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Two lines in a plane

What are the possible configurations of two lines in a plane?

Parallel Intersect Equal
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Two lines in R3

What about in 3 dimensions?

Parallel Intersect Equal Skew

Skew lines never meet, and they are not parallel.
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A line and a plane through the origin of R3

From now on, all subspaces pass through the origin.

Meet only at the origin Line is contained

In Rn for any n ≥ 3, these are the only two possibilities.
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General Arrangements

Definition
The Grassmannian Gr(k,Rn) is the set of k-dimensional subspaces of Rn.

U ∈ Gr(u,Rn)

W ∈ Gr(w ,Rn)

How can U and W sit inside Rn?

Example
A line U and a plane W in R3 is the case (u,w) = (1, 2) and n = 3.
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General Arrangements

Two arrangements are “the same” if a change of coordinates takes one to the other.

Definition
Define equivalence relation ∼ by

(U,W ) ∼ (U ′,W ′) ⇐⇒ (U ′,W ′) = (gU, gW ) for some g ∈ GLn(R).

The equivalence classes of ∼ are called GLn(R)-orbits.

What are the GLn(R)-orbits of Gr(u,Rn)× Gr(w ,Rn)?
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General Arrangements

Look at dim(U ∩W ).

An invertible change of coordinates does not change this number.

Fact
The orbit of (U,W ) is determined by dim(U ∩W ).

Example
For a line and a plane in R3, (u,w) = (1, 2) and n = 3:

dim(U ∩W ) = 0: the line meets the plane only at the origin.
dim(U ∩W ) = 1: the line is contained in the plane.

These are exactly the two pictures from before.
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Flags

Definition
A flag is a chain of nested subspaces
{0} ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vk = Rn.
A complete flag is a flag
{0} ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vn = Rn where dimVi = i .
The complete flag variety Fln(R) is the set of all
complete flags in Rn.

{0}
V1

V2

A complete flag in R3:
point ⊂ line ⊂ plane ⊂ R3

Example
The standard flag in Rn is {0} ⊂ span(e1) ⊂ span(e1, e2) ⊂ · · · ⊂ span(e1, . . . , en).
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Adapted Bases

Definition
A basis v1, . . . , vn of Rn determines the complete flag

F(v1, . . . , vn) := {0} ⊂ span(v1) ⊂ span(v1, v2) ⊂ · · · ⊂ span(v1, . . . , vn).

We call (v1, . . . , vn) an adapted basis of this flag.

Every complete flag has an adapted basis: pick vi ∈ Vi \ Vi−1.
Adapted bases are not unique: F(e1, e2, e3) = F(e1, e1 + e2, e3).

Example
The standard flag in Rn is F(e1, . . . , en).
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Flags

What are the GLn(R)-orbits of Fln(R)× Fln(R)?

Theorem (Bruhat Decomposition)
The GLn(R)-orbits of Fln(R)× Fln(R) are in bijection with the symmetric group Sn.

A representative of the GLn(R)-orbit corresponding to σ ∈ Sn is(
F(e1, . . . , en), F(eσ(1), . . . , eσ(n))

)
.
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Flags

Example
n = 3 and the transposition σ = (2 3), so σ(1) = 1, σ(2) = 3, σ(3) = 2.

e2

e3

e1

F : span(e1) ⊂ span(e1, e2)

e2

e3

e1

F(2 3): span(e1) ⊂ span(e1, e3)
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A flag and two complementary subspaces

Now consider triples (F ,U,W ) in Rp+q where
F ∈ Flp+q(R) is a complete flag,
U ∈ Gr(p,Rp+q) and W ∈ Gr(q,Rp+q),
U ∩W = {0}, so U ⊕W = Rp+q.

That is, the GLp+q(R)-orbits under g · (F ,U,W ) = (gF , gU, gW ).

Example
p = q = 1: the flag is just a line V1 in the plane, and U,W are two distinct lines. Three
GL2(R)-orbits: V1 = U, V1 = W , or V1 is neither.
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Clans

Definition (Matsuki–Oshima)
A (p, q)-clan is a way to

pair up some of the vertices {1, . . . , p + q}, and
label each remaining vertex by a “+” or “−”,

such that #{+} −#{−} = p − q.

Example

A (4, 3)-clan on {1, . . . , 7}: − + +
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A flag and two complementary subspaces

Theorem (Matsuki–Oshima)
The GLp+q(R)-orbits of (F ,U,W ) with dimU = p, dimW = q, U ∩W = {0} are in bijection
with (p, q)-clans.

Example
Example for (3, 2), with U = span(e1, e2, e3) and W = span(e4, e5):

+ + −
e1, e2 + e4, e3, e2 − e4, e5F( )
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Signed area

How do we measure the signed area of the parallelogram spanned by v ,w ∈ R2?

v

w

ω(v ,w)

ω(v ,w) = v1w2 − v2w1 = det

(
v1 w1
v2 w2

)
Positive if w is counterclockwise from v , negative if clockwise.
Swapping v and w flips the sign: ω(w , v) = −ω(v ,w).

Connor Leong A Bijection Between Orbits on Flags October 2026 15 / 27



Symplectic Forms

A symplectic form is an abstract version of signed area.
Definition
A symplectic form ω is a map ω : Rn × Rn → R which is

Bilinear : linear in each argument.
Skew-symmetric : ω(v ,w) = −ω(w , v) for all v ,w ∈ Rn. In particular, ω(v , v) = 0.
Nondegenerate: for each nonzero v ∈ Rn, there exists a w ∈ Rn for which ω(v ,w) ̸= 0.

Example
The standard symplectic form ω0 on R2n is

ω0(v ,w) = vT
(

0 In
−In 0

)
w =

n∑
i=1

(
vi wn+i − vn+i wi

)
.

ω0 adds up the signed areas of the projections onto the n coordinate planes span(ei , en+i ).
When n = 1, it is exactly the signed area from before.
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Symplectic Forms

A space equipped with a symplectic form must have even dimension.

Definition
Let ω be a symplectic form on R2n. A symplectic basis is a basis a1, . . ., an, b1, . . ., bn such that

ω(ai , bi ) = 1, ω(ai , bj) = 0 for i ̸= j , and ω(ai , aj) = ω(bi , bj) = 0

for all 1 ≤ i , j ≤ n.

Fact
Every symplectic form on R2n has a symplectic basis.

Example
The standard basis e1, . . . , en, en+1, . . . , e2n is a symplectic basis of ω0.
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A flag and a symplectic form

Consider pairs (F , ω) where F ∈ Fl2n(R) and ω is a symplectic form on R2n.

GL2n(R) acts on symplectic forms by change of coordinates:

(g · ω)(v ,w) = ω(g−1v , g−1w).

That is, the GL2n(R)-orbits under g · (F , ω) = (gF , g · ω).
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Perfect Matchings

Definition
A perfect matching on {1, . . . , 2n} is a way to split the vertices into n pairs.

Example
The three perfect matchings on {1, 2, 3, 4}:

1 2 3 4 1 2 3 4 1 2 3 4

There are (2n − 1)!! perfect matchings on {1, . . . , 2n}.
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A flag and a symplectic form

Theorem (Matsuki)
The GL2n(R)-orbits of (F , ω) are in bijection with perfect matchings on {1, . . . , 2n}.

The flag can always be written as

F : {0} ⊂ span(v1) ⊂ span(v1, v2) ⊂ · · · ⊂ span(v1, . . . , v2n)

where v1, . . . , v2n is a symplectic basis for ω, in some order. The matching records which pairs
vi , vj satisfy ω(vi , vj) = ±1.

Example for n = 2

a1, a2, b2, b1F( )
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A flag and a symplectic hyperplane

Now consider (F ,H, ω, e) in R2n+1, where F ∈ Fl2n+1(R), H is a hyperplane (dimension 2n)
with a symplectic form ω on H, and e /∈ H is a vector.

Theorem (Matsuki; independently by L.)
The GL2n+1(R)-orbits of (F ,H, ω, e) are in bijection with (n + 1, n)-clans.

Example
Example for n = 2, where a1, a2, b1, b2 is a symplectic basis of H and e /∈ H:

+ + −
a1 + e, a2, e, b2, b1F( )
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A Conjecture

Conjecture (special case of Jacquet–Rallis)

In R2n+1, there is an explicit bijection between the GL2n+1(R)-orbits of
(F ,U,W ) with dimU = n + 1, dimW = n, U ∩W = {0}, and
(F ,H, ω, e) with ω a symplectic form on a hyperplane H and e /∈ H.
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The Bijection

(n + 1, n)-clans

GL2n+1(R)-orbits of
(F ,H, ω, e)

GL2n+1(R)-orbits of
(F ,U,W )

Matsuki;
independently L. Matsuki–Oshima

explicit bijection
(conj. Jacquet–Rallis)

Example for n = 1

F(a1 + e, e, b1) ←→ + + − ←→ F(e1, e2, f1)

Connor Leong A Bijection Between Orbits on Flags October 2026 23 / 27



Acknowledgments

I give my heartfelt gratitude to:
My mentor, Kenta Suzuki, for his patient guidance and feedback throughout this project.
Sanath Devalapurkar, for suggesting the problem.
Hamilton Wan, for his extensive feedback on my interim report.
The MIT PRIMES program and its organizers, Dr. Slava Gerovitch, Dr. Tanya Khovanova,
and Prof. Pavel Etingof, for this research opportunity.

Connor Leong A Bijection Between Orbits on Flags October 2026 24 / 27



References I

D. Ben-Zvi, Y. Sakellaridis, and A. Venkatesh.
Relative Langlands duality.
arXiv preprint arXiv:2409.04677, 2024.

M. Finkelberg, V. Ginzburg, and R. Travkin.
Lagrangian subvarieties of hyperspherical varieties.
Geom. Funct. Anal., 35(1):254–282, 2025.

H. Jacquet and S. Rallis.
Uniqueness of linear periods.
Compositio Math., 102(1):65–123, 1996.

T. Matsuki.
An example of orthogonal triple flag variety of finite type.
J. Algebra, 375:148–187, 2013.

Connor Leong A Bijection Between Orbits on Flags October 2026 25 / 27



References II

T. Matsuki and T. Oshima.
Embeddings of discrete series into principal series.
In The Orbit Method in Representation Theory, Progr. Math. 82, 147–175, 1990.

A. Yamamoto.
Orbits in the flag variety and images of the moment map for classical groups. I.
Represent. Theory, 1:329–404, 1997.

Connor Leong A Bijection Between Orbits on Flags October 2026 26 / 27



The End

Thank you!!
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