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What is a differentiable manifold?

• A space that locally looks like Rn.

• Earth’s surface is an example of a two-dimensional manifold.

manifold
R2

flatten a small patch

• These small patches fit together smoothly.
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Tangent vectors and tangent spaces

• A tangent vector at x is the velocity of a smooth curve passing through x :

v = γ′(0), γ(0) = x .

• The tangent space TxM is the vector space of all tangent vectors at x .
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Riemannian Manifolds

Definition (Riemannian Manifold)
A Riemannian manifold (M, g) is a differentiable manifold M equipped with a
Riemannian metric g .

At each point p ∈ M, gp is an inner product on the tangent space TpM.

Example
M = Rn with g = ⟨·, ·⟩Rn , the Euclidean inner product.

Length of a tangent vector v ∈ TpM:

∥v∥g =
√

gp(v , v).

Length of a curve γ : [0, 1] → M:

Lg(γ) =
∫ 1

0

√
gγ(t)

(
γ′(t), γ′(t)

)
dt.
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Hyperbolic space

Definition (Hyperbolic space)
A hyperbolic space is a complete, simply connected n-dimensional Riemannian manifold
with constant sectional curvature −1. Every such manifold is isometric to the standard
hyperbolic space Hn.

• A triangle in hyperbolic space has angle sum less than 180◦.
• The two ultraparallel lines never meet. They spread farther apart in both directions

from their shortest connecting segment.
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ALH manifolds

compact interior r → ∞
Sr ∼= S2

Kottler model

ALH manifold

Definition (ALH manifold)
An asymptotically locally hyperbolic (ALH) manifold is a Riemannian manifold whose
metric approaches a Kottler reference metric at a specified rate r−q toward infinity.

• The interior may contain complicated geometry.
• Cross-sections of the end can be spheres, tori, higher-genus surfaces, and more.
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Ricci Curvature

• Geodesics: locally shortest paths between points.

• Ricci curvature: measures the overall focusing or spreading of nearby geodesics.
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Ricci Flow

Definition (Normalized Ricci flow)
Normalized Ricci flow is an evolution of the metric g(t) satisfying

∂g
∂t = −2

(
Ric(g) + (n − 1)g

)
.

• Ricci flow can smooth uneven curvature and, in some
cases, make a manifold rounder.

• As long as the flow stays smooth, it changes the geometry
while preserving the topology.

• Perelman used Hamilton’s Ricci flow to prove the Poincaré
conjecture (2002–2003).
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Result 1: ALH preservation

Initial geometry g0

normalized
Ricci flow

Later geometry g(t)

evolving manifold same reference model

Theorem 1
Let (Mn, g0) be a complete ALH manifold, n ≥ 3, and let g(t) evolve by normalized Ricci
flow.
On every finite time interval where curvature stays bounded, g(t) remains ALH with the
same reference model at infinity.
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Singularities

• A finite-time singularity forms when the Riemann curvature becomes arbitrarily large.

• The smooth Ricci flow cannot continue through that time.

Minkyu Jo Ricci flow on ALH manifolds Oct. 24–25, 2026 9 / 13



Singularities

• A finite-time singularity forms when the Riemann curvature becomes arbitrarily large.

• The smooth Ricci flow cannot continue through that time.

Minkyu Jo Ricci flow on ALH manifolds Oct. 24–25, 2026 9 / 13



Solitons

Definition (Ricci soliton)
A Ricci soliton is a metric that keeps the same geometric shape under Ricci flow: it
changes only by a uniform change of scale and a smooth relabeling of points.

Hamilton’s cigar Round cylinder (neckpinch model)

t = 0

t = T/2

t = 3T/4
t → T
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Result 2: Soliton rigidity

Theorem 2
Every expanding Ricci soliton in our finite-end ALH class, with the normalization used
here, is Einstein:

Ric(g) = −(n − 1)g .

Under normalized Ricci flow
The metric stays the same:

∂g
∂t = −2

(
Ric(g) + (n − 1)g

)
= 0, g(t) = g(0).
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