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Notation. Let Z, Q, R, and C denote the sets of integers, rational numbers, real numbers, and
complex numbers, respectively. In addition, let P, N, and N0 denote the sets of primes, positive
integers, and nonnegative integers, respectively. We also write [n] := {1, 2, . . . , n} for every n ∈ N.

Problem 1 (Geometry). Let L1,L2 ⊂ R3 be two affine lines. A common perpendicular is a line that
meets both L1 and L2 and whose direction is orthogonal to the directions of both lines.

(a) Write

Li = {~vi + t~di : t ∈ R}, ~di 6= 0.

Find a necessary and sufficient condition on ~v1, ~v2, ~d1, ~d2 for the two lines not to lie in a common
affine plane, and prove directly that such lines must have a unique common perpendicular.

(b) We now introduce Plücker coordinates for affine lines. Let

P := {(~d, ~m) ∈ R3 × R3 : ~d 6= 0, ~d · ~m = 0}.
Define an equivalence relation on P by

(~d, ~m) ∼ (~d′, ~m′) ⇐⇒ (~d′, ~m′) = (λ~d, λ~m)

for some λ ∈ R \ {0}, and write [~d : ~m] for the equivalence class.

Show that the affine line {~u+ t~d : t ∈ R}, with ~d 6= 0, determines the class

[~d : ~u× ~d].

Prove that this class is independent of the chosen base point ~u and of the chosen nonzero

direction vector for the line. Conversely, prove that every class [~d : ~m] in P/∼ determines a
unique affine line.

(c) Let [~di : ~mi] represent Li. Determine a necessary and sufficient condition, in terms of these
coordinates, for the lines not to lie in a common affine plane. Under this condition, prove that

exactly one class [~d : ~m] represents their common perpendicular.

Recommended reading for geometry:

• MIT OpenCourseWare 18.02, Part A: Vectors, Determinants and Planes, Sessions 1–8.
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https://ocw.mit.edu/courses/18-02sc-multivariable-calculus-fall-2010/pages/1.-vectors-and-matrices/part-a-vectors-determinants-and-planes/
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Problem 2 (Probability/Algorithm). For an integer n ≥ 1 and a parameter p ∈ [0, 1], consider the
sites of the square grid

Vn = {1, . . . , n}2.
Independently declare each site occupied with probability p. An occupied path is a sequence of
occupied sites in which consecutive sites are horizontal or vertical nearest neighbours; a path may
consist of a single site. Let Hn(p) be the event that there is an occupied path from a site in the
leftmost column to a site in the rightmost column, and set

θn(p) = Pr (Hn(p)) .

(a) Show that θn is a polynomial in p. You may use without justification that it is strictly
increasing. Deduce that there is a unique number pn ∈ (0, 1) such that θn(pn) = 1/2.

(b) Write pseudocode for an algorithm that approximates θn(p) by simulating M independent
random configurations and returning the proportion having a left-to-right crossing. Then
implement the algorithm in a programming language of your choice. Denote the resulting

estimator by θ̂n(p). You may use

Pr
(∣∣∣θ̂n(p)− θn(p)

∣∣∣ > ε
)
≤ 2e−2Mε2 .

For prescribed ε, δ ∈ (0, 1), find a sufficient integer M such that

Pr
(∣∣∣θ̂n(p)− θn(p)

∣∣∣ ≤ ε) ≥ 1− δ.

That is to say, the error will be at most ε with confidence 1− δ. Specialize to ε = δ = 0.05.
Determine θ1(p) and θ2(p) exactly. For each n ∈ {1, 2}, use at least two values of p to test

your implementation, using a stated value of M . For each test, report n, p,M , the estimate,
the exact value, and the observed absolute error.

Recommended reading for probability:

• Robert Sedgewick and Kevin Wayne, Algorithms, Section 4.1: Undirected Graphs, especially
depth-first search, breadth-first search, and connectivity.

• Princeton COS 226, Percolation Assignment.

https://algs4.cs.princeton.edu/41graph/
https://www.cs.princeton.edu/courses/archive/spring18/cos226/assignments/percolation/index.html
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Problem 3 (Mathematical Analysis). Let f ∈ C2([0, 1]) be a strictly convex function. For a ∈ [0, 1]
let

La(x) := f(a) + f ′(a)(x− a)

be the affine function whose graph is tangent to the graph of f at a. For n ∈ N and a1, . . . , an ∈ [0, 1],
define the tangent envelope by

La1,...,an(x) := max
1≤i≤n

Lai(x).

Note that by convexity, La1,...,an(x) ≤ f(x) for all x ∈ [0, 1]. Fix a number 1 ≤ p <∞ and define the
optimal error by

En,p(f) = inf
a1,...,an∈[0,1]

‖f −La1,...,an‖p,

where

‖g‖p =

(∫ 1

0

|g(x)|p dx

)1/p

.

A multiset of tangency points attaining this infimum is called optimal.

(a) For f(x) = x2, determine the optimal multiset of tangency points and compute En,p(f)
exactly.

(b) For a general strictly convex function f ∈ C2([0, 1]), determine the sharp decay exponent α;
that is, prove that there are constants 0 < cf,p ≤ Cf,p <∞, independent of n, such that

cf,pn
−α ≤ En,p(f) ≤ Cf,pn−α (n ≥ 1).

In other words, find α such that En,p(f) = Θ(n−α).
(c)∗ Assume f ′′(x) > 0 on [0, 1] and make the following formal continuum approximation. Suppose

the tangency points have a continuous positive density ρ with
∫ 1

0
ρ = 1. Write

hn(x) =
1

nρ(x)

for the length of a cell near x, where a cell is an interval on which a single tangent line
realizes the envelope. In this formal model, regard each such cell as centered at its tangency
point to leading order. Assume that boundary effects, deviations from this symmetry, and
Taylor-remainder terms contribute o(n−2p) to the pth power of the approximation error.

Show, using a quadratic approximation, that one cell near x contributes formally

(f ′′(x))p

23p(2p+ 1)
hn(x)2p+1

to the pth power of the error. Deduce that a configuration with density ρ has the formal
leading term

n−2p

23p(2p+ 1)

∫ 1

0

(f ′′(x))pρ(x)−2p dx

for the pth power of its error. Minimize this expression over ρ and derive the formal prediction

En,p(f) ∼ κp(f)n−α.

A rigorous proof of this asymptotic equivalence is not required.
Here An ∼ Bn means An/Bn −→

n→∞
1. You may use Hölder’s inequality: if r, s > 1 satisfy

1/r + 1/s = 1, then ‖uv‖1 ≤ ‖u‖r‖v‖s with equality if and only if the functions |u(x)|r and
|v(x)|s are proportional to each other.

Recommended reading for calculus and mathematical analysis:
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• Keith Conrad, The Remainder in Taylor Series, Sections 1 and 3.
• Stephen Boyd and Lieven Vandenberghe, Convex Optimization (Chapter 3, First-order con-

ditions).

https://kconrad.math.uconn.edu/blurbs/analysis/TaylorRemainder.pdf
https://web.stanford.edu/~boyd/cvxbook/
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Problem 4 (Data Analysis). An edge-weighted complete graph records pairwise data on n ≥ 5

objects. Let E =
(
[n]
2

)
be the set of two-element subsets of [n], or equivalently, the edge set of the

complete graph on n vertices. Let x = (xe)e∈E ∈ RE , and write xab = x{a,b}.

Let d ∈ N0. A degree-d scoring rule is a map

F = (F1, . . . , Fn) : RE −→ Rn

such that each coordinate function Fi is a homogeneous polynomial of degree d. The value Fi(x) is
the score assigned to object i. Let Sn be the group of permutations of [n]. The rule is anonymous if

Fπ(i)(π ·x) = Fi(x) (π ∈ Sn, i ∈ [n], x ∈ RE ),

where

(π ·x){a,b} = x{π−1(a),π−1(b)}.

Let A
(d)
n be the vector space of anonymous degree-d rules. A common-score rule has the form

h(x)1n, where h is an Sn-invariant homogeneous polynomial of degree d and 1n = (1, . . . , 1) ∈ Rn; let

C
(d)
n denote this subspace. Adding a common score changes none of the pairwise score differences, so

we study rules modulo C
(d)
n .

You may use the orbit-sum principle: a polynomial invariant under a finite permutation group is
a linear combination of its monomial orbit sums (the sum of the distinct monomials in the orbit of a
given monomial).

(a) Fix i ∈ [n]. Classify the orbits of edges under the subgroup of Sn fixing i. Deduce that

dim
(
A (1)
n /C (1)

n

)
= 1,

and identify a rule whose class spans this quotient.

(b) Set Qn := A
(2)
n and Cn := C

(2)
n . A quadratic monomial xexf corresponds to an unordered

multiset of two edges, with e = f allowed. Fix i ∈ [n]. Classify these multisets under the
subgroup of Sn fixing i, and deduce

dim Qn = 7, dim Cn = 3, dim(Qn/Cn) = 4.

Show that the classes of A = (A1, . . . , An), B = (B1, . . . , Bn), C = (C1, . . . , Cn), D =
(D1, . . . , Dn) form a basis of Qn/Cn, where

Ai =
∑
a6=i

x2ia, Bi =
∑

{a,b}∈([n]\{i}
2 )

xiaxib,

Ci =
∑
a 6=i

∑
b/∈{i,a}

xiaxab, Di =
∑
a 6=i

∑
{b,c}∈([n]\{i,a}

2 )

xiaxbc.

(c) Construct explicit weights x and two vertices i 6= j such that every linear anonymous rule
assigns the same score to i and j, but some quadratic anonymous rule assigns them different
scores. Explain both assertions.

Recommended reading for Data Analysis:

• Keith Conrad, Group Actions, Sections 1–3, especially orbits and stabilizers.
• MIT OpenCourseWare 18.06SC, Independence, Basis and Dimension.

https://kconrad.math.uconn.edu/blurbs/grouptheory/gpaction.pdf
https://ocw.mit.edu/courses/18-06sc-linear-algebra-fall-2011/pages/ax-b-and-the-four-subspaces/independence-basis-and-dimension/
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Problem 5 (Combinatorics). Let ω be the primitive cube root of unity in the upper half of the
complex plane and consider the subset U := {±1,±ω,±ω2} of the ring

Z[ω] := {a+ bω : a, b ∈ Z}.
For S ⊆ U and n ∈ N0, an S-walk of length n is a sequence z0, z1, . . . , zn in Z[ω] such that z0 = 0

and zk − zk−1 ∈ S for every integer k with 1 ≤ k ≤ n. For α ∈ Z[ω], let cn(α;S) denote the number
of S-walks of length n with endpoint zn = α.

(a) For S+ := {1, ω, ω2} and α ∈ Z[ω], consider the ordinary generating function

Gα(t) :=

∞∑
n=0

cn(α;S+)tn.

Prove that, for every fixed α ∈ Z[ω], the radius of convergence of Gα is 1/3. More precisely,
show that

Gα(t) = −
√

3

2π
log(1− 3t) +Oα(1)

as t → (1/3)− through real values. In particular, the coefficient of the leading logarithmic
term is independent of the endpoint α.

(b) Let λ := 1−ω ∈ Z[ω]. A U -walk z0, z1, . . . , z` of positive length is called λ-primitive if z` = 0
and

zk /∈ λZ[ω] := {λz : z ∈ Z[ω]}
for every integer k with 1 ≤ k ≤ ` − 1. Let p` denote the number of λ-primitive U -walks of
length `. Determine

lim
n→∞

(p2n)1/(2n).

Recommended reading for combinatorics:

• Enumerative Combinatorics by R. Stanley (Vol. 1, Chapters 1–3)
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Problem 6 (Abstract Algebra). A subset M ⊆ Q is an additive submonoid of Q if 0 ∈ M and
q + r ∈ M for all q, r ∈ M . If M and N are two additive submonoids of Q then we say that M is a
submonoid of N if M ⊆ N .

For S ⊆ Q, let MS be the additive submonoid generated by S, that is, the smallest additive
submonoid of Q containing S; in particular, M∅ = {0}.

For a submonoid M of Q, let Aut(M) be the group, under composition, of all bijections ϕ : M →M
satisfying ϕ(q + r) = ϕ(q) + ϕ(r) for all q, r ∈M .

(a) For q ∈ Q with q > 0, determine Aut(MSq
), where Sq := {qn : n ∈ Z}.

(b) Determine, up to isomorphism, which groups occur as Aut(MS) as S ranges over the subsets
of Q consisting of positive rationals.

For a field F and an additive submonoid M of Q, let

F [M ] :=
⊕
q∈M

Fxq

denote the F -vector space with basis M := {xq : q ∈M}, where xq is a formal symbol for each q ∈M
(elements of F [M ] are finite linear combinations of the elements in M ). Define a multiplication in
F [M ] similar to the standard multiplication of polynomials: for all q, r ∈M , set

xqxr := xq+r

and extend this to the whole F [M ] via the distributive law. Then let Autgr(F [M ]) denote the set of
all F -algebra automorphisms Φ of F [M ] such that, for every q ∈M ,

Φ(xq) = cxq
′

for some nonzero c ∈ F and q′ ∈ M (note that c and q′ may depend on q). The set Autgr(F [M ]) is
also a group under composition. Let Hom(M,F×) denote the group, under pointwise multiplication,
consisting of all maps χ : M → F \ {0} satisfying χ(0) = 1 and χ(q + r) = χ(q)χ(r) for all q, r ∈M .

(c) Describe Autgr(F [M ]) in terms of Aut(M) and Hom(M,F×). For the submonoid D2 :={
n/2m : m,n ∈ N0

}
of Q≥0 consisting of all nonnegative dyadic rationals, describe the groups

Hom(D2,C×) and Autgr(C[D2])

explicitly. For Hom(D2,C×), a description as the group of sequences (z0, z1, . . .) of nonzero
complex numbers satisfying z2m+1 = zm for every m ∈ N0, with coordinatewise multiplication,
is acceptable. Finally, compare Hom(D2,C×) with Hom(N0,C×) by determining, in each case,
the image and kernel of the evaluation homomorphism χ 7→ χ(1) into C×.

Note: You are allowed to use the following known theorem without proving it.

• Theorem. Every subgroup of a free abelian group is a free abelian group.

Recommended reading for abstract algebra:

• Algebra: Abstract and Concrete by Frederick M. Goodman [3] (Chapters 1–6)
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Problem 7 (Number Theory). Fix a positive r ∈ R, and let N0[r] be the set of values p(r), where
p(x) is a polynomial with nonnegative integer coefficients. Note that N0[r] contains 0 and 1 and is
closed under the standard addition and multiplication of real numbers. Then set

N0[r]× := {s ∈ N0[r] \ {0} : 1/s ∈ N0[r]}
and call the elements of N0[r]× units of N0[r]. A nonzero nonunit a ∈ N0[r] is called irreducible
if every factorization a = uv with u, v ∈ N0[r] has a unit factor. Two nonzero elements are called
associates if one is a unit multiple of the other; thus,

tN0[r]× = {tu : u ∈ N0[r]×}
is the associate class of a nonzero element t.

For ` ∈ N, we say that N0[r] has the `-Goldbach property if there exists a finite collection F of
associate classes such that every nonzero element a ∈ N0[r] that belongs to none of the classes in F
can be written as

a = u1 + · · ·+ uj

for some 1 ≤ j ≤ `, where u1, . . . , uj are irreducible (repetitions among the ui are allowed). We say
that N0[r] has the Goldbach property if it has the `-Goldbach property for some ` ∈ N. If N0[r]
has the Goldbach property, then its Goldbach number is

min
{
` ∈ N : N0[r] has the `-Goldbach property

}
.

(a) Determine all q ∈ Q>0 such that N0[q] contains infinitely many pairwise nonassociate irre-
ducibles.

(b) Prove that N0[q] has the Goldbach property if and only if q ∈ N ∪ N−1, where

N−1 :=

{
1

d
: d ∈ N

}
.

(c) Prove that the following two statements hold:
• For k ∈ N, the Goldbach number of N0[k] belongs to {3, 4};
• For k ∈ N with k ≥ 2, the Goldbach number of N0[1/k] belongs to {2, 3, 4}.

Note: You are allowed to use the following results without proving them.

• Ternary Goldbach theorem (Helfgott) [1]. Every odd integer greater than 5 is a sum of
three primes.

• Finite-avoidance corollary of the almost-equal-summands theorem (Matomäki,
Maynard, and Shao) [2]. For every finite set of primes P , every sufficiently large odd
integer is a sum of three primes not in P .

Recommended reading for number theory:

• Problems in Algebraic Number Theory by M. R. Murty and J. Esmonde (Chapters 1–5)
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