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Motivation

char k
0 5 ≥ 7

weak Jordan
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Representations of Z/p in characteristic p

k algebraically closed field of characteristic p.

Representations of Z/p = {0, 1, . . . , p − 1} are vector spaces with
operator g (action of 1) satisfying gp = I.

Example

V = k3 and Z/p-action is 1 · v =

1 1 0
0 1 1
0 0 1

 v . Well-defined and

indecomposable if p ≥ 3.

“Freshman’s dream” is satisfied: (g − I)p = gp − Ip = I− I = 0.

Indecomposable representations are single Jordan blocks

V1,V2, . . . ,Vp, dimVi = i .
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Semisimplification and the Verlinde category

Symmetric tensor category Rep(Z/p) is additively generated by
V1, . . . ,Vp. Objects are vector spaces with Z/p-action. Morphisms are
Z/p-equivariant linear maps.

Semisimplifying symmetric tensor category [EO19]

Keep the indecomposables of nonzero dimension and throw the others
away. The remaining objects become the simple objects.

Verlinde category

Define Verlinde category Verp := Rep(Z/p) by semisimplification.
Observe dimVp = p ≡ 0 mod p =⇒ Vp 7→ 0. Then Verp is additively
generated by relabeled survivors:

L1, . . . , Lp−1.

Alternatively built from sl2 with Li ↔ i-dim sl2-irrep. So L1 trivial
module, L3 adjoint representation (sl2 ↷ sl2).
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Kantor-Koecher-Tits construction in Verp

Definition (KKT Lie Algebra in Verp)

Lie algebra g in Verp is a KKT Lie algebra if g = (g0 ⊗ L1)⊕ (A⊗ L3),
g0 and A spaces. Reduced if g0 ↷ A is faithful.

Spaces commute with Li :

g⊗ g = (g0 ⊗ g0)⊗ L1 ⊕ (g0 ⊗ A)⊗ L3 ⊕ (A⊗ g0)⊗ L3

⊕ (A⊗ A)⊗ (L3 ⊗ L3)

Lie bracket matches L1 → L1, L3 → L3. Spaces carry the rest of the info:

g0 ⊗ g0 → g0 Lie bracket [−,−]
g0 ⊗ A → A action ρ
A⊗ A → A product ∗ symmetric
A⊗ A → g0 map b skew
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Jordan vs. weak Jordan

Jordan

A commutative algebra, b : A⊗ A → Der(A) skew.

1 x(zy)− (xz)y = b(x , y)z

2 and b(x , x2) = 0 .

Weak Jordan

(2) unchanged. (1) only for z = x :

x(xy)− (xx)y = b(x , y)x .

Theorem ([EKO26])

g = (g0 ⊗ L1)⊕ (A⊗ L3) reduced KKT in Verp ⇒ g0 ⊆ Der(A) and

p = 0 or p ≥ 7: A is Jordan
p = 5: A is weak Jordan
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The exceptionals and Magic Square construction

Over C: simple Lie algebras

an , bn, cn, dn︸ ︷︷ ︸
sl, so, sp

& g2, f4, e6, e7, e8︸ ︷︷ ︸
exceptional

Freudenthal-Tits Magic Square

C composition algebra, J Jordan algebra:

T (C , J) = Der(C )⊕ Inder(J)⊕ (C 0 ⊗ J0).

C 0 and J0 are trace-free parts. E.g. if C = C over R, C 0 = ⟨i⟩.

C = Os , J = H3(K ) for K split composition algebra:

H3(Rs) H3(Cs) H3(Hs) H3(Os)

Os f4 e6 e7 e8
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Structurable algebras inside g

Define matrix structurable algebra as in [Med17]

A(J) =

{(
α S
T β

)
: α, β ∈ k , S ,T ∈ J

}
,

(
α S
T β

)
=

(
β S
T α

)
.

Hermitian subspace H(J) = {x ∈ A(J) : x = x} is closed under the
symmetrized product.

Theorem ([EO06])

Let g = T (Os , J) with J = H3(K ). Suppose sl2 ⊆ g such that

g ∼= (d⊗ V1)⊕ (H⊗ V3)⊕ (S ⊗ V5),

as sl2-modules (Vi irreducible, dimension i). Then A = H⊕ S is an
algebra (from g Lie bracket) with involution h + s := h − s, and

A ∼= A(J)
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Putting it together in Ver5

1 g = T (Os , J), J = H3(K ) =⇒ g ∈ {f4, e6, e7, e8}

2 Principal sl2 (from A2 root subsystem):

g ∼= (d⊗ V1)⊕ (H⊗ V3)⊕ (S ⊗ V5).

3 Then

H⊕ S = A ∼= A(J), H ∼= H(J).

4 When p = 5, semisimplification kills V5 (dimV5 = 5 ≡ 0)

g⇝ (d⊗ L1)⊕ (H⊗ L3),

a reduced KKT Lie algebra, so H is a weak Jordan algebra.
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Concrete example: the f4 case

J = H3(k) cubic Jordan algebra with

N(S) := det S , S ♯ := adj(S), τ(S ,T ) := Tr(ST )

Hermitian subspace H(J) ⊆ A(J). Under product 1
2(xy + yx),

dimH(J) = 13

Principal sl2 yields f4 ∼= 8V1 ⊕ 13V3 ⊕ 1V5 ⇝ 8L1 ⊕ 13L3

x = (λ, S ,T ), y = (µ, S ′,T ′) in H(J). Define

b(x , y) := π(ST ′ − S ′T ) ∈ Der(H(J)), π(Q) := Q − 1

3
Tr(Q)I3

Result: weak Jordan, simple, not Jordan.
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Conclusion: four simple weak Jordan algebras

Lemma (Failure of Jordan identity)

For g ∈ {f4, e6, e7, e8}, there exists x , y , z ∈ H(J) ∼= H with:

x(zy)− (xz)y ̸= b(x , y)z .

Lemma (Simplicity)

If A(J) is simple, then H(J) is simple.

Theorem [Akr26]

Let k be an algebraically closed field of characteristic 5. For
K ∈ {Rs ,Cs ,Hs ,Os}, let JK := H3(K ), let gK = T (Os , JK ), and let
HK := H(JK ) ⊆ A(JK ) be the Hermitian subspace. Then HK is a weak
Jordan algebra. Moreover, HK is simple and is not a Jordan algebra.
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