2k−1t

(
eλk

2kt1

)t1

pεct
2/k
2 −2(1−3ε)ct

2/k
1 /kt

k−2
k

2 (3.43)

(3.44)

where in the first inequality we used l! < e
√
l(l/e)l (true for any integer l) and in the second

inequality we used convexity t2/k ≤ t
2/k
2 + 2

k t
2/k
1 /t

k−2
k

2 . If A1 ≤ 1, the lemma (specifically, (3.38)) is
satisfied. Hence assume A1 ≥ 1 and take natural logarithm of (3.43)

0 ≤ logA1 ≤ −λk

2k
− 1 + log ε−1 + log t+ t1

(
log

eλk

2k
− log t1

)

+

ε(2kt2)
2/k/2− (1− 3ε)

2ct1

kt
k−2
k

2

 (log λ− log n)

≤ −t1 log t1 + (1− 2ε)
2ct1 log n

kt
(k−2)/k
2

− ε(1− ε)ct
2/k
2 log n (3.45)

+ log ε−1 + t1 log
eλk

2k
+ log t (3.46)

(3.47)

where in the second line we used ε ≲k,δ 1, and n ≳δ 1. Now if t1 < (log n)1/4k, then since t2 ≥
√
log n

we would have for n ≳k,ε,δ

ε(1− ε)ct
2/k
2 log n > (log n)1+1/1/k >

(2kt1)
2/k log n

2
+ log ε−1 + t1 log

eλk

2k
+ log t

(note that log t < k2 log log n) so the right side of (3.46) would be negative. Therefore t1 ≥
(log n)1/2k ≳k,ε,δ 1 and hence

−t1 log t1 + log ε−1 + t1 log
eλk

2k
+ log t < −(1− ε)t1 log t1 .
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Therefore from (3.46) we infer

0 ≤ logA1 ≤ −(1− ε)t1 log t1 + (1− 2ε)
2ct1 log n

kt
(k−2)/k
2

− ε(1− ε)ct
2/k
2 log n (3.48)

and hence

0 ≤ −t
k−2
k

2 log t1 + (1− ε)
2c

k
log n− εc

(
t2
t1

)
log n . (3.49)

Therefore we must have
t2 ≤ ε−1t1 (3.50)

as well as
t
k−2
k

2 log t1 ≤ (1− ε)
2c

k
log n . (3.51)

Now let us analyze (3.37). We have

A2 : =
e−λk/2k

t1!

(
λk

2k

)t1

p(1−2ε)(2kt2)2/k/2 ·

(
ε

t

e−λk/2k

t!

(
λk

2k

)t
)−1

≤ t!ε−1t

t1!

(
λk

2k

)−t2

p(1−2ε)ct
2/k
2

≤ ε−1tt2+1

(
λk

2k

)−t2

p(1−2ε)ct
2/k
2 .

Assuming that (3.37) doesn’t hold, we have

0 ≤ logA2 ≤ (t2 + 1) log t+ log ε−1 − t2 log
λk

2k
+ (1− 2ε)ct

2/k
2 (log λ− log n)

≤ (1 + ε)t2 log t− (1− 3ε)ct
2/k
2 log n (3.52)

where in the second inequality we used t ≥ t2 ≥
√
log n ≳k,ε,δ 1. Now

(1− 4ε)c log n ≤ t
k−2
k

2 log t ≤ t
k−2
k

2 log(2ε−1t1) ≤ (1 + ε)t
k−2
k

2 log t1 . (3.53)

due to (3.50) and ε < 1. Combining this with (3.51) yields
k

2
(1− 4ε)t

k−2
k

2 log t1 ≤ (1− 4ε)c log n ≤ (1 + ε)t
k−2
k

2 log t1

which is a contradiction when ε < k−2
5k . Since we assume ε ≲k 1, the proof is finished. □
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