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ABSTRACT. The distribution of subgraph counts in Erdés-Réyni random graphs is of great interest
in extremal combinatorics. In this paper, we analyze the upper tail of the k-cycle count in the
sparse (constant-degree) regime for fixed k, in the limit as the number of vertices tends to infinity.
We provide asymptotically sharp bounds for the probability the graph contains a large number of
k-cycles via a coring argument; the logarithmic probability of containing ¢ cycles is asymptotically
equal to the logarithmic probability of containing ¢ disjoint k-cycles or containing a clique with ¢
cycles.

1. INTRODUCTION

Let G(n,p) be the Erdés—Rényi random graph on n vertices, where each edge is included inde-
pendently with probability p. It is a long-standing question to understand various random variables
and large deviations of random variables in this setting. For example, the random variable cor-
responding to the subgraph count of a specific graph H in G ~ G(n,p) was first studied in [10].
[22]| studied this problem for small complete graphs H = K, and [4] extended this result to other
graphs.

In the large subgraph count setting, [7] estimated probabilities of the form P[N(H,G) > (1 +
e)EN(H,G)] where G ~ G(n,p); here, N(H,G) denotes the subgraph count of H in G. [19]
also studied the structure of graphs conditional on large subgraph counts. [15]| famously used
concentration inequalities to compute this probability, but these estimates were not tight. Note
that these results only dealt with regimes for which n~'logn < p < 1. However, [13] was able to
obtain upper and lower bounds for the logarithmic probability that differed only by a factor of logn.
Finally, [12] and [20] were able to pinpoint the logarithmic probability to within (14-¢) error. Work
in this area has progressed for over two decades, and includes other work such as [24], [18], [13],
[16], [6], [8], and [9]. Additionally, the lower tail — that is, studying P[N(H,G) < (1 —¢)EN(H, G)]
— has been considered in works such as [25] and [17].

The sparse regime occurs when p = % for some fixed A; this is the regime we will be interested in
for the entire paper, and is known as the constant-degree Erdds—Rényi random graph because the
expected degree of any vertex is A. It is well-known that in this setting, the total number of edges is
approximately ’\7” and the graph is locally tree-like; for example, see [11]. The first paper to consider
large deviations in sparse regimes is [5], which approximated the probability of containing a large
number of triangles with the probability of containing a complete graph with the corresponding
number of triangles. Our work generalizes their result to k-cycles for any positive integer £ > 3. In
this paper, the upper tail of this distribution will be studied in the sparse regime.

Intuitively, the probability that at least ¢ k-cycles will appear in G(n,p) should be approximately
equal to the probability that at least ¢ vertex-disjoint k-cycles appear when ¢ is low, and approxi-
mately equal to the probability that a complete graph containing t k-cycles will appear when ¢ is
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large. The main result of this paper will provide asymptotically sharp bounds on the probability
that G ~ G(n,p) will contain ¢ k-cycles in the sparse regime.
First, some additional graph-theoretic notation will be needed.

Definition 1.1. Fix an integer k£ > 3. Then a k-cycle C, is a graph on k vertices for which there
is a labeling vy, ..., vy such that v;u; € E(Cy) if and only if i — j = +1 (mod k).
Definition 1.2. Fix an integer &k > 3 and let G be a graph. Then the k-cycle count N(Cy, G) is

the number of distinct unlabeled k-cycles in G.

Definition 1.3. Given a positive real number p, let Pois(u) denote the Poisson distribution with
mean p; in particular,
e AN

7!

Px pois(u) [X = 1] =
for all nonnegative integers 1.

Theorem 1.4. Fiz an integer k > 3, a positive real number €, and a positive real number § < 1.
Then there exists a positive integer N, depending only on k, €, and §, for which the following
statement holds for all n > N. For every positive real number p € (0,1) N [§/n, 5~ /n] and for any
nonnegative integer t < % (Z),

2/k
PaG(np) [N (Ck, G) > t] > max {(1 — )P pois(xk/(2k)) [ X > 1], pl T 2R /2}

and
. /
PaGnp) [V (Ck, G) > t] < max {(1 + )P x pois(at (o)) (X > 1], p! (2kt)* k/Q} :
A

where X is the positive real number satisfying p = 2.
Remark 1.5. Observe that the first expression corresponds to the probability of containing ¢
disjoint triangles, and the second term corresponds to containing a complete graph with ¢ k-cycles.
In fact, one can characterize the value of ¢ for which the transition from disjoint cycles to complete
graph occurs. A short calculation shows that the two arguments in the maximum function are equal
when c is approximately 5 (k — 2)]“/(]‘3’2)(101;1%)’“/(1“2).

The lower bound for the probability is easy to prove, as all one needs to do is compute the
probability that a certain subgraph — either ¢ disjoint k-cycles or a complete graph on (2kt)1/ k
vertices — will appear. The upper bound is more technical to prove. To summarize, it involves
a technique known as coring, first introduced in [12]. To get this argument to work, a moments
method is used to approximate the probability of containing ¢t k-cycles with the probability a specific
kind of subgraph, known as a seed, apppears. By coring, one can show that the seed contains an
even more specific type of subgraph known as a core. Finally, one can compute the probability
a core appears and show that this upper bound effectively matches the lower bound. Our work
generalizes [12], which deals with 3-cycles (or triangles), to cycles of arbitrary size.

For odd values of k, the idea given in [12] generalizes easily. However, the situation is more difficult
when k is even because a minimum degree bound on a vertex in a core cannot be established, so
cores cannot be proved to resemble complete graphs (which is the case when & is odd). In fact, when
k is even, the minimum degree bound can never work; indeed, K27 o (for example) is a core, so it

is impossible to even prove a vertex bound of (2kt)1/ k. To remedy this issue, one can instead prove
that any core must separate into connected components, each of which either resembles a complete
graph or is bipartite. A cycle-count bound on a lemma similar to a result from [2| can then be used
to bound the probability that a core appears.

One interesting observation is that the bipartite graph that maximizes the probability of its

appearance matches the probability the complete graph on (th)l/ k appears for k = 4 only. This
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ultimately does not affect the final bound, however, but does give complications when proving
stability results.

1.1. Notation. Standard asymptotic notation will be used throughout, a summary of which is
given below. For functions f,g:Z" — R, f = O(g) or f < g means that there is a constant C' such
that | f(n)| < C|g(n)]| for all sufficiently large n. Similarly, f = Q(g) or f 2 g means that there is
a constant ¢ > 0 such that f(n) > c|g(n)| for all sufficiently large n. Finally, f < g or f = O(g)
means that f < g and ¢ S f, and f = o(g) or ¢ = w(f) means that f(n)/g(n) — 0 as n — oo.
Subscripts in asymptotic notation indicate quantities that should be treated as constants.

Standard graph-theoretic notation will also be used. In particular, given a graph G, V(G) is the
set of vertices in G and E(G) is the set of edges in G. Additionally, v(G) denotes the number of
vertices in G and e(G) denotes the number of edges in G.

Lastly, the following notation for k-cycle counts will be used throughout.

Definition 1.6. Fix an integer k > 3, let G be a graph, and let uv be an edge of G. Then the
uv-containing k-cycle count Ny, (Ck, G) is the number of distinct unlabeled k-cycles in G containing
uv.

Definition 1.7. Fix an integer k£ > 3, let G be a graph, and let v be a vertex of G. Then the
v-containing k-cycle count N,(Cy,G) is the number of distinct unlabeled k-cycles in G containing
v.

Organization. The remainder of this paper is structured as follows. In Section 2 we prove the
lower bound in Theorem 1.4. In Section 3 we prove the upper bound.

2. LowER BOUND OF THEOREM 1.4

The lower bound in Theorem 1.4 states that the asymptotic distribution of the number of C}’s
in G(n,p) is asymptotically Poisson. This was proven by Bollobas [3] via the method of moments;
a version with a precise quantified dependence follows from applying [1, (2.9)] or the proof of
[21, Theorem 1].

Lemma 2.1. Fix a positive integer k > 3 and a positive real number 6 < 1. Additionally, let
p € (0,1) N (§/n,67/n) and let \ be the positive real number satisfying p = % Finally, let
G ~ G(n,p) and W = N(Cy, G) be random variables. Then
1
drv (W, Pois(\*/2k)) Sps ~.
For convenience, the following claim will be stated.

Claim 2.2. Fiz an integer k > 3. Then any proper nonempty induced subgraph of Cy has fewer
edges than vertices.

Proof. Any proper subgraph of a cycle is a disjoint union of paths and isolated vertices, and each
such connected component contains fewer edges than vertices. O

The following claim asserts that Poisson random variables with similar parameters are close in
total variation distance.

Claim 2.3. Let u1 and po be positive real numbers. Then
dry (Pois(u1), Pois(p2)) < [p2 — pal.
Proof. Without loss of generality assume that p; < po. Then
drv (Pois(p), Pois(pz)) = drv (Pois(u1), Pois(pg — 1) + Pois(u1))
< dTV(Pois(O),Pois(ug - Nl)) =1—e (2—m) < o — f41. O
3



Now, Theorem 1.4 will be proved for ¢ < /logn.

Claim 2.4. Fizr k> 3,¢,6 >0, and let np = X € [5, 6*1] and t < +/logn. Then forn 2y s 1, we
have

PanG(ngp) [N (Cr, G) > t] = (1 £ )Py _pois(azt/2m) [X > 1] -

Proof. Lemma 2.1 immediately gives the desired result noting that for t < y/logn and n 25 5. 1 we
have

Pxpois(azt /(20 [ X = ] > Pxpois(aze san)) [X = [V/1ogn]] > - U
Now let ¢t > y/logn, € <1, and n 2. s 1 and note that
P wpoisazk /(2k)) [ X = £+ 1] /Px opoisiaze /2y [X = t] = (AF/(2k))/(t +1) < /2

and therefore

P poisrzk /2k)) [X = ] < Pxpoisirze (2 [X = 1] < Py Upois(a2t /(2k)) Z 5/2
=0

< (L4 €)Pxpois(aer /(2 [X =] - (2.1)

Therefore to prove the lower bound for Theorem 1.4 it suffices to prove the following pair of
results (noting the transition between the two expressions as noted in Remark 1.5).

Lemma 2.5. Fiz an integer k > 3, reals €,0 > 0 and suppose n 2.5 1. Then for np = X € [4, 61

1/2k

and for any nonnegative integer t < n we have

P [N(Cr G) 2 4] 2 (L= _py oy [X =1,

2k
Lemma 2.6. Fiz an integer k > 3, reals €,0 > 0 and suppose n 2y .5 1. Then for np = X € [4, 571
and for any nonnegative integer [/logn] <t < %(2’) we have

Pangmnyp) [N(Ck,G) > t] > p(1+€)(2kt)2/k/2'
We first prove Lemma 2.6.

Proof of Lemma 2.6. Note that if there is a clique among the first min([(2kt)"/*¥] 4 k,n) vertices
that there are at least t k-cycles. This occurs with probability at least p(min(((%t)l/ F+kn)?/2 >

pFRRD?E/2 where we have used n Zkeos 1 in the final inequality. O

The proof of Lemma 2.5 is slightly more involved as we aim to capture the behavior of the tail
to within a factor of 1 4+ o(1) within this regime.

Proof of Lemma 2.5. Let G ~ G(n,p) and Dy be the disjoint union of I k-cycles.
First we need to estimate the number M = N(Djy 4, K,,) of copies of Dy in K,. Let us label
these copies S1,..., 5y and note that

when n Zk,g 1 and t < n'/?* Also clearly P[S; C G] = pF for all 1 <i < M.
Note that the events {S; C G} N {N(Ck,G) = t}i<i<m are disjoint and therefore it suffices (by
symmetry) to prove that

P[S; € GNN(Ch, G) =] > (1 —e)e /@R () /n)
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Let X1 denote the number of k-cycles in G that are disjoint from S; and Xs denote the number
of k-cycles in G which are not contained in S; but not fully disjoint from S;. Note that

PIN(Ck,G) =t|S1 C G] =P[X; = X2 =0|S; C G].
First note that by considering subsets J of S; we have

E[Xo|S1 C Gl Sk Y, nF D Om)F =) <y sm gy F < nt/8

JCS1
0<|J|<k

where we have used that e(.J) 4+ 1 < v(J) by Claim 2.2 and |S;| < n/(*). Therefore by Markov,
we have P[Xy # 0|51 C G] < n~1/3,
Thus it suffices to prove that P[X; =0|S; C G] > (1 — )e="/(2k)  To see this note that
P[X; = 0[Sy C G] = P[X; = 0] > P[N(C, G) = 0] > (1 —e)e /R

The first equality follows as X; considers the subset of k-cycles which are disjoint from 57, the
second uses that X is counting only considering a subset of all k-cycles in K, and the third follows
from Lemma 2.1 and n 2y s 1. O

Corollary 2.7. Fiz an integer k > 3, reals €,0 > 0 and suppose n Zr.5 1. Then for np = \ €
(6,671 and any nonnegative integer t < n'/2k

PenGnp) [Pri C G] = (1= €)Pxpois((nky2m) [X = 1]

we have

3. UPPER BOUND OF THEOREM 1.4

The upper bound is more involved than the lower bound; the goal is to show that the probability
of containing ¢ k-cycles is roughly equal to the probability either ¢ disjoint k-cycles or a clique with
t k-cycles appears.

The proof strategy will consist of four main steps:

(1) bounding the probability that ¢ k-cycles appears with the probability a subgraph containing
only its k-cycles, called the skeleton, appears.

(2) for each positive integer i, bounding the probability that a connected component of the
skeleton contains at least i k-cycles.

(3) for each sequence of nonnegative integers si, s, s3, ... satisfying s; + 2s9 + 3s3 + ... > t,
bounding the probability that the skeleton contains s; components with at least ¢ k-cycles
for every positive integer i.

(4) summing this probability over all such sequence s, s2,s3,... and using convexity ideas
to show that the resulting sum is approximately equal to the term corresponding to the
sequence t, 0,0, ... (where all terms are zero except for s; = t) or the term corresponding to
the sequence 0,0,...,0,1,0,... (where all terms are zero except for s; = 1).

The most difficult of these steps is step (2). The bound depends on the size of ¢ and consists of
three main substeps:
(2a) bounding the probability for ¢ = 1.
(2b) bounding the probability for 2 < i < (logn)'/? by the probability for i = 2.
(2¢) bounding the probability for i > (logn)'/? using a seed/core argument.
The most technical of these substeps is substep (2c¢); it consists of four main parts:
(i) proving, using a moments argument, that most of the edges in the connected component are
contained in a seed with high probability.

(ii) proving that every seed must contain a core.
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(iii) proving that, when the number of edges in the core is small, the probability a core appears is
approximately equal to the probability that a clique containing ¢ k-cycles appears.

(iv) proving that, when the number of edges in the core is large, the probability a core appears is
negligible compared to the probability that a clique containing ¢ k-cycles appears.

At a high level, a seed is a subgraph that contains most of the k-cycles and few edges, and a core
is a subgraph of a seed with its “superfluous” edges removed. It is important to note that the proof
of (iv) will depend on the size of ¢. Additionally, care needs to be taken in step (3) to obtain the
desired Poisson bound; it is not sufficient to simply raise the result in (2) for ¢ = 1 to the power of
S1.

Definition 3.1. Let & > 3 be an integer. A k-cycle induced graph (k-CIG) is a graph whose every
edge belongs to at least one k-cycle.

Definition 3.2. Given a graph G, define its k-skeleton Si(G) to be the union of its k-cycles. Define
also the essential skeleton S*(G) of G to be Sx(G) where every connected component isomorphic
to a k-cycle was removed.

That is, Sk(G) is the maximal k-CIG contained in G.
Before we begin the proof, let us note that thanks to Claim 2.4, (2.1) and decreasing ¢, § if needed
it suffices to prove the following result.

Lemma 3.3. Fiz an integer k > 3, positive reals €,0 < 1 and suppose n Zycs 1. Then for
np = X\ € [6,67Y] and for any nonnegative integer [/logn] <t < %(Z) we have

,)\k t
ek [Nk 3 /
Potun [N (G, G) 2 ] < max § (14¢) <2k> | e @R/

Definition 3.4. Let I,m € Z*. X(I,m) will denote that event that for a random graph G,
the skeleton Si(G) contains at least [ k-cycles in connected components which have exactly m k-
cycles each. Let also X4 (I,m) = U, s, X(,m), X_(I,m) = U, y<m X (,m) and X (I, [m1, ms] =
Unefmy me] X (I, m). Finally, let Y (I, m) denote the event that the skeleton of G contains exactly
cycles in the connected components with exactly m k-cycles.

We will also require the following well known estimate on binomial coefficients (see e.g. [23,

(5.14)]).

Lemma 3.5. For every pair of nonnegative integers (n, k),

n en\k
<(%)
(1) =3
We will also use the following simple graph-theoretic lemma several times.

Lemma 3.6. Fiz an integer k > 3, and let G be a connected graph that is a union of k-cycles. Then

(@) < (1 _ 11) e(G) + 1.

Moreover if G is not isomorphic to a k-cycle, then

(@) < <1— kzh) e(G).
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Proof. Let the k-cycles be Cq,...,C;, ordered such that for every integer j satisfying 2 < j < ¢,
there exists an integer ¢ satisfying 1 < ¢ < j such that C; and C; share a vertex; this is possible
because G is connected. Since G = C; U...UC,, it suffices to prove by induction that

[V(CLU...UG)| < <1—11€> |IE(CiU...UC)|+1

for every integer 1 < ¢ < ¢. The base case ¢ = 1 follows trivially. For the inductive step, assume
that the inductive hypothesis holds for some integer 1 < ¢ < [. Note that the subgraph induced by
edges in F(C;1U...UCiy1) \ E(C1U...UC(;) is either a proper nonempty subgraph of Cy and by
Claim 2.2

}V(ClU...UCZ‘_:,_l)\V(ClU...UCZ')‘ < ‘E(Clu...UCH_l)\E(ClU...UCZ‘)‘ -1 (3.1)

or it is isomorphic to Cj, in which case addition of C;y1 to C; U ... U C; adds k new edges, but by
the assumption on connectivity, it can add at most k — 1 new vertices, so that (3.1) holds in both
cases. Now (3.1) together with E(C1U...UCi+1)\ E(C1U...UC;) < k and the inductive assumption
proves that

1
’V(Cl U.. .Cz‘+1)| =k= (1 — k:) |E(Cl U...UCi+1)| +1.
Finally, when G is a k-CIG not isomorphic to a k-cycle, then adding 1 < Z(—fl) to the first result
allows us to obtain the second one. g

Remark 3.7. We will need later stated implicitly in the proof of Lemma 3.6: edges of any k-CIG
H can be partitioned into sets Aq,..., A;, such that for any ¢ <, A; U...U A4; is a k-CIG whose
every connected component is nonisomorphic to a k-cycle and |4;| < 2k.

Proof. When H is connected A; = E(C1) U E(C2) and A; = E(Ciy1) \ U;<; E(C;)) for i > 2 suffices.

When H is not connected, use the same construction component by component. U
We will need the following lemma, which is [12, Lemma 2.5].

Lemma 3.8. Fix an integer k > 3, and let G be a graph. Then
1
e(G) > 5(2kN(C’k,G))2/k.
We will also require a bound of similar spirit, but involving N, (Cy, G) instead of N(Cf, G).
Lemma 3.9. Fix an integer k > 3, let G be a graph, and let uwv be an edge of G. Then
Nuw(Cr, G) < (26(@)* =32 min(deg u, degv),  Ny(Ci, G) < degv(2e(G))*~1/2
if k is odd, and
Nuo(Cy, G) < min ((%(G))Uf*?)/?, (2¢(G))F=9/2 deg u deg v)
if k is even.

Proof. If k is odd, then every k-cycle containing uv is determined by the other vertex adjacent

to u, along with the locations and orientations of the k—gg edges that alternately span the re-

maining k£ — 3 vertices in the k-cycle. Therefore, the number of k-cycles containing uv is at most
(2¢(G))*=3)/2 degu. Repeating the same reasoning for v gives the desired bound. For N,(Cy, Q)
it suffices to note that for a fixed v, k-cycle containing v can be specified by providing % edges
together with their orientations.
If £ is ezen, then every k-cycle containing uv is determined by the locations and orientations of
—2

the other “5= edges that form every other edge in the k-cycle. Therefore, the number of k-cycles

containing uv is at most (2¢(G))#~2)/2. Alternatively, every k-cycle containing uwv is determined
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by the two edges adjacent to uv, along with the locations and orientations of the % edges that

alternately span the remaining k — 4 vertices in the k-cycle. Therefore, the number of k-cycles
containing uv is at most (2e(G))*~/2 degu deg v. O

Claim 3.10. Let H # C} be a connected graph where every edge belongs to at least one k-cycle.
Then v(H) +1 < e(H).

Proof. Such H has at least k + 1 vertices, so the claim follows from Lemma 3.6. U
We can now start executing step (2).

Lemma 3.11. Fiz an integer k > 3, reals €,0 > 0 and suppose n Zyes5 1 and np = X € [6, 5.
Then for any nonnegative integer t < \/n,

e N2k RN
Pamsionn [X(0:1) < (149 — (5 )

and for any nonnegative integer t < %(’;),

1 /AR\!
IP)GN(Ga(n,p) [X(ta 1)] < (1 =+ 5)5 (2k’> :
The proof will be similar to the corresponding lower bound, i.e. Lemma 2.5.

Proof. Let us first prove that

N 2k ket
Pongmp [Y(51)] < (1+6)— <%> (3.2)

when t < \/n.
Similarly as in the proof of Lemma 2.5 let G ~ G(n,p), Dy, be the disjoint union of [ k-cycles
and M = N(Dy, K,,) be the number of copies of Dy in K,,. Let us label these copies S1,..., Sy

and note that o
1y7r (K (n—kj nht
M= — — < . 3.3
t! jl;[o <2k< k >> — tI(2k)! (3.3)

Also clearly P[S; C G] = p** for all 1 <4 < M. Thus by the union bound and symmetry it suffices
to prove

P[S1 €GN N(Cy, G) = 1] < (1+e)e X/ (/).
Let Z denote the number of k-cycles in G that are disjoint from S;. Note that
PIN(Ck,G) =t|S1 C G] <P[Z =0]|S] C G|

First note that by considering subsets J of S; we have
Thus it suffices to prove that P[Z = 0|S; C G] < (1 + £)e~"/(2%)  Note that

P1Z = 0S1 C G] = P[Z = 0] < Paragnoktp) [N (Ck, G) = 0] < (1+2)e /B0 (3.4)

The first equality follows as Z considers the subset of k-cycles which are disjoint from S, the second
uses that X is counting only considering a subset of all k-cycles in K, and the third follows from
Lemma 2.1 and n 2 s t. This establishes (3.2). Moreover, note that we needed ¢ < /n only
to ensure that n — kt 25 .5 1 in the last step to use Lemma 2.1 in (3.4). We can now lift this
assumption and in (3.4) use instead a trivial bound P[Z = 0] < 1 to obtain

1

AN
PoGnyp) Y 1)] < (1+ s)ﬁ @k) (3.5)

assuming only ¢ < % (D)



Now note that with ¢t > y/logn 2. s 1, we can assume that 2>\T:t < £/2. Then we can conclude

the statement of this lemma by simple summation based on (3.2):

o P LAV AN
]PGNG(n,p) [X(tv 1)] < Z(l + 5) £ <2k>

—N/2k kN 2 —X\Ef2k RN
(& e
! — !

assuming that e < 1. Replacing ¢ with ¢/3 finishes the proof for ¢ < /n. Running the same
summation based on (3.5) instead of (3.2) yields the result for ¢ < % (}) and finishes the proof. [

Now continue to the step (2b).

Lemma 3.12. Fiz an integer k > 3, realse,d > 0 and supposen 2y 5 1. Then fornp = X\ € [6,67!]
and any nonnegative integer /logn < t < evViosn/3,

6—,\’6/% 2k t
Ponsiun X Viogn)]) < 1+ (5

Proof. Any component of a skeleton of G containing more than one k-cycle has more edges than
2

vertices by Claim 3.10. For a given number E < k+v/logn there is at most (Eil) ((E;) ) graphs in

K,, which are k-CIGs with E edges. Now the probability that G ~ G(n,p) contains such a graph is

12
P <E7i 1) ((EEl) ) < 5~V (o flog n) VIl < 12

when n 2 5. 1. Now conditional on X (t2,[2,/logn]), G must contain at least t5/v/logn disjoint
connected k-CIGs with at most k+/logn edges. Note that

P[X_(t,\/logn)] < > P[X(t1,1)]P[X(ts, (2, /logn])] (3.6)
t1+ta=t
—XE/2k sk t —XEj2k ke B2
e e
< (1 - | — 1 I B —t2/2+/logn 7
s (+e)— <2k) +tz:1( G <2k:> " (37)
-
so it suffices to show that

Eog=N 2k ok BT e~ /2k AR\
Z — | = n~t2/2Vlen o — (3.8)
ol (t — tg)! 2k t! 2k

(which will yield the final result for 4¢ instead of €). Using (t — t2)! < t!/t2 shows that it suffices
to prove

A
This inequality is, however, true for n 2, .51 as t < nl/3viogn O

t
(th> ? < Entg/%/logn.
t

Let us now introduce a core — a central object for our study of upper tails.

Definition 3.13. Fix an integer £ > 3 and positive real ¢ < 1. Additionally, let ¢ be a positive
integer. An (e, t)-core is a graph G without isolated vertices such that
(C1) N(Ck,G) > (1 — 6e)t,
(C2) e(G) < e 12/,
(C3) Nuy(Cr, G) > 212/ for every edge uwv € E(Q),
9



(C4) G has at most 2e~(k+2)/(k=2) connected components, and every connected component of G
has at least %kQ/ke‘l/(k*Q)tZ/k edges, and
(C5) degudegv < 2FH1e=(B+942/k for every edge uv € E(Q).
Let also CORE(g, ¢, G) denote the event that a random graph G contains an (e, t)-core.
Now the main purpose of these definitions is to show that conditional on N (G, Cy) being large,
G contains a core with high probability and then bound the probability of a core appearing in G to

obtain Lemma 3.3. The proof of the existence of a core will be different for small and large values
of t.

Lemma 3.14. Fiz an integer k > 3 and reals €,6 > 0. Assume € Sps 1. Then forn 2y s 1 the

following holds. For np = X € [6,07Y] and for any nonnegative integer t < n'/**

Ponnp [(S(G)) > e /K] < gpte)@hn™h/2,

Proof. Assume that e(S;(G)) > e '**. By Remark 3.7 we can select a subgraph H C S;(G)
which is a k-CIG, none of its connected components is isomorphic to a k-cycle and et2/k < e(H) <
et?/k 4 2k. Note that Lemma 3.6 applied to every connected component of H yields

o(H) < <1 - k21+k> e(H) .

Hence for a given E, there is at most

(o)) B e

k2+k
possible candidates for H with e(H) = E in a K,, (where we have used Lemma 3.5). Let H be the
family of these candidates. Now

Poncnp [e(SH(G)) 2 e ] < ) Poginp (H € G)
HeH
[e~1t2/F]+2k—1
< Z pEnE(l—l/(kz2+k))(2E)E
E=[e~142/F]

[e~1¢2/F]+2k—1
< Z 57En7E/(k2+k)(2E)E

E=[e—112/F]
< Ep(1+a)(2kt)2/’“/2
where we used 1 Si 5 viogn, t < nl/4 and e <k 1. O

Lemma 3.15. Fix an integer k > 3 and a positive real number € g 1. Additionally, let t be a
positive integer. Then any graph with t k-cycles and at most e 1t2/% edges contains a (e,t)-core
with at least (1 — 3e)t edges as a subgraph.

Proof. 1f € > 1/6, the empty graph is an (g,t)-core. Assume thus that e < 1/6.
Let G be a graph with ¢ k-cycles and at most e 't2/% edges. The idea is to successively remove
edges from G according to the following algorithm and show that the resulting graph is a core.
(1) If k is even: remove all edges uv € E(G) for which degudegv > 2F+1e=(k+112/k 6 get a
graph Gp.
If k is odd: remove all vertices v € V(G) such that degv > 2F+1/2e=(k+1)/241/k 14 get a
graph Gp.
10



(2) Define a sequence of graphs Gp, G1,... by repeatedly setting G;11 = G; \ {u;v;} for some
edge u;v; € Gj satisfying Ny, (Ck, Gi) < e2t1=2/k if such an edge exists. Let G be the last
graph in the sequence.

(3) Remove every connected component of G5 with less than %k:g/ ked/(k=2)42/k edges to get a
graph G'.

To show that G’ satisfies (C1), it suffices to check that at most ec k-cycles were removed during
each step.

(1) Assume first that k is even. By double counting the number of directed paths of length
three by the middle edge,

Z 2degudegv < (2¢(G))?
weE(G)

since each ordered pair of oriented edges in E(G) determines the starting edge and the
ending edge of at most one directed path of length three. Therefore, the number of edges
uv € E(G) for which degudeguv > 2Fe~(*+4¢2/k is at most
3 (2¢(G))?
ok +1 —(k+1)42/k"

Now, every edge uv € E(G) is part of at most (2e(G))*=2/2 k-cycles by Lemma 3.9. Thus,
removing all edges uv € E(G) for which degudegv > ok/25=(k+1)/242/k removes at most

1 2 (k+4)/2 (k+2)/2
3+ (2¢(G)) (k—2)/2 _ € e(G)
ok+1.—(k+1)42/k (2¢(G)) < 2/k
c(k+4)/2 (6—1t2/k)(k+2)/2
= 27k =¢t

k-cycles from G, since e(G) < e~ 142/k by hypothesis.
Now assume k is odd. There are at most
Zvev(c) degwv B 2¢(@G)
9(k+1)/2o—(k+1)/241/k - o (k+1)/2c—(k4+1)/241/k
removed vertices, each of which is contained in at most (2¢(G))*~1/2 cycles by lemma
Lemma 3.9. Thus removing the specified vertices removes at most

—(k+1)/2 (k+1)/2
26(G) . (26(G))(k—1)/2 — € E(G)
o(k+1)/2—(k+1)/241/k 17k
_ 6_(k+1)/2(8_1t2/k)(k+1)/2
- t1/k
=et

k-cycles as desired.
(2) By construction, Ny, (Ck, G;) < e2t=2/% for each integer 4 satisfying 0 <4 < s. Hence,

s—1
N(Ck, Gs) = N(Cy, Go) = Y N(C, Giy1) — N(Cy, Gy)
=0
s—1
1=0

s—1
< Z 82t172/k
=0

11



— ge21-2/k

< (8—1t2/k) (€2t1—2/k)
= ¢t,
since s < |E(Gp)| < e~ '#2/% by hypothesis. Thus, at most et k-cycles can be removed during
this step.
(3) For any connected component H in G4 and any edge uwv € E(H),

12K < Ny (Ch, H) < (2 B(H)|) 422

where the first inequality follows by construction from step (2) and the second inequality
follows from Lemma 3.9. Therefore,

L/ o1 o 2/(k=2) 1 4/(k—2)42/k
> — —
|E(H)] 5 (5 t ) 25 t

for every connected component H in G4 containing at least one edge. Thus, the number of
connected components in GG containing at least one edge is at most

(G e 12k _ g (k4+2)/(k~2)
Toaf(=2)g2/k = Toafte=2) 2/

since |E(Gy)| < e~ 1#?/F by hypothesis. Hence, removing all the connected components in
G with at fewer than %/{:2/’“54/(”“*2)152/”C edges removes at most

1 1 k/2
9e—(k+2)/(k=2) . o (2 ) 2k2/k:€4/(k—2)t2/k> -

k-cycles from G, since Lemma 3.8 states that each such connected component has at most

> (2 %14;2/’%4/(16—2)t2/k)k/2 unlabeled k-cycles.
Therefore G’ satisfies (C1) since N(Cg,G) > ¢ by hypothesis and each of the three steps above
removes at most et k-cycles from the graph. Finally, G’ satisfies
e (C2) because G has at most e~ 1#2/k edges by hypothesis and G’ is a subgraph of G,
e (C3) because G, satisfies (C3) by construction in step (2), and removing connected compo-
nents in step (3) cannot change this property,

e (C4) because all components with less than %kQ/ka‘L/(kﬂ)tz/k

edges were removed in step

(3) and there were at most 2e~(*+2)/(-=2) connected components, and
e (Ch) if k is even, because step (1) removed all edges uwv € E(G) for which degudegv >
ok/2g=(k+4)/242/k " and removing further edges cannot increase degu degv for any edge uv €

G.

Hence G’ is a (g, t)-core, as desired. O

Finally, note that for ¢ i 1, n 2k 1 and any t < %(2), the clique Kmin(n,[(2kt)1/k]+k) is an
(¢,t)-core and occurs in S*(G) for G ~ G(n,p) with np = X € [§,6 '] with probability at least
P+ @R /2 (see Lemma 2.6) if ¢ > /Togn. Hence

* € 2/k
PG (np) [CORE(e, t, S*(G))] > pltTo)@R7/2 (3.9)
which, together with Lemma 3.14 and Lemma 3.15, allows us to conclude:

Corollary 3.16. Fiz an integer k > 3, reals €,6 > 0 and suppose € Sp, 1 and n Zye5 1. Then for
np =\ € [6,071] and for any nonnegative integer \/logn < t < n'/4%,

]P)G’N(G(n,p) [N(Ckw S*(G)) > t] < (1 + E)PGNG(n,p) [COR‘E(Ev t, S*(G))] :
12



Now we will need to extend Corollary 3.16 also to the regime t > n'/%* of large ¢. This is more

difficult and requires the moment method introduced in [14]. First, we need to obtain a more loose
structure of a seed and then refine it to show the existence of a core.

Definition 3.17. Fix an integer k& > 3, positive real € and suppose n 2j.s 1. Then for any

nonnegative integer t < %(2) define an (g,t)-seed as a fixed embedding into K,, of a graph H

without isolated vertices which satisfies
(Sl) EGNG(n,p) [N(Cka G) ’ H - G] > (1 - E)t
(S2) e(G) < e 'k(2k)¥*t*/* log ]%.
Let also SEED(g, ¢, G) denote the event that a random graph G contains an (e, t)-seed.

It is worth noting that our Definition 3.17 of seed corresponds roughly to the seed from [12] and
preseed from [2]. However, [2| uses a bound corresponding to the result of Claim 3.19 instead of
(S2) in their definition of seed and later also core.

Claim 3.18. Fiz an integer k > 3, reals €,0 > 0 and suppose n Zp.5 1 and ¢ S 1. Then for

np = X\ € [6,67Y] and for any nonnegative integer t < % (}) we have

IP)GwG(mp) [N(Cka G) > t] < (1 + E)P[SEED(Ev t, G)] .
Proof. In this proof we will use a simplified notation of
En[X] = Egugmp) X | H C G]

where H is some fixed embedding of a graph in K,, and X is a random variable being a function of
a random graph G. Also, E[X] and P[X] should mean Eq.g(np)[X] and Pg g p)[X] respectively
if not specified otherwise.

Let Z be the indicator random variable for G not containing an (e,t)-seed. Let Zg = 1 if H is
not a seed and Zg = 0 otherwise. Additionally, let C be the set of k-cycles in K,,, and for every
T € C let Yr be the indicator random variable for T C G. Define | = e~ 1(2k)*/ %2/ log %. Then for

every positive integer ¢/ < £+ 1,

Z/
Egngnp) [N(Cr, G) Z] =E <Z YT) Z
TeT

) Z Yr - Yr, 2
_Tl,..‘,TZ/ET

S E E YT1 T YTZ/ : ZT1U...UTZ/_1
_le-n,T[/ €T

=E Z Yr, - Yr, | -Enu.ur,  [N(Ck, G)] - Zryu.ut,
_Tl,...7T[/7IET

<(1-e)t-E Z Yp, - Yr, - Znu.ur,
T1,... Ty €T

<.

< ((1-ep)",
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since if Er,u..ur, ,[N(Ck,G)] > (1 —¢)t, then Z = 0. Note that this only holds when ¢/ —1 < £ =
%/ (2k)2loge

" log(l—¢)
at most k(¢ — 1) edges. Thus, Markov’s inequality gives

(1-e)t" > E[N(Ck,G)'Z] > P[N(Cy,G)'Z > t*] - t" =P[N(Cy,, G)Z > t] - t*
Therefore,

V2 1log + 5 since the maximum number of edges in a seed is kl, and Ty U ... U Tp_1 has

P[N(Cy,G)Z >t] < (1—¢e)' < 5pn(1+s) 5/ @kt )2

as € <g 1. Since for n >, .5 1 a complete graph on ng = min(| (2kt)"/*| 4+ k,n) vertices has at most
(14 ¢)2 &/(2kt)? edges and at least ¢ k-cycles, it is a seed. Therefore

P(X, >t and G has no seed) = P[N(Cy, G)Z > ]
<eP(Ky, C€G)
< eP[SEED(e, t,G)].
Adding
P[{N(Ck,G) >t} NSEED(¢,t,G)| < P[SEED(e, t,G)]
to both sides gives P[N(Cj, G) > t] < (1+ ¢)P[SEED(e, t, G)], as desired. O

Before we determine the existence of a core, we will need some preprocessing.

Claim 3.19. Fixz an integer k > 3 and positive real € < 1 and let (logn)k2/2 <t< %(2) be an
integer. Then for n 2. 1 every (e,t)-seed G satisfies N(Cy, G) > (1 — 2¢)t.

Proof. Note that (see a similar idea in |2, Equation 3.1|)
Egncmp [N(Cr @) < Y- N(J,Gnkmph=et) (3.10)
JCCy

where the sum runs over all graphs J which have no isolated vertices and are subgraphs of Ck.
Consider any @ # J C C}, without isolated vertices. Such J is a disjoint union of paths P, ..., P,
where [1 + -+ +[; < k. We may overestimate

<[[~E.0). (3.11)
=1

Selection of the directions of the first, third, ..., (I — 1)st edge gives at most 2e(G) choices, so
N(P,G) < (2€(G))l/2. When 211, we can select the first vertex of P, in at most vg < n ways and

-1
the remaining [ — 1 vertices in at most (26(G)) 2 ways, as P, without the first vertex becomes P,_;

-
and we can recall the result for even [. Thus, for odd I, N(P,,G) < (26(G))Tln. As e(G) < n?, we

have a general bound
-1

N(P,G) < Ce(G) =z (3.12)
valid for all 2 <1 < k. Note that a more general bound can be found in [12, Theorem 5.4|, where
some of the properties of a fractional independence number are used. However, in our case the proof
is much simpler and hence is provided in this paper.

Now we can plug (3.11) and (3.12) to (3.10) (note that we need to treat J = @ and J = Cj
separately):

J
EGaGnp) [N(Cr, G)] < nFpF + N(Cy, G Z ph=hm =l ph= (=== (=) H6’
1, i=1
n



li+-+l;—j

=Pt N(C G)+ 3 (np) 7 he(G)
Iyl
< 5K 4 N(CW G) + C'(k,e)e(G) T . (3.13)
where C’(k,e,0) is some constant depending only on k, € and §. The sum in the first line is over
all tuples (l1,...,1;) such that every l; is a positive integer and i1 + --- +1; < k. In the third
line we use l; + -+ +1; —j < k— 1. Finally G is a seed 50 Egg(np) [V (Ck, G)] > (1 — ¢€)t, and
e(G) < e k(2k)2/k¢2/k log%. Hence (3.13) results in

k-1

(1 — &)ty < N(Ck, G) + 6%+ C"th " k(logn) 2 (3.14)
where C” = C"(k, \, €) is a constant depending only on k, A and . Finally, note that
st%(log n)% +6°F
as we assumed that ¢ > (log n)é Thus for n 2.5 1 we must have
(1 —-2e)t < N(C,G)
which finishes the proof. O

Definition 3.20. Fix an integer £ > 3 and positive real ¢ < 1. Additionally, let ¢ be a positive
integer. An (e,t)-precore is a graph G without isolated vertices such that

(PC1) N(Ck, G) = (1 = 3e)t,
(PC2) e(G) < e 'k(2k)*/**/Flog I,

(PC3) Nuw(Ck,G) > k(%)f/iilogltl_wk for every edge uwv € E(G).
P

Let also PC(e, t, G) denote the event that a random graph G contains an (g, t)-precore.
Claim 3.21. Every (e, t)-seed contains an (g,t)-precore.

Proof. The proof is very similar to step (2) in the proof of Lemma 3.15.
Let G be an n-seed, and repeatedly remove edges from G that violate (PC3) (if a vertex becomes
isolated after edge deletion we remove that vertex too) to get a sequence of graphs

G=G1 —Gy— ... —G;

that terminates at G;. By construction, G; must satisfy (C2) and (C3). To verify G; satisfies (C1),
note that
i1
N(Cy,G1) = N(Ck,G) = Y _ (N(Cr, Gy) — N(Ck, Girs1))
i'=1

c241-2/k

<(i-1). o T
(i )k(2k:)2/klogpin

1 £241-2/k
< 5_1k(2k)2/kt2/k log — ———7—
Pn k(2k)2/klog o
= ¢tp.
Therefore by Claim 3.19

N(Ck,Gz) Z N(Ck,G) —Etn Z (1—36)tn. O
15



Claim 3.22. Fiz an integer k > 3, reals €,0 > 0 and suppose n Zp.5 1 and ¢ S 1. Then for
np = X\ € [6,67Y] and any nonnegative integer \/logn <t < % (%) we have

PGNG(M?) [PC(E, t, G)] < (1 + 5)PG~G(n,p) [CORE(&“, t, G)] .
Proof. 1t suffices to show that
Pagnp)PC(e, t,G) \ CORE(e, t,G)] < ePgg(n,p) [CORE(e, t, G)] .

Let PC'(e,t,G) denote that event that G contains an (e, t)-precore with more than e~ 't*/* edges.
Thanks to Lemma 3.15 it suffices to show

PGNG(n,p) [PC/(FJ, t, G)] < 5PG~G(n,p) [CORE(&“, t, G)] . (3.15)

Let H be an (e,t)-precore with e(H) > e~ 1t*/*. Note that due to Lemma 3.9 for any edge
uv € E(H) we have

2

B — Y (o
K(2k)2/k log L < Nuw(Cr )

< (degudegv)(2¢(H))" 7"

< (deg u deg )2k~ /2o~ (k=02 (k=0 /2 () (k=) /K (k=) /K (1051 /) (= D)/2

(3.16)
when k£ is even and
2
€ 1-2/k

_ < Nyw(Crp, H
k(2k)2/* log 1 < Nuw (G H)
k—3

< min(degu,degv)(2¢e(H)) =
< min(deg u, deg v)20~8)/2e~ (=32, (k=8)/2 1) (=3) Ky (k=3)/k (10 1 /p) (+=3)/2

(3.17)
when k is odd. Then (3.16) rearranges to
degudegv > eb/20k—4 = (k=2)/2(9p)(k=2)/ky2/k (16g ) =(k=2)/2 (3.18)
when n > 6! and (3.17) gives
degudegv > eht1o72(k+3),=(k=1) (9p)=2(k=1)/ks2/k (50 ) ~(k=1) (3.19)
when n > 6=, When n 2.5 1 we can combine (3.18) and (3.19) to
degudegv > t*/*(logn) 2" (3.20)
true (regardless of the parity of k) for any uv € E(H) for a (e,t)-precore H.
For a positive integer j define
Vi={veV(H)|2 " <degv < min(2/,e(H))}
for j < [logy e(H)]. Since 3,y gy degv = 2e(H), so for all j < [log, e(H)]
5] < 240 (3.21)

21

Also, (3.15) ensures that for any edge uv € E(H) if u € Vj, then degv > %.

Now assume we are given v(H ) vertices together with the list of their degrees (so that the vertices
can be divided into sets V; as above), but we are not yet given any edges. For a given u € V; only
16



those v with degv > 277 (log n)_%t2/ k are eligible for the other endpoint of an edge incident to u.
The number of such possible v is at most

o 2¢(H)
7 2-i(logn)~2kt2/k
Thus the number of pairs {u, v} such that uv can be an edge is at most
[logy e(H)]
M= Y MV <8e(H)*t **(logn)* (3.22)
j=1

= 2 e(H)t2/*(logn)?* .

of them.
Finally, note that Lemma 3.6 it follows that v(H) < [(1 —1/(k* 4+ k))e(H)]. Hence for given m
all (e,t)-precores in K,, with m edges are generated in the following process:

(1) select [(1 —1/(k*+ k))m] vertices of K,,
(2) fix a degree sequence which possibly includes vertices of degree 0,
(3) divide vertices into sets V; and select m edges among M possible pairs, where M is defined
in (3.22).
Recall that ¢ > /logn >

Zkes 1,50 [(1—1/(k* + k))m] < (2k* — 1)m/2k?, so there is at most
2k2—1)m/2k?

ways to select vertices in step (1). There are also at most (2::) < 4™ possible
degree sequences (as they are sequences of m nonnegative integers summing to m) at and most
(]\nf) < (eM/m)™ ways of selecting edges, where according to (3.22) we have M < 8m?t—2/(log n)?*.

Hence we can provide the following upper bound for the number N,, of possible (g, t)-precores
with m edges

nl

Ny, < 42K =1)m/2k> (8mt=*(logn)?F)™ . (3.23)
Recall that for n 2.5 1 and any (e,t)-precore H we have
e(H) < e 'k(2k)?*2/F (log 1/p) < t*/*(logn)? .
Hence (3.23) is transformed to
Ny, < n@F*=1m/2k 39 146 ) m(2k+2) (3.24)
Now we can bound the probability that G ~ G(n,p) contains an (g,t)-precore with more than
e~ 142/k edges. Thus by the union bound
PG g(np)[n contains a (e,t)-precore with more than e 12k edges]
[2/* (log n)?
< Z P" N,
m=[e~1t2/F]
[#2/* (log n)? ]
< Z /2K (325_1 (log n)2k+2)m

m=[e—1t2/F]

< 2n—5_1t2/k/2k2 (325—1(10g n)2k+2)5_1t2/k

where in the last line we used n 2y 5. 1, so 326~ 1p—1/2 (logn)?**2 < 1/2.
Finally, using (3.9) we conclude that it suffices to check that

o~ (3207 ogm) )T < gp OGRS

which is trivially true when e < 1. O
17



Finally, Claim 3.18, Claim 3.19, Claim 3.21, and Claim 3.22 allows us to infer the following
corollary.

Corollary 3.23. Fiz an integer k > 3, reals €,6 > 0 and suppose € S 1 and n Zpe5 1. Then for
np = X\ € [6,67Y] and for any nonnegative integer (log n)kz/2 <t< %(2)
IEDG‘N(G:(n,p) [N(Ckv G) > t] < (1 + 5)PG~G(n,p) [CORE(& t, G)] .

Having established Corollaries 3.16 and 3.23 we can proceed to providing an upper bound for
existence of an (g,t)-core in G ~ G(n,p) to ultimately conclude Lemma 3.3.

Lemma 3.24. Fiz an integer k > 3 and a positive real number €. Additionally, let t be a positive
integer. Then for every connected component of a (e,t)-core, either

(i) every vertex in this connected component has degree at least C(k,e)~tY/*, or
(ii) this connected component is bipartite, every vertex has degree at least two, and the product
of the sizes of the two parts is at most C(k,e)t?/*

for some positive real number C(k,e) only depending on k and ¢.
Proof. Let H be a (g, c)-core. If k is odd, then for every edge uv € E(H),

Nuy(Cr, H) g2l —2/k _ o (k=3)/2_(k+1)/2,1/k
(26(H))(k—3)/2 - (2€—lt2/k)(k—3)/2

by Lemma 3.9, (C2), and (C3).
If k is even, then for every edge uv € E(H),

min(deg u, degv) >

Nuv(ck) H)
(2e(H))=1/2
c241-2/k

ok/2g=(kt4)/242/k degudegv >
o (k—4)/2 _k/2,2/k
= (2e—172/RY(=0)/2 ~ 2 ertt
by (EC5), Lemma 3.9, (C2), and (C3); for brevity, define

D(k,e) = max <2k/25_(k+4)/2, ok=4)/2=k/2 1 4 5)

so that

1
mtwk < degudegv < D(k,e)t?/*

for all edges uv € E(H). Now, define sets
So={veV(H)|degv =2}

Sl—{UEV(HH tQ/deegUSD(];E)tQ/k}

2D(k,¢)
Sy ={veV(H)|2<degv < 2D(k,c)*}

1 1
= H)| —r—at?/F < —
Ss {UEV( ) | 2D(k,z-:)3t _degv<2D(k,€)t

S;i={veH | 2D(k,e)"? < degV < 2D(k,5)i} when i is even and 2 < i < s
Si

1
veEH | it2/k§degV<w(k’€)i_2t2/k} when 7isodd and 2 <7< s

2D(k,¢)
18



where s is the largest integer for which

2D(k,e)* < D(k,e)V2tV/* — —t2/% > D(k,e)! /2t

2D(k,¢)
holds. Next, define Ss11 = V(H) \ (S1U...USs) so that the sets S1,..., 941 partition V(H) by
degree; note that by maximality of s,

min degv > D(k,e) 2D (k,e)"/2t!/k.

UESS+1

Lastly, for convenience set S; = & for every integer ¢ satisfying ¢ < 0 or ¢ > s + 1.

Since (,16 ) t2/k < degudegv < D(k,e)t?/* for all edges uv € E(H),

e all edges with an endpoint in Sy have an endpoint in S,
e for each integer ¢ satisfying 1 <14 < s, all edges with an endpoint in S; have an endpoint in
Si—1 U Siy1, and
e all edges with an endpoint in Ss;1 have an endpoint in S5 U Ss_1 or have both endpoints in
Sst1-
In particular, if wv € E(H) is an edge with w € S; and v € S}, then |i — j| < 1 (i = j only if
i=j=s+1)or|i—j| =2 and at least one of 7, j is equal to s + 1.
Now, for every connected component J of H, let

a(J)=min{i € Z|0<i<s+1,[V(J)NSi|>1}

and
b(J)=max{i € Z|0<i<s+1,|V(J)NS;| > 1};
since J is connected, there exists an edge u;v; € E(J) with u; € S; and v; € S;41 for every integer
i satisfying a(J) < i < b(J) — 1. For every such edge,
52t1_2/k < Nuyjw; (Ck, H)
— Nuivi (Ck, J)
= Nujo; (Cr, J[Si—kja41 U+ - U Sitr/2l)
k—2)/2
< (21E(J[S; k241 U+ U Sspra)) 72

because the first inequality follows from (C3), the first equality follows from the fact that k-cycles
is connected, the second equality follows from the fact that any k-cycle with vertices in both .S;
and S;11 must be contained in the sets S;_j /541 U...US; 12, and the last inequality follows from
Lemma 3.9. Therefore for every connected component J of H,

1 2,1-2/k 2/(k=2) 1 4/(k—2),2/k
|E(J[Sl_k/2+1 u...u Sz+k/2])| 5 (8 t ) = 25 t

for every integer i satisfying a(J) < i < b(J). Summing this inequality over all such i gives
b—1
1 _
(0(J) = a(J) — 1) - 5=k < Z:|E(J[Sl-,k j2r1U - U Sig))]

< k|E(T)]

the second inequality follows because every edge in J is counted at most k times in the sum, and
the third inequality follows from (C2). Thus,

ke~ 12/ —(k+2) /(=2

2
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for every connected component J of H.
To finish the proof of the lemma, there are two cases.

o If b(J) = s+1, then a(J) > s+ 1 — 2ke~*+2)/(k=2) " Therefore, the minimum degree of any
vertex in J is at least

21)(k,5)a(J)*2 2ﬁl)(k,€)57272k57
2 2 (D(k,f)f?)/Qtl/k) (D(k76)7272k5—(k+2)/(k—2)>

= 2D (ko) /2 I

(k+2)/(k—2)

where the second inequality follows from the maximality of s.
o If b(J) < s+ 1, recall that every edge uv € E(H) with u € S;, v € S, and u,v < s satisfies
|i — j| = 1. Hence, the vertices of J can be partitioned into the parts

A=v()n | s

a<i<b
7 even

and
B=v(Hn |J S

a<i<b
i odd

Since the vertices of J are contained in S,y U...USy ) and the bounds defining S; differ
from the bounds defining S; by a factor of D? for each integer i satisfying 0 < i < s — 2,

max degu < D(k, 5)b(J)_“(J)+1 min degu
ucA u€A

e~ (k+2)/(k—2)

< D(k 242k ind
< D(k,e) min deg u
and similarly
maxdegv < D(k, 5)2+2k5_(k+2)/(k_2) min degv.
veB vEB
Therefore,
Al < (EDL | _1EW)
~ mindegu mindegv
ueA veB

—(k+2)/(k-2) —~(k+2)/(k~2)
< D(k,g)**2ke |E(J)| D(k,e)*+2+ [E(J)]

max deg u max deg v
u€A veEB

Dk, o) B ()

max degudeguv
uwveE(J)

D(k75)4+4ks—<’€+2)/<’€—2) (5—1t2/k)2
= ok/2o—(k+4)/242/k

where the last inequality follows from (C2) and (C5). Finally, note that every vertex in
AU B must have degree at least two, since cores do not have isolated vertices and any edge
incident to a degree-one vertex cannot be contained in any k-cycles.

= 27 K2k2 p(k, 6)4-{-41@5*(’“*2)/(’“*2)752/1@

Finally, choosing
C(k, ) = max (2—(k—3)/26(k+1)/2’ 2D(k, 6)—7/2—2]%*(’“*2)/(’“*2)72—k/2€k/2D(k,’ 6)4+4k5*<k+2)/(’“*2>>

covers all cases for both k£ odd and k even, as desired. ]
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Before we continue, let us provide a useful graph theoretic lemma first. It is (especially after
transformation to Corollary 3.26) is very similar to |2, Lemma 4.4] for H being a k-cycle, but the
slightly stronger statement will be needed for stability considerations.

Lemma 3.25. Fiz an integer k > 3, and let G be a bipartite graph with parts A and B and no
1solated vertices. Then

EN(Cy, G) < (e(G) — |ADF?e(@).

Proof. Assume k is even, since e(G) > |A| and N(Ck,G) = 0 when k is odd. For every positive
integer i, let v; be the number of vertices in A with degree i. Then for every choice of % positive
integers di,ds, . ..,d,_1 € Z*1, the number of labeled k-cycles in G whose i*" vertex is in A and has
degree d; for each odd integer 1 <1 < k is at most

(VayVay -+~ vay_, ) - da - (dg — 1)(d5 — 1) -+ (de—1 — 1) = v1vg, [] (di — Dvg,
3<i<k
1 odd
by choosing the odd-indexed vertices of the k-cycle first, choosing the second vertex next, and
choosing the location of the remaining even-indexed vertices in order. Thus, the number of labeled
k-cycles in G whose odd-indexed vertices are in A is at most

k/2—1
1B] 1B] /
Z divg, H (di — N)vg, = Zdvd Z(d — 1)y
dids,....dj,_1€7 3<i<k d=1 d=1
2<dj,ds,...,dx_1<|B| i odd

where the first inequality follows because d; > 2 implies d; < 2(d; — 1). Now, the number of ways
an unlabeled k-cycle in G can be labeled such that odd-indexed vertices lie in A is % -2 =Fk by
choosing a starting vertex and a direction, so

k/2
18] 18] /

EN(Cr, G) < [ D dva | | D (d—1)vg
d=1 d=2

Finally,
1B

e(G) = Z dvg
d=1

since every edge in (G is incident to exactly one vertex in A, so combining this result with the
previous inequality gives the desired result. O

Corollary 3.26. Fix an integer k > 3, and let G be a bipartite graph with parts A and B such that
degv > 2 for every vertex v in A. Then

2/k
(@ - 141> (fvena)

Proof. Use the bound e(G) < 2(e(G) — |A]), then rearrange. O

Remark 3.27. Lemma 3.25 and Corollary 3.26 are tight up to lower order terms, as witnessed by
G = Ky, (with A being the larger part).

Lemma 3.28. Fiz an integer k > 3, reals €,6 > 0 and suppose € S 1 and that n Zp.5 1 is a
positive integer. Let also \/logn <t < %(2) be a positive integer. Then for pn = X € [6,671] we
have
Pii(np) | CORE(e, 8, Q)] < p1=2)@R0*/2
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Proof. Let H be any (e, t)-core. By (C4) and Lemma 3.24, there is a real number C'(k, ¢) depending
only on k and e and a nonnegative integer s < 2e~*+2/(:=2) for which the vertices of H can be
split into sets Ay, By, Ao, Bo, ..., As, By, and S such that

e for each integer ¢ satisfying 1 < i <s, H[A; U B;] is a bipartite connected component of H
with parts A; and B; such that every vertex in A; U B; has degree at least two,

e for each integer i satisfying 1 < i < s, |4;] > |B;| and |4;||B;| < C(k,)t?/*, and

e H|S] is a union of connected components, and degv > C(k, 5)*1t1/k for every vertex v € S.

Note that s = 0 if k is odd, since the number of odd cycles in a bipartite graph is zero. Using this
characterization, the probability that H appears in G ~ G(n,p) is at most

v(H) e(H)

i=1

< §oUH) el ‘S'Hp H[A;UB,])~|Ai|~|Bi|

< 5—U(H)p(2kN(Ck7H[S}))2/k/2—\5| Hp(kN(Cka[AiUBi])/z)wk_‘Bil
i=1
- 5—71(H)p—(|5|+\B1|+"'+|Bs|)p(Q/’f)W'“/?'N(CkJLI[S])2/k+(/’€/2)2/’c 5_1 N(Cr,H[A;UB;])?/* (3.25)
where the first inequality follows from Lemma 3.8 and Lemma 3.25. Now, every vertex in S has
degree at least C(k,e)"t"*, so
) 2e(H[S]) _ 2e~1¢2/k
= C(k,e)" 1tk = C(k,e)~1t1/k
Additionally, for each integer i satisfying 1 < i <'s,
|Bil < (|| Bil) '/ < Ok, ) /2 F,

=27 Ok, e)tV/*

Since s < 2e~ (k+2)/(k=2)
S|+ |B1| + ...+ |Bs| < 2e71C(k, e)t/F 4+ 2e= R/ k=2 0k )V/201 /% < e(2kt) VR /2, (3.26)

since t > v/logn Zkes 1.
Now, when k is even (so k > 4), convexity of the function f(z) = z*/* gives

(2]{:)2/k

NG ISP+ (§) S0 NG LA U B
i=1

% 2k 2/k
Zmin<(2k2)2 <§> )( (Co, H +ZN Ci, H A~uBi])>

2%k 2/k
= 2) N(Cy, H)**

(1= 3e)2kt)?/k
= 5 ’
where the last line follows from (C1). Also, when k is odd, N(Cy, H[A; U B;]) =0, so

2k s
2O Ncw. mIS) + <§> 2 N(Ce HlA: 0 B
(

(3.27)

2k)2/k
2

N(Cy, H)?/*
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(1 — 3e)2kt)?/k

= 5 7

Finally, plugging (3.26) to (3.28) into (3.25) shows that the probability that H appears in G ~
G(n,p) is at most

(3.28)

5—v(G)p((1—35)2kt)2/k/2—e(2kt)2/k < 6—5_1t2/’“p(1—45)(2kt)2/k/2 (3.29)

as v(G) < e(G) < e 't¥/%. To find the total probability that any (e, t)-core appears, it suffices to
sum (3.29) over all (e, t)-cores.

There are at most n>*T! ways to pick the sizes of the sets Ay, By, ..., A, B,, and S. There are
at most (g)S—H ways to choose the sizes of E(H[A; U By]), ..., E(G[As U Bs]), and E(H[S]). For
each integer 7 satisfying 1 < ¢ < s, there are at most

| Ail| Bl el Ail|Bi O\ CUAVED
(6(H[Ai U Bi])) = (e(H[Ai U Bi]))

2/k ¢
< max (1 eC(k,e)t >

—142/k

12kt (k=2) 2]k

e—142/k

= max <1, 2ek 2/ ke~ k=2, 5))

ways to choose the edges in F(H[A;UB;]) given the number of vertices and edges in H[A;UDB;], since
the first inequality follows from Lemma 3.5 and the second inequality follows from Lemma 3.24,
(C4), and (C2). Additionally, there are at most

(1) e(18hy D elS2 )
<e<H[S]>>S e(H[S]) S(%(H[sn)

ways to choose the edges in E(H[S]) given the number of vertices and edges in H[S] (the first
inequality follows from Lemma 3.5). Since S is a union of connected components and every vertex
in S has degree at least C(k,e)~'t!/%,

2|E(H[S])| _1 .
15| < C'(, ) 1t/F < 20(k,e)t *e(H[S));

substituting this into the previous inequality gives the number of ways to choose the edges in
E(HI[S]) as at most

e (20(k, ey re(mS))\ " (2e0(k, 22 c(11s)
( 2e(H|[S]) > - ( t2/k

2eC(k,e) 2 g~ 142/k (15D
S t2/k

= (2eC (k, 2)2~ 1) D

—142/k

< max (1, 260(k,8)26_1)

)

where both inequalities follow from (C2). Therefore the number of (e, t)-cores is at most

s+1 —142/k\ 8 Ry
n2tl. (Z) : <max (1,26k72/k€74/(k72)0(k,€))8 ) -max (1,2eC (k, )% 1) e
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12/k

14 _
< pists (max (1, 2ek =Yk =2 O (k, 6))6 -max (1,2eC’(k, 5)25_1)8 1)

12/k

2e—4/(k=2) 1
-max (1,2eC(k,e)%e ")

t2/k

= n2FE)Cy(k, ¢)

where

(3.30)

Co(k,e) = 8~ k+2)/(k=2)+3 4 3

and /2 -
C3(k,e) = max (1, 2ek ™2 ke =2 Ok, 5)) -max (1,2eC/(k, 5)25*1) ;

note that the second inequality follows from the upper bound on s.

Finally, the probability any (,t)-core appears is at most
n02(k78)63(k’ €)t2/k5_571t2/kp(1_48)(2kt)2/k/2

< p(1—5a)(2kt)2/’“/2
when n 25 .5 1 and t > y/logn 2.5 1. Replacing e with /5 finshes the proof. O

The last component needed in the final bound will be an upper bound for the probability that
G ~ G(n,p) has small but nonempty essential skeleton. Fortunately, only a simple rough bound
will suffice.

Lemma 3.29. Fix an integer k > 3 and a positive real 6. Let n be a positive integer and let a
positive real p < 1 be such that pn = X € [§,07]. Then
(k,!)25—4k

Pongnp [(S7(@) 21] < = —n""

Proof. Note first that e(S*(G)) > 1 if and only if G contains two k-cycles that share (at least one)
vertex. For every nonnegative integer v, the number of pairs of k-cycles sharing v vertices is at most

n n \? [ k\? K\ o,
— | <|{=] n
v)\k—v 2k ) — \ 2k
by choosing the shared vertices first, the remaining vertices next, and the edges within each k-cycle
last. Additionally, for any two distinct unlabeled cycles C; and Co that share a vertex,
CGiucC k+1
e(CiUC) —v(Cr UCq) > 6(1162)—12 %—1>0

by Lemma 3.6, so if k-cycles C; and Cy share v vertices, C; U Co has at least 2k — v + 1 edges.
Therefore

k
PaG(n,p) [e(S*(G)) > 1] < Z Z p2h—e(€inC)

v=1Cy,Ca k-cycles
U(Cl ﬂCQ):U

k 2k
< Z Z p2k—v+1

v=1Cy,C2 k-cycles
‘V(ClﬁCQ) ‘:’U

k kl 2
S () n2k—vp2k—v+1
v=1



( k!)2 5—4k .
< — . O
=T
Now we are finally ready to prove Lemma 3.3.
Proof of Lemma 3.5. In this proof P[X] and E[Y] should mean Pg,.g () [X] and Eg.gnp) Y] unless
specified otherwise.

First let us consider ¢ > (log n)k2/2. Then by Remark 1.5 it suffices to show that
P[N(Ci,G) > t] < p(l—é‘)(Qk:t)Q/k/Q.

However, we have

P[N(Ck,G) > t] < (14 ¢)P[CORE(e,t,G)]
< p(l—a)(zkt)2/k/2
for n 2 < s, where we used Corollary 3.23 in the first inequality, and Lemma 3.28 in the second one.
This settles the result for ¢ > (log n)*/2.
Now assume v/logn < t < (logn)**/2. Since N(Ci, G) = N(Cj, S(G)) we have

Pet(np) [N (Cr, G) > 1] < P[Y (t1,1)|P[X1(t —t1,2)] + P[X (¢ + 1,1)] (3.31)
=0

t1

since P[X 4 (t2,2) | Y(t1,1)] < P[X4(¢2,2)]. Denote to = t — t;. Since t > /logn, we can use
Lemma 3.11 and Lemma 2.5 to conclude that

1+e¢ <)\k)t+1 Akeh*/2k

P[X(t+1,1)] < P[Y(1,1)] < eP[Y(1,1)] (3.32)

(t+1)! \ 2k kt
so that (3.31) gives

PGNG(nap) [N(Ck‘, G) > t] <

t—1
< (1+e)P[Y(t, )] +P[X(£,2)] + Y P[Y (tr, )]P[X 4 (t — t1,2)]
t1=1
(3.33)

<(1+3¢)

e~ N /2k /K
t! 2k

t t—1 67)\16/2]C )\k t1
P X, (¢,2 2 —— | =) P Xi(t—11,2)].
)+{+<,>]+t121 i (3¢) Plre-n)

Now we can use Lemma 3.29 to bound P[X (f2,2)] (note that S*(G) is nonempty if and only if
X4 (tg,2) for to > 1) in the regime ty < y/logn. This yields

PGNG(n,p) [N(Ck7 G) 2 t]

VLIV . Wign) AR 2
< AT PIX 9 9 !2 —4k -1 I
< (1+39)—; (%) +P[X (2, 2)] + 260 ;::1 (t —t2)! (%) i
t—1 —)\k/Qk )\k t—ta
e
> 3 (t—tg)'(%) P[X(t2,2)] . (3.34)

to=[v/logn
At the same time note that

1 Aik t—ta . 6_/\k/2k )\7]6 t e/\k/2k th to . 6_)\k/2k )\7k tt2t2
(t —t2)! \ 2k o\ 2k AR i\ 2k

25




for t > v/logn 2 s 1. This yields

S T S 2 Sl £ R
to=

e A/2k kN
<eg— | —
- t! 2k

for n 25 1 and t < (log n)¥*/2. Using these results on (3.34) gives
PenGnp) [N(Cr, G) > 1]
e~ /2k ( 2k

i %> +P[X4(t,2)] +2

-1 —\k/2k k
< (1+4e) c (A

(t —t2)! 2k‘> 7 P[X(t2,2)] . (3.35)

ta=[v/logn|
Now we can estimate the sum for t5 > /logn. Note that
P[X (t2,2)] = B[N(Cy, S7(G)) > to]
< (1+¢)P[CORE(e, t2, S*(G))]
<(1+ g)p(l—a)(%tz)?/k/z
< p(172s)(2kt2)2/k/2

where in the second line we used Corollary 3.16 and Corollary 3.23, in the third line we used
Lemma 3.28 and in the fourth line we used n 2 .5 1. Now (3.35) gives

IP)GNG(n,p) [N(Cka G) > t]

—N/2k kN t—1 N2k gk T2

e A" (1-2¢) (2kt)2/* /2 e A (1-2¢)(2kt2)*/* /2

< (1+4e)— <2k> +p +2 > 5 <2k> p 2 :
ta=[v/logn]

(3.36)
We will need the following fact.
Lemma 3.30. Fiz an integer k > 3, reals €,6 > 0 and suppose € S 1 and that n Zp.5 1 is a

positive integer. Let also \/logn <t < (log n)k2/2, Viogn <tg <t—1 and t; =1t — ty be positive
integers. Then for any pn = X € [6,6Y] we have

LA AN LA
€ AT (-2)(2kta) k2 €€ a
£ <2k> p =1 2% (3:37)
or k/ ¢
=N /2k R\ B
€ ' A" p(1—25)(2kt2)2/k/2 < Ep(1—3e)(2kt)2/k/2. (3.38)
t! 2k t

Suppose that Lemma 3.30 holds. Then we can use it to bound the sum in (3.35) to obtain
Peng(nyp) [N(Cr, G) > ]

—\* 2k EN? -1 —\F/2k k tt2
< (1440)° / ()\> T AN R / ()\ ) p(1-22)(2kt2)?/k /2

! 2k (t —ta)! \ 2k
ta=[v/Iogn]
(3.39)
—XEj2k /RN
< (1+6¢)% - <2k> + (1 4 2¢)pL=3)@k0)2/ /2 (3.40)
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—\F /2K ENT
< (1+65)etl/ @k) + pli )R, (3.41)

Now if p

B 2/k Y AN
(-4 R 12 < 22 () we conelude

e N2k /RN
Pnc(np) [N (Ck, G) > t] < (1 +Te) t' <2k>

and in the opposite case
PGNG(n ») [N(Ck, G) > t] < (5’1 + 1)p(1745)(2kt)2/k/2 < p(1755)(2kt)2/k/2.
In both cases replacing € with /7 finishes the proof. Therefore it remains to show Lemma 3.30. O

Proof of Lemma 3.30. Define ¢ = (2k)?/¥/2. Let us start from some basic bounds. We have

N2k sk Tt -1
e (A (1-26)(2kt2)2/k /2 (€ (1-3¢)(2kt)2/* /2
A= <2k:> b (tp )

Y t
< I (NN ey okt o (1-e) R 2 (3.42)
= eVhi(ti /o) \ 2k |
kNt k=2
< el N 2k <2€k);\t1) psctg/’“q(kss)ctf/’“/ktz F (3.43)
(3.44)

where in the first inequality we used I! < ev/I(l/e)! (true for any integer I) and in the second

k=2
inequality we used convexity t%/* < tg/k + %t?/k/tQ’“ . If Ay <1, the lemma (specifically, (3.38)) is
satisfied. Hence assume A; > 1 and take natural logarithm of (3.43)

Ak 1 e\F
0<logA; < —— —1+4loge " +logt+t; | log— —logt;

2k 2k
2/k 2ct
+ | e(2kt2)*" /2 — (1 — 3e)——=5 | (log A —logn)
kty &
26t1 logn 2/k
< —tilogt; + (1 — QE)W —e(1 —¢)cty " logn (3.45)
1 ek
+loge™ +t1log o5 + logt (3.46)

(3.47)

where in the second line we used € S5 1, and n 25 1. Now if ¢; < (log n)1/4k, then since t9 > /logn
we would have for n 2y . 5

k

2kt;)%/* 1
)1+1/1/k > (1)20gn + loggfl + 1t 10g % + logt

e(1— e)ctg/k logn > (logn

(note that logt < k?loglogn) so the right side of (3.46) would be negative. Therefore t; >
(logn)/?k >, _ 5 1 and hence

)\k‘
—t1logt; +loge ! + 1 log 627 +logt < —(1 —¢)tylogt; .
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Therefore from (3.46) we infer

2ctq 1
0<logA; <—(1—¢)tjlogts + (1 — 28)6(]167(;?/7’: —e(1— s)ctg/k logn (3.48)
kty
and hence
2¢ to
0<—t2’“ logtl—i—(l—e)zlogn—ec (t )logn (3.49)
1
Therefore we must have
ty<e 'y (3.50)
as well as
k—2 2¢c
ty® logt; < (1— 5)— logn. (3.51)

k
Now let us analyze (3.37). We have

_k t 2k t\ ~!
Ayim NN agamgpry (SN (O
' #! 2%k t 2%k

1 kN —t
< tle t<)\> 2p(1 2e)et?/*

! 2k
—t
< o lytetl AF 2p(1 2e)cty/*
2k

Assuming that (3.37) doesn’t hold, we have
)\k
0<logAy < (ta+1)logt+loge™t —tylog = ok +(1- 2€)ct§/k(log)\ —logn)

2/k

< (1+e)talogt — (1 —3e)cty " logn (3.52)

where in the second inequality we used ¢ > t9 > \/logn Zkes 1. Now

k—

k—2
(1 —4e)clogn < t2’“ logt < t2 log(26 1) < (1 +e)ty* logt . (3.53)
due to (3.50) and € < 1. Combining this with (3.51) yields

k— k—

k 2 b2
2(1 —4e)ty* logty; < (1 —4e)clogn < (1+¢)t,* logt

which is a contradiction when ¢ < £22. Since we assume e <j, 1, the proof is finished. O
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