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Monoids

Definition. A monoid is a pair (M, ·), where M is a set and · is an associative
binary operation on M, for which M has an identity element 1 ∈ M such that
1 ·m = m · 1 = m for all m ∈ M.

Convention. Unless stated otherwise, we assume that our monoids are

commutative: bc = cb for all b, c ∈ M;

cancellative: ab = ac implies b = c for all a, b, c ∈ M.

Examples.

(N0,+), where N0 = {0, 1, 2, . . . }

(N, ·), where N = {1, 2, 3, . . . }

(N0[x ] \ {0}, ·), where

N0[x ] =

{︄
n∑︂

i=0

aix
i : n ∈ N0, ai ∈ N0

}︄
.
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Units

Definitions. Let M be a monoid.

1 An element u ∈ M is a unit if there exists v ∈ M such that uv = 1.

2 If M consists entirely of units, we say that M is a group.

3 We let M× denote the set of units of M (which is a group).

4 Elements a, b ∈ M are associates if there exists a unit u ∈ M× such that
au = b.

5 For a, b ∈ M we say that a divides b, denoted a |M b, if there exists
c ∈ M such that ac = b.

Examples.

In the monoid M = (Z \ {0}, ·), we have M× = {1,−1}.

The elements 3 and −3 are associates in M, and 3 divides 6 in M.

The monoid (Z,+) is a group.
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Atomicity

Definitions. Let M be a monoid.

1 An element a ∈ M \M× is an atom provided that, whenever a = bc with
b, c ∈ M, either b or c is a unit.

2 We let A(M) denote the set of atoms of M.

3 We say that M is atomic if every nonunit can be written as a finite
product of atoms.

4 We say that M is antimatter if M contains no atoms.

Examples.

The monoid M := (N0,+) is atomic and 1 is its only atom, as

n = 1 + 1 + · · ·+ 1⏞ ⏟⏟ ⏞
n times

for n ∈ N. Here, the monoid is additive, so d |M m means m − d ∈ M.

The monoid (Q≥0,+) is antimatter: any a ∈ Q>0 factors as a = a
2
+ a

2
.

Question

For which q ∈ Q is (N0[q] \ {0}, ·) atomic?
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Rational Monogenic Semidomains

Definition. For q ∈ Q, we define

Sq := N0[q] = {f (q) : f (x) ∈ N0[x ]}.

We say that Sq is the rational monogenic semidomain generated by q.

Examples. Let Sq be the rational monogenic semidomain generated by q.

The set S1/2 consists of all nonnegative rationals whose denominator is a
power of 2.

The set S2/3 contains the element 4/9 = (2/3)2 but does not contain 1/3.

We will focus on the properties of the multiplicative monoid S∗
q := (Sq \ {0}, ·).

Observations. Let Sq be the rational monogenic semidomain generated by q.

1 If q < 0, then Sq = Z[q], where Z is the set of all integers.

2 If q ∈ N, then S∗
q = (N, ·).

3 If q = 1/b ∈ N−1 (the set of positive unit fractions) then
S∗
q = {c/bn : c, n ∈ N}.
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Monoid of Technical Fractions

Definition. For q = a/b ∈ Q>0 with gcd(a, b) = 1, let Sq be the rational
monogenic semidomain generated by q. We define the technical monoid (or
monoid of technical fractions)

Tq := {c/d ∈ Sq : gcd(c, d) = 1, c | bn for some n ∈ N0}.

Remark. The set Tq is indeed a monoid under multiplication.

Examples.

When q ∈ N−1, the monoid Tq is a group.

For q = 5/6, we have elements such as 1 + 2q = 8/3 ∈ Tq and
2 + 3q = 9/2 ∈ Tq.

Question

To what extent does Tq influence the structure of Sq?
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Furstenberg Property

Definition. A monoid M is Furstenberg if every nonunit admits at least one
atom divisor.

Remark. Every atomic monoid is Furstenberg.

Examples.

The monoid (N, ·) is Furstenberg and atomic.

The monoid M := (Q>1 ∪ ⟨ 1
p
: p ∈ P⟩,+) is Furstenberg but not atomic.

P := {2, 3, 5, . . . } is the set of primes in N, and⟨︃
1

p
: p ∈ P

⟩︃
:=

{︄
n∑︂

i=1

1

pi
: n ∈ N0, pi ∈ P

}︄

is the set generated additively by reciprocals of primes.

We have A(M) = { 1
p
: p ∈ P}.

Every m ∈ Q>1 is divisible by 1
p
for some large prime p.

However, 5
4
/∈ ⟨ 1

p
: p ∈ P⟩.
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Furstenberg Property

Let Sq be the rational monogenic semidomain generated by q = a/b ∈ Q>0

with gcd(a, b) = 1, and let Tq be the technical monoid of Sq.

Theorem (Gotti–Karumbunathan–Kim–Wang, 2026)

The monoid S∗
q is Furstenberg if and only if Tq is Furstenberg.

Implication. The divisibility structure of Sq and behavior of atoms depend on
the structure of Tq.

Example. When q = 2/3, the technical monoid Tq = {1, 3, 9, . . . } is atomic
and hence Furstenberg, so S∗

2/3 is Furstenberg.

Question

Does there exist q ∈ Q>0 such that S∗
q is not Furstenberg?
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Furstenberg Property

Let Sq be the rational monogenic semidomain generated by q = a/b ∈ Q>0

with gcd(a, b) = 1, and let Tq be the technical monoid of Sq.

Theorem (Gotti–Karumbunathan–Kim–Wang, 2026)

Suppose that b has at least two distinct prime divisors, and

1 < a < min{p ∈ P : p | b}.

Then Tq is antimatter and S∗
q is not Furstenberg.

Example. The rational q = 2/15 satisfies the hypotheses, so T2/15 is
antimatter and S∗

2/15 is not Furstenberg (and hence not atomic).

Observation. This proves the existence of non-atomic rational monogenic
semidomains.
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MCD and MCD-Finite Property

Definition. Let M be a monoid, and let S ⊆ M be a finite nonempty subset of
M.

1 An element d ∈ M is a common divisor of S if d divides every element of
S .

2 A common divisor d ∈ M is a maximal common divisor (MCD) of S if
S/d := {s/d : s ∈ S} has no nonunit common divisor.

3 We say that M is MCD if every S has at least one MCD.

4 We say that M is MCD-finite if every S has finitely many MCDs (possibly
none) up to associates.

Examples.

The monoid (N, ·) has a unique MCD for each finite nonempty subset.

The monoid M := N0 \ {1} is MCD and MCD-finite. For instance, the
MCDs of {5,6} are 2 and 3.

Question

For which q ∈ Q>0 is S∗
q MCD (or MCD-finite)?
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MCD and MCD-Finite Property

Let Sq be the rational monogenic semidomain generated by q = a/b ∈ Q>0

with gcd(a, b) = 1.

Theorem (Gotti–Karumbunathan–Kim–Wang, 2026)

Suppose that b has at least two distinct prime divisors, and

1 < a < min{p ∈ P : p | b}.

Then S∗
q is MCD-finite but not MCD.

Example. Let q ∈ Q>0 \ (N ∪ N−1). The set

{1 + q + · · ·+ q329, (1 + q3)(1 + q5)(1 + q11)}

has at least three distinct MCDs, namely 1 + q3, 1 + q5, and 1 + q11.

Observation. This construction can be generalized to obtain finite subsets with
arbitrarily many distinct MCDs, even if the monoid S∗

q is MCD-finite.
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ACCP Property

Definition. Let M be a monoid.

1 We say a ∈ M satisfies the ascending chain condition on principal ideals
(ACCP) if every sequence a0, a1, a2, . . . (of elements of M) satisfying

a0 = a

an+1 |M an for all n ∈ N0

is eventually constant up to associates. (This is a nonincreasing chain of
divisors.)

2 We say that M satisfies the ACCP if every element of M satisfies the
ACCP.

Examples.

The monoid (N0,+) satisfies the ACCP: a nonincreasing chain of divisors
is simply a nonincreasing sequence of nonnegative integers.

Given a monoid M, all atoms and units of M satisfy the ACCP.
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Quasi-ACCP Property

Definition. A monoid M satisfies the quasi-ACCP if for every nonempty finite
subset S ⊆ M, there exists a common divisor d of S and an element a ∈ S
such that a/d satisfies the ACCP.

Example. The monoid M := (Q≥0,+) satisfies the quasi-ACCP but not the
ACCP.

For a nonempty finite S ⊆ M, take the common divisor d = min S and
element a = minS ∈ S .

Then a− d = 0 is a unit and satisfies the ACCP.

However, 1, 1
2
, 1
3
, 1
4
, . . . is a strictly decreasing chain of divisors.

Question

Does there exist q ∈ Q>0 for which S∗
q is not quasi-ACCP?
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Quasi-ACCP Property

Let Sq be the rational monogenic semidomain generated by q = a/b ∈ Q>0

with gcd(a, b) = 1, and let Tq be the technical monoid of Sq.

Theorem (Gotti–Karumbunathan–Kim–Wang, 2026)

Suppose that

q ∈ (0, 1/2),

a > 1, and

b > 1 is not a prime power.

Then S∗
q satisfies the quasi-ACCP if and only if it is MCD. Furthermore, if

inf(A(Tq)) > 1, where we define inf ∅ = +∞, then S∗
q satisfies neither

property.

Example. For q = 2/15, we have by our earlier theorem that A(Tq) = ∅ and
S∗
q satisfies neither the quasi-ACCP nor the MCD properties.

Conjecture

Let q = a/b ∈ Q>0 such that q ∈ (0, 1/2), a > 1, and b > 1 is not a prime
power. Then the set A(Tq) is finite.
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Relationships Between Properties

General Implications. The following chains hold for general monoids.

Quasi-ACCP MCD

ACCP

Atomic Furstenberg

/

/

/

/

Example. The monoid S∗
2/15 satisfies none of these properties, but it is

MCD-finite.

Remark. For q ∈ Q>0 with q ≥ 1, all five properties hold. When q ∈ (0, 1/2),
the quasi-ACCP and MCD properties are equivalent.

Keshav Karumbunathan, Hyun-Jin Kim, Vincent Wang Research Mentor: Dr. Felix Gotti Multiplicative Structure of Rational Monogenic Semidomains



Relationships Between Properties

General Implications. The following chains hold for general monoids.

Quasi-ACCP MCD

ACCP

Atomic Furstenberg

/

/

/

/

Example. The monoid S∗
2/15 satisfies none of these properties, but it is

MCD-finite.

Remark. For q ∈ Q>0 with q ≥ 1, all five properties hold. When q ∈ (0, 1/2),
the quasi-ACCP and MCD properties are equivalent.

Keshav Karumbunathan, Hyun-Jin Kim, Vincent Wang Research Mentor: Dr. Felix Gotti Multiplicative Structure of Rational Monogenic Semidomains



Relationships Between Properties

General Implications. The following chains hold for general monoids.

Quasi-ACCP MCD

ACCP

Atomic Furstenberg

/

/

/

/

Example. The monoid S∗
2/15 satisfies none of these properties, but it is

MCD-finite.

Remark. For q ∈ Q>0 with q ≥ 1, all five properties hold. When q ∈ (0, 1/2),
the quasi-ACCP and MCD properties are equivalent.

Keshav Karumbunathan, Hyun-Jin Kim, Vincent Wang Research Mentor: Dr. Felix Gotti Multiplicative Structure of Rational Monogenic Semidomains



Acknowledgements

The presenters would like to thank

Dr. Felix Gotti for mentoring the project, guiding our research, and
providing us with invaluable advice, as well as

PRIMES-USA for giving us this opportunity and making this
collaboration possible!

Keshav Karumbunathan, Hyun-Jin Kim, Vincent Wang Research Mentor: Dr. Felix Gotti Multiplicative Structure of Rational Monogenic Semidomains



References

D. D. Anderson, D. F. Anderson, and M. Zafrullah, Factorization in
integral domains, J. Pure Appl. Algebra 69 (1990) 1–19.

F. Campanini and A. Facchini, Factorizations of polynomials with integral
non-negative coefficients, Semigroup Forum 99 (2019) 317–332.

J. Dani, F. Gotti, B. Li, and A. Paladiya, Factorizations in algebraic
monogenic semidomains. Preprint, 2026.
https://arxiv.org/abs/2609.32138

A. Deng, F. Gotti, and J. Zeng, Factorizations in rational monogenic
semidomains. Preprint, 2026. https://arxiv.org/abs/2607.10178

N. Lebowitz-Lockard, On domains with properties weaker than atomicity,
Comm. Algebra 47 (2019) 1862–1868.

D. C. Ong and V. Ponomarenko, The Frobenius number of geometric
sequences, Integers 8 (2008) #A33.

P. L. Clark, The Euclidean criterion for irreducibles. Preprint, 2016.
https://arxiv.org/abs/1605.01298

Keshav Karumbunathan, Hyun-Jin Kim, Vincent Wang Research Mentor: Dr. Felix Gotti Multiplicative Structure of Rational Monogenic Semidomains

https://arxiv.org/abs/2609.32138
https://arxiv.org/abs/2607.10178
https://arxiv.org/abs/1605.01298


End of Presentation

Thank you for your attention!

Keshav Karumbunathan, Hyun-Jin Kim, Vincent Wang Research Mentor: Dr. Felix Gotti Multiplicative Structure of Rational Monogenic Semidomains


