
Semisimplification of the Coordinate Ring of
GL(mJ1 ⊕ nJp−1) in Positive Characteristic

Harry Gao
Mentor: Dr. Arun S. Kannan

MIT PRIMES Conference

October 25, 2026



Outline

▶ Representation Theory of GL(n)

▶ Super objects

▶ Semisimplification

▶ Main results

▶ Acknowledgements



What is a Group Action?

Definition (Group action)

A group G acts on a set X if each g ∈ G moves each x ∈ X to some
g · x ∈ X , such that:

▶ Identity: e · x = x ,

▶ Compatibility: g · (h · x) = (gh) · x .

▶ There is an underlying map f : G × X → X with f (g , x) = g · x .

Example

▶ The dihedral group D2n on a regular n-gon acts on the set of n
vertices by permuting their positions.



What is a Representation?

Definition (Representation)

A representation is a group action f : G × X → X , where X is a vector
space and f is linear in x ∈ X . Equivalently, f is a group homomorphism
G → GL(X ).

Example

▶ S3 acts on points (x , y , z) ∈ R3 by permuting coordinates.

▶ GL(V ) acts on V by multiplication.



Representations of GL(n)

▶ We are interested in representations ρ : G → GL(W ), where
G = GL(n).

▶ So, ρ sends a matrix g ∈ G to another matrix ρ(g) ∈ GL(W ).

▶ These representations are rational: the entries of ρ(g) are
polynomials in the entries xij of g and det(g)−1, i.e. elements of the
coordinate ring O(GL(n)) = k[xij , det

−1].

▶ The equivalent action map G ×W → W can be encoded by the
map W → O(GL(n))⊗W , so the structure of representations over
GL(n) is encapsulated by O(GL(n)).



Super setting

Definition (Super vector space)

A super vector space is a Z2-graded vector space V which decomposes
into V = V0 ⊕ V1.

▶ A homogeneous vector v ∈ V is one that lies entirely in V0 or V1.

▶ Its parity, |v |, is 0 if it is in V0 (even) and 1 if it is in V1 (odd).

▶ V has super dimension m|n if the even part has dimension m and
the odd part has dimension n.

▶ Unlike ordinary vector spaces, swapping homogeneous vectors v ,w
introduces a sign:

v ⊗ w ↦→ (−1)|v ||w | w ⊗ v .

This is the Koszul sign rule.



Super setting

Definition (GL(m|n))
The general linear supergroup GL(m|n) consists of (m + n) by (m + n)
matrices:

A B

C D

⎡⎣ ⎤⎦
1, . . . ,m 1̄, . . . , n̄

1, . . . ,m

1̄, . . . , n̄

whose Berezinian Ber(M) = det(A− BD−1C ) det(D)−1 is invertible.
Here A,D have even entries and B,C have odd entries.

▶ The overarching goal is to improve our understanding of the
representation theory of GL(m|n) in positive characteristic.

▶ This requires understanding O(GL(m|n)).
▶ Semisimplification provides a way to go from the classical setting,

GL(m + n(p − 1)), to the super setting, GL(m|n).



Semisimplification

▶ Work in characteristic p and consider a Mat(n) module M.

▶ Pick an element t of Mat(n) with tp = 0, so that tp · v = 0 for all
v ∈ M.

▶ Decompose M into Jordan blocks Ji with i ≤ p:

Ji : v1
t−→ t · v1

t−→ t2 · v1
t−→ · · · t−→ t i−1v1

t−→ 0

Definition (Semisimplification)

Semisimplification is a functor between categories which quotients by
negligible morphisms.



Semisimplification

▶ J1 is sent to L1, Jp−1 is sent to Lp−1, and Jp is sent to the zero
object.

▶ For p > 2, L1 and Lp−1 generate a subcategory equivalent to sVec,
with the L1 forming an even basis and the Lp−1 forming an odd
basis.

Example

The vector space V = mJ1 ⊕ nJp−1 is sent to the super vector space V
which has super dimension m|n.



Semisimplification

Example (p = 3, Computing Mat(2J1 ⊕ J2))

▶ Set t = e4,3 acting on V = 2J1 ⊕ J2. The induced action on
Mat(V ) = V ⊗ V ∗ is t · x = [e4,3, x ] = e4,3x − xe4,3.

▶ For example, e3,1 → e4,1 → 0 is a J2,
e3,4 → e4,4 − e3,3 → −2e4,3 → 0 is a J3, and e3,3 + e4,4 → 0 is a J1.

▶ So, Mat(2J1 ⊕ J2) = 5J1 ⊕ 4J2 ⊕ J3 = 5L1 ⊕ 4L2 ∼= Mat(2|1).

4J1 2J2

2J2 J1 ⊕ J3

semisimplify

L1 L1 L2

L1 L1 L2

L2 L2 L1



Main Results

Let V = mJ1 ⊕ nJp−1, so V has super dimension m|n.

Theorem (Polynomial functions)

As supercommutative algebras,

O(Mat(V )) ∼= O(Mat(m|n))⊗ k[Yi,j ,Zi,j,r ],

where the 2mn + (p − 2)n2 extra generators Yi,j ,Zi,j,r are even,
Frobenius twisted, and of degree p. In particular, for degree d < p, there
are no extra generators.

▶ O(Mat(m|n)) contains odd generators like xi,j .

▶ By the Koszul sign rule, x2
i,j

= −x2
i,j
, so x2

i,j
= 0.

▶ This means each odd generator can appear at most once in a
monomial.



Main Results

Theorem (Coalgebra structure)

The comultiplication on O(Mat(V )) is inherited from O(Mat(m|n)) for
xij , while ∆(Yi,j) and ∆(Zi,j,r ) are sums that contain Yi,j and Zi,j,r

terms, as well as the p-th powers xpij .

Theorem (Coordinate ring)

As supercommutative algebras,

O(GL(V )) ∼= O(GL(m|n))⊗ k[Yi,j ,Zi,j,r ].
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Backup: Schur Algebra Results

▶ The Schur algebra is S(V , d) = A(V , d)∗, where A(V , d) is the
degree d part of O(Mat(V )). Its modules are the polynomial
representations of GL(n) of degree d .

▶ We calculate S(V , d) = A(V , d)
∗
:

Lemma (Grading)

Setting w(xij) = 0, w(Yi,j) = p − 2, and w(Zi,j,r ) = 2(p − 1− r), and

extending additively, gives a grading of A(V , d) as a coalgebra. Dually,
S(V , d) is a graded algebra.



Backup: Schur Algebra Results (cont.)

▶ Weights in degree d are bounded, so the positive-weight part Id
(dual to monomials containing some Y or Z ) is a nilpotent ideal,
and S(V , d)/Id ∼= S(m|n, d).

Theorem (Simple modules)

S(V , d) and S(m|n, d) have the same simple modules, which are the
irreducible polynomial representations of GL(m|n) of degree d.

▶ Id is nilpotent, so it acts by zero on any simple module M, as IdM is
a submodule and IdM = M would give M = I kd M = 0.
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